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Abstract. This paper presents an evaluation and a comparison of two diagnosis tech-
niques, the max-min composition method, which especially has the advantage that it is
easy to implement, and the distance method, which is used to decrease loss of informa-
tion. The simulation results show that the two techniques have a significant difference
in diagnostic results when we use only the largest value of the max-min composition as
a diagnostic measure. However, there is no significant difference when we use the values
of more than 0.5 in the method.
Keywords: Diagnosis techniques, Distance method, Max-min composition, Medical
diagnosis

1. Introduction. Most of our real life problems in many fields including medical sci-
ence often involve data which is not necessarily crisp, precise, and deterministic due to
various uncertainties associated with these problems [12]. Fuzzy set theory has a num-
ber of properties that make it suitable for formalizing uncertain information upon which
medical diagnosis and treatment is usually based. It allows us to define inexact medical
entities as fuzzy sets [14]. In addition, fuzzy logic enables the formal treatment of making
approximate inferences on the basis of fuzzy data and fuzzy relations, and fuzzy relations
enable the representation of uncertain medical associations [2, 6].

There are two popular techniques for medical diagnosis using Sanchez’s fuzzy relation
approach. One is the method that uses the max-min composition rule. The other is
the method that uses the distance measure between fuzzy sets for diagnosis of patients.
Each method has its own strengths and weaknesses, respectively, and a large number of
applications are well researched for the methods [3, 7, 13, 25]. De et al. [13] applied
the max-min composition rule to determine the disease of patients as an application of
the Sanchez’s approach. This max-min method is very visible because it is an intuitive
recipe, and easy to work in practice. The method, however, has been known to lead to
quite conservative results and to a loss of information because the composition neglects
most values except for extreme ones. Szmidt and Kacprzyk [25] indicated the drawbacks
of the diagnosis method based on the max-min-max composition rule, and proposed a
diagnosis approach based on the distances between diseases and symptoms. The distance
method can reduce the loss of information, and make it possible to introduce weights for
all symptoms. However, the method also has a drawback in that it provides an unclear
diagnosis when the difference in the distances is not large.

Most of these studies introduced each diagnosis method and presented trivial examples
using simple fuzzy data sets. However, there is still no valid research that compares with
the effectiveness or difference of the diagnosis results of the techniques. The information is
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an important factor in medical diagnosis because the results can be helpful in the selection
of a diagnostic technique. In addition, the results can address how to use the techniques
in practice.
In this study, we present simulation results to compare the diagnosis outcome of two

diagnosis techniques, max-min composition method and distance method. In Section 2
of this paper, we briefly review the related works on fuzzy sets and the application of
intuitionistic fuzzy sets in medical diagnosis. In Section 3, we introduce two diagnosis
techniques based on Sanchez’s fuzzy relation. In Section 4, we illustrate the diagnosis
result of the techniques by a numerical example. The example was applied to differentiate
patients according to the three main types of primary headaches (migraine, tension, cluster
headache) as an extension of our previous studies [3, 4]. In Section 5, we summarize the
simulation results to compare the outcomes of the diagnosis techniques. We finish with a
brief discussion in Section 6.

2. Related Works. Fuzzy sets (FS) introduced by Zadeh [29] have been applied in
various fields [20, 22, 24]. In the theory of FS, the degrees of membership and non-
membership are a single value between 0 and 1. However, in reality, it may not always
be certain that the sum of the degrees is just 1 [26]. Intuitionistic fuzzy sets (IFS), as
a generalization of FS, have been proposed from understanding the fact [5], and have
become a popular topic of investigation in the FS community [8, 23].
Since Zadeh [30] proposed to apply FS to the medical science field, FS theory has been

utilized in many approaches to model the diagnostic process. Sanchez [21] represented the
physician’s medical knowledge as a fuzzy relation between symptoms and diseases. The
approach was elaborated by Adlassnig [1] and applied in many studies such as [16, 19].
On the other hand, many approaches are proposed for medical diagnosis. Hung [15]

proposed an improved nonprobabilistic entropy approach to support doctors examining
the work of the preliminary diagnosing. Lin et al. [18] proposed a wavelet-based fuzzy
neural network for classification and medical diagnosis. In addition, some approaches
have been continuously proposed to model the diagnostic process [9, 28].
However, there have been no studies comparing the efficiency of the diagnosis techniques

of diseases. In this study, we compare two popular diagnosis techniques using Sanchez’s
fuzzy relation. The features and main contributions of this study relative to previous
works are as follows: First, two popular diagnosis techniques of primary headaches are
evaluated and compared. The comparison results show that the two techniques have a
significant difference in results. Second, we explored the difference in the diagnosis results
of the two cases: using the largest value for diagnosis in the max-min composition method
and using the values of more than 0.5. Third, we found that there was no significant
difference in the diagnosis result of the two techniques when we used the values of more
than 0.5 in the max-min method. Lastly, as a result, we recommend using the distance
method or the max-min composition method with the values of more than 0.5 for diagnosis
of primary headaches.

3. Two Diagnosis Techniques.

3.1. The method based on max-min composition. In this section, we present an
application of IFS theory in Sanchez’s approach using fuzzy relations between symptoms
and diseases for medical diagnosis [21].
Let S = {S1, . . . , Sm}, D = {D1, . . . , Dn}, and P = {P1, . . . , Pq} denote the sets of

symptoms, diseases, and patients, respectively. Two fuzzy relations Q and R are defined
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as Equation (1) and Equation (2).

Q = {< (p, s), µQ(p, s), νQ(p, s) >| (p, s) ∈ P × S} (1)

R = {< (s, d), µR(s, d), νR(s, d) >| (s, d) ∈ S ×D} (2)

where µQ(p, s) and νQ(p, s) indicate the degrees of the patient’s symptoms, i.e., the degrees
are the relationship between patient and symptoms (patient’s degrees). In other words,
µQ(p, s) indicates the degree to which the symptom s appears in patient p, and νQ(p, s)
indicates the degree to which the symptom s does not appear in patient p. The amount
πQ(p, s) = 1 − [µQ(p, s) + νQ(p, s)] is called the hesitation part, which may cater to
membership value, non-membership value or both. Similarly, µR(s, d) and νR(s, d) are the
relationship between symptoms and diseases (confirmability degrees), i.e., µR(s, d) is
the degree to which symptom s confirms the presence of disease d, and νR(s, d) the degree
to which the symptom s does not confirm the presence of disease d, respectively. Note
that Q is defined on the set P × S and R on the set S ×D.

The composition T of R and Q (T = R◦Q) for diagnosis of diseases describes the state
of patients in terms of disease as a FR from P to D given by the membership function
Equation (3) and non-membership function Equation (4).

µT (p, d) = max
s

{min[µQ(p, s), µR(s, d)]} (3)

νT (p, d) = min
s
{max[νQ(p, s), νR(s, d)]} (4)

for all p ∈ P and d ∈ D.
However, in diagnosis with these max-min compositions, as the compositions were used

when looking for T , the dominating symptoms were in fact only taken into account,
Therefore, in the next step an improved version is calculated for which the following
holds [13]:

µ′
T = µR − νRπR, (5)

and Equations (3) and (4) are retained.
As a result, we generally determine the diagnostic labels of patient p for any disease d

such that µ′
T is the largest. However, in some cases, the condition µ′

T >= 0.5 is also used
for the diagnosis of disease.

3.2. The method based on distance. In this section, we summarize an approach for
the medical diagnosis of primary headaches originally proposed in Ahn et al. [4]. This
approach is divided into four stages:

• Stage 1: Collect the patient’s degrees and confirmability degrees for patient’s symp-
toms. Confirmability degrees, the relationship between symptoms and diseases, are
presented in the interview chart. The interview chart developed in our previous
works [3, 17], and consisted of 23(M1 ∼ M23), 17(T1 ∼ T17) and 15(C1 ∼ C15)
items for the three types of headache (migraine, tension, and cluster), respectively.
Table 1 is a part of the interview chart for migraine type. Each item has confirma-
bility degrees with the relation among symptoms and the three types of headache,
and has an interval-value in [0, 1] as the degrees.

Patient’s degrees, the relationship between patient and symptoms, are assigned
by a physician. In other words, confirmability degrees represent the general relation-
ship between symptoms and diseases and patient’s degrees represent a particular
relationship between a patient and symptoms.

• Stage 2: Calculate the intuitionistic fuzzy weighted arithmetic average (IFWAA)
of the patient’s degrees and confirmability degrees, respectively, using the aggregate
operator of Definition 3.1. A disease in general is presented through many symptoms
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Table 1. Interview chart for migraine items

Confirmability degrees
migraine tension cluster

No Items (Symptoms) µRC
νRC

µRC
νRC

µRC
νRC

M1 Positive family history. . . 0.6 0.2 0.3 0.5 0.3 0.6
M2 At least five attacks. . . 0.9 0.1 0.2 0.7 0.2 0.7
M3 Headache lasting. . . 0.6 0.3 0.4 0.5 0.3 0.5
: : : : : : : :

M23 Concurrent with. . . 0.7 0.2 0.3 0.6 0.3 0.5

Table 2. Patient P1’s degrees: < µQ(P1, s), νQ(P1, s) >

symptom M10 M22 M23 T7 C2 C9 C11
µQ 0.6 0.7 0.5 0.5 0.5 0.7 0.5
νQ 0.2 0.1 0.1 0.3 0.3 0.1 0.2

and the symptoms significantly associated with the disease. Therefore, it is necessary
to aggregate the symptoms. Aggregation of intuitionistic fuzzy information has
attracted considerable interest from researchers in recent years [27].

• Stage 3: Calculate the distance between intuitionistic fuzzy sets using the measure
of Definition 3.2 and the IFWAA calculated in Stage 2.

• Stage 4: Determine the disease of the patient, based on the distance. The lowest
distance indicates the most appropriate diagnosis.

Definition 3.1. (IFWAA Operator) Let A = {< xi, µA(xi), νA(xi) >| i = 1, 2, . . . , n}
be a collection of intuitionistic fuzzy values. Then, an IFWAA operator is defined as
follows:

IFWAA(A) = (1− Πn
i=1(1− µA(xi))

ωi ,Πn
i=1(νA(xi))

ωi) (6)

where ω = (ω1, ω2, . . . , ωn)
T are the weight vectors of set A. In addition, ωi > 0 and∑n

i=1 ωi = 1.

Definition 3.2. (Distance Measure) For any two interval-valued intuitionistic fuzzy
sets A = {< xi, µA(xi), νA(xi) >| i = 1, 2, . . . , n} and B = {< xi, µB(xi), νB(xi) >| i =
1, 2, . . . , n}, the normalized Hamming distance considering the hesitate part is defined as
follows:

lh(A,B) = (1/2n)
∑

[ |µA(xi)− µB(xi)|+ |νA(xi)− νB(xi)|+ |πA(xi)− πB(xi)| ] (7)

where π is the degree of hesitation part, i.e., πA(xi) = 1− [µA(xi) + νA(xi)] and πB(xi) =
1− [µB(xi) + νB(xi)].

4. Example. In this section, we present an example for diagnosing using the degrees of
the patient’s symptoms < µQ(p, s), νQ(p, s) > assigned by a physician, and the confirma-
bility degrees < µR(s, d), νR(s, d) > indicated in the interview chart. In the example, we
will show different results depending on which techniques were applied.
Let us consider patient P1. P1’s symptoms are (M10, M22, M23) of migraine, (T7) of

tension headache, and (C2, C9, C11) of cluster headache. Table 2 is the degrees for P1’s
symptoms assigned by a physician, and Table 3 is the confirmability degrees indicated in
the interview chart. Based on Table 2 and Table 3, Table 4 and Table 5 are calculated
by applying IFWAA operator Equation (6).
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Table 3. Confirmability degrees: < µR(s, d), νR(s, d) >

migraine tension cluster
symptom µR νR µR νR µR νR

M10 0.6 0.2 0.4 0.5 0.5 0.2
M22 0.8 0.1 0.2 0.7 0.2 0.7
M23 0.7 0.2 0.3 0.6 0.3 0.5
T7 0.3 0.6 0.6 0.3 0.4 0.5
C2 0.3 0.4 0.3 0.5 0.6 0.2
C9 0.2 0.3 0.3 0.3 0.7 0.2
C11 0.3 0.5 0.4 0.3 0.7 0.3

Table 4. Patient’s degrees: (IFWAA µQ, IFWAA νQ)

Q symptom M symptom T symptom C
P1 (0.61, 0.13) (0.50, 0.30) (0.58, 0.18)

Table 5. Confirmability degrees: (IFWAA µR, IFWAA νR)

R Migraine Tension Cluster
symptom M (0.71, 0.16) (0.30, 0.59) (0.35, 0.41)
symptom T (0.30, 0.60) (0.60, 0.30) (0.40, 0.50)
symptom C (0.27, 0.39) (0.34, 0.36) (0.67, 0.23)

Table 6. Max-min composition for P1’s symptoms

Migraine Tension Cluster
µ′
T 0.57 0.44 0.53

• The result of max-min composition method
Table 6 is calculated by applying Equations (3), (4) and then Equation (5) in Table 4

and Table 5. As a result, we can preliminarily diagnose that patient P1 suffers most likely
from migraine headache because µ′

T for migraine is the largest.
• The result of distance method
Table 7, the distance between intuitionistic fuzzy sets, is calculated by applying the

distance measure Equation (7) to the data from Tables 4 and 5. In this method, as
a result, we can preliminarily diagnose that patient P1 suffers most likely from cluster
headache because the distance of cluster is the lowest.

In this example, Tables 6 and 7 lead to a different diagnosis. However, the distance lh for
migraine is only slightly bigger than for cluster headache in Table 7 and the membership
degree µ′

T for cluster has a value of more than 0.5. Therefore, additional diagnostic
investigations may be considered for a more accurate diagnosis and we can preliminary
diagnose that migraine and cluster headache might both be reasonable diagnoses for
patient P1. As a result, it is reasonable to assume that diagnostic result of the two
techniques is a coincidence.

5. Comparison. In this section we present simulation results to compare the two tech-
niques. The simulation is performed by using the parameters summarized in Table 8.
The patient data such as Table 2 was simulated from conditions that occurred in medical
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Table 7. Distance for P1’s symptoms

Migraine Tension Cluster
lh 0.22 0.30 0.21

Table 8. Simulation parameters

Parameters Meaning Value

n1 the number of patients 1, 000
n2 the number of simulation runs 1, 000
s the number of symptoms 3 ∼ 20
µQ patient’s membership degrees 0.3 ∼ 0.9

Table 9. Coincidence rate of two methods: using the largest value in max-
min composition as a diagnostic measure

N of Symptoms 3 4 5 7 10 13 16 20
Coincidence rate 0.540 0.505 0.474 0.435 0.421 0.426 0.436 0.448

Table 10. Coincidence rate of two methods: using the values of more than
0.5 in max-min composition

N of Symptoms 3 4 5 7 10 13 16 20
Coincidence rate 0.841 0.906 0.939 0.969 0.988 0.996 0.999 1.000

practice during our research. In general, physicians should assign values above 0.3 as a
patient’s membership degree µQ for symptoms that are present in this patient. Based on
this additional information, we randomly generate the patient degrees.
Table 9 shows a part of the simulation results when we use the largest value of the

max-min composition as a diagnostic measure. The numbers in the cells represent the
coincidence of the diagnosis results of the two techniques. The first value of Table 9,
0.540, is the coincidence of the diagnosis results when a patient has three symptoms.
Likewise, the value 0.448 is the coincidence of the diagnosis results when a patient has 20
symptoms. The average of coincidences is about 0.445. This result shows that the two
techniques have a significant difference in the diagnostic results.
On the other hand, Table 10 shows a part of the simulation results when we use the

values of more than 0.5 in the max-min composition. The average of coincidences is about
0.974. As a result, there is no significant difference in the diagnosis results of the two
techniques when we use the values of more than 0.5 in the max-min method.
Figure 1 shows a plot of the simulation results. Using the largest value in the max-min

composition, the diagnosis result shows a slight decrease of coincidence when the number
of symptoms is increased. Using the values of more than 0.5, however, the coincidences
are getting close to 1.000 when the number of symptoms is increased.

6. Conclusion. In recent years, fuzzy set theory and fuzzy logic have been applied suc-
cessfully in medical diagnosis systems, and many techniques have been proposed. How-
ever, evaluation and comparison on the techniques is not sufficient.
In this paper, we compared two popular techniques, the max-min composition method

and the distance method, for medical diagnosis of primary headaches. The main part
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Figure 1. Coincidences of two methods

of this paper contains a simulation study to compare the diagnosis outcome. The re-
sults of the simulation study show that the two techniques have a significant difference
in diagnostic results when we use only the largest value in the result of the max-min
composition method. However, there is no significant difference if we use the values of
more than 0.5 in the max-min method. As a result of this study, we recommend using
the distance method or the max-min composition method with the values of more than
0.5 for diagnosis of primary headaches. We expect that the results of this study can be
helpful in the selection of a diagnostic technique.

There are several remaining problems for future explorations. First, practical compar-
ison based on real data for a detailed evaluation of the techniques is needed. We are
preparing real data with a physician. Also, more diagnosis techniques for generalization
should be considered, even if the techniques considered in this study are the most common
methods.
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