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Abstract. In this paper, the problem of stochastic modeling and tracking control of a
two-link planar rigid robot manipulator is considered. A stochastic Lagrangian model
is constructed to describe the motion of the manipulator in random vibration environ-
ment. Based on the constructed model, a state feedback controller is designed such that
the error system is 4-th moment exponentially practically stable. The simulation result
demonstrates the efficiency of the proposed scheme.
Keywords: Two-link planar rigid manipulator, Stochastic Lagrangian model, Tracking
control

1. Introduction. In recent several decades, the robot control and its application are
very popular research topics in control field. It is well known that robot manipulators
are often subjected to random vibration, which affects the performance of manipulators
and even damages the structure. In this paper, we consider a well-used robotic system,
the two-link planar rigid manipulator, in the random vibration environment as shown in
Figure 1, which is connected to O on the floor by a freely moveable joint. For i = 1, 2, mi

denotes the mass of i-th link, li denotes the length of i-th link, lci denotes the distance
from the previous joint to the center of mass of i-th link, qi denotes the i-th joint angle
and ui denotes the torque with respect to i-th joint, whose units are kg, m, rad and N·m,
respectively. As in Section 8.2.4 of [1], let ξ1, ξ2 denote the acceleration of the point O in
horizontal and vertical directions, which can be seen as independent white noises.

The reasonable dynamic modeling is a necessary premise to design efficient control
strategies. For the deterministic case, i.e., ξi = 0, various modeling methods can be found
in many monographes such as [2-4]. A common dynamic model is derived from the general
Lagrangian equation method to describe the relationship between force and motion, i.e.,

M(q)q̈ + C(q, q̇)q̇ + h(q) = G(q)u, (1)

where q = (q1, q2)
T , u = (u1, u2)

T , the symmetric and positive definite matrix M(q) ∈
R2×2 is the inertia matrix (generalized mass), C(q, q̇)q̇ is the vector of centrifugal and
Coriolis force, h(q) = ∂P

∂q
with P is the potential energy of the system, and G(q)u is

the generalized force caused by the control u. However, for the stochastic case, the
deterministic model (1) cannot well describe the motion of the manipulator. One objective
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Figure 1. Two-link planar rigid manipulator subjected to random vibration

of this paper is to construct a reasonable model to describe the motion of the manipulator
in the random vibration environment.
A basic problem in controlling robots [5-8] is to make the manipulator follow a desired

trajectory qr(t) ∈ C2(R2), i.e., design a controller u such that the tracking error

e1(t) = q(t)− qr(t) (2)

tends to zero. For the deterministic case, based on Lagrangian model (1), great efforts
have been made in developing desirable schemes to achieve the tracking control objectives.
In many references such as [9-11], some effective control strategies such as PID control,
computed torque control, robust control, adaptive control were considered. However, for
the stochastic case, to the best of the authors’ knowledge, there is no result. Hence,
another objective of this paper is to design a tracking controller for the manipulator in
the random vibration environment based on the constructed model.
The main work consists of the following two aspects:
(i) Since the manipulator is subjected to random vibration, the main difficulty for

stochastic dynamic modeling is how to transform the random vibration in environment to
the mass points along the links between them. By using the Lagrangian mechanics and
the equivalence principle of mechanics, a stochastic model is established to describe the
motion of the two-link planar rigid robot manipulator in random vibration environment.
(ii) Based on the constructed model, a state feedback controller is designed such that the

tracking error system is 4-th moment exponentially practically stable, the mean square
of tracking error tends to an arbitrarily small neighborhood of zero by tuning design
parameters, and so does its derivative. The simulation result demonstrates the efficiency
of the proposed scheme.
This paper is organized as follows: The mathematical preliminaries are given in Section

2. Section 3 constructs a stochastic model. In Section 4, controller design and stability
analysis are addressed, following a simulation result in Section 5. The paper is concluded
in Section 6.
Notations: The following notations are used throughout the paper. For a vector

x, xT denotes its transpose and |x| denotes its usual Euclidean norm. For a matrix
X, X−1 denotes its inverse and ‖X‖F denotes its Frobenius norm which is defined by
‖X‖F = (Tr{XXT})1/2, where Tr(·) denotes the square matrix trace; R+ denotes the set
of all nonnegative real numbers; Rn denotes the real n-dimensional space; Rn×r denotes
the real n × r matrix space; Ci(Rn) denotes the set of all functions with continuous i-th
partial derivative on Rn, C2,1(Rn×R+,R+) denotes the family of all nonnegative functions
V (x, t) on Rn × R+ which are C2 in x and C1 in t and K denotes the set of all functions:
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R+ → R+, which are continuous, strictly increasing and vanish at zero. For simplicity,
sometimes the arguments of functions are omitted.

2. Mathematical Preliminaries. Consider the following stochastic nonlinear system

dx(t) = f(x(t), t)dt+ g(x(t), t)dW (t), (3)

where x(t) ∈ Rn is the state of system, W (t) is an r-dimensional independent standard
Wiener process (or Brownian motion), and the underlying complete probability space is
taken to be the quartet (Ω,F ,Ft, P ) with a filtration Ft satisfying the usual conditions
(i.e., it is increasing and right continuous while F0 contains all P -null sets). Both functions
f : Rn ×R+ → Rn and g : Rn ×R+ → Rn×r are locally Lipschitz in x ∈ Rn and piecewise
continuous in t, namely, for any R > 0, there exists a constant CR ≥ 0 such that

|f(x1, t)− f(x2, t)|+ ‖g(x1, t)− g(x2, t)‖F ≤ CR|x1 − x2|, ∀t ∈ R+, (4)

for any x1, x2 ∈ UR = {ξ : |ξ| ≤ R}. Moreover, f(0, t) and g(0, t) are bounded a.s..
For V (x, t) ∈ C2,1(Rn × R+,R+), the infinitesimal generator is defined by

LV (x, t) = Vt(x, t) + Vx(x, t)f(x, t) +
1
2
Tr
{
gT (x, t)Vxx(x, t)g(x, t)

}
, (5)

where Vt =
∂V
∂t
, Vx =

(
∂V
∂x1
, ∂V
∂x2
, . . . , ∂V

∂xn

)
and Vxx =

(
∂2V

∂xi∂xj

)
n×n

.

For stability analysis, in view of the concept of p-th moment exponential stability
in [12,13], p-th moment exponential practical stability is reasonably introduced in the
following.

Definition 2.1. The system (3) is said to be p-th moment exponentially practically stable
if there exist positive constants λ, d and function κ ∈ K such that

E|x(t)|p ≤ κ(|x0|)e−λ(t−t0) + d, t ≥ t0, x0 ∈ Rn. (6)

When p = 2, we also say that it is exponentially practically stable in mean square.

The criterion for p-th moment exponential practical stability is given as follows.

Lemma 2.1. For system (3), assume that there exist a function V (x, t) ∈ C2,1(Rn ×
R+,R+), positive constants ki, k

′
i, pi, p

′
i, c and dc such that∑n

i=1 ki|xi|pi ≤ V (x, t) ≤
∑n

i=1 k
′
i|xi|p

′
i , (7)

LV (x, t) ≤ −cV (x, t) + dc. (8)

Then, there exists a unique strong solution x(t) = x(t; x0, t0) of system (3) for each
x(t0) = x0 ∈ Rn and system (3) is p-th moment exponentially practically stable where
p = min{p1, · · · , pn}.

Proof: For any k > 0, define the first exit time ηk = inf{t : t ≥ t0, |x(t)| > k} with
the special case inf Ø = ∞, and set tk = ηk ∧ t for any t ≥ t0. According to Theorem
4.1 of [14], there exists a unique strong solution x(t) = x(t; x0, t0) of system (3) for each
x(t0) = x0 ∈ Rn, that is, ηk → ∞ a.s. as k → ∞.

In view of (7), the infinitesimal generator of the function ectV (x, t) is

L(ectV (x, t)) = ect(LV (x, t) + cV (x, t)) ≤ ectdc. (9)

Hence, by Lemma 3.3.1 in [12], for tk, we have

E(ectkV (x(tk), tk)) ≤ ect0V (x0, t0) + E
∫ tk
t0
ecsdcds. (10)

Since tk ≤ t, according to the dominated convergence theorem, letting k → ∞, one gets

EV (x(t), t) ≤ V (x0, t0)e
−c(t−t0) +

dc
c
, ∀ t ≥ t0. (11)
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From (7), for i = 1, 2, · · · , n, this estimate yields

E|xi(t)|pi ≤
1

ki

n∑
j=1

k′j|x0|p
′
je−c(t−t0) +

dc
kic

. (12)

According to Jensen’s inequality1, from pi ≥ p, one has E|xi(t)|p ≤ (E(|xi(t)|p)
pi
p )

p
pi ,

which, together with (12) and cr inequality
2, implies that

E|xi(t)|p ≤
(

1
ki

∑n
j=1 k

′
j|x0|p

′
j

) p
pi e

− cp
pi

(t−t0) +
(

dc
kic

) p
pi , (13)

then

E|x(t)|p ≤n
p
2

n∑
i=1

E|xi(t)|p

≤n
p
2

n∑
i=1

(
1

ki

n∑
j=1

k′j|x0|p
′
j

) p
pi

e
− cp

pi
(t−t0) + n

p
2

n∑
i=1

(
dc
kic

) p
pi

≤κ(|x0|)e−λ(t−t0) + d,

(14)

where κ(s) = n
p
2

∑n
i=1

(
1
ki

∑n
j=1 k

′
js

p′j

) p
pi , λ = cp

maxi{pi} and d = n
p
2

∑n
i=1

(
dc
kic

) p
pi , that is,

system (3) is p-th moment exponentially practically stable.

3. Stochastic Dynamic Modeling for the Manipulator. In this section, the stochas-
tic model of the manipulator is established by deriving the kinetic and potential energy
of the manipulator and then using Lagrangian equation method [3] and the equivalence
principle of mechanics [15].

3.1. Kinetic and potential energy. Consider the system of particles consisting of two
links which are regarded as the mass points and select (q1, q2) as the generalized coordi-
nate. The base coordinate frame Oxy is shown in Figure 1, then the natural coordinates
of particles are {

x1 = lc1 cos q1
y1 = lc1 sin q1,

{
x2 = l1 cos q1 + lc2 cos(q1 + q2)
y2 = l1 sin q1 + lc2 sin(q1 + q2).

(15)

From (15), the total kinetic energy of the system is K = 1
2
m1(ẋ

2
1 + ẏ21) +

1
2
m2(ẋ

2
2 + ẏ22) =

1
2
q̇TM(q)q̇, where the inertia matrix (generalized mass) M(q) ∈ R2×2 is

M(q) =

[
m1l

2
c1 +m2l

2
1 +m2l

2
c2 + 2m2l1lc2 cos q2 m2l

2
c2 +m2l1lc2 cos q2

m2l
2
c2 +m2l1lc2 cos q2 m2l

2
c2

]
. (16)

Since the (k, j)-th element of the matrix C(q, q̇) is defined as ckj =
∑2

i=1 cijk(q)q̇i with

the Christoffel symbols cijk =
1
2

(
∂mkj

∂qi
+ ∂mki

∂qj
− ∂mij

∂qk

)
(see P.207 of [2]), then

C(q, q̇) =

[
−m2l1lc2q̇2 sin q2 −m2l1lc2q̇1 sin q2 −m2l1lc2q̇2 sin q2
m2l1lc2q̇1 sin q2 0

]
. (17)

The total potential energy of the system equals to P = m1gy1 + m2gy2 = (m1lc1 +
m2l1)g sin q1 +m2glc2 sin(q1 + q2), then

h(q) = ∂P
∂q

=

[
(m1lc1 +m2l1)g cos q1 +m2lc2g cos(q1 + q2)

m2lc2g cos(q1 + q2)

]
. (18)

1If ϕ is a convex function and x is a random variable on Ω, then ϕ(Ex) ≤ Eϕ(x).
2|a+ b|r ≤ cr(|a|r + |b|r), r > 0, where cr =

{
1, r ≤ 1
2r−1, r ≥ 1 .
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Figure 2. The decomposition of forces
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Figure 3. The stochastic force

3.2. The generalized forces. In order to obtain the control force τ c, it is supposed
that the control ui, i = 1, 2, is the torque Fi acting on the barycenter of i-th link, i.e.,
ui = Filci, as shown in Figure 2. Based on the generalized forces formula3 (see P.41 in
[16]), the generalized forces corresponding to the control u1 and u2 are

τ c1 = − F1 sin q1
∂x1
∂q1

+ F1 cos q1
∂y1
∂q1

− F2 sin(q1 + q2)
∂x2
∂q1

+ F2 cos(q1 + q2)
∂y2
∂q1

=F1lc1 + F2l1 cos q2 + F2lc2

=u1 + u2

(
1 +

l1
lc2

cos q2

)
,

τ c2 = − F1 sin q1
∂x1
∂q2

+ F1 cos q1
∂y1
∂q2

− F2 sin(q1 + q2)
∂x2
∂q2

+ F2 cos(q1 + q2)
∂y2
∂q2

=F2lc2 = u2,

(19)

which means that the vector of generalized control forces τ c = G(q)u with

G(q) =

[
1 1 + l1

lc2
cos q2

0 1

]
. (20)

In order to obtain the random excitation force τ e, O is regarded as the reference point.
As shown in Figure 3(1), decomposing ξ1 and ξ2 at the point O, we have

aO1 = −ξ1 sin q1 + ξ2 cos q1,
aO2 = ξ1 cos q1 + ξ2 sin q1.

(21)

3The generalized force along the j-th generalized coordinates is defined byQj =
∑N

i=1(Fix
∂xi

∂qj
+Fiy

∂yi

∂qj
+

Fiz
∂zi
∂qj

), j = 1, 2, · · · , n, where (Fix, Fiy, Fiz) is the force acted on the i-th point. The transformation from

the natural coordinates ri = (xi, yi, zi) to the generalized coordinates {q1, q2, · · · , qn} is represented as
ri = ri(q1, q2, · · · , qn, t).
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Next, decomposing aO2 at the point A (see Figure 3(2)), one has

aA1 = −(ξ1 cos q1 + ξ2 sin q1) sin q2,
aA2 = (ξ1 cos q1 + ξ2 sin q1) cos q2.

(22)

According to the principle of relative motion [17], the stochastic force F̌i in the direction
of Fi is introduced such that F̌i/mi describes the stochastic motion of i-th particle, i.e.,

F̌1 = −m1aO1 = m1 sin q1ξ1 −m1 cos q1ξ2,
F̌2 = −m2aA1 = m2 cos q1 sin q2ξ1 +m2 sin q1 sin q2ξ2.

(23)

Based on the generalized forces formula, following the same line as (19), the generalized
stochastic forces are

τ e1 = Λ11(q)ξ1 + Λ12(q)ξ2,
τ e2 = Λ21(q)ξ1 + Λ22(q)ξ2,

(24)

with Λ11(q) = m1lc1 sin q1+m2lc2 cos q1 sin q2+
1
2
m2l1 cos q1 sin 2q2, Λ12(q) = −m1lc1 cos q1+

m2lc2 sin q1 sin q2+
1
2
m2l1 sin q1 sin 2q2, Λ21(q) = m2lc2 cos q1 sin q2 and Λ22(q) = m2lc2 sin q1

× sin q2. This means that the vector of random excitation force τ e = (τ e1 , τ
e
2 )

T = Λ(q)ξ
with Λ(q) = (Λij(q))2×2 and ξ = (ξ1, ξ2)

T .
The generalized force τ consists of the control force τ c = G(q)u caused by the con-

trol u acting on the system and the random excitation force τ e = Λ(q)ξ caused by the
independent white noise ξ.

3.3. Stochastic model of the manipulator. On the basis of the above two subsections,
the stochastic dynamic equation of the manipulator is obtained

M(q)q̈ + C(q, q̇)q̇ + h(q) = G(q)u+ Λ(q)ξ. (25)

By replacing ξ with “dB
dt
” and viewing (qT , q̇T )T as state, the Stratonovich stochastic

differential equation (SDE) of (25) can be obtained

dq = q̇dt,

dq̇ =
(
−M−1(q)(C(q, q̇)q̇ + h(q)) +M−1(q)G(q)u

)
dt

+M−1(q)Λ(q) ◦ dB,
(26)

where B is an r-dimensional independent Wiener process and

M−1(q) =
1

m1m2l2c1l
2
c2 +m2

2l
2
1l

2
c2 sin

2 q2

×
[

m2l
2
c2 −(m2l

2
c2 +m2l1lc2 cos q2)

−(m2l
2
c2 +m2l1lc2 cos q2) m1l

2
c1 +m2l

2
1 +m2l

2
c2 + 2m2l1lc2 cos q2

]
.

Since the diffusion function of q̇ subsystem does not depend on q̇, the Wong-Zakai
correction term (see (6.1.3) in [18]) equals to zero, i.e.,

1

2

(
∆1

∂∆1

∂q
+∆2

∂∆1

∂q̇

∆1
∂∆2

∂q
+∆2

∂∆2

∂q̇

)
=

(
0
0

)
, (27)

where ∆1 = 0 and ∆2 =M−1(q)Λ(q). The corresponding Itô SDE is

dq = q̇dt,

dq̇ =
(
−M−1(q)(C(q, q̇)q̇ + h(q)) +M−1(q)G(q)u

)
dt

+M−1(q)Λ(q)dB,

(28)

i.e., the final stochastic dynamic model of the manipulator is constructed.
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Remark 3.1. By reasonably introducing the random noise ξ to describe the random vi-
bration, and using the Lagrangian mechanics and the equivalence principle of mechanics,
the stochastic model (28) is established to describe the motion of the two-link planar ma-
nipulator in random vibration environment.

4. Tracking Control via State Feedback. The configuration q and its velocity q̇ can
be measured by adding some measuring equipments to the manipulator. It is easy to
verify that the functions M(q), C(q, q̇), h(q), G(q) and Λ(q) are smooth, and G(q) is
invertible.

4.1. Tracking error system. Before the tracking controller is designed, the tracking
error system will be developed. Similar to [19], we define the filtered tracking error as

e2(t) = ė1(t) + c1e1(t) = q̇(t)− q̇r(t) + c1e1(t), (29)

which is measurable due to the measurability of q and q̇, where c1 > 0 is a design param-
eter. In view of (28), one has

de1 =(−c1e1 + e2)dt,

de2 =
(
−M−1(q)(C(q, q̇)q̇ + h(q))− q̈r − c21e1 + c1e2

+M−1(q)G(q)u
)
dt+M−1(q)Λ(q)dB.

(30)

Suppose that the power spectral density (PSD) of white noise ξ equals to 1
2π
Σ, which is

equivalent to the fact dB = ΣdW , where Σ = (rij)2×2 is a positive matrix and W is a
2-dimensional independent standard Wiener process. Then (30) can be rewritten as

de1 =(−c1e1 + e2)dt,

de2 =
(
−M−1(q)(C(q, q̇)q̇ + h(q))− q̈r − c21e1 + c1e2

+M−1(q)G(q)u
)
dt+M−1(q)Λ(q)ΣdW.

(31)

Here, the underlying complete probability space is taken to be the quartet (Ω,F ,Ft, P )
with a filtration Ft satisfying the usual conditions.

4.2. Tracking controller design. For the Lyapunov function

V =
1

4
(eT1 e1)

2 +
1

4
(eT2 e2)

2, (32)

the infinitesimal generator of V along (31) satisfies

LV = − c1e
T
1 e1e

T
1 e1 + eT1 e1e

T
1 e2 + eT2 e2e

T
2

(
ψ(q, q̇, q̇r, q̈r) +M−1(q)G(q)u

)
+

1

2
Tr
{
ΣTΛT (q)M−1(q)(2e2e

T
2 + eT2 e2I)M

−1(q)Λ(q)Σ
}
,

(33)

where ψ(q, q̇, q̇r, q̈r) = −M−1(q)(C(q, q̇)q̇ + h(q)) − q̈r − c21e1 + c1e2. Applying Young’s
inequality4 to the second term in (33), one has

eT1 e1e
T
1 e2 ≤

c1
4
(eT1 e1)

2 +
27

4c31
(eT2 e2)

2. (34)

4For any vectors x, y ∈ Rn and any scalars ε > 0, p > 1, there holds xT y ≤ εp

p |x|
p + 1

qεq |y|
q, where

q = p
p−1 .
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From the definition of Λ(q), it is learned that

(Λ11(q)− Λ11(qr))
2 =

(
m1lc1(sin q1 − sin qr1) +m2lc2(cos q1 − cos qr1) sin q2

+m2lc2 cos qr1(sin q2 − sin qr2)

+
1

2
m2l1(cos q1 − cos qr1) sin 2q2

+
1

2
m2l1 cos qr1(sin 2q2 − sin 2qr2)

)2
≤
(
3m2

1l
2
c1 + 6m2

2l
2
c2(sin

2 q2 + cos2 qr1)

+
3

2
m2

2l
2
1(sin

2 2q2 + 4 cos2 qr1)
)
|q − qr|2.

(35)

Similarly, one has

(Λ12(q)− Λ12(qr))
2 ≤

(
3m2

1l
2
c1 + 6m2

2l
2
c2(cos

2 q2 + sin2 qr1)

+
3

2
m2

2l
2
1(cos

2 2q2 + 4 sin2 qr1)
)
|q − qr|2,

(Λ21(q)− Λ21(qr))
2 ≤ 2m2

2l
2
c2(sin

2 q2 + cos2 qr1)|q − qr|2,
(Λ22(q)− Λ22(qr))

2 ≤ 2m2
2l

2
c2(cos

2 q2 + sin2 qr1)|q − qr|2.

(36)

By the definition of the Frobenius norm, it follows from (35) and (36) that

‖Λ(q)− Λ(qr)‖2F =
2∑

i=1

2∑
j=1

(Λij(q)− Λij(qr))
2 ≤ δ(q, qr)|q − qr|2, (37)

where δ(q, qr) = 6m2
1l

2
c1 + 16m2

2l
2
c2 +

15
2
m2

2l
2
1. Then, the Frobenius norm of Λ(q) satisfies

‖Λ(q)‖2F ≤ 2‖Λ(q)− Λ(qr)‖2F + 2‖Λ(qr)‖2F ≤ 2δ(q, qr)e
2
1 + 2‖Λ(qr)‖2F , (38)

with ‖Λ(qr)‖2F = m2
1l

2
c1+2m2

2l
2
c2 sin

2 qr2+
1
4
m2

2l
2
1 sin

2 2qr2+m
2
2l1lc2 sin qr2 sin 2qr2. According

to the definition of Frobenius norm, the norm compatibility and Young’s inequality, by
(38), the last term of (33) yields

1

2
Tr
{
ΣTΛT (q)M−1(q)(2e2e

T
2 + eT2 e2I)M

−1(q)Λ(q)Σ
}

≤ 3|e2|2(δ(q, qr)|e1|2 + ‖Λ(qr)‖2F )‖M−1(q)‖2F‖Σ‖2F

≤ c1
4
(eT1 e1)

2 +

(
9

c1
δ2(q, qr) +

9

ε
‖Λ(qr)‖4F

)
‖M−1(q)‖4F‖Σ‖4F (eT2 e2)2 +

ε

4
,

(39)

where ‖M−1(q)‖2F = 1
(m1m2l2c1l

2
c2+m2

2l
2
1l

2
c2 sin

2 q2)2

(
m2

2l
4
c2+2((m2l

2
c2+m2l1lc2 cos q2))

2+(m1l
2
c1+

m2l
2
1 + m2l

2
c2 + 2m2l1lc2 cos q2)

2
)
, ‖Σ‖2F = r211 + r212 + r221 + r222 and ε > 0 is a design

parameter. Substituting (34) and (39) into (33), one leads to

LV ≤ − c1
2
(eT1 e1)

2 + eT2 e2e
T
2

(
27

4c31
e2 + ψ(q, q̇, q̇r, q̈r) +M−1(q)G(q)u

+

(
9

c1
δ2(q, qr) +

9

ε
‖Λ(qr)‖4F

)
‖M−1(q)‖4F‖Σ‖4F e2

)
+
ε

4
.

(40)



STOCHASTIC MODELING AND TRACKING CONTROL 1777

Since G(q) is a nonsingular square matrix, the control u is designed as

u =G−1(q)M(q)

(
− c2

2
e2 −

27

4c31
e2 − ψ(q, q̇, q̇r, q̈r)

−
(
9

c1
δ2(q, qr) +

9

ε
‖Λ(qr)‖4F

)
‖M−1(q)‖4F‖Σ‖4F e2

) (41)

where c2 > 0 is a design parameter and

G−1(q) =

[
1 −1− l1

lc2
cos q2

0 1

]
. (42)

Since q and q̇ are measurable signals and qr is the reference signal, the control u can
be implemented. Therefore, the infinitesimal generator of V satisfies

LV ≤ −c1
2
(eT1 e1)

2 − c2
2
(eT2 e2)

2 +
ε

4
≤ −cV +

ε

4
, (43)

where c = 2min{c1, c2}. Just for simplicity, c1 and c2 are selected as scalars. In fact, they
can be chosen as any positive definite constant matrix.

Up to now, from (31) and (41), the following error system is got:

de1 =(−c1e1 + e2)dt,

de2 = −
(
c2
2
+

27

4c31
+

(
9

c1
δ2(q, qr) +

9

ε
‖Λ(qr)‖4F

)
‖M−1(q)‖4F‖Σ‖4F

)
e2dt

+M−1(q)Λ(q)ΣdW,

(44)

based on which, stability analysis will be given.

4.3. Stability analysis.

Theorem 4.1. For the stochastic model (25) and the reference signal qr, under the state-
feedback controller (41),

(i) Error system (44) has a unique strong solution on [t0,∞) and 4-th moment expo-
nentially practically stable for initial values e1(t0), e2(t0) ∈ R2;

(ii) The tracking error e1(t) and ė1(t) satisfy

lim
t→∞

E|e1(t)|2 ≤
(
2ε
c

) 1
2 ,

lim
t→∞

E|ė1(t)|2 ≤ 2(1 + c21)
(
2ε
c

) 1
2 ,

(45)

where the right-hand side can be made small enough by choosing appropriate design pa-
rameters.

Proof: Denoting e(t) = (eT1 (t), e
T
2 (t))

T , by (32), it is obvious that V (e) ∈ C2(R4) and

1

8
|e(t)|4 ≤ V (e) ≤ 1

4
|e(t)|4. (46)

Since the functions of the error system (44) satisfy the local Lipschitz condition, by
Lemma 2.1, (43) and (46), there exists a unique strong solution of system (44) for each
e(t0) ∈ R4. System (44) is 4-th moment exponentially practically stable, and

E|e(t)|4 ≤ 2e−c(t−t0)|e(t0)|4 + 2ε
c
. (47)

In view of |ė1(t)|2 = (|e2(t)| + c1|e1(t)|)2 ≤ 2|e2(t)|2 + 2c21|e1(t)|2, (45) holds from (47).
Considering c = 2min{c1, c2}, it is clear that the right-hand side of (45) can be made
small enough by choosing c1, c2 large enough and ε small enough.
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Remark 4.1. By Chebyshev’s inequality and (45), for any ε > 0 and ε0 > 0, there exists
T > 0 such that when t > T

P{|e1(t)| > ε} ≤ 1
ε2

(
ε0 + (2ε

c
)
1
2

)
≤ ε′,

P{|ė1(t)| > ε} ≤ 1
ε2

(
ε0 + 2(1 + c21)

(
2ε
c

) 1
2

)
≤ ε′,

(48)

where ε′ can be made small enough by tuning design parameters. At the expense of large
control effort, the asymptotic tracking in probability in some sense can be achieved. There-
fore, the effect between the tracking error and allowable control effort must be carefully
compromised in the tracking controller design.

Remark 4.2. Due to the diffusion term and the nonvanishing signal qr, it is difficult
to achieve the asymptotic tracking. The parameter ε is introduced to deal with the term
caused by nonvanishing signal qr in Hessian term. When qr = 0, ε can be avoided, then
the stabilization of q and q̇ can be achieved.

5. Simulation. Choose the reference signal qr(t) = (0.5+0.5 sin t, 0.5 cos t)T , whose unit
is rad. The state feedback tracking control law is given by (41).
The simulation is performed under the following conditions: the PSD of the white

noise Σ = (rij)2×2 with rii = 0.1 and rij = 0 (i 6= j); the system parameters m1 = 0.5kg,

m2 = 0.25kg, lc1 = 0.8m, lc2 = 1m, l1 = 1m, l2 = 1.5m and g = 9.8m/s2; the initial values
q1(0) = 0.4rad, q2(0) = 0.85rad, q̇1(0) = 0rad/s and q̇2(0) = 0rad/s; the design parameters
c1 = 8, c2 = 5 and ε = 0.2. The simulation result demonstrates the effectiveness of the
control scheme; see Figure 4.
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Figure 4. The responses of closed-loop system
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6. Conclusions. For the two-link planar rigid manipulator in the random vibration envi-
ronment, by analyzing the effect of the random vibration, a stochastic model is reasonably
constructed. Based on the model, a state feedback controller is designed such that the
mean square of tracking error tends to an arbitrarily small neighborhood of zero.

There are some remaining problems to be investigated: 1) Find other control methods
such as [20-23] to solve this problem and compare their effectiveness. 2) Consider the
output feedback control, adaptive tracking control and robust control by extending the
deterministic control methods ([24,25], etc.) to the stochastic case.
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