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ABSTRACT. This paper deals with the problem of robust Ho fault detection for a class of
linear discrete time-varying systems with norm bounded model uncertainty. A generalized
unknown input is introduced to represent the model uncertainty and, based on this, an
observer-based fault detection filter (FDF) with accommodation of unknown input and
fault is proposed. Then the problem of robust fault detection is formulated in a framework
of finite horizon Hoo filtering and the design of robust Hoo-FDF' is converted into a
minimum problem of indefinite quadratic form. A sufficient and necessary condition for
the minimum is derived by using a Krein space approach and a solution to the Heoo-
FDF is obtained by computation of Riccati recursions. A numerical example is given to
illustrate the effectiveness of the proposed method.

Keywords: Linear discrete time-varying system, Model uncertainty, H., fault detection,
Krein space, Riccati recursion

1. Introduction. During the past three decades, model-based fault detection (FD) has
received much attention and significant progress has been achieved; see, for example,
[1,2,3,5, 7,8, 11, 13, 14, 17, 18, 20] and references therein. For linear systems subject
to L9 norm bounded unknown input, there are two typical H., approaches to robust
FD. One scheme is to use H,, norm as a measure of robustness of residual to unknown
input, while the H,, norm or H_ index is used as a measure of sensitivity of residual to
fault. Then the design of observer-based FDF can be formulated into an optimization
problem in a framework of H_ /H ., or Ho./Ho maximization and a trade-off between the
sensitivity and the robustness can be achieved; see, e.g., the frequency domain co-inner-
outer factorization solution in [6] and the linear matrix inequality (LMI) based solution in
[21]. Another scheme focuses on robust FD in the sense of H, filtering; see, e.g., the LMI
based solutions in [4, 12, 19, 24]. In [10], a comparison of the two typical FD schemes was
given and it was revealed that both of them allowed the achievement of the same level
performance.

In contrast to the numerous existing robust FD results for linear time invariant (LTT)
systems, only a few studies have been devoted to linear time-varying (LTV) systems. In
[23], the problem of robust FD for linear discrete time periodic systems was dealt with by
extending the result in [6]. In [15, 16, 22], the result of [6] was extended to LTV systems.
It has been demonstrated in [15, 16] that the robust FD problem under different perfor-
mance indices, such as the H_/Hoo, Hao/Hoo and Heo/Hoo sensitivity /robustness ratio,
can be solved by a unified optimal solution. In [25], an observer-based FDF with resid-
ual feedback was proposed for linear discrete time-varying (LDTV) systems and, through
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building a relationship with Krein space projection, a solution to the H..,-FDF was ob-
tained by computation of Riccati recursions. In [26], a unified solution to the robust FD
problem of finite horizon Ho./Heo or H_/Ho maximization was developed for LDTV
systems. However, it should be pointed out that model uncertainty and unknown input
are inevitable in practice. The approaches in [15, 16, 22, 26] are not applicable to uncer-
tain LDTV systems, because the solution of the H_ /Ho, or Heo/Hoo based optimization
problem will not exist anymore when model uncertainty appears. The result in [25] did
not consider the influence of model uncertainty which may cause performance degrada-
tion of the H,-FDF for uncertain LDTV systems. To the authors’ best knowledge, the
problem of robust FD is still open and challenging when model uncertainty and unknown
input are taken into account simultaneously, which motivates the present study.

In this paper, we focus our study on observer-based robust FD in the framework of finite
horizon H, filtering for LDTV systems subject to l; norm bounded unknown input and
norm bounded model uncertainty. A generalized unknown input will be first introduced
to represent the influence of the model uncertainty. Then an improved observer-based
FDF will be developed of which the estimation and accommodation of model uncertainty,
unknown input and fault are considered. Inspired by [25], the problem of robust FD will
be solved by using a Krein space approach.

Notation. Elements in Krein space will be denoted by boldface letters and elements
in the Euclidean space of complex numbers will be denoted by normal letters. The super-
scripts ‘“—1" and “I"” stand for the inverse and transpose of a matrix, respectively. d;; = 0
for ¢ # j and 9;; = 1. R™ denotes the n-dimensional Euclidean space. [ is the identity ma-
trix with appropriate dimensions. (-, -) denotes the inner product in Krein space. diag(---)
denotes a block-diagonal matrix. (k) € 5[0, N] means S~ 67 (k)0(k) < co. L{{0:;}N,}
denotes a linear space spanned by sequence 64, --- ,0y. For a random variable a in Krein
space, a L L£{{0;}Y,} means that « is orthogonal with £{{0;}¥,}. Proj{a|b,--- ,0n}
stands for the orthogonal projection of o onto linear space L{{6;}},}.

2. Problem Formulation. Consider the following LDTV systems

z(k+1) = (A(k) + AA(k))z(k) + (B(k) + AB(k))u(k) + Bq(k)d(k) + By(k) f(k)

y(k) = (C(k) + AC(K))z (k) + (D(k) + AD(F))u(k) + Dy (k) f (k) + v(k)

z(0) = xo

1)

where z(k) € R", y(k) € R™, u(k) € R, d(k) € R?, v(k) € R™ and f(k) € R are the
state, measurement output, control input, unknown input, measurement noise and fault,
respectively; u(k), d(k), v(k), f(k) € I3]0, N]; xo denotes the initial state; A(k), B(k),
By(k), By(k), C(k), D(k) and Dy(k) are known matrices with appropriate dimensions;
AA(k), AB(k), AC(k) and AD(k) are the uncertain model matrices described by

AA(k) AB(k) | | Ei(k)

AC(K) ADG) | = | Bok) | ZW LB Bk ] 2)
where F,(k), Ey(k), Fi(k) and Fy(k) are known matrices with appropriate dimensions,
Y(k) € Rh*2 is unknown and satisfies

ST(R)S(k) < I, Vk € [0, V] 3)

For the purpose of residual generation, we first consider the following observer-based
FDF

#(k +1) = A(k)2(k) + B(k)u(k) + H(k)(y(k) — C(k)2(k) — D(k)u(k))
ri(k) = V(E)(y(k) = C(k)i(k) = D(k)u(k)) (4)
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where z(k), r¢(k) denote state estimation and residual, respectively.
Let e(k) = z(k) — (k). Applying to (1) and (4) yields
e(k+1) = (A(k) = H(K)C(k))e(k) + Ba(k)d(k) — H(k)v(k)
+ (By(k) — H(k)Ds(k)) f (k) + (AA(k) — H(k)AC(K))z (k)

+ (AB(k) — H(k)AD(k)))u(k) (5)
r{gf)c)_: vw(c(*)gk) e(k) + Dy(k) f(k) +v(k) + AC(k)x(k) + AD(k)u(k))

Substituting (2) into (5) and introducing
p(k) = (k) (Fi(k)x(k) + Fy(R)u(k))

we then have
e(k+1) =(A(k) — H(k)C(k))e(k) + Ba(k)d(k) — H(k)v(k)
+ (By(k) — H(k)Dy(k)) f (k) + (E1(k) — H(k)E2(k))p (k) (6)
ry(k) = V(k)(C(k)e(k) + Dy(k) f(k) + v(k) + Ea(k)e(k))

A typical way is to handle ¢(k) as an unknown input and formulate the finite horizon
robust FD problem in order to find H (k) and V (k) such that

> o Irs(k) = (k) <42
x5 By Mo+ o lw(k)||?
where 7 is a given positive scalar, w(k) = [ d'(k) fT(k) " (k) o' (k) }T, and Py is a
given positive definite weighting matrix. There is no doubt that this may lead to large
conservatism.
In order to improve the performance of the residual generator, we propose a structure

of FDF with the estimation and accommodation of f(k), d(k) and ¢(k). For this purpose,
the following modified FDF is established

(&(k+1[k) = A(K)2(k) + B(k)u(k) + Hi(k)e(k)
#(k+ 1) = &(k + 1|k) + Hy(k)e(k) + Hs(k)r (k)
e(k) = y(k) = C(k)i(k) — D(k)u(k)
)~
(

(7)

k41k) = y(k +1) — C(k + D)a(k + k) — D(k + Du(k + 1) (®)
r(k) = Vi(k)e(k) + Va(k + 1)e(k + 1[k)
L 2(0) =0

where Z(k + 1]k), 2 (k) denote the one-step state prediction and state estimation, respec-
tively; H;(k) (i = 1,2,3), Vi(k) and Va(k + 1) are parameter matrices to be designed;
r(i) = [ r7() rL@) ri() }T; r,(k) and rq(k) stand for the estimation of ¢(k) and
d(k), respectlvely

Now, the problem of finite horizon robust H., FD can be re-formulated in order to find

H;(k) (i=1,2,3), Vi(k) and V5(k 4 1) such that (7) is satisfied.

g

Remark 2.1. It is worth pointing out that the uncertain matrices AA(k), AB(k), AC(k)
and AD(k) in (1) may be norm bounded type, polytopic type or stochastic ones. In this
paper, only the norm bounded type described by (2) and (3) is dealt with. Moreover, the
way of handling model uncertainty as unknown input is well known in robust FD for LTI
systems, but it is a novel idea to consider the estimation and accommodation of f(k),
d(k), p(k) in the residual generator.
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Remark 2.2. Different from the scheme of finite horizon Hoo/Heo and H_/Ho opti-
mization in (26|, this paper deals with the problem of robust FD in the framework of Heo
filtering [25], which can be regarded as a finite horizon time-varying version of [4]. If
H3(k) =0, Vo(k+1) =0, N — oo and system (1) is LTI, then (8) with (7) leads to the
Hoo filtering formulation of FD in [4], which can be considered as a special case of this
paper. If the accommodation of model uncertainty and unknown input is not taken into
account, then (8) becomes the observer-based FDF in [25]. The key feature of the pro-
posed robust FD scheme is the simultaneous estimation and accommodation of the model
uncertainty, unknown input and fault. Compared with the Hoo — FDF in [25], the robust
FDF (8) can achieve better FD performance when model uncertainty appears.

Remark 2.3. It has been shown in [9, 25] that the Hoo filtering problem can be formu-
lated as calculating the minimum of a certain quadratic form and, through establishing
a relationship with the orthogonal projection and innovation analysis in Krein space, a
necessary and sufficient existence condition for the minimum can be derived. A solution
to the robust Hoo-FDF can be obtained by computation of Riccati recursions. Inspired by
these, the similar techniques with [25] will be employed to solve the formulated robust FD
problem.

3. Main Results.

3.1. The H.-FDF problem and indefinite quadratic form. We start with the
introduction of the following indefinite quadratic form

Iy =2 Py fvo+ZHw WP =~ ZHW (k)II*

—pQZ (llro (k) — @(R)II* + [Ira(k) — d(k)[*) (9)
where p > 0 is a sufficient small scalar. Referring to the robust H..-FDF problem, we
note that (7) is satisfied for all nonzero zy and w(k) if Jy > 0. Let

vp(t) = rp(t) = f(0), (i) = 15(i) — (i), va(i) = ra(i) — d(i) (10)
{ v(i) } P<k_1 vy (i) f(@)

vs(i) = vy, (1) v () = | (i) | fs(@) = | (@) | (11)
v(k), i=k va(7) d(7)
v = [01(0) wI(1) o TN ] (12)
fov = [F7O) f7Q) - gTN) ] (13)
stN = diag(st (0)7 st(1>7 T st (N)) (14)
Qu. (k) = { qeell, "=, RS N (15)
Then, Jy can be rewritten as the following indefinite quadratic form
T -1

o P(] 0 0 Zo
Iv=| fv 0 I 0 fon (16)

UsN 0 0 stN UsN

For the sake of notation simplicity, we further denote

n) = { B0 IZEN = 1
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By(i) = [ By(i) Ei(i) Ba(i) |, Dysa(i) = [ Ds(i) Es(i) 0]
Cli), i<k=1 0 _ [C(i)]

for k=0,1,--- , N. Rewrite (1) as

(i +1) = A(i)x(i) + Bss(i) f5(3)
Ys(i) = Co(i)2 (1) + Ds(1)u(i) + Dsp(2) fo(i) + vs(d) (17)
z(0) = xg

It is evident that (7) is satisfied if Jy subject to (8) and (17) has a minimum over
{z0, fsn} and its value at the minimum is positive. Thus, the design of robust H..-FDF
can be converted into the minimum problem of indefinite quadratic form Jy.

Remark 3.1. The p in (9) is a weighting positive scalar. Increasing p means weighting the
influence of the estimation error of model uncertainty and unknown input more strongly.
To guarantee the feasibility of min Jy > 0, the allowed mazximal p and minimal v should
be considered. From the viewpoint of H, fault filtering, the p is usually set as a sufficient
small positive scalar.

3.2. Existence conditions for the minimum of Jy. In this subsection, we will in-
troduce a stochastic Krein space system model and build a relationship between the
minimum problem of Jy with Krein space orthogonal projection. Similar to [25], a suffi-
cient and necessary condition for the minimum will be given in terms of a certain Krein
space Gramian matrix (essentially a Krein space variance matrix).

Consider the following Krein space stochastic system

x(i+1) = A(i)x(i) + B(i)u(i) + Bss(i)fs(4)
ys(i) = Cs(i)x(7) + Ds(i)u(i) + Dss(i)fs(7) + vs(7) (18)
x(0) = xg

where x(1), f5(i), u(i) and v4(7) are Krein space vectors and
v ={ T I o= | (19)

V(i) = [v‘;(zz)} 1<k-1

, r(i) = f,(i) + v, (4) (20)
v(k), i=k
< fs&) : fs(g') > = diag(Fo, 105, Qus(i)di) (21)
V(i) vi(j)

The following Lemma 3.1 presents an existing condition for the minimum of Jy.
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Lemma 3.1. [25] The Jy subject to (17) has a minimum over {xo, fsn} if and only if
Ry (k) = (ys(k),ys(k)) has the same inertia with Q,s(k) and, if this is the case, we have

min Jy = Yyl (k) Ry (k)ys(k) (22)
k=0

We should mention that it is difficult to compare the inertia of Ry (k) with Qys(k).
As shown later, innovation re-organization provides the block diagonal factorization of a
matrix equivalent to Ry (k), and thereby allows us to do it easily.

Define innovations

Ya(i,1) = ya(i) = C(0)%(i, 1) — D(i)u(i), Ry, (i,1) = (Ya(i), ¥a(i)) (23)
y(i,2) = y(@) = C(0)x(i,2) — D()u(i), Ry(i,2) = (y(i,2),¥(i,2)) (24)

where %(0, 1) = 0, %(0,2) = 0; x(4, 1) and x(@, 2) denote the orthogonal projections of x(i)

onto linear space spanned by {y.(J, )} and {{y.(7, )}E _2, y(i — 1,2)}, respectively.

Furthermore, let

(k) = 1(k) — £(kk+ 1), Ralk) = (£(0k),7(0) (25)
¥, (k) = [ 57(k,2) #7(k) |7, Ry (k) = (3,(k), 3, (k)) (26)
7t = { S RN R = )50 1)

where t(k|k + 1) is the projection of r(k) onto L{{¥.(i, 1)} =0;¥(k,2),y(k + 1,2)}. By
using projection formulas, we have

y(0) = ¥(0,2)

r(0) = £(0) + £(0[1) = £(0) + Proj{r(0)|y(0,2),y(1,2)}
= 1(0) + (r(0), y(0,2)) Ry (0,2)y(0,2) + (r(0),¥(1,2)) Ry (1,2)y(1,2)
y(1) = ¥(1,2) + Proj{y(1)[y(0)} = y(1,2) + Proj{y(1)[y(0,2)}
= ¥(1,2) + (y(1),5(0,2)) Ry *(0,2)y(0,2)
r(1) = (1) +£(1]2) = £(1) +PrOJ{r( NYa(0,1);¥(1,2),¥(2,2)}
= £(1) + (r(1),y,(0,1)) Rg1(0,1)3,(0,1) + (r(1),y(1,2)) Ry (1,2)y(1,2)
+(r(1),5(2,2)) Ry (2, ) (2,2)

yii—1) =y(—-1,2)+y(-1,2)
= ¥( = 1,2) + Proj{y(i = 1)[¥,(0, 1), §a(1, 1), , §(i = 3,1);3(1 = 2, 2)}

= F- 12+ Y - 1,5,0:0) B G 5.601)

+(y(i —1),5(i —2,2)) Ry (i — 2,2)y(i — 2,2)

r(i —1)=1(i—1)+ 1@ — 1i)
=10 — 1) + Proj{r(i — )|§.(0, 1), 4(1,1), -+ ¥ali = 2,1);¥(i — 1,2), 3, 2)}
=r(i—-1)+ Z (r(i =1),5.0)) By, (7, 1)¥4(4, 1)

+(r(i — 1),y —1,2)) Ry (i — 1,2)y(i — 1,2)
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+(r(i = 1),¥(i,2)) By (i,2)y(i, 2)

y(@) = y(i,2) + y(i,2)
= ¥(0,2) + Proj{y(1)]5,(0, 1), (L, 1), -+ ¥ali = 2,1);3(0 = 1,2)}
= (0,2) + 3 (v(0), 5.0, 1) B G, 1)a( 1)
+ <y(z),$/(z - 17 2)) Rj':l(l - 17 2)5/‘(@ - 15 2)
Let
Ysk = [ yZ(O) YZ(l) YsT(kf) }T7 Rysk = diag<Rys(0)7Rys(1)7 e 7Rys(k>>
Ysk = [ 5’;‘2(0) 5’77«;(1) SIZ;U{;) }T7 Rs’sk = diag<R5’rs(O>7R5’rs(l)7 T 7R§’rs(k))
It is easy to find
Vs = PrYsk (28)
where
[ 1 0 0 0 i
(2,1 oK(2,2) 0 0
: : : - 0
| ok +1,1) on(k+1,2) op(k+1,3) -+ op(k+1,k+1) |
\I]k:diag(j7¢a"'7¢)v ¢ [9 é:|
[ 1 0
Oli) = | (i —2), 36— L) Ry(i — 1,2) [ } y 1=2,3,-+,k+1
. _ i <Y(Z - 1)75’(0?2» R;I(()?Z) i =
i) = | B o000 | =23k
¢ (Z ]) — i <Y(i_ 1)75’(] - 172)> jol(] - 172) <Y(.7 -1 2) ~<.7 _2)> Rgl(j - 2)
o | (-2, 50 - L2)R;'(5—1,2)  (r(i—2),5()—2)) R (j —2)
1= 3,4, Jk+1, 7=23, =1

Thus, we have

which implies that Ry , is equivalent to Ry, ,. Therefore, Ry (k) and Ry, (k) have the
same inertia.
On the other hand, it is obvious from the definition of (k) and the orthogonality that

( ) 1 E{{ya(z 1) 07Y(k72)75’<k + 1?2)}

Hence,

(2) (362,509 ] _

. 2 L = diag(Ry(k,2), Rz(k 30
302} ) Uty 2), ) (30)
for k < N—1, Ry, ,(N,2) = Ry(N,2). This means that Ry, (k) is a block diagonal matrix.

According to Lemma 3.1, Jy has a minimum if and only if Ry (k) and Q,s(k) have the
same inertia. In view of (15) d (30), the inertia of Ry, (k) and Q,s(k) coincide if and
only if Ry(k,2) > 0 and Rz(k) < 0. This gives the followmg Theorem 3.1.

Ry (k) = | G2
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Theorem 3.1. The Jy subject to (8) and (17) has a minimum over {x, fsn'} if and only
Zf Ry(k’, 2) > 0 and Rf(k}) < 0.

Remark 3.2. Theorem 3.1 provides a sufficient and necessary condition for the existence
of the minimum of Jy. In the next subsection, the calculation of Ry(k,2) and Rg(k) will
be given by using an orthogonal projection in Krein space.

3.3. The recursive calculation of Ry(k,2) and R;(k). Inspecting (20) and (21), it
is easy to see that

(r(i),r(7)) =0, (r(2),y(5)) =0, Vi>j

Thus, the projection of r(i) onto £{y4(j,1)}i— can be calculated from

£(i, 1) = Proj (r(i)| £{¥a(j)};=0) =0

Let e1(i) = x(i) — x(7,1). It follows from (18), (19) and (23) that
Ya(i;1) = Cli)er(d) + vi(@) + Drali)fi (i) (31)
Ry, (i,1) = C())Pr(i)C" (i) + Dya(i) D1g(i) + Qus(i) (32)

Then, the projection of x(i) onto £{y,(j,1)}/—y can be calculated by

( %(i+1,1) =Proj(x(i + 1)|£{¥a(j) }=o)
= PrOJ(X(Z + 1)IL{Fa(i)}j=0) + Proj(x(i + 1)|£{ya(i)})

=AY ()90, D) B G D5l ) + BOuG) (g

L X(0,1) =0
where
K (i) = (A@@) Pi(i)CT(9) + By (i) Dfg(i)) Ry ! (i, 1) (34)
Pi(i+1) = A(i) Pi(i) AT (i) + Bsp(i) By () — K1(i) Ry, (4, 1) K (i) (35)
P(0) = B (36)

Likewise, define e;(i) = x(i) — %(7,2). Applying to (18) and (24), we get

y(i,2) = Ci)es(i) + v(i) + Dya(i)fs (i) (37)

Ry(i,2) = C(i) Po(i)C" (i) + Dya(i) Dfq(i) + 1 (38)

Let %(4,2) = X(i,1). Then the projection of x(i + 1) onto £{{y4(j,1)}\0; ¥(4,2)}, i.e.,
x(i +1,2), can be given by

i—1
2—1—12:

M

x(i+1),¥a(, 1)) Ry (7, )¥a(4, 1) + B(i)u(i)

+<x(z+ 1),y(i,2)) Ry'(i,2)y (i, 2)
= A(i)x(i,2) + B(i)u(i) + K2(i)y(i,2) (39)
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where
Ky(i) = (A()Pa(i)C" (i) + Buy (i) Dy (D) Ry (i, 2) (40)
Py(i) = A(i — 1)Py(i — 1)A"(i — 1) + Byp(i — 1)BL(i — 1)
—Ky(i — )Ry (i — 1,2) K3 (i — 1) (41)
By(i—1) = Ai(i — 1) (42)
Furthermore, we obtain the projection of r(k) onto L{{¥.(i)}*=1;y(k,2),y(k + 1,2)}
as follows:

k—1

t(k|k+1) k),¥a(i, 1)) Ry (6, 1)5a(i, 1) + (r(k), y(k,2)) Ry (k, 2)y(k, 2)

M

N (e(k), 5k +1,2)) RZ\(k +1,2)5(k + 1,2)

( ) Ry
= (r(k),y(k,2)) Ry (k, 2)y(k,2)
(r(k), (k+1 2)) Ry (k+1,2)y(k+1,2)
= (Bys(k) = Ky (k)Dgq(k)) CT (k+ 1)Ry ' (k + 1,2)y(k + 1,2)
+D7, (k)RS (K, 2)y (k. 2) (43)

_l_

+

Hence,
Ri(k) = (r(k) — £(klk + 1), v(k) — 2(
= (r(k),r(k)) — (£(k|k + 1), 2(k|k + 1))
= (1 =) = Dy(k)Ry " (k,2) Dya(k) — (Bys(k) — Ka(k)Dya(k))"
xCT(k+1)R; (k+1,2)C(k + 1)(Bys(k) — Ko(k)Dgqg(k)) (44)

Now the calculation of Ry(k,2) and Ri(k) can be summarized in Algorithm 1:

Step 1. Set Py > 0, v > 0 and p > 0;

Step 2. Calculate K;(i) and P(i) (i =0,1,--- ,k — 1) using (34)-(36);

Step 3. Let Py(k — 1) = Pi(k — 1). Update Py(k) using (41) with ¢ = k; calculate
Ky(k), Py(k+ 1) using (40) and (41) with i =k, k + 1;

Step 4. Calculate Ry (k,2) and Ry(k + 1,2) using (38) with ¢ = k, k + 1;

Step 5. Calculate Rz (k ) using (44).

klk+1))

r

Remark 3.3. So far, we have obtained the recursions for computing Ry(k,2), Rs(k) and
the way for checking the ezistence condition of the minimum of Jy. In the next subsection,
a recursive state estimation and residual generation will be derived by choosing H;(k)

(1=1,2,3), Vi(k) and Vo(k + 1) such that min Jy > 0.

3.4. A solution to the H..-FDF. Suppose that #(i,1) (i < k—1
are obtained from the Krein space projection formulas of x(,1) (i
r(k|k + 1), respectively. Let

(k: 2) and 7(k|k+1)

),
i 1), x(k,2) and

|/\ .

7(k) = r(k) — r(k|k + 1),

(k. 2) = y(k) — C(k)(k, 2) — D(k)u(k),
. | g(k,2)

- y-(k), E<N—1
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g = [9L00) GLQ) - GhEk=1) §(R2) ]
v = [10) yT(1) - yTk=1) () ]
Similar to (28), it is easy to have yg, = ®xys,. Substituting into (22) and applying (29)
yields
min Jy = yin R, yev = ZJZNR;N%N
N
= > G (B)R; (k,2)5(k) + > 7 (k)R (k)7(k)

T
0

=

|
=
Il

Choosing
H(k) = , [ Hi(k) + Ho(k) Hj(k) | = K1(k) (45)
Vi(k) = DT( ) ) (46)
Va(k 4+ 1) = (Bys(k) — Ko (k)Dya(k))"C" (k + 1)RS' (k +1,2) (47)

where Ki(k), Ko(k) and Ry(i,2) (i = k,k + 1) are calculated by (34), (40) and (38),
respectively; it is easy to verify that

#(k) = @k, 1), #(k+1lk) = 2(k +1,2) (48)
In view of (8), (43) and (48), we have r(k) = 7(k|k + 1). Therefore,

min Jy = Z ,2)y(k,2) > (49)

From the above analysis, we thus have the following result.

Theorem 3.2. Suppose that K (i) (i < k—1), Ky(k), Ry(i,2) (i = k,k+1) and Rz(k) are
respectively calculated by (34), (40), (38), (44). If Ry(i,2) > 0, Rs(k) < 0 are satisfied,
then the FDF (8) with pammeter matrices given by

Hy(k) = Ky(k (50)
[ )| } (51)
{H,z<k_1 (52)

Vi(k) = Diy(k) Ry (K, 2) (53)
Va(k +1) = (Bys(k) = Hi(k)Dsa(k))"CT(k + 1) Ry (k + 1, 2) (54)

is a robust Heo-F'DF satisfying (7).

Having obtained a solution to the parameter matrices H;(k) (i = 1,2,3), Vi(k) and
Vo(k + 1), one can get r(k) according to (8). Now the calculation of residual 7;(k) is
summarized in Algorithm 2:

Step 1. Set k=0, £(0) = 0;

Step 2. Calculate e(k), z(k + 1]k), e(k + 1|k) and r(k) in turn by (8);

Step 3. Calculate residual signal ry(k) by (k)= [ I 0 0 ]r(k);

Step 4. Let k =k + 1, go to Step 2, till k = N.

Remark 3.4. As a summary of this section, we should like to say that the results of
robust F'D for uncertain LDTV systems are new, but the used techniques in Krein space
are the same with [9, 25]. The magjor contribution of this paper is the consideration of
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the estimation and accommodation of model uncertainty, unknown input and fault in the
residual generation.

4. A Numerical Example. Consider system (1) with

[ 0216 0.6 0
A(k) = 0 0.5 sin(k) |,

|0 0 0.7

[ 0.2 1.3
Bi(k) = | 1.8 |, By(k)=| 05

0.3 0.6

Fi(k)y=[010 0], C(ky=[—-05 15 0], Dy(k)=2
Exk)=[1 0 05]", Ex(k)=1, u(k)=0

In order to show the effectiveness of the proposed method, we first design a robust H .-
FDF using Algorithm 1 and Theorem 3.2, i.e., the Case 1. Set x(0) = [ 1 -1 2 }T,
Py=1,v =08 and p = 0.1. Let v(k) = 0.1cos(k), d(k) be uniformly distributed
random numbers between —0.5 and 0.5. We calculate r;(k) using Algorithm 2 for the
case of an impulse fault and sine wave fault, respectively. Figure 1 shows the fault and
the corresponding residual r¢(k) for N = 100.

Moreover, it is easy to know from (7) that, for any chosen zy and w(k) such that
al Pytag + Zszo |w(k)||? # 0, the smaller J,;(N) = Sy !|rs(k) — f(k)||? is, the better
is the Ho-FDF performance. To show the influence of 7, the corresponding J,¢(N) of
unit impulse fault is calculated also for different +, which is listed in the following Table
1.

In addition, the relationship between p and 7 is also considered. The allowed minimal
value of v is greater than 0.8, while the allowed maximal value of p is less than 1. Table
2 shows the corresponding maximal p for some different values of ~.

TABLE 1. The J,¢(NV) for different ~

¥ 0.85 0.95 1.05 1.15 1.25
Jyp(N) | 3.3666 | 3.5257 | 3.6987 | 3.7813 | 3.8294

TABLE 2. The maximal p for different ~

0.81 0.85 0.90 0.95 1.00
p 0.02 0.30 0.73 0.87 0.99

2

— — — fault — — — fault
residual

residual

f(k) and r,()
o
f(k) and r,)

0 20 40 60 80 100 0 20 40 60 80 100
k k

FIGURE 1. Case 1: the impulse fault (left), sine wave fault (right) and
corresponding residual
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— — — fault — — — fault
residual

residual

f() and ()
f() and ()

0 20 40 60 80 100 0 20 40 60 80 100
k k

FIGURE 2. Case 2: the impulse fault (left), sine wave fault (right) and
corresponding residual

Casel

Casel

— — — — Case2 r 1 — — — — Case2

3,0

0o 20 40 60 80 100 0 20 40 60 80 100
k k

FIGURE 3. The two cases J,¢(k) with the impulse fault (left) and the sine
wave fault (right)

To further show the improvement of residual performance compared with [25], we con-
sider ¢(k) as unknown input, set v = 0.85 and design H..-FDF using the method of [25],
i.e., Case 2. The impulse fault, sine wave fault and the corresponding 7 (k) of Case 2 are
shown in Figure 2, respectively. As a comparison with Case 1, the evolutions of the two
cases J,¢(k) are also presented in Figure 3. It can be seen that better performances are
achieved by applying the new developed robust H..-FDF.

5. Conclusion. The problem of robust H., FD has been investigated for LDTV systems
subject to norm bounded model uncertainty. A modified observer-based FDF with the
estimation and accommodation of unknown input, fault and model uncertainty has been
proposed as a residual generator. It has been shown that the design of robust H.-FDF
can be converted into a minimum problem of indefinite quadratic form and the minimum
problem can be solved by applying orthogonal projection and innovation analysis in Krein
space. A sufficient and necessary condition for the minimum has been derived and a
solution to the robust H..-FDF has been given in terms of Riccati recursions. A numerical
example has been given to illustrate the effectiveness of the proposed method.
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