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Abstract. This paper discusses the state feedback control problem for a class of non-
linear systems with low-order and high-order nonlinearities, and multiple time-varying
delays. The introduction of sign function together with the method of adding a power in-
tegrator and Lyapunov-Krasovskii theorem makes the closed-loop system globally asymp-
totically stable.
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1. Introduction. Consider a class of nonlinear systems:

ẋi(t) = xpi
i+1(t) + fi(t, x(t), x1(t− τ1(t)), · · · , xn(t− τn(t))), i = 1, · · · , n− 1,

ẋn(t) = upn(t) + fn(t, x(t), x1(t− τ1(t)), · · · , xn(t− τn(t))), (1)

where x(t) = [x1(t), · · · , xn(t)]
> ∈ Rn and u(t) ∈ R are the system state and control input,

respectively. For i = 1, · · · , n, τi(t) : R+ → R+ is time-varying delay with 0 ≤ τi(t) ≤ εi,
where εi is a positive constant, pi ∈ R≥1

odd , {p
q
∈ R+: p and q are odd integers, p ≥ q},

fi : R
+ × Rn × Rn → R is an unknown continuous function. The initial value x0(θ) is a

continuous function on θ ∈ [−τ, 0] with τ = max{ε1, · · · , εn}.
In recent years, the global stabilization for system (1) with both lower-order and higher-

order nonlinearities has become a hot topic being studied. In the latest papers [1, 2],
the authors discussed that these two papers encompass and substantially generalize the
existing results in [3-9].

In [1, 2], the following condition on the uncertain term fi is assumed:

|fi(·)| ≤ c

i∑
j=1

(
|xj|

1
pj ···pi−1 + |xj|

ri+ω

rj

)
, (2)

where r1 = 1, ripi−1 = ri−1 + ω, i = 1, · · · , n. However, (2) needs the condition of ω = s
o

with s being an even integer and o being an odd integer, which results in ri+ω
rj

in (2) being

always a ratio of odd integers. Naturally, an interesting problem may be proposed:

Is it possible to relax the assumption on ω in (2)? Under the weaker assumption, can
one design a stabilizing controller?
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In this paper, by introducing the sign function approach, and overcoming several trou-
blesome obstacles in the design and analysis procedure, we focus on solving the above
problem under the assumption of the restriction on ω being relaxed to any real number.

2. Mathematical Preliminaries. The following notations and lemmas are to be used
throughout the paper.
Notations: R+ stands for the set of all the nonnegative real numbers. For any vector

x = [x1, · · · , xn]
> ∈ Rn, denote x̄i , [x1, . . . , xi]

> ∈ Ri, i = 1, . . . , n−1, ‖x‖ ,
√∑n

i=1 x
2
i ,

xt , x(t + θ), θ ∈ [−τ, 0], and ‖xt‖C , sup−τ≤θ≤0 ‖x(t + θ)‖, ∀t ≥ 0. Use c or c(h̄i) to

represent any positive constant or constant dependent on [h1, · · · , hi]
>, which may be

implicitly changed from place to place. A sign function sgn(x) is defined as: sgn(x) = 1
if x > 0, sgn(x) = 0 if x = 0, and sgn(x) = −1 if x < 0. The arguments of functions
(or functionals) are sometimes omitted or simplified; for instance, we sometimes denote a
function f(x(t)) by f(x), f(·), or f .

Lemma 2.1. [10] For x, y ∈ R, p ≥ 1 is a constant, then |x + y|p ≤ 2p−1|xp + yp|,
(|x|+|y|)

1
p ≤ |x|

1
p+|y|

1
p . If p ∈ R≥1

odd, then |x−y|p ≤ 2p−1|xp−yp|, |x
1
p−y

1
p | ≤ 21−

1
p |x−y|

1
p .

Lemma 2.2. [10] Let m,n be positive constants. Given any positive number γ > 0, then
|x|m|y|n ≤ m

m+n
γ|x|m+n + n

m+n
γ−m

n |y|m+n.

Lemma 2.3. [11] For the continuous function f : [a, b] → R (a ≤ b), if it is monotonically

increasing and satisfies f(a) = 0, then |
∫ b

a
f(x)dx| ≤ |f(b)||b− a|.

Lemma 2.4. f(x) = sgn(x)|x|a is continuously differentiable and satisfies ḟ(x) = a|x|a−1,
where a ≥ 1, x ∈ R.

Proof: See the Appendix. �
Lemma 2.5. [2] Let 0 ≤ µ1 ≤ · · · ≤ µn be real numbers and cj > 0, j = 1, · · · , n. Then
for any x ∈ R, one has c1|x|µ1 + cn|x|µn ≤

∑n
j=1 cj|x|µj ≤ (

∑n
j=1 cj)(|x|µ1 + |x|µn).

3. Design of State Feedback Controller.

3.1. Problem formulation. In this paper, we need the following assumptions:

Assumption 3.1. For each i = 1, · · · , n and any ω > 0, there exists a known constant
M such that

|fi(t, x(t), x1(t− τ1(t)), · · · , xn(t− τn(t)))|

≤ M
i∑

j=1

(
|xj(t)|

1
pj ···pi−1 + |xj(t− τj(t))|

1
pj ···pi−1 + |xj(t)|

ri+ω

rj + |xj(t− τj(t))|
ri+ω

rj

)
,

where

r1 = 1, ri+1 =
ri + ω

pi
, i = 1, · · · , n. (3)

Assumption 3.2. For τi(t), i = 1, · · · , n, there is a constant δi such that τ̇i(t) ≤ δi < 1.

Remark 3.1. Compared with Assumption 1 in [2], two ingredients make the assumption
in this paper much weaker. One is that the restriction on ω is removed. In (2), ω = s

o

with s being an even integer and o being an odd integer results in ri+ω
rj

always being a

ratio of odd integers. The other is the appearance of multiple time-varying delays in state
variables. �
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3.2. State feedback controller design. We now design a state feedback controller to
stabilize system (1) under Assumptions 3.1 and 3.2.

Step 1: Define z1(t) = x1(t) and σ = rn+1p1 · · · pn , and choose

V1(t, z1t) =
z21
2

+
r1

2σ − ω
|z1|

2σ−ω
r1 +

b1
1− δ1

∫ t

t−τ1(t)

(
z21(s) + z

2σ
r1
1 (s)

)
ds

+
c1

1− δ2

∫ t

t−τ2(t)

(
z21(s) + z

2σ
r1
1 (s)

)
ds, (4)

where b1, c1 are positive constants. (4) and 0 ≤ τi(t) ≤ εi imply that

V1(t, z1t) ≥
z21
2

+
r1

2σ − ω
|z1|

2σ−ω
r1 , π11(‖z1‖),

V1(t, z1t) ≤
‖z1t‖2C

2
+

r1
2σ − ω

‖z1t‖
2σ−ω
r1

C +

(
b1ε1
1− δ1

+
c1ε2
1− δ2

)
≤
(
‖z1t‖2C + ‖z1t‖

2σ
r1
C

)
, π12(‖z1t‖C), (5)

where π11(·), π12(·) are class K∞ functions.
From Lemma 2.2 and Assumption 3.1, it follows that(

z1 + sgn(z1)|z1|
2σ−r2p1

r1

)
f1

≤ c
(
z1 + sgn(z1)|z1|

2σ−r2p1
r1

)(
|z1|+ |z1|

r2p1
r1 + |z1(t− τ1(t))|+ |z1(t− τ1(t))|

r2p1
r1

)
≤ λ1(b̄11)

(
z21 + z

2σ
r1
1

)
+ b̄11

(
z21(t− τ1(t)) + z

2σ
r1
1 (t− τ1(t))

)
, (6)

where 0 < b̄11 < b1, λ1(b̄11) > 0. By (1), (4), (6) and Assumption 3.2, we have

V̇1 ≤ −b1

(
z21(t− τ1(t)) + z

2σ
r1
1 (t− τ1(t))

)
− c1

(
z21(t− τ2(t)) + z

2σ
r1
1 (t− τ2(t))

)
+

(
b1

1− δ1
+

c1
1− δ2

)(
z21 + z

2σ
r1
1

)
+
(
z1 + sgn(z1)|z1|

2σ−r2p1
r1

)
αp1
1

+
(
z1 + sgn(z1)|z1|

2σ−r2p1
r1

)
(xp1

2 − αp1
1 ) +

(
z1 + sgn(z1)|z1|

2σ−r2p1
r1

)
f1

≤ −b11

(
z21(t− τ1(t)) + z

2σ
r1
1 (t− τ1(t))

)
− c11

(
z21(t− τ2(t)) + z

2σ
r1
1 (t− τ2(t))

)
+

(
λ1(b̄11) +

b1
1− δ1

+
c1

1− δ2

)(
z21 + z

2σ
r1
1

)
+
(
z1 + sgn(z1)|z1|

2σ−r2p1
r1

)
αp1
1

+
(
z1 + sgn(z1)|z1|

2σ−r2p1
r1

)
(xp1

2 − αp1
1 ), (7)

where b11 = b1 − b̄11, c11 = c1. Then the first virtual controller α1 defined by

α1(z1) = −h
1
p1
1

(
z1 + sgn(z1)|z1|

r2p1
r1

) 1
p1 , (8)

results in

V̇1 ≤ −a11

(
z21 + z

2σ
r1
1

)
− b11

(
z21(t− τ1(t)) + z

2σ
r1
1 (t− τ1(t))

)
−c11

(
z21(t− τ2(t)) + z

2σ
r1
1 (t− τ2(t))

)
+
(
z1 + sgn(z1)|z1|

2σ−r2p1
r1

)
(xp1

2 − αp1
1 ) (9)

where h1 = a11 + λ1(b̄11) +
b1

1−δ1
+ c1

1−δ2
, a11 > 0.

Step k (k = 2, · · · , n): We start with the following proposition:
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Proposition 3.1. Suppose that there is a continuously differentiable Lyapunov-Krasovs-
kii functional Vk−1(t, z̄k−1,t) satisfying

πk−1,1(‖z̄k−1‖) ≤ Vk−1(t, z̄k−1,t) ≤ πk−1,2(‖z̄k−1,t‖C), (10)

and a series of continuous virtual controllers α2, · · · , αk−1 defined by

zi(t) = x
p1···pi−1

i − α
p1···pi−1

i−1 (zi−1(t)),

αi(zi(t)) = −h
1

p1···pi
i

(
zi(t) + sgn(zi(t))|zi(t)|

ri+1pi
ri

) 1
p1···pi , i = 2, · · · , k − 1, (11)

such that

V̇k−1(t, z̄k−1,t)

≤ −
k−1∑
j=1

ak−1,j

(
z2j + z

2σ
rjp1···pj−1

j

)
−

k−1∑
j=1

bk−1,j

(
z2j (t− τj(t)) + z

2σ
rjp1···pj−1

j (t− τj(t))

)

−
k−1∑
j=1

ck−1,j

(
z2j (t− τj+1(t)) + z

2σ
rjp1···pj−1

j (t− τj+1(t))

)
+

(
sgn(zk−1)|zk−1|

2σ−rkpk−1
rk−1p1···pk−2

+z
2− 1

p1···pk−2

k−1

)
(x

pk−1

k − α
pk−1

k−1 ), (12)

where πk−1,1(·), πk−1,2(·) are class K∞ functions, hi, i = 2, · · · , k−1, ak−1,j, bk−1,j, ck−1,j,
j = 1, · · · , k − 1, are positive constants. Then, by defining zk = x

p1...pk−1

k − α
p1...pk−1

k−1 , the
kth functional

Vk(t, z̄kt) = Vk−1(t, z̄k−1,t) +WLk(z̄k) +WHk(z̄k) +WDk(t, z̄kt) (13)

is continuously differentiable and satisfies

πk1(‖z̄k‖) ≤ Vk(t, z̄kt) ≤ πk2(‖z̄kt‖C), (14)

and one can design a controller αk(zk) = −h
1

p1···pk
k

(
zk + sgn(zk)|zk|

rk+1pk
rk

) 1
p1···pk

such that

V̇k(t, z̄kt) ≤ −
k∑

j=1

akj

(
z2j + z

2σ
rjp1···pj−1

j

)
−

k∑
j=1

bkj

(
z2j (t− τj(t)) + z

2σ
rjp1···pj−1

j (t− τj(t))

)

−
k∑

j=1

ckj

(
z2j (t− τj+1(t)) + z

2σ
rjp1···pj−1

j (t− τj+1(t))

)
+

(
sgn(zk)|zk|

2σ−rk+1pk
rkp1···pk−1

+z
2− 1

p1···pk−1

k

)
(xpk

k+1 − αpk
k ), (15)

πk1(·), πk2(·) are class K∞ functions, akj, bkj, ckj, j = 1, · · · , k, are positive constants,

WLk(·) =
∫ xk

αk−1

(
sp1···pk−1 − α

p1···pk−1

k−1

)2− 1
p1···pk−1 ds,

WHk(·) =
∫ xk

αk−1

sgn
(
sp1···pk−1 − α

p1···pk−1

k−1

) ∣∣sp1···pk−1 − α
p1···pk−1

k−1

∣∣ 2σ−rk+1pk
rkp1···pk−1 ds,

WDk(·) =

(
bk
∫ t

t−τk(t)

1− δk
+

ck
∫ t

t−τk+1(t)

1− δk+1

)(
z2k(s) + z

2σ
rkp1···pk−1

k (s)

)
ds, bk, ck > 0. (16)

Proof: See the Appendix. �



FURTHER RESULTS ON GLOBAL STATE FEEDBACK STABILIZATION 4393

Hence, at step n, by choosing Vn(·) = Vn−1(·) +WLn(·) +WHn(·) +WDk(·), designing
appropriate constants such that anj > 0, bnj = cnj = 0, j = 1, · · · , n, and constructing
the controller as

u(t) = αn(zn(t)) = −h
1

p1···pn
n

(
zn + sgn(zn)|zn|

rn+1pn
rn

) 1
p1···pn , (17)

it is easy to get

V̇n ≤ −
n∑

j=1

anj

(
z2j + z

2σ
rjp1···pj−1

j

)
. (18)

4. Stability Analysis. We state the main result in this paper.

Theorem 4.1. If Assumptions 3.1 and 3.2 hold for system (1), under the continuous
state feedback controller (17), then the equilibrium at the origin of the closed-loop system
is globally asymptotically stable.

Proof: Firstly, by the existence and continuation of the solutions, the states x(t) and
z(t) are defined on [−τ, tM ], where the number tM may be infinite or not. The following
analysis focuses on [−τ, tM ]. Secondly, from Proposition 3.1, we know that

πn1(‖z(t)‖) ≤ Vn(t, zt) ≤ πn2(‖zt‖C), (19)

where πn1(·), πn2(·) are class K∞ functions. (18) and Lemma 4.3 in [12] imply that there
exists a class K∞ function πn3(·) such that

V̇ (t, zt) ≤ −πn3(‖z(t)‖). (20)

Thirdly, for any ε > 0, since πn1(·) is a class K∞ function, one can always find a β = β(ε)
satisfying β > ε > 0 such that πn2(ε) ≤ πn1(β). If ‖z0(θ)‖C < ε, (19) and (20) yield

πn1(‖z(t)‖) ≤ Vn(t, zt(θ)) ≤ Vn(0, z0(θ)) ≤ πn2(‖z0(θ)‖C) ≤ πn2(ε) ≤ πn1(β), ∀t ∈ [0, tM ],

which means that ‖z(t)‖ ≤ β, ∀t ∈ [−τ, tM ]. Suppose that tM is finite, then limt→tM ‖z(t)‖
= +∞, which contradicts ‖z(t)‖ ≤ β, ∀t ∈ [−τ, tM ]. Hence, the state z(t) is well defined
on [−τ,+∞), so is x(t).

(19), (20) and Lyapunov-Krasovskii theorem in [13] result in the transformed closed-
loop z-system being globally asymptotically stable at the equilibrium z = 0, which, to-
gether with (11), directly leads to the globally asymptotic stability of the closed-loop
system at the origin x = 0. �

5. Conclusions. By combining the method of adding a power integrator together and
the sign function design approach, this paper further discusses the global stabilization for
a class of high-order nonlinear systems with multiple time-varying delays.

Recently, [14-41] discuss different control problems for stochastic nonlinear systems.
However, all these references only consider the systems with linear or higher-order growth
condition. An important problem is how to give the design and analysis of controller
for stochastic nonlinear systems with both lower-order and higher-order nonlinearities by
adopting this method in this paper.
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Appendix.
Proof of Lemma 2.4: It is easy to verify that f(x) is continuously differentiable

with ḟ(x) = a|x|a−1 (a ≥ 1) for the case of x 6= 0. When x = 0, one can calculate

f ′
+(0) = limx→0+ xa−1 = 0 = limx→0−(−x)a−1 = f ′

−(0), i.e., ḟ(0) = 0. �
Proof of Proposition 3.1: (i) Firstly, by 2− 1

p1···pk−1
≥ 1, 2σ−rk+1pk

rkp1···pk−1
≥ 1 and Lemma

2.4, it is clear that WLk,WLk,WDk are continuously differentiable.
Secondly, when xk > αk−1, from Lemma 2.1, it follows that

WLk(·) ≥ c

∫ xk

αk−1

(s− αk−1)
2p1···pk−1−1ds ≥ c(xk − αk−1)

2p1···pk−1 ,

WHk(·) ≥ c

∫ xk

αk−1

(s− αk−1)
2σ−rk+1pk

rk ds ≥ c|xk − αk−1|
2σ−ω
rk . (21)

Similarly, it can be shown that (21) still holds when xk ≤ αk−1. (16) together with (11),
Lemmas 2.1, 2.3 and Assumption 3.2 implies that
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WLk(·) ≤ |zk|
2− 1

p1···pk−1 |xk − αk−1| ≤ cz2k ≤ c‖z̄kt‖2C,

WHk(·) ≤ |zk|
2σ−rk+1pk
rkp1···pk−1 |xk − αk−1| ≤ c|zk|

2σ−ω
rkp1···pk−1 ≤ c‖z̄kt‖

2σ−ω
rkp1···pk−1

C , (22)

WDk(·) ≤

(
bk

1− δk

∫ t

t−εk

+
ck

1− δk+1

∫ t

t−εk+1

)(
z2k(s) + z

2σ
rkp1···pk−1

k (s)

)
ds

≤
(

bkεk
1− δk

+
ckεk+1

1− δk+1

)(
‖z̄kt‖2C + ‖z̄kt‖

2σ
rkp1···pk−1

C

)
, π̄k2(‖z̄kt‖C), (23)

where π̄k2(·) is a class K∞ function obviously. It follows from (10), (13), (21)-(23) and
WDk(·) ≥ 0 that

Vk(·) ≤ πk−1,2(‖z̄k−1,t‖C) + c‖z̄kt‖2C + c‖z̄kt‖
2σ−ω

rkp1···pk−1

C + π̄k2(‖z̄kt‖C)

≤ πk−1,2(‖z̄kt‖C) + c‖z̄kt‖2C + c‖z̄kt‖
2σ−ω

rkp1···pk−1

C + π̄k2(‖z̄kt‖C)
, πk2(‖z̄kt‖C), (24)

Vk(·) ≥ πk−1,1(‖z̄k−1‖) + c(xk − αk−1)
2p1···pk−1

= πk−1,1(‖z̄k−1‖) + c
(
(zk + α

p1···pk−1

k−1 (zk))
1

p1···pk−1 − αk−1(zk)
)2p1···pk−1

, Wk(z̄k). (25)

Obviously, πk2(·) is a class K∞ function. Next we show thatWk(z̄k) is positive definite and
radially unbounded. On one hand, it is easy to know that Wk(z̄k) ≥ 0 and Wk(z̄k) = 0 if
and only if z̄k = 0. On the other hand, ‖z̄k‖ → +∞ means ‖z̄k−1‖ → +∞ or |zk| → +∞.
When ‖z̄k−1‖ → +∞, we obtain from (25) that Wk(z̄k) ≥ πk−1,1(‖z̄k−1‖) → +∞, ‖zk‖ →
+∞. As for the case of |zk| → +∞ and ‖z̄k−1‖ ≤ M̄ for a finite positive constant M̄ ,
since αk−1(zk−1) is continuous on zk−1 and |zk−1| ≤ ‖z̄k−1‖ ≤ M̄ , we have

Wk(z̄k) ≥ c
((

zk + α
p1···pk−1

k−1 (zk−1)
) 1

p1···pk−1 − αk−1(zk−1)
)2p1···pk−1

→ +∞, ‖z̄k‖ → +∞ (26)

Above analysis implies that Wk(z̄k) is radially unbounded. Hence, there is a class K∞
function πk1(·) such that πk1(‖z̄k(t)‖) ≤ Wk(z̄k) ≤ Vk, which and (24) arrive at (14).
(ii) Using (1), (13), (14), (16) and Assumption 3.2, we have

V̇k

≤ −
k−1∑
j=1

ak−1,j

(
z2j + z

2σ
rjp1···pj−1

j

)
−

k−1∑
j=1

bk−1,j

(
z2j (t− τj(t)) + z

2σ
rjp1···pj−1

j (t− τj(t))

)

−
k−1∑
j=1

ck−1,j

(
z2j (t− τj+1(t)) + z

2σ
rjp1···pj−1

j (t− τj+1(t))

)
− bk

(
z

2σ
rkp1···pk−1

k (t− τk(t))

+z2k(t− τk(t))

)
− ck

(
z2k(t− τk+1(t)) + z

2σ
rkp1···pk−1

k (t− τk+1(t))

)
+

(
bk

1− δk
+

ck
1− δk+1

)(
z2k + z

2σ
rkp1···pk−1

k

)
+

(
z
2− 1

p1···pk−1

k + sgn(zk)|zk|
2σ−rk+1pk
rkp1···pk−1

)
·αpk

k +

(
sgn(zk)|zk|

2σ−rk+1pk
rkp1···pk−1 + z

2− 1
p1···pk−1

k

)
(xpk

k+1 − αpk
k ) + (x

pk−1

k − α
pk−1

k−1 )

·
(
z
2− 1

p1···pk−2

k−1 + sgn(zk−1)|zk−1|
2σ−rkpk−1

rk−1p1···pk−2

)
+

(
sgn(zk)|zk|

2σ−rk+1pk
rkp1···pk−1 + z

2− 1
p1···pk−1

k

)



FURTHER RESULTS ON GLOBAL STATE FEEDBACK STABILIZATION 4397

·fk +
k−1∑
j=1

(
∂WLk

∂xj

+
∂WHk

∂xj

)
· (xpj

j+1 + fj). (27)

Next, we estimate the last three terms on the right-hand side of (27).
First of all, it follows from (11), Lemmas 2.1, 2.2, 2.5 that(

z
2− 1

p1···pk−2

k−1 + sgn(zk−1)|zk−1|
2σ−rkpk−1

rk−1p1···pk−2

)
(x

pk−1

k − α
pk−1

k−1 )

≤ āk,k−1,1

(
z2k−1 + z

2σ
rk−1p1···pk−2

k−1

)
+ λk1(āk,k−1,1)

(
z2k + z

2σ
rkp1···pk−1

k

)
, (28)

where āk,k−1,1 > 0 and λk1(āk,k−1,1) > 0 are constants.
In view of (3), one can deduce that

1

p1 · · · pk−1

≤ rj+1pj
rjp1 · · · pk−1

,
rk+1pk

rjp1 · · · pj−1

,
rk+1pk

rj+1p1 · · · pj
≤ rk+1pk

rjp1 · · · pj−1

, 1 ≤ j ≤ k − 1 (29)

which and (11), (29), Lemmas 2.1, 2.2, 2.5 yield

fk(·) ≤ c(h̄k−1)

( k−1∑
j=1

(
|zj(t− τj+1(t))|

1
p1···pk−1 + |zj(t− τj+1(t))|

rk+1pk
rjp1···pj−1

)

+
k∑

j=1

(
|zj(t)|

1
p1···pk−1 + |zj(t)|

rk+1pk
rjp1···pj−1 + |zj(t− τj(t))|

1
p1···pk−1

+|zj(t− τj(t))|
rk+1pk

rjp1···pj−1

))
. (30)

With the help of (30), Lemmas 2.2, 2.5, and rk+1p1 · · · pk ≤ σ, k = 1, · · · , n, we get(
z
2− 1

p1···pk−1

k + sgn(zk)|zk|
2σ−rk+1pk
rkp1···pk−1

)
fk

≤ c(h̄k−1)

(
|zk|

2− 1
p1···pk−1 + |zk|

2σ−rk+1pk
rkp1···pk−1

)( k∑
j=1

(
|zj(t)|

1
p1···pk−1 + |zj(t)|

rk+1pk
rjp1···pj−1

+|zj(t− τj(t))|
1

p1···pk−1 + |zj(t− τj(t))|
rk+1pk

rjp1···pj−1

)
+

k−1∑
j=1

(
|zj(t− τj+1(t))|

1
p1···pk−1

+|zj(t− τj+1(t))|
rk+1pk

rjp1···pj−1

))

≤
k−2∑
j=1

ākj1

(
z2j + z

2σ
rjp1···pj−1

j

)
+

k∑
j=1

b̄kj1

(
z2j (t− τj(t)) + z

2σ
rjp1···pj−1

j (t− τj(t))

)

+āk,k−1,2

(
z2k−1 + z

2σ
rk−1p1···pk−2

k−1

)
+

k−1∑
j=1

c̄kj1

(
z2j (t− τj+1(t)) + z

2σ
rjp1···pj−1

j (t− τj+1(t))

)
+λk2(āk11, · · · , āk,k−1,2, bk11, · · · , bkk1, ck11, · · · , ck,k−1,1, h̄k−1)

(
z2k + z

2σ
rkp1···pk−1

k

)
(31)

where āk11, · · · , āk,k−2,1, āk,k−1,2, b̄k11, · · · , b̄kk1, c̄k11, · · · , c̄k,k−1,1, and λk2(āk11, · · · , āk,k−2,1,
āk,k−1,2, b̄k11, · · · , b̄kk1, c̄k11, · · · , c̄k,k−1,1, h̄k−1) are some positive constants to be designed.
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By (11), (16) and Lemmas 2.1, 2.3, we have

k−1∑
j=1

(
∂WLk

∂xj

+
∂WHk

∂xj

)
(x

pj
j+1 + fj)

= −
∫ xk

αk−1

(
2p1 · · · pk−1 − 1

p1 · · · pk−1

·
(
sp1···pk−1 − α

p1···pk−1

k−1

)1− 1
p1···pk−1 +

2σ − rk+1pk
rkp1 · · · pk−1

·
∣∣sp1···pk−1 − α

p1···pk−1

k−1

∣∣ 2σ−rk+1pk
rkp1···pk−1

−1

)
ds ·

k−1∑
j=1

∂α
p1···pk−1

k−1

∂xj

(x
pj
j+1 + fj)

≤ c
(
|zk|+ |zk|

2σ−ω
rkp1···pk−1

−1
)
·
k−1∑
j=1

∣∣∣∣∂αp1···pk−1

k−1

∂xj

∣∣∣∣ (|xpj
j+1|+ |fj|)

≤ c
(
|zk|+ |zk|

2σ−ω
rkp1···pk−1

−1
)
·
k−1∑
j=1

|xj|p1···pj−1−1(|xpj
j+1|+ |fj|)

k−1∏
l=j

(
1 + |zl|

ω
rl

)
. (32)

Next, we will prove that for j = 1, · · · , k − 1, k = 2, · · · , n or j = 1, · · · , n − 1,
k = j + 1, · · · , n,

|xj|p1···pj−1−1(|xpj
j+1|+ |fj|)

k−1∏
l=j

(
1 + |zl|

ω
rl

)
≤ c(h̄j−1)

(
k∑

i=1

(
|zi|+ |zi|

rkp1···pk−1+ω

rip1···pi−1

)
+

j∑
i=1

(
|zi(t− τi(t))|+ |zi(t− τi(t))|

rkp1···pk−1+ω

rip1···pi−1

)
+

j−1∑
i=1

(
|zi(t− τi+1(t))|+ |zi(t− τi+1(t))|

rkp1···pk−1+ω

rip1···pi−1

))
. (33)

The conclusion can be proved by an inductive argument on k.
First of all, by (11), (30) and Lemmas 2.2, 2.5, then for j = 1, · · · , n−1, k = j+1, · · · , n,

|xj|p1···pj−1−1(|xpj
j+1|+ |fj|)

k−1∏
l=j

(
1 + |zl|

ω
rl

)
≤ c(h̄j−1)

(
|zj|

1− 1
p1···pj−1 + |zj−1|

1− 1
p1···pj−1 + |zj−1|

rj(p1···pj−1−1)

rj−1p1···pj−2

)
·

(
j∑

l=1

(
|zl|

1
p1···pj−1 + |zl|

rj+1pj
rlp1···pl−1 + |zl(t− τl(t))|

1
p1···pj−1 + |zl(t− τl(t))|

rj+1pj
rlp1···pl−1

)
+|zj+1|

1
p1···pj−1 +

j−1∑
l=1

(
|zl(t− τl+1(t))|

1
p1···pj−1 + |zl(t− τl+1(t))|

rj+1pj
rlp1···pl−1

))

·
k−1∏
l=j

(
1 + |zl|

ω
rl

)
. (34)

For any j ∈ {1, 2, · · · , n− 1}, when k = j + 1, (34) and Lemmas 2.2, 2.5 imply that(
1 + |zj|

ω
rj

)
|xj|p1···pj−1−1(|xpj

j+1|+ |fj|)

≤ c(h̄j−1)
(
1 + |zj|

ω
rj

)(
|zj|

1− 1
p1···pj−1 + |zj−1|

1− 1
p1···pj−1 + |zj−1|

rj(p1···pj−1−1)

rj−1p1···pj−2

)
·

(
j∑

l=1

(
|zl|

1
p1···pj−1 + |zl|

rj+1pj
rlp1···pl−1 + |zl(t− τl(t))|

1
p1···pj−1 + |zl(t− τl(t))|

rj+1pj
rlp1···pl−1

)
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+

j−1∑
l=1

(
|zl(t− τl+1(t))|

1
p1···pj−1 + |zl(t− τl+1(t))|

rj+1pj
rlp1···pl−1

)
+ |zj+1|

1
p1···pj−1

)

≤ c(h̄j−1)

(
j+1∑
l=1

(
|zl|+ |zl|

rj+1p1···pj+ω

rlp1···pl−1

)
+

j∑
l=1

(
|zl(t− τl(t))|+ |zl(t− τl(t))|

rj+1p1···pj+ω

rlp1···pl−1

)
+

j−1∑
l=1

(
|zl(t− τl+1(t))|+ |zl(t− τl+1(t))|

rj+1p1···pj+ω

rlp1···pl−1

))
, (35)

which means that (33) holds for k = j + 1.
Suppose that (33) holds for k = m, j + 1 ≤ m ≤ n. Then when k = m + 1, it can be

shown from (34) and Lemmas 2.2, 2.5 that

|xj|p1···pj−1−1(|xpj
j+1|+ |fj|)

m∏
l=j

(
1 + |zl|

ω
rl

)
≤ c(h̄j−1)(1 + |zm|

ω
rm )

(
j−1∑
i=1

(
|zi(t− τi+1(t))|+ |zi(t− τi+1(t))|

rmp1···pm−1+ω

rip1···pi−1

)
+

m∑
i=1

(
|zi|+ |zi|

rmp1···pm−1+ω

rip1···pi−1

)
+

j∑
i=1

(
|zi(t− τi(t))|+ |zi(t− τi(t))|

rmp1···pm−1+ω

rip1···pi−1

))

≤ c(h̄j−1)

(
m+1∑
i=1

(
|zi|+ |zi|

rm+1p1···pm+ω

rip1···pi−1

)
+

j∑
i=1

(
|zi(t− τi(t))|+ |zi(t− τi(t))|

rm+1p1···pm+ω

rip1···pi−1

)
+

j−1∑
i=1

(
|zi(t− τi+1(t))|+ |zi(t− τi+1(t))|

rm+1p1···pm+ω

rip1···pi−1

))
, (36)

which implies that (33) holds for k = m+ 1.
(32) and (33) together with Lemmas 2.2, 2.5 arrive at

k−1∑
j=1

(
∂WLk

∂xj

+
∂WHk

∂xj

)
(x

pj
j+1 + fj)

≤ c(h̄k−2)
k−1∑
j=1

(
|zk|+ |zk|

2σ−ω
rkp1···pk−1

−1
)( j∑

i=1

(
|zi(t− τi(t))|+ |zi(t− τi(t))|

rkp1···pk−1+ω

rip1···pi−1

)

+
k∑

i=1

(
|zi|+ |zi|

rkp1···pk−1+ω

rip1···pi−1

)
+

j−1∑
i=1

(
|zi(t− τi+1(t))|+ |zi(t− τi+1(t))|

rkp1···pk−1+ω

rip1···pi−1

))

≤
k−2∑
j=1

ākj2

(
z2j + z

2σ
rjp1···pj−1

j

)
+

k∑
j=1

b̄kj2

(
z2j (t− τj(t)) + z

2σ
rjp1···pj−1

j (t− τj(t))

)

+āk,k−1,3

(
z2k−1 + z

2σ
rk−1p1···pk−2

k−1

)
+

k−1∑
j=1

c̄kj2

(
z2j (t− τj+1(t)) + z

2σ
rjp1···pj−1

j (t− τj+1(t))

)
+λk3(āk12, · · · , āk,k−1,3, b̄k12, · · · , b̄kk2, c̄k12, · · · , c̄k,k−1,2, h̄k−2)

(
z2k + z

2σ
rkp1···pk−1

k

)
(37)
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where āk12, · · · , āk,k−2,2, āk,k−1,3, b̄k12, · · · , b̄kk2, c̄k12, · · · , c̄k,k−1,2 > 0 and λk3(āk12, · · · ,
āk,k−2,2, āk,k−1,3, b̄k12, · · · , b̄kk2, c̄k12, · · · , c̄k,k−1,2, h̄k−2) > 0 are some constants to be de-
signed. Substituting (28)-(31) and (37) into (27), we get

V̇k ≤ −
k−1∑
j=1

akj

(
z2j + z

2σ
rjp1···pj−1

j

)
+

(
z
2− 1

p1···pk−1

k + sgn(zk)|zk|
2σ−rk+1pk
rkp1···pk−1

)
αpk
k

+

(
λk(āk11, · · · , c̄k,k−1,2, h̄k−1) +

bk
1− δk

+
ck

1− δk+1

)
·
(
z2k + z

2σ
rkp1···pk−1

k

)
−

k∑
j=1

bkj

(
z2j (t− τj(t)) + z

2σ
rjp1···pj−1

j (t− τj(t))

)

−
k∑

j=1

ckj

(
z2j (t− τj+1(t)) + z

2σ
rjp1···pj−1

j (t− τj+1(t))

)
+

(
sgn(zk)|zk|

2σ−rk+1pk
rkp1···pk−1 + z

2− 1
p1···pk−1

k

)
(xpk

k+1 − αpk
k ), (38)

and constants satisfy

akj =
{

ak−1,j − ākj1 − ākj2 > 0, j = 1, · · · , k − 2
ak−1,j − āk,k−1,1 − āk,k−1,2 − āk,k−1,3 > 0, j = k − 1 ,

bkj =
{

bk−1,j − b̄kj1 − b̄kj2 > 0, j = 1, · · · , k − 1
bk − b̄kk1 − b̄kk2 > 0, j = k

, ckj =
{ ck−1,j − c̄kj1 − c̄kj2 > 0,

j = 1, · · · , k − 1
ck > 0, j = k

,

λk(āk11, · · ·, c̄k,k−1,2, h̄k−1) = λk1 + λk2(āk11, · · ·, c̄k,k−1,1, h̄k−1) + λk3(āk12, · · ·, c̄k,k−1,2, h̄k−2).
Choosing the virtual controller

αk(zk) = −h
1

p1···pk
k

(
zk + sgn(zk)|zk|

rk+1pk
rk

) 1
p1···pk

, (39)

where hk = 2p1···pk−1−1
(
akk + λk(āk11, · · · , c̄k,k−1,2, h̄k−1) +

bk
1−δk

+ ck
1−δk+1

)p1···pk−1

, akk > 0,

and noticing from Lemmas 2.1, 2.2, 2.5 that

−h
1

p1···pk−1

k

(
zk + sgn(zk)|zk|

rk+1pk
rk

) 1
p1···pk−1 ·

(
z
2− 1

p1···pk−1

k + sgn(zk)|zk|
2σ−rk+1pk
rkp1···pk−1

)
≤ −

(
akk + λk(āk11, · · · , c̄k,k−1,2, h̄k−1) +

bk
1− δk

+
ck

1− δk+1

)(
z2k + z

2σ
rkp1···pk−1

k

)
(40)

we obtain (15). �


