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Abstract. A class of partial differential-integral equation systems is derived in oper-
ations research including queueing theory, inventory and reliability. The existence and
uniqueness for solutions of the class of equation systems have not been investigated yet.
In this paper, we present a solution to the class of partial differential-integral equation
system via the Markov skeleton process theory and then obtain the existence of the solu-
tions to such equation systems. Furthermore, we prove that the solution is the minimal
nonnegative solution of a linear equation system.
Keywords: Markov skeleton process, Partial differential-integral equation system, Queue-
ing model, Minimal nonnegative solution

1. Introduction. In the course of solving stochastic models by the density evolution
method, the partial differential-integral equation systems (partial differential equation
systems with integral terms) are usually built to characterize the evolutionary behavior of
stochastic models. Thus, a large number of partial differential-integral equation systems
emerge in the literature of queueing theory, inventory theory and reliability theory.

Example 1.1. Consider a two-unit parallel reliability model. Suppose the system is com-
posed of two different units and a repairman. The system is in work state if two units
work or one works and the other fails. The system is in failure state only if both of the two
units fail. If one unit breaks down, the repairman will repair the failed unit immediately.
Suppose the lifetime and repairing time are independent random variables with the density
functions fi(x) and gi(x), i = 1, 2, respectively and

Fi(x) =

∫ x

0

fi(t)dt, Gi(x) =

∫ x

0

gi(t)dt, i = 1, 2.

Let

L(t) =


0, if two units work at the time t,
1, if unit 1 is being repaired and unit 2 works at the time t,
2, if unit 2 is being repaired and unit 1 works at the time t,
3, if unit 1 is being repaired and unit 2 is to be repaired at the time t,
4, if unit 2 is being repaired and unit 1 is to be repaired at the time t,
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