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ABSTRACT. This paper investigates the problem of adaptive output feedback stabilization
using MT-filters and the backstepping design method for a class of nonlinear systems with
unknown input and output time-delay. It is shown that all the signals in the closed-loop
system are globally uniformly bounded, and the output can be requlated to zero.
Keywords: Nonlinear systems, Input time-delay, Adaptive output feedback stabiliza-
tion, MT-filters

1. Introduction. Since time-delay phenomena commonly exist in many practical sys-
tems such as biological reactors, rolling mills, economical systems, and the existence of
time-delay is often a significant cause of instability and deteriorative performance, so the
control design of nonlinear time-delay systems has been received much attention; see, e.g.,
[1, 2, 6, 10, 14, 17-19, 25] and the references therein. In the past decade, some results
have been achieved when solving the stabilizing problem for nonlinear time-delay systems
by using backstepping method. In [5], adaptive neural control cooperating with iterative
backstepping was presented for strict-feedback nonlinear systems with unknown time-
delay. The problem of robust output feedback backstepping control for strict-feedback
nonlinear time-delay systems was considered by [7]. [8] investigated the robust output
tracking control for nonlinear time-delay systems. In the newest two papers, [4, 13] consid-
ered state feedback and output feedback respectively for stochastic high-order nonlinear
time-delay systems.

Up to now, however, most of the existing papers only consider nonlinear systems with
state time-delay. In the only few papers on nonlinear systems with input time-delay, [20]
considered adaptive control of linear systems with unknown input time-delay by using
conventional pole placement adaptive scheme. The input delay compensation for forward
complete and strict-feedforward nonlinear systems was solved by [11]. [21] considered the
adaptive stabilization problem for feedforward nonlinear systems with time-delays. In
[26], nonlinear systems with unknown input time-delay were considered by using K-filters
and backstepping design method.

In the widely cited in-depth monograph [9] on the backstepping design method, Krstié et
al. systematically studied two sets of filters, namely K-filters and MT-filters with different
merits and demerits, and applied them respectively to the design of adaptive output
feedback controllers. The design with MT-filters, which was firstly proposed by [15, 16],
is motivated by the idea of using an adaptive observer for output feedback control.
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Motivated by [26] and the advantages of MT-filters, the purpose of this paper is to
further consider the similar problem as in [26] by using MT-filters and the backstepping
design method. The contributions of this paper are as follows:

(i) Compared with [26], this paper considers more general nonlinear systems with un-
known input time-delay and output time-delay.

(ii) Since the unmodeled dynamics appear in the output of the system, the adaptive laws
obtained by using the conventional MT-filtered transformation eq.(8.156) in [9] are not
available for measurement. In this paper, by introducing a new filtered transformation,
we solve the important problem satisfactorily.

(iii) For this control scheme, we rigorously show that all the signals in the closed-loop
system based on MT-filters are globally uniformly bounded, and the output is regulated
to zero. The effectiveness of the scheme is demonstrated by a simulation example.

The paper is organized as follows. The problem is formulated in Section 2. An adaptive
output feedback controller is designed and analyzed in Section 3 and Section 4, following
a simulation example in Section 5. Section 6 concludes this paper.

2. Problem Formulation. Consider the following nonlinear systems with input time-
delay and output time-delay

() = ZEH(0) + mda(s)ult = ) + padals)ult)

+%(f(y(t)) ()t = 7)) + mDa(s)f(w(0) + msBs(s)y(D), (1)

where u(t) € R, y(t) € R are the system input and output, respectively, s denotes the

differential operator %, 7 is an unknown positive constant time-delay, f(-) € R" is a
nonlinear function, A(s) = s" + a, 18" + -+ ag, B(8) = byus™ + bypy18™ ' + -+ + by,
D(s) = (s"71, -+ ,5,1), Ay(s), Ay(s) and Az(s) are some rational functions of s, g, g

and p3 are positive constant scalars.

Remark 2.1. 1 Aq(s)u(t—7) denotes the unmodeled dynamics from the system input with
time-delay, p1Aq(s) f(y(t—7)) is the unmodeled dynamics from the nonlinear function with
output time-delay, palo(s)u(t), ualao(s)f(y(t)) and usAs(s)y(t) denote the unmodeled
dynamics from the system input, nonlinear function and output, respectively. Obuviously,
such unmodeled dynamics are more general than those in [26].

In this paper, we need the following assumptions:
Assumption 1: For system (1), a; and b; (i =0,--- ,n—1, j=0,--- ,m) are unknown
constants, B(s) is a Hurwitz polynomial, the order n, the relative degree o = n —m, and
the sign of the high frequency gain b,, are known.
Assumption 2: A;(s), Ag(s) and Asz(s) are stable and strictly proper with unity high
frequency gains.

Remark 2.2. Assumption 1 is a general assumption for the adaptive control design of
nonlinear systems as in [9]. The purpose of Assumption 2 is to lead to Aj, Ay, Ay in the
realization (34)-(36) of A1(s), Aa(s) and As(s) being Hurwitz.

The objective of this paper is to design an adaptive output feedback controller for
system (1) under Assumptions 1 and 2 such that all the signals in the closed-loop system
are globally uniformly bounded, and the output is regulated to zero.
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3. The Design of Adaptive Controller Based on MT-Filters. To simplify the
procedure, we sometimes denote X (¢) by X for any variable X (¢).
By Appendix, system (1) can be transformed into the following state-space realization

&= Av + F"(u,y)0 + a® + f(y),

y = x1 + N, (2)
where
o O(n—l)xl I, 1 T _ O(Qfl)x(erl) _
A - [ O le(nfl) ]7 F ('LL, y) - |:|: [m-‘rl :| u, [ny:| )
0= [bTaaT]Ta a = [an—17"' 7a0]Ta b= [bm7 7b0]T>
N =1 Ay(s)z1(t — 7) + pela(s)z + p3As(s)y. (3)

To estimate the system state, a MT-filter only using input and output is designed as

£ = A+ Bifly), &€ R,

QT — AIQT + BlFT(u,y), QT e R(nfl)x(n+m+1)’ (4)
where
A= [Tl ) B=[-IL.], 1=[L- 5 =} (5)
= 01><(n—2) ) = ydn—11» - 3 U1, y bn—1 — /K
with ll, -+, l,_1 being the coefficients of any Hurwitz polynomial L(s) = s"~! + ;5" 2 +
-+ +1,_1. To reduce the order of filters, Q7 is decomposed into QT = [v,,, -+, vo, =],
where v; € R"™! (i = 0,--- ,m) is the ith vector of v and Z = [§,_y,--- , ] € R"~D*",
o € R"Y (k=0,---,n—1) is the kth vector of §. By using
(Al)ien—l,n—l — Blen,n—ia 1= 07 1a e, N = 17 (6)
A=AM+ep1pu, AER (7)
one gets
v = (A)'A, i=0,...,m, (8)
where e;;; denotes the kth coordinate vector in R?. From
n=Am+en1n1y, NE Rn_17 9)
== AlE - Bly, (10)

it is easy to obtain that &, = —(A)*n, k=0,...,n— 1.
Due to the presence of X in (2), we introduce the following filtered transformation

—N
from which, and (2)-(5), a tedious but straightforward calculation leads to
X = Ax + l(wo + w'0) + (a + seq)R,
Y = X1 (12)
where wy = & + f1, wT = FL +QF x4, &, f1, F and QF represent the first row of ¥,

&, f, FT and Q7 respectively. Since # is unknown, the adaptive observer for y can be
chosen as

X = AX + Koy — x1) + lwo + w"0), (13)
where 6 is the estimate of 0, K, = (A + col,)l, and cq is a positive constant. Defining

EZX_fG (14>



6710 L. LIU AND X. J. XIE

and using y — X1 = x1 — X1 = €X,(x — X), by (12)-(14) and some computations, one gets

¢ = Aoe + 1wT0 + (a + sen)R, (15)
where § = 0 — 0, Ay = A — Kyel,. Obviously, eZ,(sI, — Ag) !l = (S+CO) From (3), and
the definitions of Q7 and w”, one leads to

=F +Qf = [v1, - 7001751—9651]7 (16)
where v;; (i = 0,--- ,m) denotes the first entry of v; and =; denotes the first row of =.
By (12), (14) and (16), one obtains

U=X1=xX2+wo+ w0+ (5+ap_1)R
= X2 +wo + wlo + &9 + (s + an,l)N
= bpUm1 + X2 +wo + @70 + g5+ (5 + an1)R, (17)
where 07 = [0,v-1.1, " ,v01,Z1 — yel;]. Now we replace (2) with the following new

system, whose states depend on filters (4), (7) and (9), and thus are available for control
design

1 = bUm1 + X2 + wo + @70 + g5+ (5 + ap_1)R,

Ui = Um,i+1 — lvmla i=1,-,0-2
bm,g—l =u-+ Umep — lg 1Um1, (18)
where v,; (i =1,--- ,0) is the ith element of v,,. Define the change of coordinates
21=Y, Zi=Uni-1—Q-1, 1=2,...,0 (19)

For (18), by using conventional backstepping design method, choosing the control law

~

U= 0p— Upg, 1 =pay, a1 =—(ci+dy)z —Xo—wo— &0,
. Jda 8a . Oa
ay = —by 2 — 02+d2 1) 8A1,0+ 891F72+527
8041 8051 X (9061
Q; = —Zi-1 Cz+di< 8y1> Zi + aAlp T Z%zkn%z,
Oy Oy i 50@‘—1 7
S 0) + A B I\ A
B o (X2 +wo +w'0) + o€ (A€ + Bif(y)) + ; N (—leA1 + Ag+1)
8042-_1 8
677 (Aﬂ] + en—1 n— ly) + l’L 1Um1 + a ~ |:AX + Ko(y X1) + l(wo +w 9)]
80%71 8041;1 .
Opi = —1I w, t=2,...,0, 20
k By y 0 ( )

and the adaptive laws
To = Mweq,

T = (W — p1€ntmt1,1)%1 + To,

8061'_1 .
T = Ti—1 — —7 W%z, Z:27”'797
dy
0 =1, = T[Wp(z, )z + rwe),

p = —ysgn(by,)a 21, (21)
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the error system (19) is compactly written as

z= AZ(Zv t)Z + WGT(Z7 t)é - bm&lﬁetzl + Wa(z7 t) [52 + (3 + an—l)N]a (22)
where p is the estimate of p = i, I', r1, v are some positive parameters,
[ —c1 —dy b 0 0 |
. 2
—bm, —02—d2(830;> 1+ o093 020
2
A,(z,t) = 0 —1— o093 —c3 —d3 (%L;?) e 030 :
I 0 —02, —03, cer o —Cp— dg<aaa9y*1> ]
[ 6@1 8@ -1 r
WZ,t: 17__7"'7_ . )
Wi (z,t) = Wa(z, t)w' — f)c’vlegleaerL1 e Rex(ntmtl) (23)

Remark 3.1. As compared in [9], K-filters and MT-filters have different merits and
demerits, that s, the reduced-order MT-filters are more simpler than the full-order K-
filters, while the anti-disturbance ability of MT-filters is weaker than K-filters.

Remark 3.2. Let us discuss the implementation problem of the adaptive laws of two
design methods in [26] and this paper. If we adopt the same design procedure as in [26]
by using the K-filters, one obtains

: dar,_ . Doy
0=Ir,=T (Tg_l — (:;Qy 1wzg> =...=T ((w — PQ1Cnims1,1) 21 — ° 1wzi> )

=2 8y

obuviously, é can be implemented. While for the controller design based on MT-filters, if

we still adopt the conventional MT-filtered transformation x = v — { §—|—OQT0 } used in

eq.(8.156) of 9], then from (2), it follows that

X = Ax + l(wo + w''0) + aX,

. Oop— ~_
By (21), one obtains T, = T,_1 — Og;/lwzg = - = rwe + (W — paienimi11)z1 —

2 805—;1wzi, from which and (14), then
s=x1—x1=y—-XN—xi. (25)
Since N is not available for measurement, by (25), it concludes that 1 and 1, are not

available for measurement, hence 0= I't, is unable to be implemented. This is the main
difference with the design using K-filters, and this important problem s easy to be ne-
glected.

In this paper, similar to [12], by adopting a new filtered transformation (11), one obtains

€1 = X1 — X1 2 Y — X1, thus = I't, can be implemented.

4. Main Result. Introduce the following similarity transformations

2= [2]-[%] 20
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X X1 ell 1.
8- [3])-[$)s
where T' = [Ajen—11, In—1] = [Al, €n—1,—1]. From (5), the definitions of Ky, Ay and T, it
follows that

TI=0, TKy= Al TAy = AT, %:%H{é} (28)

Combining (15), (26) with (28), one has

7 ="Té=Am+T(a+ se,)N
= A+ T[aX + (s + ap_1)em ], (29)

where @ = (0, an_2,- -+ ,a0)". By (26), one leads to
82—[161 = T, (30)
from which, (15), and the definitions of Ky and Ay, it follows that

é1=—(co+l)er +ex+ w0 + (s + an-1)R

= —coer + 1+ w0+ (54 an_)N. (31)
By the definition of Ay, (13) can be written as
X = AoX + Koy + l(wo + wT8). (32)
With the use of (27), (28) and (32), we have
¢ =Tx = A+ Aly. (33)
By Assumption 2, it is obvious that A;(s)z1, As(s)z; and Az(s)y can be achieved by
= Apf b, Aa(s)m = (1,0, ,0)f, (34)
g:Agg_l_ngla A?(S)I1 = (17()’ 70).9’ (35)
h=Auh+biy,  As(s)y = (1,0, ,0)h, (36)

and Af, A, and Ay are Hurwitz matrices.

Lemma 4.1. The effects of the unmodeled dynamics are bounded by
21 [* < 4(1 + 20%)| @7 + 4| (¢ — 7)),
N < 64287 + 32|t — )P,
(5 + an_1)R|? < 3p2(ky|ar (t — 7) 2 + (kg + 4k p?)|D(t — 7)[?
+(ky + ko + 4k + 8k11%)|®)?),

where ® = [T ey, 77, [T, g7 BT, pu =: max{ i, po, jis}, k1, ko, k1, ke and ky are positive
constants independent of uy, po and pus.

Proof: See the Appendix.
We state the main result in this paper.

Theorem 4.1. Consider the adaptive control systems consisting of the system (1), MT-
filters (4), (7), (10), and the adaptive controller (20), (21). Under Assumptions 1 and 2,
there always exists a positive constant p* such that for any p € [0, u*) and all initial values,
all the signals in the closed-loop system are globally uniformly bounded and lim;_,, |y(t)| =
0, where p 1s defined as in Lemma 4.1.
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Proof: Consider the following Lyapunov function
V= 5 <|z|2 07T + by |y 15+ 7’16%) + ron? P
+ [T Prf 4 149" Pyg + lh" Pyh, (37)

where 71, 79, lf, ly, I, are some parameters to be determined, 6 = 0 — é, p=p—p, and
Py, P§, Py and Py satisfy

AP+ PA =—I, A7Pj+PiA;=—I,
AP, + PJAy=—1, AP, + PA, =—1. (38)

The time derivative of V along (21)-(23), (29), (31) and (34)-(36) is given by

i1\ >
— ZCZ —dy 2 — Zd ( a 1) zi2+[52+(s+an_1)N]zl

4

Oay;_

_ [62 + (S + an_l)N] Z ( gy 1> Z; — C()Tlff% + 7"181[7’(’1 + (S + CLn_l)N]
=2

— ro|m|* + 2rom T BT[N + (s + an—1)Ren1] — [ f1* + 207 /" Prba
- l9|g|2 + QZQQTPgngl — In|h[? + 20,07 Pybyzy

4 2
O
= —diZ} +[e2+ (5 + ano1)Nz — Y ds ( a 1) 22— [eg + (54 an_1)N]
=2

dy (39)

o
8ozz~_ 1 1
) E < 9 1) Z; — 5007‘15% + refm + (s + an_1)R] — 57’2\#]2 + 2rol PT
=2

1
8

1 1 1
— Zzg\g\2 + 21,97 Pbyzy — gclzf - Zzgygﬁ — 21,7 P,b,N — 5zhyh|2 + 20,h" Pubyzy

1 _
. [(_IN + (S + an_l)Nenl] — Zlf|f|2 + QZfFbele clzl lf|f|2 QZfFbefN

1 . 1 1 1 ., 1 1 1,

- chzf - ;szf - 5007“15% - 57“2|7T|2 - §lf|f|2 - §lg|9|2 - §lh|h|2 — 50

. 1 °o 1 c1 C1 ‘1
hoosing — = >+, I € =l < — L, <
C oosing do 1:231 dia lf >~ 32|bef_.|27 lg — 32’Pgbg|2’ lh - 8’Phbh’2 )

complete square inequality, one gets

and using the

¥ r
V< et (s+ an_1)R]% + i[m + (54 an_1)N]? + 2ro| BT 2[aR + (s + an_1)Nen )
0 0

1 2 1 1
+ Al Prbg PN + 4l | Pyby P IRP* — Ser2f ;Cizf — georiet = gralnl?

1. = 1 1
— U f]? = =1,|g* — =ln|h|? 40
2f|f| 2g|9| 2h| | (40)
1 r
< 2, —e5 4 k| (5 + an_1)R|* + —(1)7?% + Ky X2 — —0121 E iz} 607”181

1 - 1 1
2 2 2 2
— 57”2‘”’ - §lf’f| - 5l9|g| - §lh|h| )
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where k, = —+ a +47“2|HT|2 ky = 4ro| PBT|?|al? + 417 Prb|* 4 414 Pybe|?. By (30), (40),

4
and choosing r; > d , Ty > 4’"1 + d , one has

0 < Rt r NP R = 2= R st 3

1 = 1 1
ST = Slalgl = Sialhl. (41)

Defining ¢ = min {

47 4 74727272

Coyv v, Cpy H0 22 bl l—h} from Lemma 4.1, it follows that

- 1 _ _ -

V < —q|®) - chzf + 3koky g1 (t — 7) 2 + ((3kaka + 3kp)p® + 12k ky pi*)|®(t — 7) |
+((3kaky + 3koks + 12k ky + k)1t + 24koky p)|®)2. (42)

Considering the following Lyapunov function for the total system

t
V=V+ 3kak:1u2/ \z1(0)|*do + ((3kaksy + 3ky)u?
t—1

F12k, (ky + K1) pt) /: |®(0)|*do, (43)

and using (42) and Lemma 4.1, one obtains
. 1 _ ~ ~ ~ ~
V < —q|®) — chzf + Bkoki i |m1)? 4 ((3kaky + 3kaky + 12kgky + 6Ky ) u* + 24k k1 p?)

(D% + ((Bkaks + 3ky) p? + 12ka(ky + k) )| @ — 12k keypt| D (t — 7) 2
1
chzfa (44)

where k1 = 36kq(k1 + k1), Ky = 3koky + 3kaky + 12kky + 6ky + 3koks + 3k, 4+ 12k k.
Since ¢, k1 and ko are some constants independent of u, there exists a constant p* =

\/ 57V K5 + 4k1q — 5%, such that for any p € [0, %) and all initial values,

: 1
\% < —1012%, (45)

—(q — kop® — k") | @ —

from which and (43), we conclude that all the signals in the closed-loop system are globally
uniformly bounded, and lim;_, |y(¢)| = 0 by Barbalat lemma in [9].

5. A Simulation Example. Consider the following nonlinear time-delay systems

y(t) = +<u(t)+ B — 7y 22 1u(z€))

s2 4+ a8 + ag s+1

"
%(M@ﬁnm]mﬂ[ (1~ 7)siny(t— ) |

H2 [ 0 } H3
— : t). 4
o1l y(t)siny(o) )+s+1y<> (46)
(46) can be transformed into the following state-space realization
:é::A:c—[al ]xl—ir [ 2 }u—l—f(y)
Yy=1m + Na (47)

1
wherez = | 33 | A= [0 0 | J0) = | yeny |- N = &5m = 7) + 2o+ 24y
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MT-filters are chosen as
E=—lE+ysiny, n=—-In+y, A=—-I\+u.
The change of coordinates are z; =y, 2o = A — 1. The observer is given by
w=10 o[ ef Jo-x+ ] 1]+,
where w’ = [\, In — y, —n]. The control law is

oy = pay, @ =—(ci+dy)z —xo —E—a'0,

~ 8051 2 8&1 . 8041 A

— bz~ |t dy (22 1)
u 121 Co + Q(ay) ]ZQ+ aﬁp—i- EY;

0041 “ 0041 . 80&1 : 8041 R

— Ty I\
+ay(><2+§+w )+ ann+ 8§§+8>22X2+

The parameter adaptive laws are chosen as

. 0
=T (Zl +riz1 — 7"1)%1 — %ZQ) W — F[pAanl, O, O]T7
Y

p = —ysgn(b)ay 21,

6715

(48)

(49)

(50)

(51)

where 0 = [Z;, ay, o) and p are the estimates of @ = [b, a1, ag]” and p = %, respectively.
In simulation, we choose 7 = 1s, the system parameters a; = 1, ag = 2, b = 1, the
design parameters cg = 0.8, 1 =2,¢1 =2, co=1,d; = 0.2, dy = 0.3, 3 = 0.3, uy = 0.2,
s = 04, r; = 0.5, v = 0.6, I' = 1, and the initial values z1(0) = 1, z2(0) = —1,
x1(0) = 0.4, x2(0) = 0.3, A(0) = n(0) =0, £(0) = 1, p(0) = 0.1, é(O) = [0.8,0.6,0.5]7.

Figure 1 gives the responses of the closed-loop system with MT-filters.
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FIGURE 1. The responses of the closed-loop system
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6. Conclusions. This paper investigates adaptive output feedback problem using MT-
filters and the backstepping design method for nonlinear systems with unknown input
and output time-delay.

There are still two remaining problems to be investigated: One is to extend the method
to more general systems, such as stochastic nonlinear time-delay systems with SiISS in-
verse dynamics in [22-24], stochastic high-order nonlinear systems [13] with input time-
delay. The other is to find a practical example on system (1).
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Appendix.
Proof of (2) and (3): Define 1:1( ) ﬁgsg (t) + A((S))f(y(t)), N(t) = pr Ay (s)xy (t —

T) + po(s)x1(t) + usAs(s)y(t). By (1), one has
y(t) = 21(t) + mAi(s)ri(t — 7) + pala(s)z1(t) + psAs(s)y(t) = x1(t) +R(t).  (52)

With the help of A(s), B(s) and D( ) (1), there exist minimal realization matrices
o T T T
such that ¢ (s[ A) p = ) (SI A) = D(S)) By [3], obviously, z; can be achieved
by @ = Az + bu + f(y), 1 = 2. From (3), it follows that

i = Ax+bu+ f(y)
= Ar —axy +bu+ f(y)
= Az —ay + a® + bu + f(y)
= Az + F"(u,y)0 + a® + f(y).
Proof of Lemma 4.1: By the definition of ®, (34)-(36), it is easy to conclude that
[As(s)z(t = 1) <@t —7)[7, [Aa(s)za(t)]* < (1),
[As(s)y(t)]* < |@(1). (53)
By (34) and (53), one has
(5 + an-1)Ax(s)as (t — )|
(1 L) (Apf(t—7) + bpaa(t — 7)) + an—1Da ()2 (t — 7)[*
|331(t—7)\2+k2\‘1>(t—ﬂ\2> (54)

where k; and k:2 are positive constants independent of py, s and pg. Similar to (54), one
obtains

(s + an-1)a(s)ar (1) < kulaa (8)]° + k| @(2) 7,
(5 + an-1)A3(s)y(t)]* < ki | (D). (55)
By (2) and (53), one gets
21 (O = [y(t) — mda(s)z1(t — 7) — pala(s)21(t) — pss(s)y(t)[*
Aly(OF + [ Ai(s)za(t = 7)° + [u2Ba(s)z1(t)* + [usls(s)y (1))
(12O + pil@(t — )] + 3| @O + 3|2 (1)]?)

<
<
< AL+ 202)| @) + dp?|@(t — T)P, (56)

4
4
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where 1 = max{py, 1o, u3}. From (3) and (53)-(55), it follows that
IR()[F < 3([pndi(s)ar(t — 1) + |p2da(s)xa ()P + [nsDa(s)y (1))
< 3(pF|@(t — 7)|* + 3] D (1)]* + pz|@(1)[)
< 6p3| ()7 + 3| @(t — 7)[%, (57)
and
5+ DR < 3(Ja(s + an 1) Aa(8)a1(t — TP + 1205 + ) Aal8)21 ()]
+lps(s + an—1)As(s)y(t)[*) )
< 3pP (ka|ar (t — 1) + (ko + 4kp®)|@(t — 7) 7
+(ky + ko + 4k + 8k112)|®(2)[?). (58)



