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ABSTRACT. This paper presents a mathematical model for rectangular beams subject to
a uniformly distributed load of variable cross section of symmetric linear shape to obtain
fized-end moments, carry-over factors and stiffness factors. The properties of the rectan-

[

gular cross section of the beam vary along its axis “c”, i.e., the width “b” is constant and
the height “h” wvaries along the beam, and this variation is a linear type. The consistent
deformation method is used to solve such problems; a method based on the superposition
of effects and by means of the Bernoulli-Euler theory obtains the deformations at any
point of the beam. Traditional methods to obtain deflections of variable section mem-
bers are Simpson’s rule, or any other technique to perform numerical integration and
other authors present tables which are restricted to certain relationships. Besides the
effectiveness and accuracy of the developed method, a significant advantage is that the
displacement and moments are calculated at any cross section of the beam using the re-
spective integral representations as mathematical formulas.

Keywords: Fixed-end moments, Carry-over factors, Stiffness factors, Variable rectan-
gular cross section, Linear shape, Consistent deformation method, Bernoulli-Euler theory

1. Introduction. One of the major concerns of structural engineering over the past 50
years is to propose elastic methods dependable to satisfactorily model to the variable
cross section members, such that it is having certainty in the determination of mechanical
elements, strains and displacements that allows to properly design this type of members.

During the last century, between 1950 and 1960 were developed several design aids, as
those presented by Guldan [1], and the most popular tables published by Portland Ce-
ment Association (PCA) in 1958 “Handbook” [2], where stiffness constants and fixed-end
moments of variable section members are presented because the limitations for extensive
calculations at that time, in the PCA tables were used several hypotheses to simplify
the problem, among the most important pondering the variation of the stiffness (linear
or parabolic, according to the case of geometry) in function of main moment of inertia
in flexure, considering independent cross section, which was demonstrated as incorrect.
Furthermore, the shear deformations and the ratio of length-height of beam are neglected
in the definition of stiffness factors; simplifications can lead to significant errors in deter-
mining stiffness factors [3].

Elastic formulation of stiffness for members of variable section was evolved over time,
and after the publication of the PCA tables, the following works deserve special mention
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all based on beams theory. Just [4] was the first to propose a rigorous formulation for
members of variable cross section of drawer type and “I” based on the classical theory of
beams of Bernoulli-Euler for two-dimensional member without including axial deforma-
tions. Schreyer [5] proposed a more rigorous theory of beams for members varying linearly,
in which the hypotheses generalized by Kirchhoff were introduced to take into account the
shear deformations. Medwadowski [6] resolved the problem of flexure in beam of shear
nonprismatic using the theory of variational calculus. Brown [7] presented a method
which uses approximate interpolation functions consistent with beam elastic theory and
the principle of virtual work to define the stiffness matrix of members of variable section.

Matrices of elastic stiffness for two-dimensional and three-dimensional members of vari-
able section based on classical theory of beam by Euler-Bernoulli and flexibilities method
taking into account the axial and shear deformations, and the cross section shape are
found in Tena-Colunga and Zaldo [8] and in the appendix B [9].

In traditional methods used for the variable cross section members, the deflections are
obtained by Simpson’s rule or some other techniques to perform numerical integration,
and tables presenting some books are limited to certain relationships [10-12].

This paper presents a mathematical model to obtain the fixed-end moments, stiffness
factors and carry-over of a beam subject to a uniformly distributed load of variable rect-
angular cross section taking into account the width “b0” being constant and height “h,”
varying of linear shape.

2. Mathematical Model.

2.1. General principles of the straight line. Figure 1 shows a beam in elevation
and also presents its rectangular cross-section taking into account the width “b” being
constant and height “h,” varying of linear shape in three different parts.

The value “h,” varies with respect to “x”; this gives:

h,=h+vy (1)

Now, the properties of the straight line are used:
Equation for 0 < z < a:

h, — ah + ay; — i (2)
a
Equation for a < x < L — a:
he = h (3)

Equation for L —a <z < L:

ah +1yx — iy L + ayy
a

h, =

2.2. Derivation of the equations for uniformly distributed load.

FIGURE 1. Rectangular section varying the height of linear shape
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FIGURE 2. Beam fixed at its ends

2.2.1. Fized-end moments. Figure 2(a) shows the beam “AB” subject to a uniformly
distributed load and fixed ends. The fixed-end moments are found by the sum of the
effects. The moments are considered positive in counterclockwise and the moments are
considered negative in clockwise. In Figure 2(b) shows the same beam simply supported
at their ends at the load applied to find the rotations “64,” and “0p;”. Now, the rotations
“O49” and “Ops” are caused by the moment “M 45" applied in the support “A” according
to Figure 2(c), and in terms of “f43” and “fp3” are caused by the moment “Mp.” applied
in the support “B”, seen in Figure 2(d) [13,14].
The conditions of geometry are [13-15]:

041+ 042+ 043 =0 (5)

01+ 0p2 + 0p3 =0 (6)
The beam of Figure 2(b) is analyzed to find “64,” and “fp,” by Euler-Bernoulli theory
to calculate the deflections [16,17]. The equation is:
dy [ M,
de ) FEIL
where dy/dx = 6, is the total rotation around the axis “2”, E' is the modulus of elasticity
of the material, M, is the moment around the axis “z”, I, is the moment of inertia around
the axis “z”.
The moment at any point of the beam on axis “x” is [18]:

dx (7)

2L
M, = W= Lo) > ?) (8)
The moment of inertia for a rectangular member is:
bh3
I, =— (9>

12
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Equations (2)-(4) for the three different segments are substituted into Equation (9); it
is presented:
Equation for 0 < x < a:

b |ah+ay; — o 3
I, = — 10
12 { a (10)
Equation for a <z < L — a:
I, = on (11)
12
Equation for L —a <z < L:
b [ah+yiz — 1 L+ ayy s
.= — (12)
12 a

Then, the moment of inertia for a member of rectangular section is presented in Equa-
tions (10)-(12).

a) For the segment 0 < z < a:

Equations (8) and (10) are substituted into Equation (7); it is presented:

3 2
Z_Z B 6;;2 / (ah fayl Zixgilx)3dm (13)

Equation (13) is evaluated; it is shown:
dy  6wa® In[zy; — a(ys +h)] . z[y1(2a — L) + 2ah)
- { - i yileyr — alys + h)P?

dr  Eb

aly?(3a — L) + hy1(6a — L) + 3ah?]

- 2yi[ryr — alys + h))? i Cl}

In Equation (14) is replaced = = a, to find the rotation dy/dz = 6,1, where the height
“h,” varies the linear shape; it is:

90— 6wa® [ —2ah?In(—ah) + y?(a — L) + hyi (L — 2a) — 3ah?
TR 2ah2y3}

b) For the segment a <z < L — a:
Equations (8) and (11) are substituted into Equation (7); it is presented:

(14)

+ 01} (15)

dy 6w 9
Y _ ~ La)d 1
dr  Ebh3 / (27 = La)de (16)
Equation (16) is evaluated; it is shown:
dy 6w [(x* La?
—= = ———+C 17
de ~ Ebl? ( 32 2) (17)

The boundary conditions are replaced into Equation (17), when x = L/2 and dy/dx = 0
by symmetry that occurs, we get Cy = L?/12. Then Equation (17) is showed:

dy 6w [(2* La* L?
A (T 1
dr ~ Ebh? <3 > 12 (18)

Now, the boundary conditions are replaced into Equation (18), when x = a, to find the

rotation dy/dz = 0,9; it is:
6w a>  La* L?
Oy = Lo,z 19
’ Ebh3<3 2+12> (19)
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The boundary conditions are replaced into Equation (18), when x = L — a, to obtain
the rotation dy/dx = Oys; it is:

Opo

6w {(L —a)®  L(L—a)? L?’] (20)

TEwE | 3 2 12
Then, Equations (15) and (19) are equalized, because rotations must be equal at the
point x = a, where the height “h,” varies linearly to find the constant “C”, this value is:
4a® —6La* + L3  [—2ah*In(—ah) + yi(a — L) + hy, (L — 2a) — 3ah? (21)
12a3h3 2ah?y;
Equation (21) is substituted into Equation (14) to obtain the rotations anywhere of the
segment 0 < x < a:
dy 6wa3{ _ Infzyn — alys + 1)) N zly1(2a — L) + 2ah]
dv  Eb it yilzys — a(yy + h)]?
_alyi(3a — L) + hyi(6a — L) + 3ah?] N 4a® — 6La* + L3 (22)
23 [xyr — a(yr + h)]? 12a3h3
—2ah?In(—ah) + y¥(a — L) + hy1 (L — 2a) — 3ah?
2ah2y3}

Cy =

In Equation (22) is replaced x = 0, to find the rotation in support “A”; it is presented:
9 6wa® [ 1 | h N 4a® — 6a*L + L3
=——<¢—|In
TR B Y1+ h 12a3h?
v3(L — a) + hy?L + 3ah*y;, + 2ah?
2ah?y3(y1 + h)?

(23)
+

c¢) For the segment L —a <z < L:
Equations (8) and (12) are substituted into Equation (7), it is presented:

3 2 L
dy _ 6wa / (x x) e (24)
dx Eb (ah + o —y1 L + ayy)?

Equation (24) is evaluated; it is shown:
dy _ 6wad’ { In[zy: + yi(a — L) + ah] N z[y1(2a — L) + 2ah]
dr  Eb 3 y2wyr +yi(a — L) + ah)?
N yi(a — L)(3a — 2L) + ahy,(6a — 5L) + 3a*h> o }
2u3[xyr + y1(a — L) + ahl]? ’

(25)

In Equation (25) is replaced © = L — a, to find the rotation dy/dx = 0,3, where the
height “h,” varies the linear shape; it is:

6wa® {2ah2 In(ah) — yi(a — L) — hy, (L — 2a) + 3ah? }
+Cs

0. —
’3 Eb 2ah2y}

(26)

Then, Equations (20) and (26) are equalized, because rotations must be equal at the
point x = L — a, where the height “h,” varies linearly to find the constant “C3”, this
value is:

Cn = UL —a)®>—6L(L—a)?®+ L3> 2ah*In(—ah)—yi(a—L)— hy (L — 2a)+ 3ah?

37 12a3h3 2ah?y}

(27)
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Equation (27) is substituted into Equation (25) to obtain the rotations anywhere of the
segment L —a < x < L:

dy 6wa® [ [Infzy; + yi(a — L) + ah] z[y1(2a — L) + 2ah]
dr Eb H i } ly%[wﬁyl(a—LHahP]
[y?(a — L)(3a — 2L) + ahy;(6a — 5L) + 3a*h?
2yt [zy1 + yi(a — L) + ah]? }
4L —a)®—6L(L—a)*+ L3
| 12a3h3 }
[2ah? In(—ah) — y3(a — L) — hy, (L — 2a) + 3ah?
- 2ah?y; ] }
In Equation (28) is replaced = = L, to find the rotation in support “B”; it is presented:

6wa® 1 h 4a® — 6a*L + L3
Op1 = — — |In —
Eb v3 yi +h 12a3h3
_ [yi(L = a) + hyPL + 3ah®y, + 2ah®
2ah?yi(y1 + h)?
Now, the beam of Figure 2(c) is analyzed to find “645” and “Ops

+

(28)
_I_

(29)

b

in function of “M4g”

[16,17]:
The moment at any point of the beam on axis “z” is [18]:
Map(L —
u, = Masl ) (30)
L
a) For the segment 0 < z < a:
Equations (10) and (30) are substituted into Equation (7); it is presented:
12M 4pa® L—
dy _ 12Mapa / L=v) 4, (31)
dx EbL (ah + ay; — y1z)3
Equation (31) is evaluated; it is shown:
dy  12Mypa® 2zy; —yi(a+ L) — ah
—= = - Cy (32)
dr  EbL 2ytlzyr — alyr + h)P?

In Equation (32) is replaced x = a, to find the rotation dy/dz = 6,1, where the height
“h,” varies the linear shape; it is:

_ 12Mypa® [ah —yi(a— L)
Yo = "L { 222y G (33)

Equation (32) is integrated to obtain the displacements, because there are not known
conditions for rotations; this is as follows:

12M 4 pa® / { 2zy; —y1(a+ L) — ah }
_ @[] Ay 34
YT TENL 22wy —alp + 02 (34
Equation (34) is evaluated; it is shown:
12M 4pa® { In[zy; — aly; + h)] y1(L —a) — ah }
= — + Ciz + C 35
YT TEL i 2wl +h) —a] %)

The boundary conditions are replaced into Equation (35), when x = 0 and y = 0 to
find the constant “Cy”, this value is:

~ {2a(y1 + h)In[—a(y, + h)] +y1(a — L) + ah
. { 2ay}(y1 + h) }

(36)
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Equation (36) is substituted into Equation (35):

12M4pa® { In[zy; — a(y; + h)] y1(L —a) — ah
y = - 3 3 + Cljf
N In[—a(y, +h)]  w(a—L)+ ah}
i 2ay3(y1 + 1)

In Equation (37) is replaced = = a, to find the displacement y = y,1, where the height
“h,” varies the linear shape; it is:

_ 12Mypa’ iln yi+hy yi[yi(a — L) + ah]
N SR BT h 2ahy}(y1 + h)

b) For the segment a < z < L — a:
Equations (11) and (30) are substituted into Equation (7); it is presented:

+ C’la} (38)

dy 12MAB
- = L—2x)d 3
dv  Ebh*L / (L —z)de (39)
Equation (39) is evaluated; it is shown:
dy 12MAB 1’2
& _ Lo— 2 4
dr ~ EbRPL ( T O (40)
In Equation (40) is replaced z = a, to find the rotation dy/dx = 0,2, where the height
“h,” varies the linear shape; it is:
. 12MAB CL2
= EOhL (L“ 2t 03) (41)

In Equation (40) is replaced © = L — a, to find the rotation dy/dx = 0y, where the
height “h,” varies the linear shape; it is:
_ 12Myp
~ EbRAL
Equation (40) is integrated to obtain the displacements, because there are not known
conditions for rotations; this is as follows:

Or2

[L(L —a)— @ + Og,} (42)

12M x?
y = Ebh;‘[ff / (Lx -5+ 03) dx (43)
Equation (43) is evaluated; it is shown:
Mg [(L2* 23

In Equation (44) is replaced = = a, to find the displacement y = y,2, where the height
“h,” varies the linear shape; it is:

2 3
_ 12Myp (La a ) (15)

yaZ—Ebh3L _—_+03G+C4

2 6
In Equation (44) is replaced x = L — a, to find the displacement y = y;2, where the
height “h,” varies the linear shape; it is:
_ 12Myp [L(L —a)? B (L —a)?
Ebh3L 2 6
c¢) For the segment L —a <z < L:

o Ol —a)+ 04} (46)
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Equations (12) and (30) are substituted into Equation (7); it is presented:
dy  12Mapd® / (L - z)
dx EbL (ah +y1x —y1 L + ayp)3
Equation (47) is evaluated; it is shown:
dy 12M 4 pa® { 2zy; +y1(a — 2L) + ah o }
dv ~ EbL 202[wys +yi(a— L) +ah]2 ' °

In Equation (48) is replaced z = L — a, to find the rotation dy/dz = 0,3, where the
height “h,” varies the linear shape; it is:

12MABCL3 h — U1
Oy = 4
b3 EbL (2ah2y% +Cs (49)

Equation (48) is integrated to obtain the displacements, because there are not known
conditions for rotations; this is as follows:

dx (47)

(48)

12M 4pa® / 2zy; +yi(a — 2L) + ah
= Cs e d 50
EbL 212 [xyy + y1(a — L) + ah)? e (50)
Equation (50) is evaluated; it is shown:
12Mpa® (1 — L h h
_ 12Mypa n[rcy1+y1(c; ) tah] i a(yr + h) L Cor 1 G
EbL y3 2y [ryr + ya(a — L) + ahl 51)
51
The boundary conditions are replaced into Equation (51), when x = L and y = 0 to
find the constant “Cy” in function of “C5”, this value is:
2Infa(ys + h)] +1
Ce = — —C5L 52
’ { 2y ’ (52)
Equation (52) is substituted into Equation (51):
12MABa3{ 1 | {:z:yl +yi(a— L) —|—ah}
Y=—F7713
EbL 3 h

a(y1 + ]’L) 1
——=—C5(L—x
207 [ay +yi(a— L) +ah] 293 stl—2)
In Equation (53) is replaced © = L — a, to find the displacement y = y,3, where the
height “h,” varies the linear shape; it is:

12MABCL3 1 Y1 + h 1
= ABT — - 4
Y3 b [ % n( )T Shy? Csa (54)

Then, Equations (33) and (41) are equalized, because rotations must be equal at the
point x = a, where the height “h,” varies linearly to find the constant “C3” in function

of “C”, this value is:
ah —y1(a— L) a?
C3 —a’h? { 2a2h2y% +Cy ¢ — La+ 5 (55)

Also, Equations (38) and (45) are equalized, because the displacements must be equal
at the point = = a, and subsequently Equation (55) is replaced to find the constant “C,”,
this value is:

Cy = a?’gg n (y1 + h) B {a3h2y1 —;z?’hyf + a%y%L} N La*> a°
ui h 2yt (y1 + h)

5 £ (56)
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Next, Equations (42) and (49) are equalized, because rotations must be equal at the
point x = L —a, where the height “h,” varies linearly to find the constant “C3” in function
of “C5”, this value is:

2h(h — L—a)?
03: Lle)—FCg',a?’hB—L(L—CL)‘F(—a)
23 2

Also, Equations (46) and (54) are equalized, because the displacements must be equal
at the point = L — a, and subsequently Equations (56) and (57) are replaced to find
the constant “C'5”, this value is:

o4 2 n yi+h\ AL —wyL+ay —2ah
S Y h 2ah?y>L

(57)

ahy, — ay} + y3 L (L—a)* (L-a) a? a® (58)
{2ah2y%L(y1 + h) 1 2 30WL | 20 3a3h3L}
Equation (58) is substituted into Equation (57) to find the constant “Cj”:
= { B 2a3h3 In (y1 + h) a*h?y; — a*hy? + a*hyi L
yiL h 2y L(y1 + 1) (59)
a®hy; —2a®h*  a*(2a —3L) (L3 —a®)
T T 2L T 6L 3L }
Then, Equation (59) is substituted into Equation (55) to obtain the value of “Cy”:
2 y1+h ah —ay, +y L
“ _{ Tyt ( h ) " 2ah?y Ly + ) (60)

y1—2h  ah—ay, +y L (a—L)? a’
ToR2L T 242y 3L 3a3h3L}
Equation (60) is substituted into Equation (32) to obtain the rotations anywhere of the

segment 0 < z < a:

dy 12MABa3{ 2y —yi(a+ L) —ah 2 1 <y1 +h>

dx EbL 2ytlzyy —alyy +h)? L h

ah — ay; + 1 L y1 — 2h ah — ay; + 1 L (a—L)3 a’
{Zah2y1L(y1 +h)} - {2h2y%L] a { 2a2h%y} } SPIPL 3a3h3L}
(61)
In Equation (61) is replaced x = 0, to find the rotation in support “A”; it is presented:
9A2:12MABCL3{ 2 In (y1+h) {yl(a—i-L)—Fah} [ah—ayl—i-ylL}
EbL 3L h 2a%y?(y1 + h)? 2ahy; L(y, + h)
Y1 — 2h ah —ay; + y1 L (a—L)3 1
- [2]@@1 - { 2a2h2y? 1 T 3h3L}
Equation (58) is substituted into Equation (48) to obtain the rotations anywhere of the
segment L —a <z < L:

dy 12MABa3{ 2y +yi(a—2L) +ah 2 | (y1 + h)

dx EbL | 2¢3[vyr +yi(a— L) +ah]?  yiL h
a*h?y; — a*hy? + a*hyi L a’h®’L — a’hy, L + a3hy, — 2a®h?
i { 2a3h3yF L(ys + h) ] - { 203h3y? L ]

(L-a)* (L—-a) a? N a? }
2a3h? 3ah3L  2a3h3  3a3h3L

(62)

(63)
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In Equation (63) is replaced x = L, to find the rotation in support “B”; it is presented:
12MABa3{ 2 1 <y1+h> N {hZL—l—ahyl —ayf—i—ny}
= n

0ry — _
P2 EbL YL h 2ah?y? L(y; + h)
_|[PL —yiL + ays — 2ah (L —a)? (L= a)? a? a?
2ah2y2 L

(64)

2a3h3 3a3h3L  2a3h3 + 3a3h3L

Subsequently, the member of Figure 2(d) is analyzed to find “043” and “fp3” in function
of “Mp,” [16,17):
The moment at any point of the beam on axis “z” is [18]:

M
M, = Mpa@) (65)
L
a) For the segment 0 < z < a:
Equations (10) and (65) are substituted into Equation (7); it is presented:
d 12Mppa
4y _ 222 Bad / () dz (66)
dx EbL (ah + ayy — y12)3
Equation (66) is evaluated; it is shown:
d 12Mpaa® 2 — h
dx EbL 2yt xyr — a(yy + h)]?

In Equation (67) is replaced x = a, to find the rotation dy/dz = 6,;, where the height
“h,” varies the linear shape; it is:

eal -

12MBACL3 (Z/1 — h)
EbL 2ah2y?

Equation (67) is integrated to obtain the displacements, because there are not known
conditions for rotations, this is as follows:

+ 01} (68)

12M g a4a® / { 2xy; — a(y, + h) }
= — +C,¢pd 69
Y EbL 2y3[zyr — a(yy + h))? Lper (69)
Equation (69) is evaluated; it is shown:
12Mpaa’® {m[?ﬁyl —a(yr + h)] a(y1 + h) }
= — + Cix + C. 70
V= "EL " 2o —aly v ) T (T

The boundary conditions are replaced into Equation (70), when x = 0 and y = 0 to
find the constant “Cy”; it is presented:

2In[—a(y: + 1) +1
Cy = — 71
i { 2y7 =
Equation (71) is substituted into Equation (70):
12Mpaa? (In[zy; — a(y, + h)] a(y; + h) 2In[—a(y; + h)] + 1
y= 3 T 5.3 + G — 3
EbL yi 2yilzy — a(ys + h)] 2y{

(72)
In Equation (72) is replaced = = a, to find the displacement y = y,1, where the height
“h,” varies the linear shape; it is:

129Mpad® [ 1. [y +h 1

2hy?
b) For the segment a < x < L — a:

y3

Ya1 =
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Equations (11) and (65) are substituted into Equation (7); it is presented:

dy . 12MBA
dr ~ EbRAL / (w)dz (74)

Equation (74) is evaluated; it is shown:

2
gy _ LMz (x— + 03> (75)

dr  Ebh3L \ 2
In Equation (75) is replaced x = a, to find the rotation dy/dz = 0,; it is:
B 12MBA Cl2
@2 = s (E + C3> (76)
In Equation (75) is replaced z = L — a, to find the rotation dy/dx = Op; it is:
12Mpy [(L - a)?
= T0BL { 5 +Cs (77)

Equation (75) is integrated to obtain the displacements, because there are not known
conditions for rotations; this is as follows:

Or2

- 12MBA LE2
Yy = Ebh3L / (E + Cg) dx (78)
Equation (78) is evaluated; it is shown:
MBA ZES
Y= BohiL (E TGzt 04) (79)
In Equation (79) is replaced z = a, to find the displacement y = yq,2; it is:
- 12MBA CL3
Ya2 = s (E + Csa + 04) (80)
In Equation (79) is replaced x = L — a, to find the displacement y = yp; it is:
- 12MBA (L — CL)3
Y2 = Ebh3L [ 6 + Cg(L (Z) + C4 (81)

c¢) For the segment L —a <z < L:
Equations (12) and (65) are substituted into Equation (7); it is presented:

dy _ 12Mpac? / (z) dv (82)

dx EbL (ah + 1z —y1 L + ayy)?
Equation (82) is evaluated; it is shown:
dy 12Mpya® 2zy; +yi1(a — L) + ah
— = -5 Cs (83)
dx EbL 2yt|zyr + y1(a — L) + ahl?

In Equation (83) is replaced x = L — a, to find the rotation dy/dz = 6,3; it is:
12Mpaa® [yi(a — L) — ah o
EbL 2a2h2y? i

Equation (83) is integrated to obtain the displacements, because there are not known
conditions for rotations, this is as follows:

_ 12Mpaa® / 2zy; +yi(a — L) + ah
YT TR 2y3[zy + vi(a — L) + ah

91,3 - (84)

5 05} dz (85)
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Equation (85) is evaluated, it is shown:

_ 12Mpaa® {_ln[q:yl—i—yl(a—L)—i—ah] B yi(a — L) + ah
YT TEL V3 2y ys + yi(a— L) + ah]

+ 05513 + 06

(86)
The boundary conditions are replaced into Equation (86), when x = L and y = 0 to
find the constant “Cy” in function of “C”, this value is:

Infa(y; +h)]  wyi(a— L)+ ah}
Ce = — CsL 87
’ { yi 2ay}(y1 + h) ’ (87)
Equation (87) is substituted into Equation (86):
y_lQMBAa3{_ln[xy1+y1(a—L)+ah] B yi(a— L)+ ah
Infa(yr +h)]  yila— L)+ ah
+ 3 3 — C5(L — I)
Yi 2ay;(y1 + h)
In Equation (88) is replaced = = L — a, to find the displacement y = y3; it is:
12Mpaa® [ 1 Y1+ h y1ly1(a — L) + ah]
St - —C 89
o EbL L/? ! ( h 2ahyi(y1 + h) " (&)

Then, Equations (68) and (76) are equalized, because rotations must be equal at the
point x = a, where the height “h,” varies linearly to find the constant “C5” in function

of “C7”, this value is:
2

—h) a
0y = o | 41 | -% 90
3= [ 2ah2y? & 2 (90)

Also, Equations (73) and (80) are equalized, because the displacements must be equal
at the point = = a, and subsequently Equation (90) is replaced to find the constant “C,”,

this value is:
- _a3h3 In <y1 + h> N [2a3h4 - a3h3y11 a’

— 1
% h TR (1)

Next, Equations (77) and (84) are equalized, because rotations must be equal at the
point z = L —a, where the height “h,” varies linearly to find the constant “C'3” in function
of “C5”, this value is:

ahyl(a B ‘[;) — a*h? + C5a3h3 . (L — CL)2
21 2
Also, Equations (81) and (89) are equalized, because the displacements must be equal
at the point z = L — a, and subsequently Equations (91) and (92) are replaced to find
the constant “C'5”, this value is:
o = ahy?L? — 2a*hyiL + a®hy? + ah*y . L? + a*h3L — a®h?y,
o 2a3h3y3L(y1 + h)

Cs = (92)

93
N 2 (o +h\ 2a°h* — a*hy, (L —a)® —a® (93)
Y3 L h 2a3h3y3L 3ah3L
Equation (93) is substituted into Equation (92) to find the constant “Cj”:
2a3h3 yi +h 2a3h* — adh3y,
S MU ) T e

—a’hyiL + a*hy? — a*h*y; (L® — 3a*L + 4a®)
2yiL(y1 + h) 6L
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Then, Equation (94) is substituted into Equation (90) to obtain the value of “Cy”:
c 2 | v+ h 2a°h? — adhy, + a*hy L — a’h*L
= n J—
! yiL h 2a3h3y? L
—a*hyiL + a*hyi — a*h*y;, (L3 — 6a*L + 4a?) }

(95)

2a3h3y2 Ly, + h) 6a3h3L

Equation (95) is substituted into Equation (67) to obtain the rotations anywhere of the
segment 0 < x < a:

dy 12MBAa3{ 2y —a(yi +h)  2a°0 — a’hyy + @*hy L — a?RPL

dr — EbL | 2¢ifeys — ays + h)P? 2a°h3yi L
272 37,2 _ 372 3 2 3 (96)
—a’hyiL + a’hyi — a*h’y; (L° — 6a’L + 4a”) 2 In Y1+ h
2a*h3y; L(y: + h) 6a’h3 L yiL h

In Equation (96) is replaced x = 0, to find the rotation in support “A”; it is presented:

600 — 12MBAa3{ 2 In <y1 + h) B 2a3h? — adhy, + a*hy L — ah®L
EbL | yiL h 2a3h3y? L (07)
—a’hy? L + a*hy? — a®h?y; — a®h3L (L? — 60 L + 4a®)
* 2a3h3yiL(y; + h) B 6a3h3L }

Equation (93) is substituted into Equation (83) to obtain the rotations anywhere of the
segment L —a < x < L:
dy 12MBAa3{ 2zy; +yi1(a — L) + ah 2 | <y1 + h) 2a3h? — a3hy,
dx EbL 202 [xy1 + y1(a— L)+ ah)]? 3L h 2a3h3y3 L
ahyiL? — 2a’hyiL + a*hy? + ah®y, L? + a®*h3L — a®h?y, (L —a)?® — a?)
* 2a3h3y2 Ly, + h) MREYETEYS }

(98)
In Equation (98) is replaced = = L, to find the rotation in support “B”; it is presented:

9 :12M3Aa3{ 2 I <y1+h> L +ay +ah 2a3h? — a*hy,
BT ERL WAL h 2a2y>(yy + h)? 2a3h31y2L
ahy?L? — 2a2hy? L + ahy? + ah*y, L? + a?h3L — a®h*y; (L —a)® — a®)
- 2a3h3y2L(y, + h) i 3ah3L }
(99)

Equations (23), (62) and (97) are substituted of the support “A” into Equation (5):
6wa® [ 1 h 4a® — 6a*L + L y3(L — a) + hy?L + 3ah*y; + 2ah®
Eb {E ! (y + h> 12a%h 2ah23 (yr + h)? }

12MABa3{ 2 <y1 + h> yila+L)+ah  yi—2h  ah—ay +yL
EbL L h 202y (yy + h)2 2023 L - 2ah?y L(y, + h)
_ah—ay +uyL (a— L)? 1 } 12MBAa3{ 2 . (y1+h)

222y 3PIPL | 3IPL =L 7L\
2a3h? — a*hyy + a*hy L — a*h?L —a’hy? L + a®hy? — a®h*y, — a®>h3L
a 2a3h3y3 L * 2a3h3y3 L(yy + h)
_(LP—6a’L + 4a3)} 0
6ach3 L

(100)



558 A. LUEVANOS ROJAS AND J. MONTOYA RAMIREZ

Equatlons 9), (64) and (99) are substituted of the support “B” into Equation (6):

6 —6a’L+ L*  y}(L —a)+ hyiL + 3ah®y; + 2ah?
12a3h3 2ah2y?(y, + h)?
12MABa 2 | yi + h N h2L + ahy, — ay? + y2L  hL —y, L + ay; — 2ah
ju— n j—
EbL 3L h 2ah*y? L(y, + h) 2ah2y? L
L —a)? L —a)? 2 3 12Mpaa® [ 2 h
S0P (Lo @ @ ) pMatf 2 (s
2a3h 3a3h3L  2a3h3  3a3h3L EbL y; L h
L+ ay +ah  2a3h? — adhy,
2a2y2(y; + h)2 203132 L
N ahyiL? — 2a’hy; L + a*hy} + ah®y L + o*hPL — a®hPy; (L —a)® —a®\ 0
2a3h3y2 Ly, + h) 3a3h3L B
(101)
Equations (100) and (101) are developed to find “Msp” and “Mp4”; it is as follows:
_ 373 yit+h 34,3 2 3
Map =w(yr + h){ 12a°h°(y1 + h) In —ylyi(4a” — 6a°L + L7)
+ hyi(L? — 2a®) + 6a*h%y; + 12a3h3]} (102)
/1247 [yi(2a — L) + hy:(3a — 2L) — h*L]
h
M=o+ 1 126980 + 1) (P50 ) — littaa® - 6L+ 29
(103)

+ hyi(L? — 2a®) + 6a°h*y; + 12a3h3]}

/1247 [yi(2a — L) + hy:(3a — 2L) — h*L]

Then, value of “M 45" and “Mp,” are equal, this is a logical situation, since the member
is symmetrical.

2.2.2. Factor of carry-over and stiffness. In order to develop the method to obtain the
factor of carry-over and stiffness, it will be helpful to consider the following problem: If
a clockwise moment of “M,p” is applied at the simple support of a straight member of
variable cross section simply supported at one end and fixed at the other, find the rotation
“O0,” at the simple support and the moment “Mpg,” at the fixed end, as shown in Figure
3.

The additional end moments, “M 45" and “Mp,”, should be such as to cause rotations
of “04” and “Op”, respectively. If “0,5” and “Opy” are the end rotations caused by “M,p”,
according to Figure 3(b) and “043” and “Op3” by “Mp,”, these are observed in Figure

7

3(c).
The conditions of geometry required are [13]:
HA == 9,42 - 9A3 (104)
0= 932 — 033 (105)

The beam of Figure 3(b) is analyzed to find “f645” and “fpy” in function of “M 45" are
shown in Equations (62) and (64).

The beam of Figure 3(c) is analyzed to find “643” and “Ops3
the same way; these were obtained by Equations (97) and (99).

R 7

in function of “Mp4” of



MATHEMATICAL MODEL FOR RECTANGULAR BEAMS 559

E = Constant
I = variable

M| 4 B (b)
Cﬁ\& _________ PR

FI1GURE 3. Beam simply supported at one end and fixed at the other

Now, Equations (64) and (99) are substituted into Equation (105):

12MABa3{ 2 In (y1 + h) N h*L + ahy, — ay? + yiL

EbL | 3L h 2ah?yiL(y1 + h)
hL —yiL+ay —2ah  (L—a)® (L—a)® d N a?
2ah2y? L 2a3h3 3aPh3L  2a®h3  3aPh3L

B 12MBAa3{ 2 n (y1 + h) L +ay +ah 2a3h? — adhy,
EbL | y3L h 262y} (y1 + h)? 2a3h3y2 L
ahyiL?* — 2a*hy; L 4+ a*hyi + ah®y L* + a®h°L — a*h*y; (L —a)®* —a®) |
* 2a3h3y2 Ly, + h) i 3a3h3L } =0

(106)

Equation (106) is used to obtain “Mp4” in function of “M4p":

Mpy = Hyl (y1 + h)[yi(4a® — 6a®L + L?) + hy?(L? — 2a*) + 6a*hy; + 6ah?]

+h y1+h
—120%R3 (yy + )21 (yl—) }/{12a3h3 +h2[1n( )}
a’h? (1 ) n A (?Jl ) A (107)
—y1 [2y1(20® — 3a®L + 3aL® — L?) + hy; (2a® — 6a°L + 9aL® — 4L?)

+2h%y}(2a® — L*) + 12a°hy; + 6a°h*) H Mup

Therefore, the factor of carry-over of “A” to “B” is the ratio of the moment induced at
point “B” due to the moment applied at point “A”; this is the moment coefficient “Myg”
expressed in Equation (107). The factor of carry-over of “B” to “A” is equal, since the
member is symmetrical.
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Now, Equations (62) and (97) are substituted into Equation (104):

6, — 12MABa3{ 2 o (y1+h> yi(a+ L) +ah  ah—ay, +y L
EbL yiL h 2022 (y1 + )2 2ah?y; L(y, + h)
y—2h  ah—ay; +wpL  (a—L)3 1 12Mp4a®

TOREL T 2ahiy? 3L 3h3L} -

EbL 10g)
{ 2 n (y1 + h> _ 2a°h? = a’hyy + @’hy L — a*WPL
Y3 L h 2a3h3y3 L
N —a*hyi L+ a’hyf — a®hPys — a®?h°L (L — 6a°L + 4a°) }
2a3h3y? L(yy + h) 6a3h3L

Then, Equation (107) is replaced into Equation (108):
EbL 2 y1+h yi(a+ L) +ah  ah—ay, + L
‘9A = MAB - 3 In D)
12a3 y; L h 2a2y?(y1 + h)?2  2ah2y; L(y; + h)
_y1—2h_ah—ay1+y1L (G—L)3+ 1
2h2y2 L 2a2h%y} 3a*h3L ~ 3h3L

— { Hyl(yl + h)[yf’(éla?’ — 6a’L + L3) + hyf(L?’ — 2a3) + 6a3hy; + 6a3h3]

—12a°R*(y; + h)*In (yl }—: h) }/{12a3h3(y1 +h)*In <y1 2_ h>

— 12y} (2a® — 3a®L + 3aL* — L?) + hy}(2a® — 6a®L + 9aL® — 4L%)

2 h
+ 2h%y}(2a® — L?) + 12a°h’y; + 6a3h4]H MAB} { 7L In (y1 ; )
1

_2a°W? = a’hyy + @*hy L — a*WPL

2a2h3y? L
N —a’hy? L + a®hy? — a®h?y; — a®h3L (L? — 6aL + 4a®)
2a3h3yiL(y, + h) 6a3h3 L
(109)
Equation (109) is used to obtain “M 45" in function of “04”:
Mg = Ebh®(y; + h)g{yl [2y1(2a® — 3a*L + 3al® — L?)
+ hy?(2a® — 6a*L + 9aL® — 4L%) + 2h%*y? (2a* — L?)
h
+12a*h3y; + 6a°h*) — 12a°R*(y; + h)* In (%) }
(110)

h
/{6[9%(2(1 — L)+ hy1(3a — 2L) — th]{ZZla?’h?’(yl +h)2In (yl:L‘ )
— [y (8a® = 12a°L + 6aL? — L°) + hy; (4a® — 12a°L 4 9aL* — 2L7)
+ h?yi(8a® — L?) 4 240’ W’y + 12a3h4]H 0.4

Therefore, the stiffness factor is the moment applied at the point “A” due to the rotation
induced of 1 radian in the support “A”; this is the coefficient of the rotation “6,” expressed
in Equation (110). The stiffness factor of the moment applied at the point “B” due to
the rotation induced of 1 radian in the support “B”, also is expressed in Equation (110),
since the member is symmetrical.
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3. Application. In the following example are determined the internal moments at sup-
ports of the beam shown in Figure 4.

FiGURE 4. Continuous beam with straight haunches simply supported

Data of the continuous beam are:

w = 3000kg/m
b = 30cm

h = 30cm

y1 = 30cm

a; = 2.50m

Ly = 10.00m
as = 3.50m

Ly = 10.00m
Span AB

Using Equations (102) and (103) to obtain moments:
Mag = 30501.27kg-m  Mp4 = 30501.27kg-m
And taking into account the direction of the moments, are as follows:
Map = +30501.27kg-m  Mpy = —30501.27kg-m
Substituting into Equation (107) to find the carry-over factor of two ends of the beam:
Cap =0.6233 Cpa = 0.6233
Now, Equation (110) is used to obtain the stiffness factor of two ends of the beam:
Kap =0.000521E  Kpu = 0.000521E

Span BC
Using Equations (102) and (103) to obtain moments:

Mpe = 31316.70kg-m Mg = 31316.70kg-m
And taking into account the direction of the moments, are as follows:
Mpe = 4+31316.70kg-m  Mep = —31316.70kg-m
Substituting into Equation (107) to find the carry-over factor of two ends of the beam:
Cpe = 0.5182 Cep = 0.5182
Now, Equation (110) is used to obtain the stiffness factor of two ends of the beam:
Kpec = 0.000498E K = 0.000498E

Using the foregoing values for stiffness factor, the distribution factors are computed
and entered in Table 1. The moment distribution follows the same procedure outlined by
Hardy Cross method. The results in kg-m are shown on the last line of the table.
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TABLE 1. Moment distribution method

Joint A B C
Member AB BA BC CB
Stiffness factor | 0.000521F | 0.000521E | 0.000493E | 0.000498E
Distribution factor 1.0000 0.5113 0.4887 1.0000
Carry-over factor 0.6233 0.6233 0.5182 0.5182
Fixed-end moments | £30501.27 | —30501.27 | +31316.70 | —31316.70
Coeto 1 | FEM | 3050127 | =30501.27 | +31316.70 | —31316.70
yele Balance | —30501.27 | —416.93 | —398.50 | +31316.70
oo g | CO_| —95087 | —19011.44 | +1622831 | —206.50
yele Balance | +259.87 | +1423.01 | +1360.12 | +206.50

CO | +886.96 | +161.08 | +107.01 | +704.81
Cyele 3 —gTance | —836.96 | —137.53 | —I31.46 | —704.81
cO “85.72 | —552.84 | —365.23 | —68.12
Cycle 4 goqnce | 78572 | 46941 | +448.66 | +63.12
CO | 29258 | 45343 | 43530 | +232.50
Cycled miTince [ —20258 | —45.37 | —43.36 | —232.50
cO 9808 | —182.37 | —12048 | —22.47
Cyele 6 gitance | 72828 | +154.85 | T148.00 | 122.47
co 10652 | +17.63 | +11.64 | £76.60
Cyele T 5ilance | —96.52 | —14.97 | —1430 | —76.69
cO =033 | —60.16 | —39.74 | —7A4l
Cycle 8 mifance | 7933 | 45108 | $4882 | +7.41
cO 13184 | 1582 1381 | +25.30
Cycle 9 mpilnce T —31.84 —4.94 —472 —95.30
cO 307 | —1985 | —13.11 | —2.45
Cycle 10 gornce | 307 | +16.85 | F1611 | +2.45
cO 11050 | +1.01 1.7 18.35
Cycle 11 5 T —1050 | —1.63 —155 ~8.35
cO ~1.02 ~6.54 ~133 ~0.80
Cycle 12 e T $1.02 556 531 0.80
O 1347 10.64 1041 12.75
Cycle 13 g prce T =347 —051 ~051 275
cO ~0.34 ~2.16 143 ~0.26
Cycle 14 5o e T F0.34 184 17 10.26
Cyele 15 |0 1.5 10.21 0.13 10.01
Balance —1.15 —0.17 —0.17 —0.91
cO ~0.11 ~0.72 047 ~0.00
Cycle 16 g e T F0.11 0.61 1058 0.0
Total moments 0 —48594.6 | +48594.6 0

4. Results. Table 1 shows the application of the mathematical model developed in this
paper. Moment distribution method or Hardy Cross method was used to develop this
example to present the application of the carry-over factor, stiffness factor and fixed-end
moments.

A way to validate the proposed model is as follows: in Equations (102) and (103) is
substituted “a = OL” to obtain the fixed-end moments “Myp = wL?/12” and “Mp, =
wL?/12” | in Equation (107) is substituted “a = 0L” to find the carry-over factor “Cap =
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Cpa = 0.5” and to obtain the stiffness factor is substituted “a = 0L” into Equation (110)
and this is “Kp = Kpa = Ebh®/3L = AET/L”. The values presented above correspond
to a constant cross section.

Therefore, the model proposed in this paper is valid and is not limited to certain
dimensions or proportions as shown in some books.

5. Conclusions. This paper developed a mathematical model for the fixed-end moments,
carry-over factors and stiffness for a uniformly distributed load. The properties of the
rectangular cross section of the beam vary along its axis, i.e., the width “b” is constant
and the height “A” varies along the beam, and this variation is a linear type.

The mathematical technique presented in this research is very adequate for the fixed-end
moments, rotations, factors of carry-over and stiffness for beams of variable rectangular
cross section subject to a uniformly distributed load, since the results are accurate, and
it presents the mathematical expression.

The significant application of fixed-end moments, rotations and displacements is in the
matrix methods of structural analysis to obtain the moments acting and the stiffness of
a member. The factor of carry-over is used in the moment distribution method or Hardy
Cross method.

Traditional methods were used for variable section members, the deflections are ob-
tained by Simpson’s rule, or any other techniques to perform numerical integration, and
tables showing some authors are restricted to certain relationships. Besides the efficiency
and accuracy of the method developed in this research, a significant advantage is that
the rotations, displacements and moments are obtained in any cross section of the beam
using the respective integral representations in mathematical expression corresponding.

The mathematical model developed in this paper applies only for rectangular beams
subject to a uniformly distributed load of variable cross section of symmetric linear shape.
The suggestions for future research are shown as follows: 1) when the member presented
another type of cross section, by example variable cross section of drawer type, “T” and
“I”; 2) when the member has another type of configuration, by example parabolic type,
circular and elliptic; 3) when the member is subject to another type of load, by example
concentrated load and triangularly distributed load.
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