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ABSTRACT. This paper deals with the quantized Hs, control problem for uncertain net-
worked control system with Markovian jumps and time delays. In the study, network-
induced delays and limited communication capacity due to signal quantization are both
taken into consideration. The system contains time delays and Markovian jumps with
partially known transition probabilities. By linear inequality approach, a sufficient con-
dition is derived for the resulting closed-loop system to be stochastically stable with a
prescribed Hs performance level. Finally, a numerical example is given to illustrate the
effectiveness and efficiency of the proposed design method.

Keywords: Network control system, Quantization, Markov jump linear system, Linear
matrix inequality

1. Introduction. Networked control systems (NCSs) with Markovian jumps are typical
complex stochastic dynamic systems, which can describe many real world systems, and
more attention have been paid on stability analysis and control synthesis of this kind
of complex stochastic dynamic systems, see for example [5-8] and the references therein.
Network control systems become an important way to study complex systems due to their
low cost, simple installation, maintenance and high reliability. Communication channels
can reduce the cost of cables and power, simplify the installation and maintenance of
the whole systems, and increase the reliability compared to the traditional point-to-point
wiring system. NCSs have many applications such as remote surgery, unmanned aerial,
vehicles and communication network. Now, more and more efforts have been devoted to
both the stability and the control of the NCSs [1-4].

Due to the limited transmission capacity of the network and some devices in closed-
loop systems, signals should be quantized before they sent to the next network node
in practical. In order to get better performance of considered systems, more effects of
quantization in NCSs should be took into consideration. The quantizer can be regarded as
a coder which converts the continuous signal into piecewise continuous signal taking values
in a finite set, which is usually employed when the observation and control signals are sent
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via limited communication channel. More attentions have been paid on the quantization
problems in recent years, see for example, [11-14], and the references therein.

In NCSs, one of the important scheduling issues to treat is the effect of the network-
induced delay on the system performance. For NCSs deal with different scheduling proto-
cols, the network-induced delay may be constant, time-varying, or even random variable.
There have been lots of works concerned with the analysis and synthesis problems for
NCSs with network-induced delay, see for example, [9-12]. Among them, the time-delay
NCSs modeled as Markov chains in NCSs have received much research attention. In the
literature, there have been basically two approach in describing time-delay in Markov
systems. Time-delay in Markovian jump systems independent and dependent on sys-
tems mode are reported in [15,17-20]. In [5-8], due to their practicality and simplicity
in describing network-induced delays [5-8], stabilization and H., problem are studied for
employing Markovian systems to describe the network-included delay.

Looking into the existing results of NCSs, there are many works in studying time-delay
modeled as Markov chains and quantization, respectively. However, in practice, network
stochastic delay and quantization are quite often. However, there has been very limited
work that has taken such type of multiple network-induced phenomenon into account. To
the best of the authors’ knowledge, up to know, little attention has been focus on NCSs
with quantization and time-delay modeled as Markov jump system. On the other hand,
NCSs lie at the intersection of control theory and communication theory. We need to
consider the problem of robust stability and immeasurabilty of network together.

The goal of this paper is to study robust H,, control problem for uncertain NCSs with
quantization and time-delays. Partially unknown transition probabilities of Markov chain
with mode-dependent time-delays are used to model the system, and robust stochastically
stable condition and quantized feedback controller are developed based on the quantiza-
tion and delay-dependent with H,, performance. The sufficient conditions proposed are
in linear matrix inequality (LMI) form. Finally, numerical examples are provided to
illustrate the effectiveness of the proposed design approach.

2. Problem Statement and Preliminaries. Consider the following NCS:

(1)

where for k € Z, x(k) € R" is the state vector, u(k) € R™ is the control input, w(k) € RP is
the disturbance input which belongs to £5]0, 00), z(k) € R? is the output to be controlled.
d(r(k)) is a constant, denoting the time-delay of the system when the system is in mode
r(k).

The parameter r(k) represents a discrete-time homogeneous Markov chain taking values
in a finite set Z = {1,2,--- , N} with the associated transition probability matrix A €
R¥*N whose elements are given by p;; = Pr{r(k + 1) = jlr(k) = i}, where 0 < p;; < 1,
Vi,jeZ and Y N py;=1,Viel

In addition, the transition probabilities in Markov chain are considered to be partially
accessed, that is, some elements in matrix A are unknown. For instance, system (1) with
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four modes, the transition probability matrix A may be in the form:

puu ! pi3z Dua
? ? ?
A _ p21 { ! { 2
P31 Ps2 ! Daa ( )
? 7 pa3 Paa

where “?” stands for the unknown element. For notation clarity, we denote that for any
1€l
T, 2 {j : pij is known}, T!, = {j: p;; is unknown}. (3)
To ease the presentation, in the following, we denote A(r(k)), r(k) =i by A;. The same
notation will also be used for A,(r(k)), B(r(k)), Bw(r(k)), C(r(k)), Ca(r(k)), D(r(k)),
and D, (r(k)).
Consider the uncertainties in system (1), we assume that

A(r(k)) = A(r(k)) + AA(r(k))
Ag(r(k)) = Ag(r(k)) + AAy(r(k))
B(r(k)) = B(r(k)) + AB(r(k))
C(r(k)) = C(r(k)) + AC(r(k))
Cy(r(k)) = Cy(r(k)) + ACy(r(k))
D(r(k)) = D(r(k)) + AD(r(k))

where A(r(k)), Aq(r(k)), B(r(k)), C(r(k)), Ca(r(k)), and D(r(k)), for r(k) = i, i €
7T, are known real-valued constant matrices of appropriate dimensions that describe the
nominal system. AA(r(k)), AAq(r(k)), AB(r(k)), AC(r(k)), ACy(r(k)) and AD(r(k))
are unknown matrices denoting the uncertainties in the system.

The admissible parameter uncertainties in this paper are assumed to be modeled as

<AA(r(/€)) AAy(r(k)) AB<r<k>>>
AC(r(k)) ACy(r(k)) AD(r(k)

)
Gi(r(k))
( Go(r(k)) )Ar(k‘)( Hy(r(k)) Hs(r(k)) Hs(r(k)) )

with ||Ar(k)|| < I,Vk € Z and Vr(k) =1i,i € Z.
Consider the quantization effect, it is assumed that the measurement signals will be
quantized through the network before they are transmitted to the controller. The set of

wik) z(k)
Plant
u(k) x(k)
Actuator Sensor
--------------------- Network B

— Controller

F1cURE 1. The structure of network control systems (1)
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quantized levels is described as U = {+u;, u; = plug, +1,4+2,...JU{0},0 < p < 1, ug > 0,
and the logarithmic quantizer ¢(-) as in [13] is applied

u;, if 1+5pu0<v<1 6pu0,
q(v) =< 0, if v =0; (4)
—q(—v), ifv<0

where the parameter p is termed as quantization density, and § = 1—;5. From [13], we

have
q(v) = (1 + Ag)v ()
where A, € [—6,0], which is a suitable model for the logarithmic quantizer ¢(v) with
parameter 9.
Consider the quantizing effects are transformed into sector bounded uncertainties, as-

sociated to system (1), state feedback controller based on quantized state information is
designed as

u(k) = K(r(k))q(z(k)) = Ki(I + Ap)z(k), [[Ax]] <0 (6)

where the matrix K; are controller gains, and combining (1) and (6), the closed loop
system is as follows:

w(k+1) = Az (k) + Aga(k — d(r(k))) + Byaw(k)
2(k) = Cya(k) + Cya(k — d(r(k)))Dyw(k)
where A; = A; + B;K;(I + Ay), C; = C; + DK (I + Ay).

(7)

2.1. Several definitions and theorems. In order to present the main results of this
paper, we first introduce the following definitions and lemmas, which will be essential for
the development of our main results. In order to present the main results of this paper,
we first introduce the following definitions, which will be essential for our results.

Definition 2.1. For system (1) is said to be stochastically stable, if for any initial
(x(0),7(0)), the following holds

{ZIII )I*]:(0) (0)} < 00 (8)

Definition 2.2. Given the disturbance input w(k) € Lo, a scalar v > 0, system (1) is
stochastically stable and with an H., performance level v if satisfies the following two
requirements:

1. When w(k) =0, system (1) is stochastically stable in the sense of Definition 2.1.

2. When w(k) # 0, under zero initial conditions, the following inequality holds

{ZII HQ} < flw (k)| (9)

Hence, the aim of this paper is to design state feedback controller K; such that the
system (7) with partially unknown transition probability Markovian chain is stochastically
stable with an H,, performance level 7.

Lemma 2.1. For any vectors z,y € R™, matrices D, E and F with appropriate dimen-
sions, and any scalar € > 0, if FTF < I, then

DFE+ E'F'DT <eDD'e + ¢ 'E'E (10)
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3. Main Results. Based on the previous results, our main purpose in this section is
to develop the robust stochastically stable condition and design the feedback controller
with an H,, performance for the NCS with time-varying delay, quantization and partially
unknown transition probabilities Markovian chain. Firstly, sufficient conditions are given
to ensure that the condition (8) holds.

Theorem 3.1. Consider the system (7), when w(k) = 0, the system (7) with partially
unknown transition probabilities Markovian chain is stochastically stable, if there exist
matrices P; >0, K; > 0,1 € Z and R > 0 satisfying:

—P+(d, —d,+1)R *
o, = 0 —-R * <0 (11)

A

A; Agi —Pfl
where P; = ZJ 1 pi; Py, dpy = max{d;,i € T}, d,, = min{d;,7 € Z}.

Proof: Construct the following Lyapunov functional candidate for system (7) as

V((k),r(k)) = Vi(z(k), r(k)) + Va(a(k),r(k)) + Va(z(k), r(k))
Vi (k),r(k)) = =" (k) P(r(k))x(k)

k—1
Va(x(k), r(k)) = x' (s)Ra(s) (12)
s=k—d(k)
—di k-1
Vs(x(k), r(k)) = x' (s)Ra(s)
j=k—d2 s=j

Let E{-} stand for the mathematics statistical expectation of the stochastic process, one
has from (7) for r(k) =7 and r(k 4+ 1) = j is given by

E{AV(k)} & E{V(z(k + 1),r(k + 1)|z(k),r(k)} = V(x(k),r(k))

then for each r(k) =i, i € Z, we obtain

E{AVi(k)} = (Aix(k) + Agz(k — d(r(K))))" Pi(Aiz (k) + Aga(k — d(r(k))))
(k-

E{AVa(k)} =" (k)R (k) — 2" (k — d(k))R d(k))
+ Z 2 (s)Ra(s) — Z azT(s)Rx(s)
s=h+1—d(k+1) s=k+1—d(k
<2l (k)Rx(k) — 2" (k — d(k))Rx(k — d(k)) + i z"(s)Rz(s)  (13)
k—dy k—di k-1 o
E{AV3(k Z Z:v Rzx(s) — Z ZxT(s)Rx(s)
Jj=k—dz s=j j=k—da s=j
=(dy — dy)z" (k)Rax(k) — Y a"(s)Ra(s)

A combination of (13) leads to
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where
n' (k) = [ 27(k) 2" (k—d(k)) ]

®; = diag{—P, + (dn — du + )R, —R} + [Ai  Aa]"P[Ai  Aal
by Schur Lemma, we can get ®; < ®;. From Theorem 3.1, we can obtain ®; < 0, that
means

E{AV(k)} <0
thus
E{V(x(k +1),r(k+ 1))[z(k), r(k)} = V(x(k), r(k))

where A\yin(—®) denotes the minimal eigenvalue of —® and § = inf{\,;,(—P)}, from (14)
we can obtain that for any 7" > 1

(14)

E{V(a(T +1),7(T + 1))} = B{V(2(0),7(0))} < =8 ) E{e(k)"z(k)}

Thus, the following holds for any 7" > 1

> E{a(k)z(k)} < Z(B{V(2(0),7(0))} = B{V(a(T +1),7(T +1))})

Implying

ZE{I k)} < E{V( (0),7(0))} < o0

Therefore, by Deﬁmtlon 2.1, it can be verified that the system (7) is stochastically stable.
This complete the proof.

Theorem 3.2. Consider system (7), when w(k) # 0, for given quantization density v > 0,
the system (7) with partially unknown transition probabilities Markovian chain is robust
stochastically stable with an H., performance level v under zero initial condition, if there
exist matrices X; > 0, K;, scalars e1; > 0, i € Z and R > 0 satisfying:

[ X'+ (dn—d,+ 1R * * * *
0 —R * * *
0 0 —2I * * *

= Wi A, WTAs WIiBy — ou soow |50

éi Odi D 51iWiTG1iG%;’ Os5 *

L Ij]l'i HQi 0 0 0 —8“‘[ i

(15)
where

b1y = —X + e ;W G,GL,W;
55 = —1 + €1,G2,Gy;
Hy; = Hy + HyK;

A; = A; + BiK,(I + A)
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X = dia’g{Xla U 7XN}
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Proof: First, by Theorem 3.1, the system (7) with w(k) = 0 is stochastically stable,
so next, we proceed to prove the system with disturbance (7) has H., performance level
~. For the next, the same Lyapunov functional as (12) and same techniques in the proof

of Theorem 3.1 will be adopted to complete the proof of Theorem 3.2.

Define 67 (k) = [ 2™ (k) «T(k—d(k)) w(k) ], apply the inequality (15), we can obtain

E(AV (k) < 0" (k)Quo(k) — (E(=" (k)z(k)) — y*w" (k)w(k))

where
—P+ (dy, —d,+1)R  x * * *
0 —R * * *
0, = 0 0 —92r * *
Ai Agi Bui —Pz'_l *
Ci Cyi Dy 0 I

For system (7) with partially unknown transition probabilities, it is easy to get

B N N N
Po=Y pPi= pili+ ) pyb
j=1

Jel; jeri,
N N N
Szpijpj+ 1—22%‘]' Z P, =P,
Jeli Jeli Jert,
Noting that
P, = WiPW[

where

W= (Vo v 1= S - PN
i Di1, - 54/ Pij, - Z]el’zpma ) - Z]el’zp’ua y VPiN

P =diag{Py, -+ ,Pn}

(17)

N
and p;; are known transition probabilities, and 1 — Z Ji Pig stands for the unknown
JEI}

transition probabilities of elements. B
According to Schur Lemma, we obtain €2 < 0 if and only if there exist

—P+(dn—d,+1)R * * * *
0 -R * * *
WA WoAu WIBy —P'x
Ci Cdi Dwi 0 [
Note that all admissible uncertainties of system (7), (18) can be written as

—P+(dn—d,+1)R * * *
0 —R * *
Q, = 0 0 —~2] *

(18)
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0 * * ok %
0 0 * % %

4 0 0 0 * x| <0 (19)
WiTGh'AiHU WZ»TGMAZ‘HQZ' 0 0 %
G\ Hyi G2AiHy; 0 0 0

In view of Lemma 2.1, we obtain that (19) holds, if and only if there exist scalars
g1; > 0, such that

—P+ (dy, —d, + )R * * * *
0 —-R * * *
QZ = 0 0 —721 * *
VViTAl W'Z-Tfldl- VVZ.TBW —P1 x
éz Cjdi Dwz 0 I
0
0
+ €15 0 A; [ Gi’;Wi Gg; 000 } (20)
VVZ‘TGIZ
Gai
HY;
H; i
+e | 0 | A Hy Hy 00 0]<0
0
0

By Schur Lemma, let X; = Pi_l. If matrix inequality (20) holds, from Theorem 3.2.
Q; < 0is equal to ; < 0. Then

E(AV (k) + E(z"(k)z(k)) — y*w” (K)w(k) < 6T (k)Q:6(k) < 0 (21)
taking the sum of both sides of (21) from k£ = 0 to oo, and recalling that xz(0) = 0, the
following inequality holds

E {Z zT(k;)z(k;)} <) w'(k)w(k)

k=0

Therefore, by Definition 2.2, system (7) with partially unknown transition probability
Markovian chain is stochastically stable with an H,, performance level 7.

4. Control Design. In this section, we will consider the quantizer, and a robust quan-
tized controller will be designed such that system (7) with time-delay and partially known
transition probabilities Markovian chain is robustly stochastically stable and has a robust
H, performance level v for all admissible parameter uncertainties.

Theorem 4.1. Consider system (7), for given quantization density v > 0, system (7)
with partially unknown transition probabilities Markovian chain is robust stochastically
stable with an H., performance level v under zero initial condition, if there exist matrices
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X; >0, f?, >0, Y;, and scalars e1; > 0 and e9; > 0, © € T satisfying:

— h11 * * * * * * x|
0 —fii * * * * * *
0 0 —721 * * * * *
o b1 VVEAdiXi VViTBwi om * * * *
= ®51 CaiX; Dy 51imTG1iG%; Ps5 * * * <0 (22)
¢61 H22Xz 0 _ 0 70 —811'1 * *
Y 0 0 0 0 0 0 —-1 ]
and the suitable controller (6) is K; = Y;X; ' where
P11 = —X; + (dp, — dp + 1)Rz a1 = WZ‘T(AiXi + B;Y;)
Gas = —X + e, W GuGLW; ¢51 = C; Xi + D;Y;
055 = —1 + £1,G2G,; ¢e1 = Hy X; + HsY;
Proof: Consider the quantizer effect, (15) can be rewritten as
[ X'+ (dy—d, F 1R % * * * ]
0 —R * * * *
0 — 0 0 -2 * * *
L VV{(I‘L‘ + B K;) WZAdi W By Gua * *
Ci + D;K; Cai Dyi  e,W/'G,GL ¢s5 *
i 1 2 1id | (23)
[ 0 X % %X % % ]
0 0 % * % *
n 0 0 0 *x x x <0
i 0 00 0 0 0

In view of Lemma 2.1, we obtain that (22) holds, if and only if there exist scalars
€9; > 0, such that

[ X'+ (d —dp + 1R * * * * .
0 —R * * * *
0 0 —2I * * *
i = WE(A; + B;K;) WTEAu W By, Gaa * *
C; + DK, Cai Dyi  euWIGLGS, ¢s55  x
L f{h‘ Hgi 0 0 0 —512'[
-0
0
+eg5 W?Bi [0 0 0 Bf'w;, DI 0]
D;
L 0
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- KT -
0
+ ey 8 AM[K, 00000]<0
0
L 0
due to
A7 < §?
By Schur Lemma, we can get
_—Xi_l—l—(dm—dn+1)R * * * * * * -
0 —R * * * % * *
0 0 —~2T * * % * *
I — WiTin + B K;) WlAy  WIBy, Gaa * % * * <0
e Ci + DiK; Dyi W] GuGy ¢s5 *  * *
Hh Hgi 0 B 0 _O _51iI * *
0 0 0 BIW; DI 0 —eyul x
i K; 0 0 0O 0 0 0 =21
(24)

Letting K; = V; X, ', multiplying the both sides of (23) by diag{X;, X;, I, I, 1,1, 1,1},
defining new matrix R; = X;RX;, we can get condition (17). This completes the proof.

5. Numerical Example. In this section, an economic system [27] is considered to show
the usefulness of the results above.

Consider system (7) with the following parameters. The system has three modes,
7T ={1,2,3}. dp =1,dy = 2,d3 = 3, p = 0.2. The initial condition is selected as
x(0) = [0 0]. The disturbance is a Gauss white noise, and the mode switching governed
by partially unknown transition probabilities is supposed to be

01 7 7
04 0.2 04
T 7

the other parameters are set as follows:

A= :—3.5 3%2} 4 = :—403.7 451.4}

As = :5(.]3 —éa} Aan = :063 8:”

Aa= | 01 Aa={ 03
Bi-B=b=| | | Bt = Bue = Bua | 1} |
c-cah B] cancamcu[0 )]

Dl:D2:D3|:O:| leszQZDw3:|:O O4:|

0 04
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01 0 04 0.1
i =Ho=1Hs | g g4 } Hor = Hyp = Hag { —0.1 0.1 }
0 0 0
Hyy = Hyy = Hyy [ _0‘1} Ghi = Gz = Gus { 0 0.1]
0.1 0
G21:G22:G23|: O 0:|

Solving (17), the optimal value for H,, performance v = 0.9875, and the quantized
feedback controller gains matrices can be designed as

Ky = [ 25008 —3.0367 ] K,=[25000 —3.0365] Ks=/[25010 —3.0368 ]

The simulation result of Markov chain is shown in Figure 2. There are three modes in
the results, which are stochastic with partially unknown probabilities. The state response
of system with disturbance is shown in Figure 3. It should be pointed out that the results
in [22], time-delay, quantization and uncertain parameter are considered in system, but
they are unavoidable in an economic system. we can also demonstrate that our system
with these practical multiple network-induced phenomenons is still with better stochas-
tically stability than those in [21,22]. Due to the complexity of the network disturbance,
we enhance the disturbance of system, the results we obtain is less conservative than in
[5,9,14]. At the same time it can show that our approach have better results in deal
with multiple network-induced phenomenons. The state response of system with double
disturbance is shown in Figure 4. It is easily observed that the proposed method has a
better robust appearance.

6. Conclusions. In this paper, we have present a new approach on H., control problem
for uncertain network control system with time-varying delay and quantization. The sys-
tem is modeled as Markovian jump linear system with mode-dependent time-delay, and

3.5 b

2.5¢

15n b

0.5 b

0 | | | | |
10 20 30 40 50 60 70 80 90 100

step

FIGURE 2. Parameters change of r(k)
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X1

-10 I I I I
0 20 40 60 80 100

step

10

X2

0 20 40 60 80 100
step

FiGURE 3. The state response of system with disturbance

100

50

-50

-100 I I I I
0 20 40 60 80 100

step

100

50

X2

0 20 40 60 80 100
step

FIGURE 4. The state response of system with double disturbance

the transition probabilities are partially unknown. Based on the new model, sufficient
conditions are developed for the robust stochastically stable of the system, and the quan-
tized feedback controller gains are given in LMI form. A numerical example shows the
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effectiveness of the obtained approach. Further research work will focus on developing
the approach to NCSs with nonlinear plant, using fuzzy logic theory to solve problem.
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