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ABSTRACT. In this paper, the global asymptotic stability problem is dealt with for a class
of recurrent neural networks (RNNs) with time-varying delays. The time delays are
not necessarily differentiable and the uncertainties are assumed to be time-varying but
norm-bounded. The activation functions are assumed to be neither monotonic, nor differ-
entiable, nor bounded. By constructing the Lyapunov-Krasovskii functional and integral
inequality approach, an improved delay-dependent stability criterion for delay RNNs is
established in terms of linear matriz inequalities (LMIs). It is shown that the obtained
criterion can provide less conservative results than some existing ones. Numerical exam-
ples are given to demonstrate the applicability of the proposed approach.

Keywords: Recurrent neural networks (RNNs), Time-varying delay systems, Linear
matrix inequality (LMI), Integral inequality approach (ITA)

1. Introduction. In recent years, neural networks (NNs) have attracted much attention
in research and have found successful applications in many areas such as pattern recogni-
tion, image processing, association, optimization problems [7,18]. One of the important
research topics is the globally asymptotic stability of the neural network models. How-
ever, in the implementation of artificial NNs, time delays are unavoidable due to the finite
switching speed of amplifiers. It has been shown that the existence of time delays in NNs
may lead to oscillation, divergence or instability. Recently, the stability issue of NNs with
time delays has been extensively studied [1,3-23,25,27-51].

Recently, there has been increasing interest in the study of recurrent neural networks
(RNNs) since RNNs have found extensive applications in solving some optimization prob-
lems, associative memory, and classification of patterns, reconstruction of moving images,
and other areas [7]. In the implementation of artificial NNs, time delays are unavoidable
due to the finite switching speed of amplifiers. It has been shown that the existence of
time delays in RNNs and NNs may lead to oscillation, divergence or instability. There-
fore, the stability issue of neural networks with time delays has recently drawn particular
research interests [3,5,15,19,27,28,31,38,43,45,47]. Depending on whether the stability
criterion itself contains the size of delay, criteria for RNNs can be classified into two cat-
egories, namely delay-independent criteria [33,38,39,48,51] and delay-dependent criteria
6,8,9,11,20,22,29,44,46,49]. Usually the latter is less conservative when the value of delay
is small. In the Lyapunov-based delay-dependent results, the slow-varying constraints
h(t) < 1 are usually imposed on the time-varying delays [1,7,31,41,48]. These constraints
will be relaxed and delay-dependent results will be proposed in this paper.
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It is well known that a suitable form of Lyapunov-Krasovskii functional may lead to
less conservative delay-dependent stability criterion for recurrent neural networks with
time delays. Among various stability methods, a notable one is the free-weighting matrix
method in [9-12], which is very effective to tackle the delay-dependent stability problem
for time delay NNs since neither bounding techniques on some cross-product terms nor
model transformations are involved. However, free-weighting matrix method is too com-
plicated and it needs heavy computational burden. In order to overcome this limitation,
recently, new convex combination conditions for the stability of the systems with time-
varying delays are established without free-weighting matrices [25]. One natural question
is how to simplify existing stability results using matrix variables as less as possible while
maintaining the effectiveness of the stability conditions. Very recently, an integral in-
equality matrix approach (IIA) derived in [24,25] has been employed to derive some less
conservative stability criteria. As a matter of fact, there exists conservativeness inevitably.
This motivates us to establish a new delay-dependent condition and further reduce the
conservatism.

However, as far as we know, in most existing literature, the above analyses have been
treated separately. Up to now, the robust stability analysis for uncertain recurrent neural
networks with time-varying delays has not been fully studied, which is still open. In
this paper, we construct a new differential equation model for the uncertain recurrent
neural networks with time-varying delays. By employing Lyapunov-Krasovskii functional
and integral inequality approach, some less conservative delay-dependent stability criteria
have been derived. Because we have carefully considered the ranges for the time-varying
delays, our criteria are applicable to both fast and slow time-varying delays. The stability
criteria derived turn out to be less conservative with fewer matrix variables than some
recently reported ones. Our stability criteria are in LMI forms and can be easily checked
in practice. Finally, numerical examples are also given to demonstrate the effectiveness
and advantages of our analysis.

2. Stability Analysis. Consider the following recurrent neural network with time-vary-
ing delays and parameter uncertainties:

w(t) = —(C+ AC(t))u(t) + (A+ AA®R)) f(u(t)) + (B+AB(t)) f(u(t — h(t))+J (1)

where u(t) = [u(t), -+, u,(t)]" € R is the state vector with the n neurons; f(u(t)) =
[f1(ur(t)), -+, fulua(t))]F € R™ is called an activation function indicating how the j-
th neuron responses to its input; C' = diag(cy,...,¢c,) is a diagonal matrix with each

¢; > 0 controlling the rate with which the ¢-th unit will reset its potential to the rest-
ing state in isolation when disconnected from the network and external inputs; C' =
diag(c1, o, ..., ¢n), A = (@ij)nxn, and B = (bij)nxn are the feedback and the delayed
feedback matrix, respectively; J = [Ji,- -+, Ju]T € R™ is a constant input vector, AA(t),
AB(t), and AC(t) are unknown matrices that represent the time-varying parameter un-
certainties and h(t) is the time delay of the system satisfies

0<h(t)<h, h(t)< ha, (2)

where h and hy are some positive constants.

In this paper, the neuron activation functions are assumed to be bounded and satisfy
the following assumption.
Assumption 2.1. It is assumed that each of the activation functions f; (j =1,2,...,n)
possesses the following condition

fi(s1) = fi(%2)

Vi <
§1 — S

Ski) §1%§2€R7 2.:1’27"'7717 (3)
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where 7; and k; are known constant scalars.

Remark 2.1. If the neuron activation functions satisfy Assumption 2.1, then they satisfy
[fi(61) = fil)] € max{| %, [kil} [¢1 — [ = pifa—<f, i=1,2,...,n (4)

It is noted that the assumption condition (4) has been investigated in many research
papers [20,44]. However, we shall point out that this assumption is much strong and may
lead to conservative conditions for the delay-dependent stability analysis of delayed neural
networks. For example, if 7; < k; < 0, then the delay-dependent stability result obtained
by using (3) is generally less conservative than the one obtained by using (4). This will
be shown via numerical examples in Section 4 in this paper.

Next, the equilibrium point u* = [uf, ---, u*]? of system (1) is shifted to the origin
through the transformation z(t) = u(t) — u*, then system (1) can be equivalently written
as the following system

#(t) = =(C+ AC[))x(t) + (A + AA(1)g((t) + (B + AB(t)g(z(t — (1)) (5)

where x(-) = [z1(-), -+, @ ()], ( () = [91(@1 (), n(@a ()], and g5(xi()) =
Fiw() + ) — flud), i= 1,2,
The matrices AC(t), AA(?) and AB (t) are the uncertainties of the system and have
the form
[ AC(t) AA(t) AB(t) | =DF(t)[ Ec E. Eb | (6)
where D, E., E,, and E}, are known constant real matrices with appropriate dimensions
and F'(t) is an unknown matrix function with Lebesgue-measurable elements bounded by

FT(F(t) < I, W, (7)

where [ is an appropriately dimensioned identity matrix.

In the following, we will develop some practically computable stability criteria for the
system described (5). The following lemmas are useful in deriving the criteria.

First, we introduce the following integral inequality approach (IIA), which be used in
the proof of ours.

Lemma 2.1. [24]. For any positive semi-definite matrices

X1 X2 Xis
X=| X X Xo3| >0 (8a)
Xty X Xas

the following mtegml inequality holds

j; h(t) * $) Xsz &(s)ds <
. X1 Xz Xus x(t) (8b)
ft—h(t) [ 27(t) 2"(t—h(t) @7(s) | | X2 X2 Xo x(t —h(t)) | ds
X3 Xo5 O i(s)

Secondary, the following Schur complement result, which is essential in the proofs of
Theorem 3.1, is introduced.

Lemma 2.2. [2|. The following matriz inequality

EA R (52)

where Q(z) = QT (), R(x) = RT(x) and S(x) depend affine on x, is equivalent to
R(z) <0 (9b)
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Q(z) <0 (9¢)
and
Q(z) = S(z) R™!(x) §"(x) < 0 (9d)
Finally, the following Lemma 2.3 will be used to handle the parametrical perturbation.
Lemma 2.3. [2]. Given matrices ), D, and E of appropriate dimensions
Q+DF)E+E"F'(t)D" <0 (10a)
for all F(t) satisfying FT(t)F(t) < I, if and only if there exists some € > 0 such that
Q+eDpD"+e'ETE <0 (10b)

3. Main Results. In this section, we use the integral inequality approach (ITA) to obtain
stability criterion for recurrent neural network with time-varying delays. First, we take
up the case where AC(t) =0, AA(t) =0 and AB(t) = 0 in system (5) as follows:

i(t) = —Cx(t) + Ag(x(t)) + Bg(x(t — h(1))) (11a)
2(t) = o(t), t€[—h,0] (11b)

Based on the Lyapunov-Krasovskii stability theorem and integral inequality approach
(ITA), the following result is obtained.

Theorem 3.1. For given positive scalars h and hg, the nominal neural network system
with time-varying delay (11) is asymptotically stable if there exist symmetry positive-
definite matrices P = PT >0, Q=Q" >0, R=R" >0, Z= 7" > 0, diagonal matrices

X1 X2 Xis Yiu Yo Yis
S Z O; U Z 0, V 2 0, and X = X,1T2 X22 X23 Z 07 Y = Yig }/22 }/23 Z O;
X3 X33 X3 Yy Yap Yas

such that the following LMIs hold for

[ Qi1 Q2 Qi3 Quu 0 Qe ]|
Qfy Qa2 Qo3 O 0 Qo
Oy 3y Q33 Qs 0 Qse

0= <0 12
Qf, 0 Qf Qu Qs 0 (122)
0 0 0 OQF Qs 0
L Q{G Qge Q%}; 0 0 Q66 .
and
Z — X33>0 (12b)
Z—Ys3>0 (12¢)
where

K = diag{klak%--'?kn}a I'= diag{%,%,...,’yn},
Q1=—-CTP+PC+Q+R+TSC+CTS'T —TUK + hYi + Yi3 + Y5,
912:PA—FSA—CTS+%(F+K), ngzpB—FSB, 914:h}/12—§/13+}/2€,
916:—hC’TZ, QQQIATS+SA_U, Qo3 = SB,

Qo =hAT Z, Qz3 ==V, Qau = %(F+K), Q36 = h BT Z,

Qus = —(1 = ha)Q@ —TVK + h X114 X134+ X135 +h Yoo — Yas — Vi,

Qa5 = h X1o —X13+Xérg,, Os5 = —R 4+ h Xoo — Xo3 —Xg;), Qe = —hZ.
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Proof: Choose the following Lyapunov-Kravoskii functional candidate to be

V(t) = (t) + Va(t) + Va(t) + Va(t) (13)
where
Vi(t)) = 27 (t) Pa(t )
Va(t) =2 Z fo © )ds
Vg,(t) ft h(t) d3+ft L, L7 (s)Rx(s)ds
f ft+0 x(s)dsdf
Then, taking the time derlvatlve of V( ) with respect to ¢ along the system (11) yield
V(1) = Vi(t) + Va(t) + Vs(t) + Va(t) (14)
where

Vi(w,) = & () Pa(t) + 27 (1) Pi(t)
T()(=C" P — PC)a(t) + 22" (t) P[Ag(a(t)) + Bg(a(t — h(t)))]
Va(t) =2[9" (2(1)) — " (t)[]S(?)

(1)) — =" (OT]S[=Cu(t) + Ag(x(1)) + Bg(x(t — h(t)))]

(15)

= — 97 (x(1))SCx(t) + 97 (x(1))SAg(x(t)) + 97 (x(t))SBg(x(t — h(t)))
+ a2t ()TSCx(t) — x" (TS Ag(a(t)) — 2" (H)TSBg(x(t — h(t))) (16)
— () 0T Sg(x(t)) + =7 (t) C" S Ta(t)
+ 9" (x(t)) AT Sg(x(t)) — 9" (x(t)) AT STx(t)
+ 97 (z(t — h(t)) BT Sg(x(t)) — 97 (x(t — h(t))) BT STx(t)

Vi(t) = a(0)Qux(t) — (1 = h(t)) «”(t — h(1))Qu(t — h(t))
+ 2T (t)Ra(t) — 27 (t — h)Rx(t — h)

< T (OQ(t) — (1~ ha) 7 (¢ — A()Qa(t — h(t) )
+ 2T (t)Ra(t) — 27 (t — h)Rx(t — h)
and .
Vi) = iT(t)hZa(t) — /t . iT(s)Zi(s)ds (18)

Alternatively, the following equations are true:

t t— h(t) t
—/ / ds—/ i (s)Zi(s)ds
t—h t—h(t)

t— h(t t—h(t)
/ \(Z — Xas)i(s)ds — / 7 (5) Xos #(5)ds
t

—h

/h(t )2 = Yao) ()ds_/th(t)j’j(S)Yésx'(S)ds
(19)

Using Lemma, 2.1, the term — ft hey & s) X33 2(s)ds can be written that

t—h(t)
—/ 7 (s) X3 2(s)ds
¢

—h
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t—h(t) X111 X2 Xas z(t — h(t))
< / [aT(t—h(t)) a7t —h)) 7(s) | | XB Xo» Xos | | x(t—h) |ds
t—h XL Xk 0 i(s)
< CL’T(t — h(t))h X11 l’(t — h(t)) + ZET<t — h(t))h X2 Qi(t — h) + xT(t) Xi3 /th( ) x'(S)dS
t—h

+2T(t — h) hX Ty x(t — h(t)) + 27 (t — h)h Xog 2(t — h) + 27 (t — h) ng/t i(s)ds

—h

t—h(t) t—h(t)
+ / i (s)ds X5 z(t — h(t)) + / i"(s)ds X5 x(t — h)
¢ ¢

—h) —h
= 2 (t — h(t))[h X1 + X{5 + Xualo(t — h(t)) + 2" (t — h(t))[h X12 — X153+ Xa3)o(t — )

+ 2’ (t — h)[hX Ty — X5+ Xoslz(t — h(t)) + 2" (t — R)[h Xa2 — Xos — Xag|z(t — h)
(20)

Similarly, we have
t
—/ i7(s) Yag #(s)ds
t—h(t)

< 2"(8)[h Vi1 + Y5 + Yis]z(t) + 27 (£)[h Yia — Yis + Yas)a(t — h(t))
+ 2" (t — h(t)[hY Ty — Yis + Yas]a(t) + 27 (t — h(t))[h Yoo — Yas — Yos]a(t — h(t))

(21)

Evaluating 7 (t)hZi(t) along solution to (11), gives as follows:

i (t)hZ(t)
[—Cx(t) + Ag(x(t)) + By
[=C(t) + Ag(x(t)) + By
2" (t)h ot ZCx(t) —2" (t)

((t = h())]" (hZ)

(z(t = h(t)))]

t)hCT Z Ag(z(t))

— 2" (t) hCT ZBg(x(t — h(t))) — 9" (x(t))h AT ZCu(t)

+ 9" (@(t)h AT ZAg(a(t)) + 9" ((t))h A" ZBg(x(t — h(t)))

— 9" (x(t = h(t)h A" ZCx(t) + 9" (x(t — h(t))h A" ZAg(x(t))
9" (x(t = h(t)h A" ZBg(a(t — h(t)))

it can be verified that

(22)

=

Applying (3),
0= g"(x(t)Ug(x(t)) — 9" (x(t))Ug(z(t))
= —2"WOTUKz(t) + 2" () U + K)g(z(t)) — 97 (2(t))Ug(x(t))
Similarly, there holds

0= g"(a(t — h(t)Vg(a(t — h(t)

(23)

)) = 9" (w(t = h(1))Vg(x(t — h(1)))

= — ' (t = h(t)TVEKx(t — h(t)) + 2" (t = (O))V(L + K)g(a(t — h(t)))  (24)
— 9" (x(t = h(t)))Vg(x(t — h(t)))

Substituting the above Equations (15)-(24) into (14), we obtain

t—h(t)

#(5)(Z = Xag)it(s)ds — /t_h@) i7(5)(Z — Yag)i(s)ds (25)
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where £(t) = [ 27(t) 97 (x(t)) 97 (x(t —h(t))) «T(t—h(t) 2z7(t—h) ] and

Ei1 Z12 =13 2 0

—T = —_
Hip S22 Zo3 0 0
—T =T

(11

= | Ej3 =33 Z33 Zaa 0 < 0, with
= o =r =, =
Z34 Za4 a5

I -
0 O 0 45 55

K = diag{kla k2, k’n}? I'= diag{fyla,y% .. 7771}7
En=—-CTP+PC+Q+R+TSC+CTSTT —TUK +hYi+Yis+Ys+hot ZC,
E1p=PA-TSA-CTS+ Y%+ K)-hC"ZA,

Ei3=PB-TSB, Euu=hYiz — Yis + Yy,

S =ATS+SA-U+hA"ZA, Z93=SB+hA" ZB, Z33 = -V,

Spu =Y+ K), Zuu=—(1—ha)Q —TVEK +h X11+ X1z + XT3 +h Yoo — Yoz — Yo,

a5 = h X12— X3+ X33, S5 = —R+ h Xoo — Xoz — X35 .

Finally, using the Schur complements of Lemma 2.2, with some effort we can show
that (25) guarantees of V(t) < —¢ ||z(t)||* for a sufficiently small § > 0. It is clear that
if = <0, Z— X33 >0, and Z — Y33 > 0. Furthermore, (12) implies Q < 0, which is
equivalent to (25). Therefore, if LMIs (12) are feasible, the system (11) is asymptotically
stable. This completes the proof.

Based on Theorem 3.1, we have the following result for uncertain recurrent neural
networks with time-varying delay (5).

Theorem 3.2. For given positive scalars h and hg, the uncertain recurrent neural net-
works with time-varying delay (5) is asymptotically stable if there exist symmetric positive-
definite matrices P = PT >0, Q = QY >0, R=R" >0, Z = Z" > 0, diagonal
matrices S > 0, U > 0, V > 0, a scalar € > 0 and positive semi-definite matrices

X1 X2 Xis Y Yi2 Yis
X = | XL Xy Xoz | >0, Y =|VYL Yao Yas | >0, such that the following
Xis X33 Xss Vi Yoy Vi

LMIs are true

T QuAeETE. Quw—<cE'E, Qis—<E'E, Qu 0 O PD T
Ol —e Bl Eq Qu+eEl Eo Qus+eElE, 0 0 Q26 0
Qs —¢ B} Ba Qis+eE] Ea Qss+eE] By Qa0 Q36 0

Q= O, 0 0L Qaa Qs 0 0 <0
0 0 0 0L Qss 0 0
Qs Q3 Q3 0 0 Qe  hZD
| ptp 0 0 0 0 hDY'Z —el |
(26a)
and

Z —Xs3320 (26Db)
Z =Y >0 (26¢)

where 5, (1,7 =1,...,6;4 < j < 6) are defined in (12).

It is, incidentally, worth noting that the uncertain recurrent neural networks with time-
varying delay (5) is asymptotically stable, that is, the uncertain parts of the nominal
system can be tolerated within allowable time delay h.

Proof: Replacing A, B, and C in (12) with A + DF(t) E., B + DF(t) Ey, and C +
DF(t) E., respectively, we apply Lemma 2.2 for system (12) is equivalent to the following
condition:

Q+Te F)Te+TEF)TY <0 (27)
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where Ty=[PD 0 0 0 0 hZD] andT.=[E. E. E 0 0 0],
According to Lemma 2.3, (27) is true if there exist a scalar € > 0 such that the following
inequality holds
Q+e'rirg+eriT. <0 (28)

Applying the Schur complement shows that (28) is equivalent to (26a). This completes
the proof.

If the upper bound of the derivative of time-varying delay A4 is unknown, Theorem 3.2
can be reduced to the result with Q = 0 and X = 0, we have the following Corollary 3.1.

Corollary 3.1. Consider system (5) with constant delay. For given a positive scalar
h, the system is asymptotically stable if there exist symmetric positive-definite matrices
P=p'>0, R=R'>0,7Z=27">0, diagonal matrices S >0, U >0,V >0, >0
Yii Yi2 Yis
andY = yfz“ Yoo Yoz | > 0 such that the following LMIs are true
Yis Yay Vi

[ U Uis W3 Uy —hCYZ PD T
U, Woy Wes 0  hATZ 0
\11{3 \11ng \1133 \1}34 h BT Z O

\If — \I]%:l 0 \Ijg’;} \1144 O O < O (29&)
—hZC hZA hZB 0 —hZ hZD
. DTP 0 0 0 hD'Z —el |
and
Z — X33 >0 (29b)
where

K :diag{kl,k%...,kn}, F:diag{Wl,’YQ,...,Vn},

Uiy =—CTP+PC+R+TSC+ T S™T —TUK + hYi + Yis + V) +e EF E.,
U1 =PA-TSA-C"S+ Y+ K)—¢cE!E,, W13 =PB—-TSB+¢cE! E,
Uiy =hYie—Yiz+ Yy, Uoo = AT S+ SA—U + e EF E,, Vo3 =SB+ ¢ EL Fy,
Ug3 = —V +e B} By, Uaa=5(T +K), Vag=—R—~TVEK + Yz — Yoz — Y55 -

Proof: If the matrix QQ = 0 is selected in (13). This proof can be completed in a similar
formulation to Theorems 3.1 and 3.2.

Remark 3.1. Theorem 3.2 provides delay-dependent robust asymptotic stability criterion
for the uncertain recurrent neural networks with time-varying delay (5) in terms of solv-
ability of LMIs [2]. Based on them, we can obtain the mazimum allowable delay bound
(MADB) h such that (5) is stable by solving the following convex optimization problem
{ Maximize h

Subject to  (26) (30)

Inequality (30) is a convex optimization problem and can be obtained efficiently using
the MATLAB LMI Toolbox.

4. Numerical Examples. In this section, we provide four numerical examples to demon-
strate the effectiveness and less conservatism of our delay-dependent stability criteria.

Example 4.1. Consider an uncertain delayed recurrent neural network with parameters
as follows:

#(t) = =(C+ AC())x(t) + (A+ AA())g(x(t) + (B + AB(t))g(x(t — h(t)))  (31)
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where
[ 6.5618 0 0 0.3526  —0.1904 0.3322
C = 0 55784 0 . A= —0.1564 0.2446 03674 |,
0 0  7.3269 —0.1753  0.2956 —0.3115
[ 0.1981 —0.1313 0.1185 100
B=0.1645 0.0901 01013 |, D=al| 0 1 0|,
0.0274 —0.1518 0.0742 00 1
100
E.=FE,=E.=]010
00 1

Solution: To calculate the maximum allowable delay bound (MADB) h by Theorem 3.2
in this paper, we consider the following four cases. The neuron activation functions satisfy
Assumption 2.1 with

Case (I): K = diag(1.2051,0.2562,1.3593) and I = diag(0.7051, 0.0342, 0.5593).

Case (II): K = diag(—1.1147,—0.3251, —1.4962).

and ' = diag(—2.5720, —1.0134, —2.5271).

Case (III): K = diag(0.8053,0.7956,0.9332) and I" = diag(—0.8053, —0.7956, —0.9332).

Case (IV): K = diag(—0.6324,1.4257,1.7671) and I" = diag(—1.5553, 0.5000, —1.4020).

For these cases, the maximum allowable bounds on time delays for different value of «
are given in Table 1, respectively.

For Case I, by taking the parameter a = 0.1 and hyq = 0.5, we get Theorem 3.2 remains
feasible for any delay time h < 4.0082. In case of h = 4.0082, solving Theorem 3.2 yields
the following set of feasible solutions

[ 44.0466 1.3716  0.7087 | [ 34.5449 —0.1520 2.1352 |
P=| 13716 37.8747 1.6734 |, Q= | —0.1520 22.0457 —0.4715 |,
0.7087 1.6734 46.3251 2.1352 —0.4715 33.4641
9.9987 0.1010 —0.0064 2.1499  —0.0297  0.0020
R= 0.1010 9.9888 0.0610 |, Z=| —0.0297 2.1906 —0.0184 |,
—0.0064 0.0610 9.9537 0.0020 —0.0184 2.1442
[ 1.1029 0.0005 —0.0027 | —0.0065 0.0014 —0.0001
X; = | 0.0005 1.1512 0.0010 |, Xp= | 0.0014 —0.0083 0.0009 |,
0.0027 0.0010 1.1048 —0.0001  0.0009 —0.0062
[ —0.0180 0.0039 —0.0003 ] [ 1.6180 0.0107 —0.0007
X3 = 0.0039 —0.0230 0.0024 |, Xe= | 0.0107 1.618 0.0064 |,
—0.0003  0.0024 —0.0172 —0.0007 0.0064 1.6124

[ 0.0173  —0.0037 0.0003 ] [ 1.0768 —0.0156 0.0012
Xoz = | —0.0037 0.0222 —0.0023 |, X33 = | —0.0156 1.0974 —0.0097 |,
0.0003 —0.0023 0.0166 0.0012 —0.0097 1.0737
[4.0052 0.9246 0.3912 0.4075 —0.0460 0.1188
Yii= | 0.9246 3.7491 0.2378 |, Yio= | 0.3571 0.0640 0.0355 |,
0.3912 0.2378 3.9254 0.0820 —0.1030 0.3842
[ —0.0099 0.0067  0.0007 ] [ 1.1805 0.0011  0.0161
Vis= | 0.0052 —0.0132 0.0022 |, Yee = | 0.0011 1.1580 —0.0137 |,
0.0011  0.0026 —0.0094 0.0161 —0.0137 1.1569
[ 0.0190 —0.0026 0.0004 | [ 1.0769 —0.0154 0.0012
Yoz = | —0.0040 0.0233 —0.0027 |, Y= | —0.0154 1.0972 —0.0098 |,
0.0007 —0.0024 0.0184 0.0012  —0.0098 1.0740
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1.4701 0 0 13.7953 0 0
S = 0 1.4132 0 , U= 0 16.0365 0 ,
0 0 3.2164 0 0 13.3682
14.6677 0 0
V= 0 10.2710 0 , € =1.6995.
0 0 10.8685

Moreover, for various «, the computed maximum allowable delay bound (MADB), A,
which guarantee the stability of system (31), are listed in Table 1, which also illustrates
the merits of the method proposed in this paper. It clearly shows the superiority of our
results to those from [44].

TABLE 1. MADB h for various hg = 0.5 in Example 4.1

Case o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Case (T) [44] 2.3015 | 1.5484 | 1.1078 | 0.8197 | 0.6393 | 0.5190 | 0.4330 | 0.3686
Theorem 3.2 | 4.0082 | 3.9871 | 3.9510 | 3.8995 | 3.8420 | 3.7782 | 3.7117 | 3.6450
Case (I1) [44] 1.1197 | 0.7362 | 0.4960 | 0.3254 | 0.2224 | 0.1536 | 0.1044 | 0.0675
Theorem 3.2 | 2.8982 | 2.1560 | 1.6510 | 1.1250 | 0.8366 | 0.7782 | 0.7091 | 0.5046
Case (ITT) [44] 2.6785 | 1.9373 | 1.4481 | 1.1120 | 0.8696 | 0.6904 | 0.5601 | 0.4621
Theorem 3.2 | 3.7865 | 3.1566 | 2.6790 | 2.5250 | 2.4659 | 2.1782 | 2.0991 | 1.9846
Case (IV) [44] 1.4744 1 1.0581 | 0.7778 | 0.5823 | 0.4494 | 0.3546 | 0.2842 | 0.2291
Theorem 3.2 | 3.4955 | 3.0966 | 2.5788 | 2.3250 | 2.2659 | 2.1622 | 1.9998 | 1.8835

It is noted that all the elements of K and I' in Case (I) are positive, while in Case (II)
they are negative. In Case (III), it is easy to see that K = —I', which just the case is
where the activation functions satisfying (4). In Case (IV), neither K nor I' is required to
be positive definite or negative definite, and the two matrices are only required to satisfy
K >T. We say that the elements of the two matrices in Case (IV) are very free. The
numerical results in such tables illustrate the effectiveness of the delay-dependent stability
criteria proposed in Theorem 3.2. It also can be seen from Table 1 that maximum allowable
delay bound (MADB) h decreases as « increases. This shows that the uncertainty affects
the maximum time delay for stability.

Example 4.2. Consider a delayed recurrent neural network with parameters as follows:

i(t) = —Cua(t) + Ag(z(t)) + Bg(x(t — h(t))) (32)
where
1.3 0 0 1.2 06 1.1 1.7 1.2 1.3
C= 0O 1.1 0 , A=1[104 08 12|, B=1]14 09 1.1
0O 0 15 0.5 09 1.0 0.2 1.5 0.7

Solution: The neuron activation functions are assumed to satisfy Assumption 2.1 with
ki =k =ks =k, V1 =7 = 7V3 =, where k and 7 are some scalars satisfying k > ~.
For different choices of k£ and ~. Table 2 gives the maximum allowable bounds on time
delays based on Theorem 3.1. For this case, it can be verified that the stability conditions
in [34] are not applicable when b4 > 0.4 and the stability conditions in [1,7,31,41,48] are
not applicable when b4 > 1. This implies that for this example the stability condition
in Theorem 3.1 in this paper is less conservative than those in [6,8,20,22,34,35,46]. If
the upper bound of the derivative of time-varying delay hy is unknown and k; = ky =
ks = 0.3,71 = 72 = 73 = —0.3, by Corollary 3.1 in this paper, we have that the delayed
recurrent neural network under consideration is asymptotically stable for any time varying
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delay h(t) satisfying 0 < h(t) < 1.1132. By using the Matlab LMI toolbox, we solve LMIs

(29) for the case h = 1.1132, and obtain:

[ 0.5280 —0.4131 —0.5876 | 0.4817 —0.2705 —0.3968
P=| —04131 04795 04913 |, R=| —0.2705 0.3872 0.1917 |,
—0.5876  0.4913  0.9563 —0.3968 0.1917  0.6262
[ 0.2857 —0.2237 —0.3081 | 0.5763 —0.1598 —0.2481
Z =1 -02237 02756 02625 |, Yvii=| —0.1598 0.4577 0.2557 |,
—0.3081 0.2625  0.5001 —0.2481 0.2557  0.7376
[ —0.1053 0.0591  0.0701 [ —0.0465 0.0176  0.0131
Yiz=| 0.0631 —0.1266 —0.0528 |, VYi3= | 0.0228 —0.0683 —0.0058
0.0673 —0.0465 —0.1722 0.0105  0.0018 —0.0668
[ 0.1619 —0.1174 —0.1557 | [ 0.1411  —0.0955 —0.1274 ]
Yoo = | —0.1174 0.1641  0.1268 |, Yez = | —0.0960 0.1460  0.1050
—0.1557 0.1268  0.2765 —0.1294 0.1062  0.2484
[ 0.2075 —0.1527 —0.2100 | 0.0302 0 0 i
Yazs = | —0.1527 0.2066 0.1783 |, S = 0 00362 0 :
—0.2100 0.1783  0.3698 0 0  0.0366
9.7400 0 0 : 0.3779 0 0
U= 0 71528 0 . V= 0 05283 0
0 0  6.2620 0 0  0.8284
TABLE 2. MADB # for various by = 0.5 in Example 4.2
Caseo k=03 ] k=03 [k=03[k=03] k=0 |k=—-0.1
vy=—-03|yvy=-01| v=0 |[vy=02|yv=-03|v=-0.3
[44] 0.5952 | 0.8636 | 0.9348 | 1.0665 | 1.2455 | 1.2896
Theorem 3.1 | 0.8337 | 2.5223 | 3.6734 | 4.4561 | 6.4379 | 6.5265

Figure 1 shows the state response of Example 4.2 with constant delay A = 1.1132, when
the initial value'is [ =1 1 —1]".

Example 4.3. Consider a delayed recurrent neural network with parameters as follows:
i(t) = —Cu(t) + Ag(x(t)) + Bg(z(t — h(t))) (33)

[ 1.2769
0

where
0

0.6321
0 0
0 0
[ —0.0370  0.4852
—~1.6033  0.5988
0.3394 —0.0860
—0.1311  0.3253  —0.9534
[ 0.8674 —1.2405 —0.5325
0.0474 —0.9164 0.0360
1.8495  2.6117 —0.3788 0.8428 |’
—2.0413 05179  1.1734 —0.2775
K = diag(0.1137,0.1279, 0.7994, 0.2368), ]
I'= diag(%, Y2, Vs, '74).

0

0
0.9230

0

0

0

O Y
0.4480
—0.3351
—0.3224
—0.3824

0.2336 |
1.2352

—0.5785 |’
—0.5015
0.0220

B 0.9816
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Time delay 1.1132 sec

1
\ x1
0.8 x2 [
———-X3
0.6
0.4

fooeeeened

Output x1,x2

T
0.6 ’
|

o

0 2 4 6 8 10 12 14 16 18 20
Time(sec)

F1GURE 1. The simulation of Example 4.2 for h = 1.1132 sec

Solution: For 7; = 7, = 73 = 74 = 0, Table 3 provides some comparisons of the maxi-
mum allowable delay bounds in the results of this paper and [6,8,20,22,35,46]. From Table
3, the RNN with time-varying delay in this example is asymptotically stable, which shows
that the delay-dependent stability condition in this paper is satisfied. This implies that for
this example the delay dependent stability condition in Theorem 3.1 is less conservative
than those in [6,8,20,22,35,46].

TABLE 3. Comparisons of the MADB & for Example 4.3

Method | [35] | [6,29] 8] [22] [46] [20] | Theorem 3.1
h 1.4224 1 1.9321 | 3.5841 | 3.5891 | 3.6156 | 4.0120 7.2154

For 71 = 0.1, ¥ = 73 = 0, 74 = —0.2, the MADB h that guarantees the delayed NNs
to be asymptotically stable is calculated to be 7.1056. If we use Theorem 1 in [20], we
can calculate the maximum allowable delay bound (MADB) h = 3.3668, which is smaller
than the result obtained by our methods. Therefore, our method is less conservative in

some degree than that in [20].

Example 4.4. Consider a delayed recurrent neural network with parameters as follows:

i(t) = —Cx(t) + Ag(x(t)) + Bg(x(t — h(?))) (34)
wec=[2 0], a=[1, 1] s [081)

The neuron activation functions are assumed to satisfy Assumption 2.1 with
K= d1ag{04, 08}, I'= diag{”h, P)/Q}
Solution: For 7, =72 = 0, and hq = 0, by applying the results in [9,11,14,20,22] to this
example, the MADB 7 are listed in Table 4. For 7; = 0.2, 75 = —0.1, the MADB & that
guarantees the system (34) to be asymptotically stable is calculated to be h = 1.1380 in

[20], which is 2 = 9.6185 by using Theorem 3.1 in this paper. It is seen that our results
improve the existing results [9,11,14,20,22].
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TABLE 4. Comparisons of the MADB h for Example 4.4

Method | [9,14] | [11,22] | [20] | Theorem 3.1
h 0.8298 | 1.0880 | 1.1345 12.9895

5. Conclusions. In this paper, we present an improved robust delay-dependent stability
criterion for RNNs with time-varying delays. A modified Lyapunov-Krasovskii functional
which is represented by a convex combination is provided for the stability analysis. Then,
a novel criterion for the stability of the RNNs is derived in terms of LMIs. The criterion
without free-weighting matrices is less conservative than ones in the literature. Finally,
several examples are given to show the superiority of our proposed stability conditions.
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