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ABSTRACT. In this paper, we develop hesitant intuitionistic fuzzy linguistic sets by ex-
tending the hesitant fuzzy sets to accommodate linguistic arguments and intuitionistic
fuzzy values. Then we present several generalized weighted distance measures for hesitant
intuitionistic fuzzy linguistic information including the generalized hesitant intuitionistic
fuzzy linguistic weighted distance, the generalized hesitant intuitionistic fuzzy linguistic
weighted Hausdorff distance and the generalized hesitant intuitionistic fuzzy linguistic
hybrid weighted distance. Based on the proposed distances and TOPSIS, we develop a
new multiple attribute decision making method. Finally, a practical example concerning
the metro project risk assessment is given to illustrate feasibility and practical advantages
of the proposed approach.

Keywords: Hesitant intuitionistic fuzzy linguistic set, Distance measure, Similarity
measure, TOPSIS

1. Introduction. Fuzziness and uncertainty exist extensively in decision making pro-
cess [1, 2]. Hesitant fuzzy sets (HFSs) are the useful tool to model fuzzy and uncertain
information, which are first introduced by Torra [3, 4]. The membership of HFSs is the
union of several memberships of fuzzy sets. The HFSs have attracted broad attention
due to their flexibility and been studied and applied extensively. Torra [3] discussed the
relationship between intuitionistic fuzzy set and HFSs. Some hesitant fuzzy aggregation
operators have been developed. The generalized hesitant fuzzy weighted averaging oper-
ator and the generalized hesitant fuzzy weighted geometric operator have been developed
by Xia and Xu [5]. The hesitant fuzzy geometric Bonferroni mean operator and the
hesitant fuzzy Choquet geometric Bonferroni mean operator have been given by Zhu et
al. [6]. A wide range of hesitant fuzzy power aggregation operators have been proposed
by Zhang [7]. Some hesitant fuzzy prioritized aggregation operators have been proposed
by Wei [8]. Some distance measures and correlation measures have been developed. Xu
and Xia [9] developed a number of hesitant ordered weighted distance measures. The
weighted correlation coefficient of dual hesitant fuzzy sets has been presented by Ye [10].
A generalized hesitant fuzzy synergetic weighted distance measure is presented by Peng
et al. [11]. Distance measures are very important in various fields such as decision mak-
ing, pattern recognition, and machine learning. Moreover, the distance measures are the
basis of many well-known multiple attribute decision making methods including TOPSIS,
ELECTRE, VIKOR. In this paper, we develop several new distance measures for the new
extended hesitant fuzzy set.

The hesitant fuzzy set has been generalized to accommodate interval values [12], tri-
angular fuzzy value [13], linguistic argument [12-14]. In some decision making problems,
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decision makers would like to evaluate with linguistic arguments, which can reflect the
fuzzy nature of human thinking. Rodriguez et al. [14] developed the concept of a hesitant
fuzzy linguistic term set, in which several possible linguistic values are used to assess an
indicator. Compared with the other linguistic decision models, the hesitant fuzzy linguis-
tic term sets are more flexible and convenient to reflect the decision makers preferences.
The hesitant fuzzy linguistic decision model can deal with the situation that experts
hesitate between several possible linguistic terms to assess an element, which cannot re-
flect membership of each linguistic value satisfying the attribute. In fact, the experts
may think memberships of linguistic terms are different. The intuitionistic fuzzy set [17]
characterized by a membership degree and a non-membership degree is a useful tool to
model the uncertainty and vagueness. The intuitionistic fuzzy set can effectively model
the memberships of linguistic arguments. Hence, the linguistic arguments combining the
intuitionistic fuzzy values can be used when evaluating. Yang et al. [18] developed hes-
itant intuitionistic linguistic fuzzy set. For example, in order to evaluate performance
of a brand of air conditioner, an expert may think it belongs to the degree of ‘good’
being (0.6,0.2), the degree of ‘slightly good’ being (0.7,0.3) and the degree of ‘fair’ be-
ing (0.5,0.4), which can be represented as hesitant intuitionistic fuzzy linguistic element
as {(37, (0.6, 0.2)), (36, (0.7, 0.3)), (35, (0.5, 0.4))}, where (si, (s, l/l)) is the intuitionistic
fuzzy linguistic element. However, in aggregation process, we cannot make sure linguistic
terms belonging to the given linguistic term set. In order to overcome this difficulty, we
first extend hesitant intuitionistic fuzzy set to make the linguistic term belong to a contin-
uous set in this paper. Since distance measures are so important, we have not found any
studies focusing on hesitant linguistic intuitionistic fuzzy information. We define several
distance and similarity measures between two collections of hesitant intuitionistic fuzzy
linguistic elements. Based on the proposed distance measures and TOPSIS, we propose
a new multiple attribute decision making method to accommodate hesitant intuitionistic
fuzzy linguistic information.

The rest of the paper is organized as follows. In Section 2, we first review some ba-
sic concepts on the hesitant intuitionistic fuzzy linguistic term set. In Section 3, we
develop several generalized distance measures including the generalized hesitant intu-
itionistic fuzzy linguistic weighted distance, the generalized hesitant intuitionistic fuzzy
linguistic weighted Hausdorff distance and generalized hesitant intuitionistic fuzzy linguis-
tic hybrid weighted distance. We propose a multiple attribute decision making method
based on the new distance measure and TOPSIS. In Section 4, a practical example is
given to illustrate feasibility and practical advantages of new method. The conclusions
are given in the last section.

2. Problem Statement and Preliminaries. An HFS is defined in terms of a function
that returns a set of membership values of each element in the domain.

Definition 2.1. [3] Letting X be a reference set, an HFS A on X is a function h that
returns a subset of values in [0, 1] when it is applied to X :

A={<z hs(z) >z € X}, (1)

where ha(x) is a set of some different values in [0, 1], representing the possible membership
degrees of the element v € X to A. ha(x) is called a hesitant fuzzy element (HFE).

Suppose that S = {s;| i = 0,...,g} is a finite and totally ordered discrete term
set, where s; represents a possible value for a linguistic variable. For example, a set
of nine terms S [19] can be expressed as S = {s; = extremely poor, sy, = very poor, s3 =
poor, s, = slightly poor, s5 = fair, s¢ = slightly good, s; = good, ss = very good, s9 =
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extremely good}. In order to preserve all the information, the discrete linguistic term sets
S can be extended to a continuous one S = {s, | so < so < 54, € [0, g]}.

Definition 2.2. [14] Let X be a reference set and S be a linguistic term set. A hesitant
fuzzy linguistic term set (HFLS) A on X is an ordered finite subset of consecutive linguistic
terms of S

A={<z,hji(z;) >z € X,i=1,2,...,n}, (2)
where hi(x;) : X — S denotes all the possible linguistic evaluation values of element
x; € X. For convenience, we call hz(v;) a hesitant fuzzy linguistic element (HFLE),
which can be represented as h(x;) = {s; | s; € ha(z;)}, where s; is a linguistic argument.

Definition 2.3. Let X = {x1,29,...,2,} be a reference set and S be a linguistic term
set. A hesitant intuitionistic fuzzy linguistic term set (HIFLS) A on X is defined as
fl:{<:Ez~,l~m(xi)>|xi€X,i:1,2,...,n}, (3)

where lNLA(xZ-) : X — H denotes all possible intuitionistic fuzzy linguistic evaluation values
of element x; € X. For convenience, we call hA~(xi) a hesitant intuitionistic fuzzy linguistic
element (HIFLE), which can be represented as h i (z;) = { (300, (2, 5i)) | (S003), (cvi, B)) €
ﬁg(xi)}, where 5.y € S is a linguistic argument and (o, ;) is the intuitionistic fuzzy
value. (Sog), (o, B;)) is intuitionistic fuzzy linguistic element (IFLE).
Definition 2.4. Let hy, hy and h be HIFLEs, X\ > 0. Some operations on these sets are
defined as follows

(1) bt ® ha = Uy o fau,80)hs (o (a8 €hs { (sor+00): (@i + 0y — @iy, Bifs)) }

(2) I ® hy = Uto (anpieh (59(]) (a5 8¢k L (S0)00i) (ice, Bi + By — BiBy)) }»

(3) )\h U 50(1) al:ﬁz {( 1 - 1 - al) ﬁ)\)) }’

(4) () = Ugtn ony Lot (a1 (1= ) ).

( ) be an IFLE, then the score function s(a;) of
= ( — Bi), and the accuracy function h(a;) can be

Definition 2.5. Let a; =
IFLE a; can be deﬁned as s( )

defined as h(a;) = ( ; + Bi), where g 1is the number of linguistic variables in linguistic
term set.

Based on the score function and accuracy function of IFLE, we can rank the IFLEs.
Letting a; and a; be two IFLEs, if s(a;) > s(a;), then @, > a;; if s(a;) = s(a;) and if
h(dl) > h(&]), then a; > d], if S(dl) = S(d]‘) and h(dl) = h(d]), then a; = dj-

Definition 2.6. Let h = { (so0i (az,ﬁz)) | (sogi), (i, B)) € lNzA(xl)} be HIFLE, the score
function S(h) can be defined as S( )= Z ( a; — B;), and the accuracy function A(h)

can be defined as A(h) = Z (o + BZ), where l; is the number of IFLEs in h and g
s the number of lmguzstzc arguments in linguistic term set S.

Based on the score function and accuracy function, we present the following method
to compare HIFLEs. Let h; and hsy be two HIFLEs. If S(hl) < S(hg) then h, < hg, if
S(hy) = S(hsy) and A(hy) < A(hs), then hy < hy; if S(hy) = S(hy) and A(h;) = A(hy),
then le = 52.

Let hy, hy be two HIFLEs and [ = max{l; , [, }, wherel; , [; are the numbers of IFLEs
in hy and ho, respectively. If lj, # lj,,, the shorter one should be extended until they have
the same numbers of IFLEs in order to define the distance between the two HIFLEs more
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accurately. The decision maker can add IFLEs according to his/her risk attitude. If the
decision maker is risk-seeking, the largest IFLE can be added; if the decision maker is
risk-averse, the smallest IFLE can be added; if the decision maker is risk-neutral, the
average [FLE can be added. In the real decision making, the decision makers can extend
the HIFLEs according to their own risk attitudes and real needs.

Definition 2.7. Letting izl, l~L2 be HIFLFEs, then the distance measure betheenN lNzl and
hy is defined as d(hl, hg) which satisfies the following properties: (1) 0 < d(hy, he) <1,
( ) d(h1,h2) = 0 if and only if hl = h2, (3) d(h1,h2) = d(hZahl)

3. Distance Measures between HIFLEs.

3.1. Distance measures between HIFLEs in discrete case. Let H; = {1351), BS), e

hg)} and Hy, = {BSZ),ﬁg), .. .,BSE)} be two sets of HIFLEs and the associated weight
vector be w = (wy, wo, ..., w,) with w; > 0 and Y ", w; = 1 and A > 0. The HIFLEs
have been extended until they have the same number of IFLEs. [ is the number of IFLEs
in ﬁgk) and ¢ is the number of linguistic variables in linguistic term set.

The generalized hesitant intuitionistic fuzzy linguistic weighted distance between Hj
and Hy, can be defined as

(N )
d(H;, Hp) = (23—;2 (#foton) — Oloton /"

(k) (k) i, (k) k) k)
where ( o)) (“o(nwl’a(i)j)) € hy (Sagj;;i)j)’ (“o(nwl’a(i)j)) 2 ( S0 (“fr(m)j’

(k) _ . _ _
Va(i-l—l)j) ) i=1,2,. .0, 5=1,2. .0 k=12

If A = 1, the generalized hesitant intuitionistic fuzzy linguistic weighted distance be-
tween H; and H, becomes the hesitant intuitionistic fuzzy linguistic weighted Hamming

distance measure as follows:
(1) e (1) (2) (1) (2)
d(H;, Hy) Z Z (16685 = Ofaton |79+ 10, = 1S + 10500, = vital) - )

If A =2, the generahzed hesitant intuitionistic fuzzy linguistic weighted distance between
H; and Hs becomes the hesitant intuitionistic fuzzy linguistic weighted Euclidean distance
measure as follows:

!

d(H;, Hy) = (Z . Z (18600 = 00000 *19°

1/2
(1) (2) |2 (1) (2) |2
oy = ol + Vo = Yoty )) ' ©)

The generalized hesitant intuitionistic fuzzy linguistic weighted Hausdorff distance be-
tween H; and Hs can be defined as

n

1 (1) C) I PAYEDY
d(Hy, Hy) = (Z Wi (5 e { 91t — Ootion| 19

j=1
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1/A
(1) @ AL, (2) A
oy = ol + Vot = Votasl }>> ' )

If A = 1, the generalized hesitant intuitionistic fuzzy linguistic weighted Hausdorff distance
between H; and H, becomes the hesitant intuitionistic fuzzy linguistic weighted Hamming-
Housdorff distance measure as follows:

n

_ 1 (1) 2) (1) 2) (1) 2)
d(Hy, Hy) = ) (5 max { Ott6rs) = Ototonn 1197+ [Fotirg = ot + Vot — Vo] } - (8)

j=1

If A = 2, the generalized hesitant intuitionistic fuzzy linguistic weighted Hausdorff distance
between H; and H, becomes the hesitant intuitionistic fuzzy linguistic weighted Euclidean-
Housdorff distance measure as follows:

" 1/2
_ 1 (1) () 22,0, @ 2,0 @) 2
d(HhH2)—(Z (5 mae {1000y ~00oton /07 + b=l vk =i, ') |
7j=1
(9)
The generalized hesitant intuitionistic fuzzy linguistic hybrid weighted distance between
H, and H, can be defined as

n l
B 1 (1) 0@\ (1) @ \*
d(Hy, Hy) = <2_<§Z (( (o( 0o z-m) /9" + (“a(z) _“a(z‘)j)
i=1

N1
n @ W) @ A
+ (”a(z‘)j - ”a(z‘)j) ) + g max { oty — Oiotirn| /9

1/x
il = 1S+ 15 zx%\*})) . (10)

If A = 1, then the generalized hesitant intuitionistic fuzzy linguistic hybrid weighted
distance between H; and H, becomes the hesitant intuitionistic fuzzy linguistic hybrid
weighted Hamming distance as follows:

n l
BellR (1) 2) (1) 2) (1) 2)
d(Hy, Hy) = ) (g = (6 = Ooton) 79+ (10, = 8,) + (50 = 20s))
j=1 i=1

1 (1) (2) (1) (2) m (@
+3 max { oty — Ootinn 119 + |Hati; — Hotis] + Vot — Yo ‘} - (1)

If A = 2, then the generalized hesitant intuitionistic fuzzy linguistic hybrid weighted
distance between H; and H, becomes the hesitant intuitionistic fuzzy linguistic hybrid
weighted Euclidean distance as follows:

[
_ } :w] (1) e 2 9 1) @ \°
A(H ) = ( (31 2 (( (o a(i)j)) /9" + (“a(i)j - “a(i)j)

=

1
(1) @ (2,2
+( J) >+ max{\e(g(i)j) — Ol /9

1/2
(1) (2) |2 (1) (2) |2
gy = Mol T Vot = Voii| })) : (12)



1578 Y. PANG AND W. YANG

3.2. Distance measures between HIFLEs in continuous case. Let = € [a,b], w(x)
be the weight of x With w( ) [0 1] and fabw(x)dx =1. Let H; = {ﬁgl)(x), ﬁgl)(x), ce
lNL,(@I)( )} and H, = {h (x), ..., % (z)} be two sets of HIFLEs. We define some
generalized hesitant 1ntu1t10nlst1(: fuzzy linguistic weighted distance measures in continu-
ous case as follows.

The generalized continuous hesitant intuitionistic fuzzy linguistic weighted distance
measure between H; and H, can be defined as

" w(z) 5~ ()0 2) X a0 @
d(Hy, Hy) = (/a 3 Z (‘g(g(i)j)(x) - e(g(i)j)(x)‘ /9" + ‘Mg(i)j(x) - lj’g-(i)j(x)‘

=1

1/A
A
+[r (@) = 9, @) )dx) - (13)

If A = 1, the generalized continuous hesitant intuitionistic fuzzy linguistic weighted dis-
tance measure between H; and H, becomes the continuous hesitant intuitionistic fuzzy
linguistic weighted distance measure as follows

P (@) N~ (10 @ o) @
d(Hy, Hy) = / 2 (18651 (@) = 8010 @] /9 + 10, (@) = 13 (@)

=1
s (@) = v (@) ) de. (14)

If A = 2, the generalized continuous hesitant intuitionistic fuzzy linguistic weighted dis-
tance measure between H; and Hy becomes the continuous hesitant intuitionistic fuzzy
linguistic weighted Euclidean distance measure as follows

b l
_ w(z) (1) 2) 2,2, | () () (2
d(H, Hy) = ( / S 2 ([06ats) @) = 8oty @) 17 + 60, (@) = 150,(@)]

i=1
1/2
1 2 2
+‘l/((r(2.)j(x) — V{E(Z)j (z)] )dx) . (15)
If w(z) = 3=, V& € [a,b], then the above Equations (13)-(15) reduce to the follow-
ing generalized continuous hesitant intuitionistic fuzzy linguistic distance measure, the

continuous hesitant intuitionistic fuzzy linguistic distance measure and the continuous
hesitant intuitionistic fuzzy linguistic Euclidean distance measure, respectively.

.80 = (5 [ 573 (1 0 =0 0 1 0= 2,

1/2
A
) (@)~ 12, @) )dx) . (16)

1 "1 (1) (2) (1) 2)
d(H;, Hp) = — / 5o (186580 @) = 8010 @) /9 + 15, (@) = 15 (@)
a i=1

—f—‘l/[(fl(g)j (x) — @ (a:)‘)dx (17)
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1/2
2
+ [ @) = 5, @) )dx> - (18)

The generalized continuous hesitant intuitionistic fuzzy linguistic weighted Hausdorff
distance measure between H; and H, can be defined as

b
w(z) /1 A A
d(H: H) = ( / 3 (5 max{00otoy (@) = 0000, @19 + |1, @) = 10, (@)]

1/2
H ) =y 0 })ae) (19)

If A =1, the above distance measure becomes the continuous hesitant intuitionistic fuzzy
linguistic weighted Hamming-Hausdorff distance measure as follows

b
w(z) (1
d(H, H) = / 3 (5 max {160 () = 001, @)/g + |1, () = n), ()]

+‘l/£'1(2)j(m) - V((,Q(Z)J(ﬁ)‘})dx (20)

If A = 2, the generalized continuous hesitant intuitionistic fuzzy linguistic weighted Haus-
dorff distance measure becomes the continuous hesitant intuitionistic fuzzy Euclidean-
Hausdorff distance measure as follows

b
w(z) (1 2 2
A(H, H) = ( / (5 max {031y (8) = 0ty @)% + |18 (2) = 10 @)

30 \3 i

1/2
[l @) = v, (x)V})dx) - (21)

If w(z) = 7=, Yz € [a,b], then the above Equations (19)-(21) reduce to the following
generalized continuous hesitant intuitionistic fuzzy linguistic Hausdorff distance measure,
the continuous hesitant intuitionistic fuzzy linguistic Hamming-Hausdorff distance mea-
sure and the continuous hesitant intuitionistic fuzzy Euclidean-Hausdorff distance mea-
sure, respectively

1 "1 /1 (1) (2) XA 1) ) A
d(H;,Hy) = <m/a g(g mia‘X{‘e(g—(i)j)(x) - e(g(i)j)(x)‘ /9" + ‘Mg(i)j(x) - Ma(i)j(x)‘
1/
A
s () = v, )| })dx) . (22)
b
A Hy) = [ (Gmax (00, ) — 02, )] /g + | () — n), (@)
122 b—a ), 3I\3 i (o(i)7) (o(i)7) o (i) o (i)

() = v, @) } ) do. (23)

3

1 b1 /1 (1) (2) 2, 9 (1) 2) 2
d(Hy, Hy) = (m / 3 (g max{‘ﬁ(g(i)j)(fﬂ) = oty D197 + 155 (%) = g (0)]

1/2
|1l () = ué“zz)jm\?})dx) - (24)
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The generalized continuous hesitant intuitionistic fuzzy linguistic hybrid weighted dis-
tance between H; and H, can be defined as

e </ab B (éz (820 = 02 @) 9+ (180,00 = 2 1)

1 2 A 1 1 2 A
+(”r(r(2)j (#) = V((,(z)j (f”)) ) T g max { ‘géo—)(i)j)(f”) B gga)(i)j)(x)‘ /9"

1/A
A A
1 (@) = gy (@) + Vs (@) = vl ()] })m) . (25)

If A =1, the above distance measure becomes the continuous hesitant intuitionistic fuzzy
linguistic hybrid Hamming weighted distance as follows

Pw@) (1 (0 2) o) 2)
d(H,, Hy) = / — | 322 ((e(a(z‘m(x) - e(o(m)(f”)) /9+ (“a(z‘)j (@) = Ho s (f”)>
a =1
|
) ) 0 @)
+ (”a(z‘)j () = Vo0 (5”)>> + g max { 1oty (%) = Oatayyy (2)]/9

1 2 1 2
+‘M5r()i)j(x) - Ma()i)j(x)‘ + ‘Vg'(g)j(x) - Vg(i)j(u"”)‘}) dz. (26)

If A\ = 2, the continuous hesitant intuitionistic fuzzy linguistic hybrid weighted distance
becomes the continuous hesitant intuitionistic fuzzy linguistic hybrid Euclidean weighted
distance as follows

o, 1) = ( [ (5 5 (08 @) 0y @) 157+ (10 1 01)

2
1) 2) 1) @) 2, 5
+(Va(i>j (@) = vy (f’”)) ) + g max { 0oty () = Oty (@) /9

1/2
2 2
gy (@) = 15 @) + 05 (@) = v (@) }) dx) . (27)
If w(z) = 7=, Yz € [a,b], then the above Equations (25)-(27) reduce to the following

generalized continuous hesitant intuitionistic fuzzy linguistic hybrid distance, continuous
hesitant intuitionistic fuzzy linguistic hybrid Hamming distance and continuous hesitant
intuitionistic fuzzy linguistic hybrid distance, respectively

d(H;, Hy) = <b _ a/ (3[ Z (( clr ‘9((f2f)(z')]-)(«75))k/9A + (Mgl()i)j(x) - Mf(i’)j(@)A

1 2 A 1 1 2 A
@) = k() ) + 35 mgx{wé&m(x) = Olotan (D]/9"
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1 2 1 2
+‘“Er()i)j(x) - “Er()i)j(x)‘ + ‘Vf(r(z)j(x) - Vﬁ(i)j@)‘}) dz. (29)

(1 i1y (1) (2) 2, 9 ) 2) ?
d(f,He) = (— [ 5|52 ((e(a(nj)(x) - e(o(nj)(f”)) /9" + (“a(i)j (@) = Ha(iy; (f’”))
a i=1

1 2 2 1 1 2 2
+<Vc(r(2)j(x) - V((f(z)j (x)) ) + 3 max { ‘9((0)@)]-)(55) - eéa)(i)j)(x)‘ /9

1/2
1 2 2 1 2 2
il @) — W 0 + 18 (0) — 12,0 })dx) | )

Algorithm

Step 1. Since different HIFLEs have different numbers of IFLEs, we extend the HIFLEs
by adding the minimum IFLE in each attribute evaluation value until they have the same
number of IFLEs for the same attribute.

Step 2. Determine the hesitant intuitionistic fuzzy linguistic positive ideal solution
(HIFLPIS) H* and the hesitant intuitionistic fuzzy linguistic negative ideal solution (HI-
FLNIS) H~ as follows

HIFLPIS: H' = (ﬁf,ﬁ;’,,ﬁ:{) = (mgxﬁﬂ,mzaxﬁﬂ,...,mzaxﬁm>, (31)

HIFLNIS : H- = (h{ hy,....h;) = (m_in hi1, min By, . . ., min hn) (32)
Step 3. Calculate the generalized hesitant intuitionistic fuzzy linguistic weighted dis-

tance between each alternative hesitant intuitionistic fuzzy linguistic evaluation values
H; (i=1,2,...,m) and the HIFLPIS H*, HIFLNIS H~ as follows

n | /X
W
d;r - (Z 3_Z Z (‘G(U(i)j) —H(J[,(i)j)\/\/gA+ \Ma(i)j —M:(i)j‘AWL | Vo(i)j _V:(i)j‘k)> ., (33)
j=1 7 =1

n | /X
" (Z 3_Z Z (‘g(a(i)j) —G(U(i)j) \A/9A+ \/La(i)j —Ma(i)j‘AWL | Vo(i)j —Va(i)j‘k)> - (34)
j=1 =1

Step 4. Calculate the relative closeness CC; (i = 1,2,...,m) of each alternative
A; (i=1,2,...,m) as follows:
co=—% i1 (35)
= —— 1=1,2,...,m.
"od +df
Step 5. Rank the alternatives according to the ranking of the relative closeness values.
The larger the alternative’s relative closeness value is, the better the alternative is.

4. Numerical Example. A real example of the metro project risk assessment is adopted
in this section. Various types of risk exist in construction process of metro project. If
accidents happen during construction, the project may suffer from serious losses and social
effects. Suppose that there is project needing to be constructed. Multiple experts from
different fields are invited to evaluate the project risk. After preliminary screening, five
alternatives A; (i = 1,2,...,5) are left for further evaluation. Four attributes, C; —
policy risk, Cy — environmental risk, C'5 — technical risk, C; — financing risk, are taken
into consideration in selecting the alternative. The weight vector of the attributes is
w = (0.30,0.20,0.15,0.35). The experts evaluate the alternatives with IFLEs and the
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TABLE 1. Decision matrix D

C Cy
A {(55,(05,02))) ((57,(0.7,0.1)), (55, (08,0.2))F

s {(56,(0.5,0.4)),(5,(0.5,0.5))} {(52,(0.6,0.2))}

2+ {(50,(0.6,0.1))} {(s5,(0.7,0.3)) }

s {(57.(0.8.0.2))(55,(0.6,0.3))} {(54.(0.5.0.2))}

5 g83,(0 .6,0.3))} é(sG,(O.G,O 2)),(s7,(0.8,0.1)),(ss,(0.7,0.3)) }

T {(56.(0.6,03))} ((50,(0.7,0.2)),(56,(05,0.4)7

2 {(57,(0.7,0.1)),(s5,(0.6,0.2)) } {(s5,(0.6,0.2)) }

5 {(52.(0.5.0.4)).(55.(0.6.0.3)).(55,(0.5,0.2))} {(52.(0.6.0.1))}

4 {(867(06702))7(857(07703))} {(337(0 6,0. 2))}

5 {(s2,(0.7,0.2)) {(s6,(0.8,0.1)) }

TABLE 2. The extended decision matrix D’
C Cy
Ay {(535(05502))5(535(05502))} {(877(07701))7(887(08702))7(827(06702))}

{(s6,(0.5,0.4)),(s7,(0.5,0.5)) } {(52,(0.6,0.2)),(s2,(0.6,0.2)),(s2,(0.6,0.2)) }
{(54,(0.6,0.1)),(s3,(0.5,0.2)) } {(s5,(0.7,0.3)),(52,(0.6,0.2)),(s2,(0.6,0.2)) }
{(575(08502))5(585(06503))} {(847(05702))7(827(06702))7(827(06702))}
é(sg,(o.ao.g)),(53,(0.5,0.2))} é(sﬁ,(0.6,0.2)),(57,(0.8,0.1)),(58,(0.7,0.3))}
{(6,(0.6,0.3)),(s2,(0.5,0.4)),(s2,(0.5,0.4))} {(54,(0.7,0.2)),(s6,(0.5,0.4))}
{(57,(0.7,0.1)),(ss,(0.6,0.2)),(s2,(0.5,0.4))} {(s5,(0.6,0.2)),(s3,(0.6,0.2))}
{(52,(0.5,0.4)),(s3,(0.6,0.3)),(s4,(0.5,0.2))} {(ss,(0.6,0.1)),(s3,(0.6,0.2))}
{(s6,(0.6,0.2)),(s5,(0.7,0.3)),(s2,(0.5,0.4))} {(s3,(0.6,0.2)),(s3,(0.6,0.2))}
{(52,(0.7,0.2)),(s2,(0.5,0.4)),(s2,(0.5,0.4))} {(s6,(0.8,0.1)),(s3,(0.6,0.2))}

hesitant intuitionistic fuzzy linguistic decision matrix D can be got as in Table 1. We use
the new algorithm to rank the alternatives.

Step 1. Extend the HIFLEs by adding the minimum IFLEs until they have the same
number of IFLEs for the same attribute and the results can be got as in Table 2

Step 2. The HIFLPIS and the HIFLNIS can be determined as follows:

HIFLPIS: H* = ({(57, (0.8,0.2)), (ss, (0.6,0.3))}, {(s7, (0.8,0.1)), (s5, (0.7, 0.3)),
(s6,(0.6,0.2))}, {(s7, (0.7,0.1)), (ss, (0.6,0.2)), (s5,(0.5,0.2)) },
{(s6, (0.8,0.1)), (6, (0.5,0.4)) })

HIFLNIS: H = ({(33, (0.5,0.2)), (s3, (0.5,0.2))}, {(s2, (0.6, 0.2)), (52, (0.6, 0.2)),
(52, (0.6,0.2))}, { (2, (0.5,0.4)), (59, (0.5,0.4)), (55, (0.5, 0.4))},
{(s3,(0.6,0.2)), (s3, (0.6, 0.2))}).

Step 3. The generalized hesitant intuitionistic fuzzy linguistic weighted distances can
be calculated by using Equations (33) and (34). Here we consider A = 1,2,3,5,10,
respectively. The results are shown in Table 3.

Step 4. Determine the relative closeness of the alternatives by using Equation (35).
The results are also shown in Table 3.
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TABLE 3. The results obtained by generalized HIFL weighted distance

Ay Ao As Ay As Rankings

A=1 dI 0.1511 0.1694 0.2058 0.1627 0.1460

d;  0.0960 0.1006 0.0779 0.1051 0.1018 Az > Ay = Ay = Ay = Az
CC; 0.3886 0.3724 0.2745 0.3926 0.4107

A=2 dI 0.2264 0.2143 0.2772 0.2131 0.2419

d>  0.2079 0.2077 0.1593 0.2074 0.1996 A, = Ay = A; = Az = A;
CC; 0.4787 0.4921 0.3650 0.4932 0.4520

A=3 d 0.2862 0.2728 0.3266 0.2647 0.3042

d;  0.2759 0.2707 0.2265 0.2639 0.2675 Ay > Ay = Ay = As = Az
CC; 0.4908 0.4980 0.4094 0.4993 0.4679

A=5 d 0.3706 0.3651 0.4006 0.3497 0.3846

d;  0.3333 0.3229 0.3867 0.3030 0.3292 A; > Ay = Ay > A5 = Az
CC; 0.4735 0.4693 0.4172 0.4642 0.4612

A=10 d 0.4753 0.4816 0.4936 0.4746 0.4807

d;  0.4581 0.4460 0.3975 0.3973 0.4577 Ay > A5 = Ay = Ay > Az

CC; 0.4908 0.4808 0.4460 0.4557 0.4877

Step 5. Rank the alternatives according to the ranking of the relative closeness of the
alternatives. The results are also shown in Table 3.

From the results we can see that different rankings of the alternatives can be got by using
different A\. If A = 1, the best alternative is As. The optimal alternative is A, if A = 2 or
A =3. For A =5 and A = 10, the best alternative becomes A;. A5 has become suboptimal
alternative in the case that A = 10 since it has the largest evaluation value. The A can be
seen as the risk attitude of the decision maker. The larger the A is, the more risk-seeking
the decision maker is. This is due to that the large evaluation values play more and more
important role in the results and the effects of relative small values have been reduced
during aggregation process. The decision maker can select the corresponding A according
to his/her risk attitude and real needs. We also use the generalized hesitant intuitionistic
fuzzy linguistic weighted Hausdorff distance and the generalized hesitant intuitionistic
fuzzy linguistic hybrid weighted distance. The relative closeness values of the alternatives
and the rankings of the alternatives are shown in Tables 4 and 5, respectively.

From the ranking results we can see that most rankings are the same or change slightly
in different distance measures. For example, the alternatives have the same ranking in
three distance measures if A = 2. If A = 3, the alternatives have the same ranking in
generalized hesitant intuitionistic fuzzy linguistic weighted Hausdorff distance and the
generalized hesitant intuitionistic fuzzy linguistic hybrid weighted distance and the sub-
optimal alternative in the above distance measures becomes the optimal alternative in
generalized hesitant intuitionistic fuzzy linguistic weighted distance. For A = 1, Ay is the
best alternative if the generalized hesitant intuitionistic fuzzy linguistic weighted distance

TABLE 4. The results obtained by generalized HIFL weighted Hausdorff distance

CCl CCQ 003 004 005 Rankings
1 0.4470 0.4362 0.3872 0.4589 0.4647 A= Ay = A = Ay = Aj
2 0.4699 0.4823 0.4173 0.4831 0.4607 Ay > Ay = Ay = A5 = A;
3 0.4765 0.4941 0.4345 0.4859 0.4693 Ay = Ay = Ay = A5 = Aj
)
1

0.4874 0.4944 0.4510 0.4788 0.4857 Ay > Ay > A; = Ay > As
0 0.5001 0.4936 0.4608 0.4659 0.5002 A > Ay > Ay > Ay > As

A
A
A
A
A
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TABLE 5. The results obtained by generalized HIFL hybrid weighted distance

COI CCQ 003 004 005 Rankings

0.4235 0.4232 0.3447 0.4448 0.4430 Ay = As = Ay = Ay > A3

0.4595 0.4800 0.4028 0.4858 0.4548 Ay > Ay = Ay > A5 > A3

0.4722 0.4931 0.4296 0.4929 0.4668 Ay > Ay = Ay > A5 > A3

0.4866 0.4941 0.4514 0.4859 0.4843 Ay > A} = Ay > A5 > A3
0 0.5552 0.5513 0.5369 0.5470 0.5536 Ay > As > Ay = Ay > Aj

>/>/|>|/>/>/
= ot W N =

TABLE 6. Hesitant linguistic decision matrix D

Cl CQ 03 04
Ar {ss} {stssb {se) {54,856}
Ay {ses7) {s2} {srs8)  {ss}
As {ss}  {ss} {s2,53,54} {ss}
Ay A{s7,58) {sa} {6,557 {s3}
As {s3} {s6,57,88} {s2} {s6}

or the generalized hesitant intuitionistic fuzzy linguistic weighted Hausdorff distance is
used and A4 becomes the first choice if the generalized hesitant intuitionistic fuzzy lin-
guistic hybrid weighted distance is used.

In order to illustrate the practical advantages of the proposed method, we compare it
with the existing method in reference [15]. If only linguistic arguments are considered, the
decision matrix D is got as in Table 6. Extend decision matrix by adding the minimum lin-
guistic evaluation value in each attribute evaluation value until each attribute having the
same number of linguistic evaluation values and the results are shown in Table 7. Let St =
(57, 85,54, s) = (max; s;1, max; s;5, max; s;3, max; s;4) be hesitant linguistic positive ideal
solution (HLPIS) and S~ = (sy, S5, S5, 54 ) = (min; s;1, min; s;2, min; s;3, min; s;4) be hesi-
tant linguistic negative ideal solution (HLNIS), respectively. Assume the attribute weight
vector is (0.30,0.20,0.15,0.35), which is the same as that in above example in order to
facilitate comparison. Calculate the weighted distances of each alternatives’ evaluation
values to the HLPIS and the HLNIS by using the generalized hesitant linguistic weighted
distance (GHLWD) as follows

/X
snnty= (£ (1)

where s,y € B\, s > s L i=1,2...,0j=12..,n k=12 Then

(o (D)5) (o () (@ (i+1)7)
calculate the closeness coefficients and rank the alternatives accordingly. The results

are shown in Table 8. Comparing the results with that in Table 3, we can see that
different results can be got if only linguistic evaluation values are considered and the
intuitionistic fuzzy memberships are not considered. Alternative A, becomes the optimal
alternative in most cases. However, if we consider the intuitionistic fuzzy memberships of
linguistic arguments, A, is not the optimal alternative for different \. Intuitionistic fuzzy
memberships can be used to reflect hesitation in evaluation process. By using hesitant
fuzzy linguistic information, more accurate and scientific results can be got.

5. Conclusions. In this paper, we first develop hesitant intuitionistic fuzzy linguistic
elements by generalizing the hesitant fuzzy set to accommodate linguistic arguments and
intuitionistic fuzzy values. Then we investigate several types of the distance measures and
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TABLE 7. Extended hesitant linguistic decision matrix D’

i Cy Cs Cy
Ar {s3,53) {s7,58,52} {S6,52,52} {54,56}
A2 {86787} {82782182} {87188782} {85783}
A3 {84783} {85782182} {82183784} {88783}
A4 {87788} {84782182} {86185782} {83783}
A5 {83783} {86787188} {82182782} {86783}

TABLE 8. The results obtained by GHLWD

C’Cl OCQ 003 004 005 Rankings
A=1 0.3904 0.4815 0.2794 0.4527 0.3765 Ay > Ay = Ay = A5 > A3
A=2 0.4897 0.5143 0.3976 0.5004 0.4695 Ay > Ay = Ay > A5 > A3
A=3  0.4955 0.5009 0.4143 0.5003 0.46567 Ay > Ay = Ay = A5 > A3
A=)
A=1

0.5434 0.5475 0.4955 0.5068 0.5320 Ay > Ay > A; = Ay > As
=10 0.5036 0.4936 0.4587 0.4683 0.5005 A; > A5 = Ay = Ay > A3

similarity measures between HIFLEs based on the generalized mean, the Hamming dis-
tance, the Euclidean distance and the Hausdorff distance. It should be pointed out that
the number of intuitionistic fuzzy linguistic elements are different for different HIFLEs in
most cases. They should be extended until they have the same number of IFLEs in each
HIFLE according to the decision maker’s risk attitude. We focus on distance measures
only since similarity measure can be easily obtained by using the relationship of dis-
tance measure and similarity measure. We present several generalized weighted distance
measures between two collections of HIFLEs. Based on the proposed distance measures
and TOPSIS, we develop a new hesitant intuitionistic fuzzy linguistic multiple attribute
decision making method. A practical example of the metro project risk assessment is
presented to illustrate the feasibility and efficiency of the proposed method. From the
numerical results we can see that different distance measures focus on different aspects
of the decision problem and A\ can be seen as the risk attitude of the decision makers.
As a result, the decision maker can select the proper distance measure and A\ according
to his/her risk preference and the real needs. We also compare the new method with
some existing methods. More accurate and scientific results can be got by using the new
method.
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