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ABSTRACT. This paper deals with the problem of diagnosis of multiple sequential faults
using statistical test GLR. Based on the work of Willsky and Jones [50], we propose a
modified Generalized Likelihood Ratio (GLR) test, allowing detection, isolation and esti-
mation of multiple sequential faults. Our contribution aims to maximise the rate of good
decision of fault detection, using another updating strategy. This is based on a reference
model updated on line after each detection and isolation of one jump. To reduce the
computational requirement, the passive GLR test will be derived from a state estimator
designed on a fixed reference model directly sensitive to system changes. We will show
that the active and passive GLR tests give an interesting result compared with the GLR
of Willsky and Jones [50], and can be easily integrated in a reconfigurable Fault-Tolerant
Control System (FTCS) to asymptotically recover the nominal system performances of
the jump-free system.

Keywords: Generalized likelihood ratio, Sequential jumps detection, Augmented state
Kalman filter, Two-stage Kalman filter, Nuisance parameter, Fault-tolerant control sys-
tem

1. Introduction. The diagnosis of multiple faults in stochastic systems has been solved
by many approaches: observers, parity space and fault detection filters. All these ap-
proaches are interested by residual generation, but missing appropriate test for decision.
In this work, we will develop a method which takes into account the residual generation
problem based Kalman filter, associated with GLR test decision for multiple faults.

The GLR test has been used in a wide variety of applications including the detection of
sensor and actuator failures [15,49,50], electrocardiogram analysis [18], geophysical signal
processing [4] and freeways supervision [51]. For sequential jumps detection in discrete-
time stochastic linear systems, the GLR test is made of the following steps:

1) Detection and isolation of one possible jump by applying a GLR detector on the
innovation sequence of the Kalman filter designed on the jump-free system.

2) Updating of the Kalman filter using the jump magnitude estimate given by the GLR
detector.

3) Go to the Step 1 to detect, isolate and estimate another possible jump from measure-
ments immediately available after the detection time of the last jump.
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Following the notations used in [52] or in [5], the updating strategy of [50], based on
the incrementation of the state estimate Z;, and the state estimate error covariance matrix
P, of the Kalman filter, works as follows:

i = 294 fog(k, 7) — Bk, 7)) Dk, 7) ()
P = PP [k, 7) — By(k, )] PV (k, 7) [y (k, 7) = B;(k, 7)) (2)

where (27, Prev) and (294, PP'®) represent the new and the old state estimation of
the Kalman filter, a;(k;,7) and §;(k;,7) the jump signatures on the state and the state
estimate, 7 the jump occurrence time estimate and ((k,7), P (k, 7)) the jump magnitude
estimate given by the GLR detector. Immediately after the updating strategy (1), the
innovation sequence of the resulting Kalman filter is given by

W = = ik, )ik, 7) "
H = HYP 1 py (ke 2) P (k, ), (8, )T @

where (ypev Hpew) and (v2!4, HY'?) represent the new and the old innovation sequence of
the Kalman filter and p;(k,7) = C'[o;(k,7) — 37(k,7)] the signature of jump. A GLR
detector is then applied on 7“" to detect another possible jump. Some critics can be
made about this updating strategy:

e What is the significant meaning of (Z}, P*") and (g, H}*") consequently;

e What are the stability and convergence conditions of the resulting Kalman filter;

e The threshold level of the GLR detector must be chosen to solve a tradeoff between
fast detection and accurate jump estimation;

® 7" is not guaranteed to be minimum variance white innovation sequence, a neces-
sary condition to minimize the rate of false alarms;

e The Kullback divergence is not guaranteed to be maximized with respect to the new

possible jumps, a necessary condition to maximize the rate of good decisions [4].

The first part of the paper revisits the standard GLR test of Willsky and Jones [50]
in relation with the fault detectability indexes [27] describing the time delay between the
occurrence of a jump and its effect on measurements. In this part, we also derive a modified
form of the standard GLR test avoiding the tradeoff between fast detection and accurate
estimation. The necessary and sufficient conditions for multiple jumps detectability and
distinguishability are established.

The second part presents the active GLR test. We will show that the updating strategy
(1) and (2) have a significant meaning for the Kalman filter designed on a new reference
model including the original state vector of the system and the states of jumps detected
and isolated during the processing. The stability and convergence conditions of the aug-
mented state Kalman filter designed on the new reference model will be established and
linked with the multiple jumps detectability conditions given in part 1. Its innovation
sequence will be guaranteed to be a minimum variance white innovation sequence and the
Kullback divergence,

k
51 () = 3 o1 (6 ) H e 1,1)] () o)
t=r
depending to the new jump signatures p¢“(k,7), will be maximized with respect to the
new possible 1. By considering the old jumps (the jumps detected and isolated during
the processing) as nuisance parameters, the equivalence between the active GLR test and
the minmax test of basseville and Nikiforov [5] will be established. The active GLR test
will be made of the following steps:

1) Detection and isolation of one jump by the GLR detector;
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2) Updating the reference model of the system with the jump state initializing the aug-
mented state Kalman filter using the jump magnitude estimate given by the GLR
detector;

3) Go to the first step to treat another possible jump from measurements immediately
available after the detection time of the last jump.

To reduce the computational requirement of the active GLR test, the third part of
this paper presents the passive GLR test. Based on the augmented state Kalman filter
designed on a fixed reference model including all the states of hypothetical jumps at the
beginning of the processing, the updating strategy will be based on the incrementation
of the state estimate and the state estimate error covariance matrix after each detection
of one jump as in [50]. Less power than the active GLR test, we will show that it can be
mixed with the active GLR test to derive a complete strategy allowing the treatment of
the appearance and the disappearance of sequential jumps.

A Fault-Tolerant Control System (FTCS) is a control system that possesses the abil-
ity to accommodate system component failures automatically. The existing methods for
reconfigurable controller design can be classified as linear quadratic regulator [31], eigen-
structure assignment [24], multiple model [35], adaptive control [7], pseudo-inverse [8] and
model following [19]. In general, a FTCS works as follows: a suitable Fault Detection and
Isolation (FDI) strategy identifies the faults and their estimations are used to generate
additional input signals which are superimposed to the nominal control inputs in such a
way that the influence of the faults on the regulated variables is rejected. To integrate
the standard GLR test in a FTCS, Willsky [49] has proposed a control law of the form
up = —Lz}*". To do the same with our active GLR test, the part 5 proposes the design of
a linear Quadratic Gaussian (LQG) regulator [2] of the form u; = —LX;, where X, will
be the state prediction of the updated reference model, and thus reconfigurated on-line
after each detection and isolation of one jump.

The last part of this paper proposes a comparative study between the modified GLR
test presented in part 2 and the active GLR test for the treatment of sequential actuator
jumps in dynamic systems. We will show that the active GLR test is very power when
quick detections lead to bad jump estimations and thus very useful in a FTCS to maximize
the rate of good decisions specially in regard to the appearance of big jumps which may
greatly affect the nominal performance of the closed-loop system.

2. The GLR Test of Willsky and Jones. This part revisits the GLR test of Willsky
and Jones [50] in relation with the multi-hypotheses GLR test described in [52]. Assume
that the model of the “no jump” hypothesis hg is given by

Tpy1 = AIk + Buk + ug (6)
yr = Cap + vy (7)

where x € R" is the state vector, y, € R™ the measurement vector, uy € R the input
vector. The zero mean white gaussian noises wy, and vy satisfy

E{[‘;j’,j}[wf vf]}{”ovﬂdk,j (8)

where W > 0 and V > 0 and the Gaussian initial state z, 7o = E(z¢) and Py =

E ((xo — E(x9)) (g — E(mo))T>. The jump hypotheses h; for i € [1,..., N] are modelized
by

Tpr1 = Az + Buy, + fi(k,r)v(k, r) + wy 9)

Yk = Cap + vy (10)
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where f;(k,r) is the fault distribution vector, v(k,r) the scalar fault magnitude, r the
unknwon time of failure occurrence. Without lost of generality, the fault magnitude
v(k,r) is assumed to follows a constant bias model: v(k,r) = v, (k > r) with step profile:
fi(k>r) = fi7 (k > T) and fz(kar) = 07 (k < T)'

Let p; = min(s : CA*71f; £0,s=1,2,...) fori e [1,...,N].

The jump detectability indexes [27] and assume that p; < oo signifying that the first
information about the jump h;, appearing at time r, will be present on measurement
Yrip;- In the case where the jumps may occur relatively infrequently, the most likelihood
reference model at the beginning of the processing is the model of hy. So, under the
stability and convergence conditions

rang [ 215 A ] =n, |z| > 1. (11)

and
rang [ —eI+A WY2 ]| =n, we|0,27] (12)

The Kalman filter which gives the maximum likelihood state prediction of the jump-free
system is given by

Tpy1 = AZp + Buy + Ki(yp — CZy) (13)
Piy1 = (A= K O)Py(A - K, OV + W + KW VK] (14)
Hy, = CP,CT +V (15)
Ky = AP,CTH! (16)

The additive effect of jump h; on the state prediction error e, = xj,1 — T, and on
the innovation sequence 4 = 1, — CZ} can be expressed as

err1 = Erp1 + G+ 1,7y (17)

Y = Y1+ 0i(k, ) (18)

where €541 and 7; represent the state prediction error and the innovation sequence on the

jump-free system and where (;(k,7) and g;(k,r) describes the additive effect of the jump
satisfying

G(k+1,7) = (A= K.C)Gi(k,7) + fiy Gi(r,r) =0 (19)

oi(k,r) = CG(k,7) (20)

In [52] or [5], Gi(k,7) = ay(k,r) — Bi(k,r) where «;(k,r) and f;(k,r) describe the

additive effect of the jump on the state vector of the system and on the state vector of

the Kalman filter, respectively. Our formulation shows that the jump signatures (19) only

depend to the state prediction error of the Kalman filter and thus are decoupled from uy,

(this property will be used in the design of the FTCS). The jump hypothesis h; can be
confronted to the “no-jump” hypothesis hy as

Hy:E(%) =0, t<r (21)
Hi: E(y) = ai(t,r)v, k>t>r, i €[l,...,N]| (22)

Since E { (Y-t — E(Yk-1)) (3 — E(3))" } = 0 V¢ < k, the likelihood ratio between (21)
and (22) gives
(Yo/ho) - - - Pritpi/hi) - - - P(Ye/Di)
(Yo/ho) - P(ri4pi/T0) - - - P/ ho)

Nk, ) = ]Ij (23)
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From Equation (20), we have g;(r,7) = 0;(r+1,7) = ... = 0;(r + p; — 1,7) = 0 leading
to

P(f_%"z/hl) = P(ﬁn/ho)v
P(riv1/hi) = P(Yr41/ho),

(24)
P(ﬁTi'i‘pi_l/hi) = P(’T/Tz +pi — 1/h0>
and the likelihood ratio (23) can be rewritten
T
B _ €xp <_§ Z H’?t - Qi(tvr)ynf'-[tl)
_ P(’yﬁ-ﬂ)i/hi) s P(’Yk/hz) . t=r+p;
Ai(k)un V) - —_ — - & (25)
P(%“H-ﬂi/ho) s P(Vk/ho) 1 _ 9
ep (=5 O Il
t=r+p;
Based on 7y, . . . , &, the maximum likelihood prediction of v conditioned on a particular

assumed value of r is given by

pk+1r)=|> @iT(t,r)Htl@i(t,r)] > ot H (26)

t=r+p; t=r+p;
and the log-likelihood ratio T;(k,r) = 2log(X;(k,r, v(k + 1,7))) can be written
Ti(k,r) = bi(k,7)?a;(k,r) " (27)
k
a;(k,r) = Z of (t,r)H ™ 0i(t,r) (28)

t=r+p;
k

bik,r) = > ol (t,r)H % (29)

t=r+p;

So, the decision rule of the GLR detector is as follows:

max  {Ti(k 7= p)} > 2 (30)

where ¢ is the decision threshold. For a practical implementation of the GLR detector
(30), the translated jump occurrence time 7 must be constrained to belong to the sliding
windows W = [k — M <7 < k] of size M. In this case, (30) can be rewitten

ma T;(k,7—p;)} > ¢ 31

€[,y N]),(few{ ( pi)} (31)
if max{7T}(k,7 — p;} > ¢ then one jump is detected at time k, isolated from (j,7) =
arg max{T;(k,7 — p;)} where 7 = r — p; is the estimation of the jump occurrence time and
where

v(k+1,7) = a;(k,7)7'b;(k,7) (32)

P(k+1,7) = a;(k,7)"! (33)

represent the maximum likelihood prediction of the jump magnitude based on measure-
ments until time £ under the assumption that v has an infinite a priori covariance.

The second step of the standard GLR test, intuitively obtained from relation (17),
consists to update the Kalman filter (13) by prediction and covariance incrementation of
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the Kalman filter (13) as follows:

gy = 20 4+ Gk + 1,70 (k + 1,7) (34)
Py = PR+ Gk + 1,7 PGk +1,7)" (35)

where the new state prediction (:E’gﬂ{, PpeY) is substituted in the Kalman filter (13) (see
Figure 1 in [50]. In the original version of the GLR test, the state variables of the matched
filters ¢;(k,r) for @ € [1,..., N] are reinitialized to zero immediately following the filter
incrementation leading to consider (2797, PifY) as a new initialization of the Kalman
filter more appropriate than the initial value given at the beginning of the processing [5].
With this implementation, Equation (32) cannot be used to improve the jump estimation
from measurements available after its detection leading to choose the threshold level € by
solving a compromize between fast detection and accurate estimation.

To avoid this treadeoff, we can modify this implementation in such a ways that (277,
Pl¢Y) is not substituted in the Kalman filter but used to generate the auxiliary innovation

sequence v, = yx — C27* and its covariance matrix Hy, = CPP*CT +V expressed

Hy = Hy, + oj(k,#)P" (k,7)o;(k,7)" (37)

where 7;, and Hj represent the innovation sequence of the Kalman filter (13) and its
covariance matrix. Now decoupled to the updating strategy, the Kalman filter (13), (32)
and (19) can be used to improve the jump estimation from measurements available after
its detection time and another possible jump can then be treated by the following GLR
detector

el hax o Lk = pi,T)} > (38)
with
Ty(k,r) = bi(k,r)?a(k,r) ™" (39)
k
ai(k,r) =Y ol (t,r)H  oilt,r) (40)
t=r+p;
R k
bi(k,r) = Z Q?(t,T)Ht_l% (41)
t=r+p;

where the jump signatures o;(¢,7) are computed from Equation (19) after having reini-
tialized (;(k,r) for i # j to zero immediately after the detection time of the first jump.
The active GLR test will give a significant meaning of the auxiliary innovation sequence
36 and 37.

3. Statistical and Geometrical Detectability and Distinguishability Conditions
of Jumps. The probability of false alarms is given by P¥ = [ p(T = x/hg)dx where
P(T = z/hg) is the probability density of T;(k,r) conditioned on hg which follows a Chi-
squared density with one degrees of freedom The probabilities P of correct detection of
the jump h; are given by PP = [ p(T; = x/h;)dx where p(T; = x/h;) is the probability
density of T;(k, r) conditioned on h; Wthh follows a noncentral Chi-squared density with
one degrees of freedom with the noncentrality parameter d;(k,r) = a;(k,r)v?. The proba-
bility of false isolations, i.e., the probability to detect a jump h; when the jump h; (j # i)
is appeared on the system, is given by P, f p(T; = x/hj)dx where p(T; = :L‘/h ) is the
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probability density of T;(k,r) conditioned on h; which follows a noncentral Chi-squared
density with one degrees of freedom with the noncentrality parameter

b (k. ) = {%}

k
with a;;(k,7) = Z of (t,r)H, ™ o;(t, 7).
t=r+p;
The probabilities P” and P/} depend to the size the sliding window and the choice of
the decision threshold ¢ is the main drawback of the GLR detector [4]. In this paper, &
will be only chosen to fixe the false alarms rate PF.

(42)

Theorem 3.1. Under Equations (11) and (12), the jump hypothesis h; is statistically
detectable and distinguishable from each other if and only if

rank [ CAP=Vfy .. CAPLf, o CAUfy =N (43)

I—A -
rank c h 0 In =n+N (44)

Proof: The jump hypothesis h; is statistically detectable and distinguishable from
each other if and only if the Kullback divergence (Kullback, 1959) defined by d(k,r) =
vTa(k,r)v satisfies §(k,r) > 0 Vk > r with v € RY # 0 where

[ a1 (k,r—p1) ... aulk,r—p1) ... ain(k,r—p1) ]
akr) = | an(kr—p) oo ailkyr—p) o a(kyr — pi) (45)
L (INl(k?ﬂ'" — pN) aNi(kﬂ; — pN) . aN(k‘,r — pN) i
Let
C(k,?") = [ Cl(k,r — pl) c. Q’(k‘,’f’ — pz> c. CN(I{?,T — PN) } (46)
olk,r) = [ o1(k,r—p1) ... oi(k,r—pi) ... on(k,m— pNn) ] (47)
satisfying
C(k+1,r) = (A—f(kC')g(k:,T)—i—F (48)
o(k,r) = CC(k,r) (49)
We have
k
a(k,r) >0 <& Z ol (t,r)H Y o(t,7) + o(r,r) ' H o(r,r) > 0 (50)
t=r+1
where o(r,r) = [ CAP 7 fy ... CAPTYf . CAPYLfy | and a(k,r) > 0 is satisfied

under Equation (43).

Another jump detectability condition has been proposed by [60]: The jump hypothesis
h; is statisticaly detectable and distinguishable from each other if the Kullback divergence
a(k,r) strictly increases with time, in other words if

a(k,r) >0 Vk >r where a(k,r) = a(k,r) —a(k —1,7) (51)

The Kullback increment is given by a(k,r) = o(k,m)TH, o(k,r). Under Equations
(11) and (12), A — KC has all its eigenvalues inside the unit circle (i.e., P is a stabilizing
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solution of (14)) and Equation (48) gives
Jim o(k,r) = C [[—(A-—KO)|'F=[I+C(I—-A)"K]"'CI-A"'F (52)

If T — A is nonsingular, the relation C'(I — A)™'F = 0 cannot be satisfied under
rank (o(r,r)) = N and Equation (43), Equation (44) ensures that F' does not belong
to the null space of C(I — A)~*. So, |kl|im a(k,r) > 0 and the Kullback divergence a(k,r)

—00

is not satured.

What is the condition to have a(k,r) > 0, Vk > r with k < oo signifying that any
new observation bring new information about possible jump: Let P”(k,r) = a(k—1,r)7!
satisfy the following Riccati difference equation:

P 0 _ [APAT + W — K,CPAT 0 (53)
0 P'(k+1,7r)| " 0 [[ — K" (k,r)o(k,r)] P"(k,r)
where K”(k,r) = P"(k,r)o(k,r)" [CP.CT +V + Q(k,’/’)PV(kJ,T)QT(]{Z,T)}_l or equiva-
lently

Qk+1,7) = AQ(k, ) AT + TWTT — AQ(k,7)CT(CQ(k, r)CT + V) LCQ(k, ) AT (54)

where

!

[ P4y r)PY () ()T ()P ()
Q(r,r) = [ PY(r,r)¢(r,7) PY(r,r) ] ’ (55)
A:{g‘ ﬂ,cz[c 0]

and [' = [ é } (the equivalence between (53) and (54) will be more clearly explained in

the design of the active GLR test). Under Equation (12), the pair (A4, [W'/?) has N
unreachable modes on the unit circle and the convergence condition of (53) to a strong
solution is given by

rank [ o

]:nJrN,VZGC’, |z| > 1 (56)

The detectability of the pair (4, C) corresponds to the geometrical detectability con-
dition of jumps given by Caglayan [8]. Under Equation (11), Equation (56) is reduced
to Equation (44) and ensures the asymptotical convergence of P¥(k,r) to zero with the
initial condition P¥(r,r) > 0. So, P"(k + 1,r) < PY(k,r) and a(k,r) > 0, Yk > r with
k < co. Under Equation (43), we conclude that the results of [60] coincide with the results
of [8].

4. The Active GLR Test. The first part of this chapter gives a significant meaning of
the auxiliary innovation sequence (36) and (37) used in the modified GLR test by showing
that Equations (1) and (2) are include in the augmented state Kalman filter

[ o } = X1 = AX, + Buy, + Ky (57)
Vi+1

{ Feer L } = Qpy1 = AQAT + TWIT — AQCT (COCT + V)™ CQAT (58)
B Py

K}

KV

Ky = { } = AWCTH ', H,=CQCT +V (59)
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designed on the new reference model h; rewritten

Y = OXk +Uk (61)

. x - A f; = B = = 1
Wltth:{V:],A:{o?},B:{O],C:[C O}andF:{O where
T = 23 and PP, = PV represents the maximum likelihood prediction of the

original state x; but the belonging now to augmented state Xj.

Theorem 4.1. In the two-stage Kalman filter of Friedland [16] which optimaly implement
(5), the updating strategy (1) rewritten

Thy1r = Topr + Gk +1,7)0(k 4+ 1,7) (62)
Pep1 = Pooi + Gk + 1L, 7) P (k+ 1,7)¢(k+ 1,7)" (63)

have the following significant meaning: (ikﬂ, Pk+1) 18 the state prediction of the jump-free
system; (Zpy1, Pry1) is the reconfigurated state prediction of the faulty system (0(k + 1,7);
PY(k+1,7)) is the prediction of the jump magnitude, and is optimal under 7 extremely
well estimated if the augmented sate Kalman filter (5) is correctly initialized at the detec-
tion time of the jump with

T 64

TG o
0 1

from the quantities (Zy, Py), (0(k,7), P*(k,7)) and (;(k,7) given by the GLR detector.

Proof: At time t; = 7+ p;, (32) represents the minimum-time prediction of v given by
. . 4 N\T e _ -1 1 oN\T A1
vty +1,7) = [(CAS )T HG (Can )| (AT ) G Ay (6)
_ -1
Pr(t;+1,7) = [(CA»7 )T H (Can fy)] (66)

under the assumption that v has an infinite a priori covariance since g;(k,7) = 0 for k < ¢,
and o;(t;,7) = CAPi~1f,. So, the updating strategy (1) and (2) applied at time t; gives
by

Tpj41 = ftﬁl + Gty +1,75)0(t; +1,7) (67)
Pi1 = Py + Gty + 1L, 7)PY(t + 1,7)¢ (8 + 1,7)T (68)

and can be used to define the Gaussian state prediction of the initial state X; ;1 as

o[
th“‘[ﬁ(zfjil,f)}

0 B Py Gt; +1,7)Pr(t; +1,7)
b P(t + 1, 7A)¢(t + 1,7)" Pty +1,7)

(69)

The augmented state Kalman filter (5) can be implemented from the two-stage Kalman
filter of Friedland [16] described by

Tr1 = Tos1 + Cep1 P (70)
Peir = Pop1 + G PLAGh (71)
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where (%kﬂ, PkH) are given by the Kalman filter designed under h
i’k-i—l = Ai’k + Buy, + f(k(yk — C.%k)
P = AP AT + W — AP,CT(CP,CT + V) 'CB,AT
K, = APCTH
o, =ChoT +V
where (711, P}, ;) are given the jump filter
Vky1 = Uk + Kk (76)
Py = P — PlogHy ' on Y (77)
Ky = Plo Hy' (78)
Ve = Tk — Oklk (79)
Hy = Hy+ oc P o}, (80)

from the coupling equations

Cr1 = (A= KiC)G + f; (81)
or = CG (82)
From Equation (19), the initial values of the two-stage Kalman filter are
Ty | [T =Gy | _ Tij41

[ P o1 1— [ 0 1 }thﬂ = { bty +1,7) ] (83)

— T —
Ptj+1 0 _ I _Ctj—i-l 0 I _Ctj-l-l _ Ptj-i-l 0 (84)

0 Py 0 1 Bthlo 1 0  PU(t; +1,7)

with Gt 41 = Gty +1,7).
After some manipulations, 7 can be rewritten in the form of a recursive filter

ok +1,7) = 0k, 7) + Ky (85)
P"(k+1,7) = P"(k,?) — P"(k,?) o] (k,7)H, " 0;(k,?)P" (k. 7) (86)
Ky = P"(k,?)o! (k,7)H," (87)

Ve = Yk — 0j(k, )y (88)

Hy = Hy + Qj(kf)Py(kaf)Q]T(kaf’) (89)

We can verify that Equations (76) and (81) optimally implement Equation (85) closing
the proof of Theorem 4.1.

To avoid the tradeoff between fast detection and accurate estimation, we conclude that
the innovation sequence which must be used to detect, isolate and estimate a new jump is
the innovation sequence of the jump filter (85) and (89) equals to the auxiliary innovation
sequence (36) and (37) used in modified GLR test. This innovation sequence is also the
innovation sequence of the augmented state Kalman filter guaranted to be a minimum
variance white innovation sequence allowing the design of a GLR detector.

Theorem 4.2. After having initialized the augmented state Kalman filter (57) at the
detection time of the first jump with the help of Theorem 4.1, another possible jump can
be detected, isolated and estimated by the following GLR detector

Ti(k, 7 —pi)} > 90
e few{ (k,7—p;)} > € (90)
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with

T (k,r) = 07 (k,r)?ai = (kyr) ™ (91)
k
ai(k,r) = Yy lor(tr)] Hy o (¢, 7) (92)

t=r-+p;
k

b (k) = Y Tefe(t, )] T H (93)

t=r—+p;

where the new jump signatures o (t,r) are recursively computed as
Cinew(k—i_lar) = (A—R'ké)glnew(k’r)—k |: é :| ) szew<r,r) =0 (94)
i (k,r) = C (k,7) (95)

where (Y (t, 1) represents the additive effect of a new jump on the augmented state pre-
diction error of the Kalman filter (5).

Proof: The jump hypotheses (9) and (10), noted A" for i € [1,...,N] and i # j, can
be modelized in relation with the new reference model (60) as

_ _ (k _
Xk+1 = AXk+Buk.—|— |: fZ(O’ 7") :| V”ew(k,r)+ka (96)
Y = éXk —+ Vg (97)
and can be confronted from the augmented state Kalman filter (57) as
hj:E(y) =0, t<r (98)

R E(y) = o (t,r)v™, k>t >r i€ll,. and i # j (99)

N]

where the additive effect of A]*" on its state prediction error [ e’; } X — Xk and on
k
(94) and (95). We have

E{(vi—t — E(ve—e)) (e — E(w))"} =0, Vt < k (100)

and o (r,7) = 0 and so until g"*“(r + p; — 1,7) = 0 where o' (r + p;,r) = CAP~1f,
(the detectability indexes p; have not lost their significant meaning). So, the likelihood
ratio between A" (i # j) and h; is given by

exp (__ Z ||’Yt ol t 7,) new||2 )

t= r+p4

its innovation sequence v, = Y — C'X,, is described by Equations

new (

Ak, ") = p (101)
1
exp <_§ Z H%H2Z1>
t=r+p;
Based on measurements until time £, the maximum likelihood prediction of ™" con-

ditioned on r is given by

v (k+1,r) [ Z o (t, r) TH 1 "ew(t,r)] Z giT(t,r)Ht_lyt (102)

t=r+p; t=r+p;
Substituting Equation (102) in (101), we obtain the log-likelihood ratio
17 (k,r) = 2log(A (k,r, 0" (k + 1,7))) (103)
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So, if max k}{ﬂ”ew(k, 7 — pi)} > ¢, then a new jump is detected and isolated
i€

from (j,7) = arg max{T7**(k,7 — p;)} and its estimation is given by

D(k+1,7) = a?(k,7) 00 (k, 7) (104)

PY(k+1,7) = a“(k,7)”" (105)

with # = 7 — p; closing the proof.

Theorem 4.3. The first step of the active GLR test described by Theorems 4.1 and
4.2 follows the minmax strategy developed by Basseville and Nikiforov [5]. The Kullback
divergence between hi*” and h; giwen by

k
67 (k,r) = Z [0 (t, r) " Hy Mol (t, 1)) (V) (106)
t=r
is mazimized with respect to V" and satisfies 67 (k,r) > &;(k,r) where

k

0i(k,r) = [oilt,r) H  os(t, )] (v")? (107)

t=r

1s the Kullback divergence derived from the modified GLR test presented in part 2. The
rate of good decisions will then be always superior to those obtained by the modified GLR
test.

Proof: From the Kalman filter (13), the jump hypotheses A" can be confronted as

hj % = o™, t<r (108)
new B VTL@’LU
hi M= [ Ql(tvr) Ot ] [ pold :| )
k>t>r+p, i€[l,...,N]fori#j (109)
where 1° can be viewed as a nuisance parameter. Using the optimal prediction of v°

under h; and A" given by 2,41 and D41 + ¢V(t + 1, 7)™ respectively where ¢¥(t+1,r)
describes the additive effect of the new jump on the bias filter (76) given by

G+1r) = = K o) (t,r) — K oi(t,r) with ¢7(r,7) =0 (110)
the jump hypotheses (108) and (109) can be equivalently confronted as

hj e = 01, t <7

new
14

h’i :’_yt = [ Ql<t,7“> Ot :| ﬁt+1 +<sz(t_|_ 1’7,)Vnew ) (111)
t>r+p;, i€[l,...,N]fori#j
or
]’Lj ) (’7,5 — Qtﬁt-l-l) =0,t<r (112)
Wi E (= o) = [oit, 1) + oG (8 + 1,7)] " (113)

t>r+p,i1€[l,...,N],i#j
The likelihood ratio between (113) and (114) gives
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1 & _ 5
exp <_2t > I = k) (e = e@ = loalt ) + G ()] V”e“’ﬂ@f)
Anew(k r Vnew) — TP

1 kK _ N
exp <—2 > T —eKy) (e — QtVt)||2Q;1>

t=r+p;
(114)
where
Q= (I — o K)H(I — 0,K¥)" (115)
since
Ve — 0tVe1 = (I — 0:KY) (e — 01%) (116)
oi(t,r) + ot +1,1) = (I — o KY) (0i(t, 1) + 05 (E,7)) (117)
or
1 & _ . 2
exp ( 2 > N — e = [0i(t, ) + oGy (¢, 7)] Vnew)”Htl)
Ai(kyr, ") = e (118)

1 K B ~

exp (—— S 15— gtmnzl)
2t=7‘+Pz‘ !

I

From the transformation Tj, = [ 0

{ Gi(k,7)

¢k, r) } . S0, the new fault signatures (94) can then be equivalently computed as

_[Ck } used in appendix 1, let TR (k,r) =

Ter1 (P (k 4+ 1,7) = Th1 (A — KpO)YT TR (ky 1) + Thora [ {;Z }

(119)
o (k,r) = CT ' Ticre (k,r)
leading to
] [ L] 18]
@(: )) ] (120)

(k) =C 11 G ] [c“(”

where Equation (120) gives o}*(k,r) = 0i(k,7) + 0kC/ (k, 7). We conclude that Equation
(118) is equivalent to Equation (101). From the two-stage Kalman filter results, we can
verify that PY(k+1,r) = a?"(k,r)~! satisfying the following Riccati Difference equation
Q 0 ~ JAQAT + W — K, CO AT 0
0 PY(k+1,r) } N [ 0 [I — KY(k,r)ope”(k,r)| PY(k,r)
(121)
where KY (k,r) = PY(k,r)o?* (k,r)T [CUCT +V + o' (k,r) P! (k,7) "e“’(k,r)T]*l min-
imizes the trace of PY(k+ 1,7) (and where the gain of the augmented state Kalman filter
K}, minimize the trace of Q;.1) and the Kullback divergence 6™“(k,r) = [P”(k,r)] ™"

Qg 0

new 2 . 3 3 3 new
(v"")” is then maximized with respect to v"¢*. We have 0 P+l

) equiva-

lent to
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Pt 0 0
0 P+ (k+1r)Pr(k+1r)GT (k+1,r) ¢7(k+1,m)P(k+1,r)7" | (122)
0 PY(k+1,7) ¢ (k+1,r) Pr(k+1,r)

From Equation (122), the Kullback divergence between h*“ and hy can be expressed as

vl VTP k4 1,m) P (k+ 1,0 (ke + 1) ¢k + L) PP (k4 1,7) 7] 7 [ pold
ynew P+ 1,71 T (k+1,7) Pr(k+1,r) ynew

_ l/old _ Cll/(k: + 1’ ,r.)ynew T Pkl;/—‘,—l 0 -1 yOld _ Cllj(k' + ]., ’l")ynew
pnew 0 P;’(k + 1, T') prew
(123)

The Kullback divergence (123) gives its minimal value 07¢°(k,r) = [P’(k+1,7)]""
(v"%)? for vl = C¥(k 4+ 1,7)v"". So, we conclude that the first step of the active GLR
test follows a minmax strategy (see appendix) closing the proof of Theorem 4.3. Based
on an inductive reasonning with the help of Theorems 4.1 and 4.2, the proposed active
GLR test is then derived leading to a GLR detector of the form

T (k7 —pi)} > 124
i€[1,...,N], i#[jumpgl(ill:;‘(eady treated] FGW{ ! ( ree )} c ( )
where the state vector X, = [ 2} (v%)" ]T of the reference model (96) includes the

q states of jumps ¢ = [ vg . V] ]T detected and isolated during the recursive pro-

cessing. In [5], the off-line statistical decoupling of nuisance parameters is reduced to a
static decoupling problem in a regression model. Our active GLR test solves on-line a
dynamic statistical decoupling problem by rejecting the nuisance parameters which are
statistically significant (see also appendix).

Under the multiple jumps detectability and distinguishability conditions of Theorem
3.1, the augmented state Kalman filter is guaranted to be stable at each step of the
recursive treatment. With this implementation, the estimation of jumps detected and
isolated during the processing will be improved from measurements available after their
detection. In the case where the old jumps are extremely well estimated (the jump
prediction errors does not converge exponentially to zero as the state prediction of the
jump-free system but only asymptotically), then 67 (k,r) = §;(k,r) and the GLR test
coincides with the modified GLR test.

5. The Passive GLR Test. The passive GLR is based on the assumption that the
jumps occur frequently. So assume that the fixed reference model noted Hy is described

Xk+1 = /IXk + Buk + fwk (125)
yr = C X + vy (126)

.. = | AF = | Bl & |1 =~ | o
with A = [0 1],3— [0],F— {0],0— [C 0} and X = [Vk],the
augmented state model including all jump’s states v, = [ v 1/,{ oy } that we

wish to detect and isolate. From Equations (125) and (126), the jump hypothesis h;
described by Equations (9) and (10) can be viewed as an impulsive abrupt change on the
5 hypothetical jump’s state, modelized as

Vi =Vl + Ay, Vi€ [1,...,N]| (127)

where 7 is the unknown occurrence time of impulsive abrupt change, Av the jump’s state
increment and dy, is the Kronecker operator.
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Substituting Equation (127) in (125), we obtain the impulsive jump hypotheses, noted
th, described by
X1 = AXy + Bug + [P (k,7)Av (k, 1) + Twy

Yp = C Xy, + vy (128)

with Avi(k,r) = Aviby.,, fi(k,r) = [0k, with [ = [ 1(.) ] and I =[0...1...0]
i

has one at the j*® position and zero elsewhere. Based on an approach very similar to the
modified GLR test of part 4, let
Xi1 = f:lffk + BU@ + Ky — C_'):(k) o -
Q1 = 4Qk{1T +TWTT — A,.Q,CT (CQkCT + V)f1 CcO, AT (129)
Ky = AQCTH, !
H, = CQkCT +V
the augmented state Kalman filter designed on the reference model Equations (125) and
(126). The additive effect of the impulsive jump hypothese th on the state prediction
error and on the innovation sequence of the augmented state Kalman filter propagates as
err1 = Epi1 + (kK +1,7)Av (130)
T = Frsr + 05 (k, 1) Av (131)
where €., and 7, represent the state prediction error and the innovation sequence on the
jump-free system and where CjA(k +1,r) and QJ-A(k, ) propagate as
CjA(k +1,r) = (f_l — [_(ké)CjA(k,r), CjA(r, r) = fjA
o5 (k,r) = CCP(k,r)
So, we can apply the following GLR detector
max {TjA(k —p;, )} >¢€ (133)

]E[l 7777 N]7 reWw

(132)

with
A A A _
17 (k,r) = i (k’,r)zaj (k,7) ! (134)
k
a(k,r) = Y o7 (t,r) H o () (135)
t=r+p;
k
b3 (k) = o3 (t,r)Hy (136)
t=r+p;

if max{T*(k — p;,7} > ¢, then (i, ) = arg max{T/(k,7 — p;)} and the implusive jump
3, T I

h2 is declared to be occurred at time where # = 7 — p;, where
Av(k+1,7) = ap (k, 7) 0 (K, 7) (137)
P (k+1,7) = af(k,7)"" (138)
represents the maximum likelihood prediction of the jump increment Av (under the as-
sumption that Av has an infinite a priori covariance). At the detection time of the first

jump, the tracking ability of the augmented state Kalman filter (129) can be improved
from the updating strategy as

Xpew = X914 + (A (k + 1,7)Ab(k + 1,7)

QY = O, + Ak 1 A)PA (k+ L,ACA(k+ 1,77 139)
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In our case, the state of the matched filters given by CjA(k, r) are spanned in the tra-
jectory space of the augmented state Kalman filter’s prediction errors. So, Equation
(139) substituted in the augmented state Kalman filter (129) improves its tracking ability
without to produce a possible instability on the resulting filter (under the stability and
convergence conditions of the augmented state Kalman filter given by Jamouli (2007)).
The treatment of another impulsive jump is then obtained by applying GLR detector
(133) on the resulting filter after having reinitialized (&(k,r) = 0, Vj € [1,...,N] im-
mediately after the filter incrementation. The new initialization (139) allows E(X*) to
reach the true state of the system very quickly (and F(y;) to reach zero for jump com-
pensation, consequently) avoiding the detection of the same jump several times. From an
inductive reasonning, the passive GLR test is then derived and consists of the following
steps:

1) Detection, isolation and estimation of one impulsive jump with the GLR detector (133),
2) Updating of the augmented state Kalman filter (129) with (139) to improve its tracking,
3) Go to Step 1.

The sequential multiple decision theory is not complete and the choise of the threshold
level € is not studied in this paper. However, some simulation results not presented in this
paper show that only statistical tuning parameter € can be fixed at the beginning of the
processing (this is not the threshold level which is adaptive but the augmented Kalman
filter).

If the updated reference model (60) is substituted to the fixed reference model (125),
the jump hypothesis h5* can modelize another jump on the old changes or also the disap-
pearance of the old jumps. In this case, a mixed active/passive GLR test can be derived
for a complete strategy allowing the treatment of the appearance and the disappearance
of sequential jumps.

6. Results. To illustrate the proposed approach we considered the following system de-
scribed by the matrix

[ 06 02 0 0 0 1
0 02 01 0 10
A=10 0 oa 01" B=]0 1 (140)
0 0 0 05 10
(1 0 00 1 (1)
C=10100}|, F= (141)
0011 11
L 0 1
W =0.01%1d(4,4) and V = 0.5 % 1d(3, 3) (142)

The faults isolability is satisfied with rank [CAfy CAfs] and F = [f; fo]. The statis-
tical variables describing the performances of the reconfigurable FTCS coincide with the
statistical variables describing the performances of the statistical test. So, to simplify
the Monte Carlo simulation, the proposed example will be realized in open loop. In the
field od dynamic systems, the signal-to-noise ratio d;(k, r) are generally more greater than
the signal to noise ratio treated in the fields of electrocardiogram analysis or geophysical
signal processing and the size M of the sliding window W = [k — M <7 < k] can be
generally chosen small. In our example, we take M = 0 (we do not optimize 7 at all
and we fixe the following rate of false alamrs: P¥ = 0.005 from a table of Chi-Squared
distribution.
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In first, we suppose one fault occurred at 350 with magnitude 2, we obtain the following
results.
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FiGURE 1. First state component and its estimation given by Willsky algorithm
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FIGURE 2. Second state component and its estimation given by Willsky algorithm
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F1GURE 3. Third state component and its estimation given by Willsky algorithm

In the first case, the results shows that the proposed state estimation giving by our
filter is more adaptive to the fault occurence than the Willsky algorithm.

In second case, we suppose two sequentiel faults occurred at 350 and 400 with magni-
tudes 2, we obtain the following results.
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F1GURE 4. Fourth state component and its estimation given by Willsky algorithm
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FicUurE 5. GLR test applied on Willsky algorithm
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FIGURE 6. First state component and its estimation given by our adaptive
filter algorithm
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FIGURE 7. Second state component and its estimation given by our adap-
tive filter algorithm
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F1GURE 8. Third state component and its estimation given by our adaptive
filter algorithm
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F1GURE 9. Fourth state component and its estimation given by our adap-
tive filter algorithm
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Fi1GURE 10. GLR test applied on our adaptive filter
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FiGURE 11. First state component and its estimation given by Willsky
algorithm with presence of two sequential faults
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FIGURE 12. Second state component and its estimation given by Willsky
algorithm with presence of two sequential faults
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FicUure 13. Third state component and its estimation given by Willsky
algorithm with presence of two sequential faults
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FiGURE 14. Fourth state component and its estimation given by Willsky
algorithm with presence of two sequential faults
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FiGureE 15. GLR test applied on Willsky algorithm with presence of two
sequential faults
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FIGURE 16. First state component and its estimation given by our adaptive
algorithm with presence of two sequential faults
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FIGURE 17. Second state component and its estimation given by our adap-
tive algorithm with presence of two sequential faults
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F1GURE 18. Third state component and its estimation given by our adap-
tive algorithm with presence of two sequential faults

In case of two sequential faults, the GLR detector applied on the passive augmented
model allows to detect the first at 350s and the second faults at 400s. The Willsky GLR
detect just the first fault at 350, and cannot detect the second.

Remarks and Discussion

e We have also computed the rate of false alarms and the rate of good detections with
105 Monte Carlo trials. We have obtained P¥ ~ 0,01; Pp ~ 0,85 for the modified
GLR test and PF ~ 0, 0055, PP~ 0,91 for the passive GLR test clearly much power.
We conclude that the passive GLR test is very power when quick detections lead to
bad jump estimations and thus very usefull for FTCS to maximize the rate of good
decisions specially in reguard to the occurrence of a big jump which may greatly
affect nominal performance of the system.
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FiGURE 19. Fourth state component and its estimation given by our adap-
tive algorithm with presence of two sequential faults
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FiGure 20. GLR test applied on adaptive algorithm with presence of two
sequential faults

e We can improve this approach of detection and isolation with an active GLR based
on free model which it will be augmented after each detection and isolation. The
faults already detected and isolated will considered as perturbation and the we will
update the new GLR in order to detect another fault.

The sequential multiple decision theory is not complete and the choise of the threshold
level ¢ is not studied in this paper. However, some simulation results not presented in this
paper show that only statistical tuning parameter € can be fixed at the beginning of the

processing (this is not the threshold level which is adaptive but the augmented Kalman
filter).

7. A Reconfigurable Fault-Tolerant Control System. The purpose of the chapter
is to show how the active and passive GLR test can be used in a FTCS. Our FTCS is
only designed to reach the unique goal:

E(yr) = 0 under r < oo (143)

k—o0

in order words to asymptotically reject the effect of jumps on the output of the system
(the reference input will be maintained equals to zero avoiding the need of a reconfigurable
feedforward control law). The proposed FTCS is based on the active GLR test integrated
via a reconfigurable control law designed on the model

yr = OXy + v (145)

where the main problem to reach our goal is that the pair (A, B) has N uncontrollable
modes (under (A, B) controllable). The reconfigurable control law of the form w; =
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ul? — Gy will be designed in such a way that the nominal control uf = — Lz, of the jump-
free system (6;7) (obtained by a LQG approach on an infinite horizon) is reconfigured
on-line after each detection and isolation of one impulsive jump by the additive term Gr.
In order to design G in relation with the available nominal control law, we assume that
the implementation of the active GLR test is based on the two-stage Kalman filter, the
only optimal filter which gives the state prediction of the jump-free system 7). So, let

the control law that we wish to design for a physical rejection of jumps v4. Under the

state transformation
BRI aem

the system (141) with (144) can be expressed as

)=l A [ [0 e s
y=[C —CT][Z’:} (149)

and the physical rejection of jumps will be obtained if and only if T let G satisfy the
algebraic equations

(I-AT+F =-BG (150)
CT =0 (151)

Under the existence condition of a solution of (148) given by

mng[Agj g _OF]:mng{[E,A g} (152)
the gain G of the control law (143), solution of (148) gives
G = [CU-A'B'cI-A'F (153)
and T = (I — A)"'(BG — F). Under Equation (150), Equation (145) gives
Zoi ] [A 0] Bl . [I
el R o O R 3 e T
_ Tk
ye = C 0}[Vk]+vk (155)

where Zj, represent the state of the jump-free system. So, under (A, B) controllable,
the LQG regulator u?! = —LZ; can be designed on the jump-free system ho (from the
separation principle) to obtained the nominal system performances (not defined here).
The reconfigurated control law, which reject the ¢ jump’s uncontrollable modes is given
by
from the two-stage Kalman filter or equivalently

uk:—[L G][é fk]{écf]{g:}:—[[, G—LC]{?’;} (157)
from the augmented state Kalman filter. Note that after each detection and isolation of
one jump, the nominal control law uf = — L7}, is not affected by the active GLR test but
only corrected by the additive term Gy, depending to the old jumps estimation (improved
from measurement available after their detection). The active GLR test depends only to
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the state prediction errors of the Kalman filter decoupled from wu; and we can propose the
following reconfigurable FTCS scheme:

Actuators Plant .| Sensors
—— >
GLR
A
v
u * y
Control Two-stage
law 2 Kalman

A

F1GURE 21. The reconfigurable FTCS scheme based on the active GLR test

The reference model used for the design of the control law GLR test coincides with
the reference model used by the GLR Test. After each detection and isolation of one
jump, the reference model is updated with the new state of jump and the three parts of
the FTCS, i.e., the GLR detector, the Kalman filter, the control law, can be reconfigu-
rated in harmony by the reconfiguration mechanism. To reduce the the computational
requirement, the passive GLR test working on a fixed reference model can be used but the
statistical performances of the reconfigurable FTCS will be closely related by the rates of
false alarms and good decisions of the used statistical test.

8. Numerical Example. Consider the following discrete-time stochastic system

05 2 02 1 0 101
A=] 0 04 1 |,B=[B B |=| 0 1/|,C= {0 1 0} (158)
0 0 0.1 -1 0

V = 2] and W = I. Subject to two possible abrupt changes h; and hy on actuators
modelized by f; = By, fo = By with p; = 2 and p; = 1. From Theorem 3.1, the two
jumps are statistically detectable and distinguishable, i.e., (11) and (12) hold with

rank | CAfi Cfy ] (159)

and

C 0

We can remark that the rank condition (I) guaranties the existence condition of the
reconfigurable FTCS given by (149) for any jump’s scenario. The statistical variables
describing the performances of the reconfigurable FTCS coincide with the statistical vari-
ables describing the performances of the statistical test. So, to simplify the Monte Carlo
simulation, the proposed example will be realized in open loop.

rmm[[_Aﬁfé}:3+2=5uy (160)
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In the field of dynamic systems, the signal-to-noise ratio d;(k,r) are generally more
greater than the signal to noise ratio treated in the fields of electrocardiogram analysis or
geophysical signal processing and the size M of the sliding window W = [k — M <7 < k|
can be generally chosen small. In our example, we take M = 0 (we do not optimize 7 at
all) and we fixe the following rate of false alarms: P¥ = 0.005 from a table of Chi-Squared
distribution. The first jump v = 10 appearing at time instant k& = 50 has been chosen
sufficiently important to ensure that the rate of correct decisions is very closed to one.
The statistical comparaison will be made on the second jump v = 3 occurring at time
instant r = 60.

We have computed the rate of false alarms and the rate of good detections with 10°
Monte Carlo trials. We have obtained PF =~ 0. 01, PD ~ 0.85 for the modified GLR
test and P, &~ 0.0055, Pp ~ 0.91 for the active GLR test clearly much power. Many
other simulations not presented in this paper, realized in the case where the second jump
appears at times r = 70, 80, ... have shown that the active GLR test always gives better
results but with less significant results. In the limite case where the second jump appears
after the first jump with a very long time delay, the two GLR tests have given the same
results. We conclude that the active GLR test is very power when quick detections lead
to bad jump estimations and thus very usefull for FTCS to maximize the rate of good
decisions specially in reguard to the occurrence of a big jump which may greatly affect
nominal performance of the system.

9. Conclusion. Derived from the works of Willsky and Jones [50], this paper has pre-
sented the active GLR test for sequential jumps detection in stochastic discrete-time linear
systems. From a new updating strategy based on the statistical rejection of the jumps
detected and isolated during the recursive treatment, the rate of false alarm has been
minimized and the rate of good decisions maximized. The active GLR test has been
integrated in a reconfigurable Fault-Tolerant Control System by using an LQG regulator
designed on the jump-free system where the nominal control law is corrected on line to
asymptotically reject the influence of jumps.
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Appendix 1. The predictive form of the Friendland’s two-stage Kalman Filter which
optimaly implement the following augmented state Kalman filter

{ Lhet1 ] _ Xk+1 = AX, + Buy, + Ky, (161)
Vi+1

[ Pone e } = Oy = AQAT + TWIT — AQ,CT (CCT + V) C0, AT(162)
Pk+1 Pk-i-l

K? - -
Ky = { Kfj } = AWCTH, ', H,=CQC" +V (163)
k
o | Zo | By B - A F = | B -~
WlthXO_{po}andQO_[pgw Py , where A = 0 7 , B = 0 , C =
[C’ O] and I' = [é} is given by
Trt1 = Tt + Cop1 Dkt (164)
Pk—f—l = Pk+1 + Ck+1P;:+1C;F;F+1 (165)
where (fckﬂ, ]3k+1) are given by the bias-free filter
P = AP AT + W — APCT(CP.CT + V) 'OPAT (167)
Ky = AP,CTH,! (168)
Hy = CPCT+V (170)
where (711, P, ) are given the bias filter
Ukt = Uk + K (3 — pili) (171)
Ky = P{p{ (Hy+ pPlpt) ™! (172)
Py = P — PYpf (pe Py p + Hi) ' pi Y (173)
with the coupling equation
Gp1 = (A— KOV + F (174)
pr = CG (175)

The initial conditions of the two-stage Kalman filter are given by
To | _ [ 1 —Go To
-l L] o

P 0] [1I —¢ pr P [T —¢]"
{00 Pg}_[o [OHPOSw ]%”][O IO] (177)

with (o = P§¥(PY)~'. The zero mean white innovation sequence of the bias-filter equals

and

to the innovation sequence of the augmented state Kalman filter since v = yi, — CX, =
Y — pely where Hy = Hy + ppPYpl is its covariance matrix. The optimality of two-

[ —ng ] with ¢, =

stage Kalman filter can be proved under the transformation 7T}, = { 0
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P [Py]~! applied on the augmented state filter

Xk—H = AXk + E’uk + |: glfj } (yk — éXk) (178)
k
o = (A= [ 501V (A [ 55 1) wrwrr o [ 55 v [ 55 ] amo)
rH Ky g Ky Ky Ky

as
KI‘

Ti1 X1 = Tk+1AT1;1Tka + Buy, + Tji1 { KZ } (yr — éTngka) (180)

T
_ K= _ _ . _ K= _
Tt = Ten (A | 16 | €) romarzay (a- | 1 | €) asy

T
S K¢ K¢
+IWTT + 1, { ﬁ}v{ ﬁ] Tr
k+1 Kk Kk k+1

A

From [ :Ek } = Tka, [ ];k ng ] = TkQTE and under the assumption that K} =
e ke

Ky + Qo1 Ky with Gy = P2 [PY,4] 7, we obtain

§k+1 . A— I_(kC 0 «%k = Kk
{ Vi1 } _{ -K;C (I —-K}pg) } [ e ] + Buy + {Kﬁ} Yk (182)
Pk-i—l X _ A—ch 0 Pk 0 A—ch 0 T
< Py || —KpC (I—Kpp)| [0 PY) | —KEC (I - Kfp)
= = 17T
Ky, Ky, Wo
el v el + 00 (183)

and with Kj = AP,CTH, ' minimizing the trace of Py ;.

The trace of Py, is minimized by Ky = P¢pt(Hy + prP¢pt)~" and the proof that
K¢ = Ky + G K}, where (o = PP [Py, 7" is given in Keller and Darouach (1997).
Note that the existence condition of ¢, = Pf*[P¢]~! given by P! > 0 is always satisfied
under (21.a).



