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Abstract. In this study, we propose the fuzzy sense of interval value [mij−∆ij1,mij+
∆ij2] instead of the single value mij applied on assessment of aggregated risk rate. The
proposed fuzzy assessment method on the risk rate analysis in software development can
really reflect the interviewee’s incomplete and uncertain thought. The results show that
the proposed method provides a more accurate measurement of uncertainty than the ex-
isting ones to reduce the degree of subjectivity of the evaluators.
Keywords: Risk assessment, Interval value, Triangular fuzzy number

1. Introduction. Risk assessment is a common first step and also the most important
step in a risk management process. Risk assessment is the determination of quantitative
or qualitative value of risk related to a concrete situation and a recognized threat. In a
quantitative sense, it is the probability at such a given point in a software development
process that predicted goals could not be achieved with the available resources. Due to
the complexity of risk factors and the compounding uncertainty associated with future
sources of risk, risk is normally not treated with mathematical rigor during the early
software development [1]. Risks result in project problems such as schedule and cost
overrun, so risk minimization is a very important project management activity [15,16].
Up to now, there are many papers investigating risk identification, risk analysis, risk
priority, and risk management planning [1-5,7,15,16].

Based on [2-5,7,15,16], Lee [9] classified the risk factors into six attributes, divided each
attribute into some risk items, built up the hierarchical structured model of aggregative
risk and the evaluating procedure of structured model, ranged the grade of risk for each
risk item into eleven ranks, and presented the procedure to evaluate the rate of aggregative
risk using two stages fuzzy assessment method. Chen [6] ranged the grade of risk for each
risk item into thirteen ranks, and defuzzified the trapezoid or triangular fuzzy numbers
by the median. Lee [10] presented two algorithms for group decision making to tackle
the rate of aggregative risk in fuzzy circumstances. Lee et al. [11] presented the other
algorithm to evaluate the rate of aggregative risk. In [12], Lee and Lin presented the other
method to tackle the risk rate in software development process. Lee and Lin [13] proposed
the computational rule inferences to tackle the presumptive rate of aggregative risk in
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software development in fuzzy circumstances. The presented method of presumptive rate
of aggregative risk directly uses the fuzzy numbers rather than the linguistic values to
presume, and is defuzzified by the centroid method. In [14], Lin and Lee presented the
fuzzy sense on sampling survey to do aggregated assessment analysis.
In this paper, we present the fuzzy sense of the closed interval value [mij1−∆ij1,mij2+

∆ij2] instead of the single value mij on assessment for the sub-item Xij to do the rate
of aggregated risk. The presented fuzzy assessment method on the risk rate analysis in
software development process can really reflect the evaluator’s incomplete and uncertain
thought. The computing risk rate is close to the human thinking. Section 2 shown
preliminaries. The presented assessment method is in Section 3. Section 4 is the example
implementation. Finally, Section 5 makes conclusions of our work.

2. Preliminaries. For the proposed algorithm, all pertinent definitions of fuzzy sets are
given below [17-20].

Definition 2.1. Let ã be a fuzzy set on R = (−∞,∞). It is called a fuzzy point if its
membership function is

µã(x) =

{
1, if x = a
0, if x 6= a

(1)

Definition 2.2. Let [a, b;α] be a fuzzy set on R = (−∞,∞). It is called a level α fuzzy
interval, 0 ≤ α ≤ 1, a < b, if its membership function is

µ[a,b;α](x) =

{
α, if a ≤ x ≤ b
0, otherwise

(2)

If b = a, we call [a, a;α] a level α fuzzy point at a.

Definition 2.3. α-level set of the triangular fuzzy number Ã = (p, q, r) is

A(α) = {x|µÃ(x) ≥ α}
≡ [AL(α), AR(α)]

(3)

where

AL(α) = p+ (q − p)α,

AR(α) = r − (r − q)α, α ∈ [0, 1]
(4)

Let F be the family of all these fuzzy sets Ã on R = (−∞,∞). Let Ã ∈ F , and then
from the decomposition theory [20], we can represent Ã as

Ã = ∪
0≤α≤1

αA(α)

= ∪
0≤α≤1

[AL(α), AR(α);α]
(5)

As in Yao and Wu [17], we may define the signed distance from [AL(α), AR(α);α] to 0̃
as

d([AL(α), AR(α);α], 0̃) =
1

2
[AL(α) + AR(α)] (6)

Since Ã ∈ F , AL(α) and AR(α) exist and are integrable for α ∈ [0, 1], from (5), we have
the following definition.

Definition 2.4. Let Ã ∈ F , and we define the signed distance of Ã measured from 0̃ as

d(Ã, 0̃) =
1

2

∫ 1

0

[AL(α) + AR(α)]dα (7)
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Let Ã = (p, q, r). We denote

C(Ã) =

∫ r

p
xµÃ(x)dx∫ r

p
µÃ(x)dx

(8)

as the defuzzification of Ã by the centroid method.

Remark 2.1. If Ã = (p, q, r), then the left endpoint and the right endpoint of the α-cut
of Ã are AL(α) = p + (q − p)α and AR(α) = r − (r − q)α, respectively. The centroid of
Ã is C(Ã) = 1

3
(p+ q + r), and the signed distance of Ã is d(Ã, 0̃) = 1

4
(2q + p+ r).

Proposition 2.1. Let Ãj = (aj, bj, cj), B̃j = (pj, qj, rj), j = 1, 2. If 0 ≤ AjL(α) <
AjR(α), 0 ≤ BjL(α) < BjR(α), for α ∈ [0, 1], j = 1, 2, then we have the following three
properties.

(10) Ã1 ⊗ B̃1

= ∪
0≤α≤1

[A1L(α)B1L(α), A1R(α)B1R(α);α]

(20) (Ã1 ⊗ B̃1)⊕ (Ã2 ⊗ B̃2)

= ∪
0≤α≤1

[A1L(α)B1L(α) + A2L(α)B2L(α), A1R(α)B1R(α) + A2R(α)B2R(α);α]

(30) k(Ã1 ⊗ B̃1)

= ∪
0≤α≤1

[kA1L(α)B1L(α), kA1R(α)B1R(α);α], for k > 0

Proposition 2.2. Let Ãj = (aj, bj, cj), B̃j = (pj, qj, rj), j = 1, 2. Then, we have

d([(Ã1 ⊗ B̃1)⊕ (Ã2 ⊗ B̃2)], 0̃)

= d(Ã1 ⊗ B̃1, 0̃) + d(Ã2 ⊗ B̃2, 0̃)

We can easily show Proposition 2.2 by Definition 2.4 and Proposition 2.1.

Proposition 2.3. Let Ã = (p, q, r) be a triangular fuzzy number. We have
(10) If the membership function of Ã is not an isosceles triangle, then, based on the

maximum membership grade principle, to defuzzify Ã by the signed distance is better than
that by the centroid method.

(20) If the membership function of the triangular fuzzy number Ã is an isosceles triangle,
then to defuzzify Ã by the signed distance is equal to that by the centroid method based on
the maximum membership grade principle.

Let [mij − ∆ij1,mij + ∆ij2] be a closed interval, where 0 ≤ ∆ij1 < mij, 0 ≤ ∆ij2. If
the decision maker takes a value which coincides with mij, then the error is zero. If the
value deviates from mij farther from both sides of mij, the error is larger. If the value
lies at one of the two endpoints mij −∆ij1 and mij +∆ij2 then the error will attain the
maximum. From the fuzzy point of view, we can express the error by the confidence level.
If the error is 0 then confidence level is 1. The farther the value is from both sides of
mij, the less the confidence level is. The confidence level is zero. At the two endpoints
mij −∆ij1 and mij +∆ij2. Corresponding to the closed interval [mij −∆ij1,mij +∆ij2],
we characterize the normal triangular fuzzy number as follows:

m̃ij = (mij −∆ij1,mij,mij +∆ij2) (9)

The membership grade of mij in m̃ij is 1. The farther the point in the interval [mij −
∆ij1,mij + ∆ij2] from both sides of mij, the lower the membership grade is. The mem-
bership grade and the confidence level have the same properties. Therefore, if we make a
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correspondence between the membership grade and the confidence level, it is reasonable to
set up a triangular fuzzy number in Equation (9) corresponding to [mij−∆ij1,mij+∆ij2],
for i = 1, 2, . . . , 6; j = 1, 2, . . . , ni. We have the following proposition:

Proposition 2.4. Let 0 < ∆ij1 < mij, 0 < ∆ij2, then there is a triangular fuzzy number
m̃ij = (mij −∆ij1,mij,mij +∆ij2) corresponding to the closed interval [mij −∆ij1,mij +
∆ij2].

Definition 2.5. Let X,Y ⊆ R be universal sets, then

R̃ = {((x, y), µR̃(x, y))|(x, y) ⊆ X × Y } (10)

is called a fuzzy relation on X × Y .

3. The Proposed Fuzzy Risk Assessment Method. We present the fuzzy assessment
method as follows:

3.1. Assessment form for the risk items. The criteria ratings of risk are linguistic
variables with linguistic values V1, V2, . . ., V7, where V1 = extra low, V2 = very low, V3 =
low, V4 = middle, V5 = high, V6 = very high, V7 = extra high. These linguistic values are
treated as the following normal triangular fuzzy numbers,

Ṽ1 =(0, 0, 1/6)

Ṽk =

(
k − 2

6
,
k − 1

6
,
k

6

)
, for k = 2, 3, . . . , 6

Ṽ7 =(5/6, 1, 1)

(11)

Now, we defuzzify Ṽ1, Ṽ2, . . ., Ṽ7 by the signed distance method, and we have d(Ṽ1, 0̃) =
0.0417, d(Ṽ2, 0̃) = 0.1667, d(Ṽ3, 0̃) = 0.3333, d(Ṽ4, 0̃) = 0.5, d(Ṽ5, 0̃) = 0.6667, d(Ṽ6, 0̃) =
0.8333, d(Ṽ7, 0̃) = 0.9583.
In this study, we propose the fuzzy sense of interval value [mij − ∆ij1,mij + ∆ij2] ⊆

[0, 1] instead of single value mij on assessment for the risk item Xij to do the rate of
aggregated risk, where 0 < ∆ij1 < mij, 0 < ∆ij2. Since mij ∈ [mij − ∆ij1,mij + ∆ij2]
and [mij − ∆ij1,mij + ∆ij2] is an interval, the evaluator could select a suitable value in
[mij −∆ij1,mij +∆ij2] for the risk item Xij. Based on [12], we proposed the assessment
form as shown in Table 1.
In Table 1,

6∑
i=1

W2(i) = 1, 0 ≤ W2(i) ≤ 1, (12)

for each i = 1, 2, . . . , 6.
nk∑
i=1

W1(k, i) = 1, 0 ≤ W1(k, i) ≤ 1 (13)

for k = 1, 2, . . . , 6; n1 = 1, n2 = 4, n3 = 2, n4 = 4, n5 = 2, n6 = 1; i = 1, 2, . . . , nk.

m̃
(l)
ki =

(
m

(l)
ki −∆

(l)
ki1,m

(l)
ki ,m

(l)
ki +∆

(l)
ki2

)
(14)

7∑
l=1

m
(l)
ki = 1, 0 ≤ m

(l)
ki ≤ 1 (15)

0 ≤ ∆
(l)
ki1 < m

(l)
ki , 0 ≤ ∆

(l)
ki2, (16)

for l = 1, 2, . . . , 7; k = 1, 2, . . . , 6; i = 1, 2, . . ., nk. ∆
(l)
ki1, ∆

(l)
ki2 are determined by the

evaluator.
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Table 1. Contents of the hierarchical structure model

Risk attribute Risk item Weight-2 Weight-1
Linguistic variables

V1 V2 V3 V4 V5 V6 V7

X1: Personal W2(1)

X11: Personal shortfalls,
W1(1, 1) m̃

(1)
11 m̃

(2)
11 m̃

(3)
11 m̃

(4)
11 m̃

(5)
11 m̃

(6)
11 m̃

(7)
11key person(s) quit

X2: System
W2(2)

requirement

X21: Requirement ambiguity W1(2, 1) m
(1)
21 m̃

(2)
21 m̃

(3)
21 m

(4)
21 m̃

(5)
21 m

(6)
21 m̃

(7)
21

X22: Developing the
W1(2, 2) m̃

(1)
22 m̃

(2)
22 m̃

(3)
22 m̃

(4)
22 m̃

(5)
22 m̃

(6)
22 m̃

(7)
22wrong software function

X23: Developing the
W1(2, 3) m̃

(1)
23 m̃

(2)
23 m̃

(3)
23 m̃

(4)
23 m̃

(5)
23 m̃

(6)
23 m̃

(7)
23wrong user interface

X24: Continuing stream
W1(2, 4) m̃

(1)
24 m̃

(2)
24 m̃

(3)
24 m̃

(4)
24 m̃

(5)
24 m̃

(6)
24 m̃

(7)
24requirement changes

X3: Schedules
W2(3)

and budgets

X31: Schedule not accurate W1(3, 1) m̃
(1)
31 m̃

(2)
31 m̃

(3)
31 m̃

(4)
31 m̃

(5)
31 m̃

(6)
31 m̃

(7)
31

X32: Budget not sufficient W1(3, 2) m̃
(1)
32 m̃

(2)
32 m̃

(3)
32 m̃

(4)
32 m̃

(5)
32 m̃

(6)
32 m̃

(7)
32

X4: Developing
W2(4)

technology

X41: Gold-plating W1(4, 1) m̃
(1)
41 m̃

(2)
41 m̃

(3)
41 m̃

(4)
41 m̃

(5)
41 m̃

(6)
41 m̃

(7)
41

X42: Skill levels inadequate W1(4, 2) m̃
(1)
42 m̃

(2)
42 m̃

(3)
42 m̃

(4)
42 m̃

(5)
42 m̃

(6)
42 m̃

(7)
42

X43: Straining hardware W1(4, 3) m̃
(1)
43 m̃

(2)
43 m̃

(3)
43 m̃

(4)
43 m̃

(5)
43 m̃

(6)
43 m̃

(7)
43

X44: Straining software W1(4, 4) m̃
(1)
44 m̃

(2)
44 m̃

(3)
44 m̃

(4)
44 m̃

(5)
44 m̃

(6)
44 m̃

(7)
44

X5: External
W2(5)

resource

X51: Shortfalls in externally
W1(5, 1) m̃

(1)
51 m̃

(2)
51 m̃

(3)
51 m̃

(4)
51 m̃

(5)
51 m̃

(6)
51 m̃

(7)
51furnished components

X52: Shortfalls in externally
W1(5, 2) m̃

(1)
52 m̃

(2)
52 m̃

(3)
52 m̃

(4)
52 m̃

(5)
52 m̃

(6)
52 m̃

(7)
52performed tasks

X6: Performance W2(6)

X61: Real-time
W1(6, 1) m̃

(1)
61 m̃

(2)
61 m̃

(3)
61 m̃

(4)
61 m̃

(5)
61 m̃

(6)
61 m̃

(7)
61performance shortfalls

3.2. Evaluating the rate of risk by two stages.
Step 1: By the first stage:
Let V = {V1, V2, . . . , V7} be the set of the criteria rating of risk for each item. By fuzzy

relation [20] on Xi × V , we can form a fuzzy assessment matrix with fuzzy numbers Mi

for Xi × V as follows, for i = 1, 2, . . . , 6. Thus, we have

Mi =


m̃

(1)
i1 m̃

(2)
i1 . . . m̃

(7)
i1

m̃
(1)
i2 m̃

(2)
i2 . . . m̃

(7)
i2

...
...

...

m̃
(1)
ini

m̃
(2)
ini

. . . m̃
(7)
ini

 (17)

Let
(t̃i1, t̃i2, . . . , t̃i7) = (W1(i, 1),W1(i, 2), . . . ,W1(i, ni)) ◦Mi (18)

where

t̃il =
(
W1(i, 1)⊗ m̃

(l)
i1

)
⊕
(
W1(i, 2)⊗ m̃

(l)
i2

)
⊕ · · · ⊕

(
W1(i, ni)⊗ m̃

(l)
ini

)
(19)

Then, we can have

t̃il =

(
ni∑
j=1

W1(i, j)
(
m

(l)
ij −∆

(l)
ij1

)
,

ni∑
j=1

W1(i, j)
(
m

(l)
ij

)
,

ni∑
j=1

W1(i, j)
(
m

(l)
ij +∆

(l)
ij2

))
(20)
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Defuzzified t̃il by signed distance, we have

d(t̃il, 0̃) =

ni∑
j=1

W1(i, j)
(
m

(l)
ij

)
+

1

4

ni∑
j=1

W1(i, j)
(
∆

(l)
ij2 −∆

(l)
ij1

)
(21)

Let

Pil =
d(t̃il, 0̃)
7∑

l=1

d(t̃il, 0̃)

(22)

Step 2: By the second stage:
Let

(ũ1, ũ2, . . . , ũ7) = (W2(1),W2(2), . . . ,W2(6)) ◦


t̃11 t̃12 · · · t̃17
t̃21 t̃22 · · · t̃27
...

...
...

t̃61 t̃62 · · · t̃67

 (23)

where
ũk = (W2(1)⊗ t̃1k)⊕ (W2(2)⊗ t̃2k)⊕ · · · ⊕ (W2(6)⊗ t̃6k) (24)

Then, we can express ũk as ũk = (vk1, vk2, vk3), where

vk1 =
6∑

i=1

(
W2(i)

(
ni∑
j=1

W1(i, j)
(
m

(k)
ij −∆

(k)
ij1

)))

vk2 =
6∑

i=1

(
W2(i)

(
ni∑
j=1

W1(i, j)m
(k)
ij

))

vk3 =
6∑

i=1

(
W2(i)

(
ni∑
j=1

W1(i, j)
(
m

(k)
ij +∆

(k)
ij2

)))
Defuzzified ũk by signed distance, we have

d(ũk, 0̃) =
6∑

i=1

(
W2(i)

(
ni∑
j=1

W1(i, j)m
(k)
ij

))

+
1

4

6∑
i=1

(
W2(i)

(
ni∑
j=1

W1(i, j)
(
∆

(k)
ij2 −∆

(k)
ij1

))) (25)

Let

Uk =
d
(
ũk, 0̃

)
7∑

k=1

d
(
ũk, 0̃

) (26)

Then, we have the following proposition.

Proposition 3.1. For assessment form as shown in Table 1, and from Equation (22) and
Equation (26), we have

(1) The risk rate for the attribute Xi respective to the criteria rating Vl is Pil as shown
in Equation (22).

(2) The aggregative risk rate in software development respective to the criteria rating Vl

is Ul as shown in Equation (26).

(3) The aggregative risk rate in software development is S =
7∑

l=1

Ul · d(Ṽl, 0̃).
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4. Example Implementation. Suppose that we have the assessed weights of the risk
attributes and items, and the rating for each risk item as shown in Table 2.

Table 2. Contents of the example

Attribute Risk item Weight-2 Weight-1
Linguistic variables

V1 V2 V3 V4 V5 V6 V7

X1 0.3

X11 1 0̃ (0, 0.17, 0.34) (0.7, 0.83, 0.96) 0̃ 0̃ 0̃ 0̃
X2 0.3

X21 0.4 0̃ (0.5, 0.53, 0.56) (0.4, 0.47, 0.54) 0̃ 0̃ 0̃ 0̃

X22 0.4 0̃ (0.8, 0.89, 0.98) (0.1, 0.11, 0.12) 0̃ 0̃ 0̃ 0̃

X23 0.1 (0.1, 0.25, 0.4) (0.6, 0.75, 0.9) 0̃ 0̃ 0̃ 0̃ 0̃

X24 0.1 (0.5, 0.61, 0.72) (0.2, 0.39, 0.58) 0̃ 0̃ 0̃ 0̃ 0̃
X3 0.1

X31 0.5 0̃ (0.1, 0.17, 0.24) (0.7, 0.83, 0.96) 0̃ 0̃ 0̃ 0̃

X32 0.5 0̃ (0.5, 0.53, 0.56) (0.4, 0.47, 0.54) 0̃ 0̃ 0̃ 0̃
X4 0.1

X41 0.3 0̃ (0.8, 0.89, 0.98) (0.1, 0.11, 0.12) 0̃ 0̃ 0̃ 0̃

X42 0.1 0̃ (0.1, 0.17, 0.24) (0.7, 0.83, 0.96) 0̃ 0̃ 0̃ 0̃

X43 0.3 0̃ (0.1, 0.17, 0.24) (0.7, 0.83, 0.96) 0̃ 0̃ 0̃ 0̃

X44 0.3 0̃ (0.5, 0.53, 0.56) (0.4, 0.47, 0.54) 0̃ 0̃ 0̃ 0̃

X5 0.1

X51 0.5 0̃ 0̃ (0.8, 0.81, 0.82) (0, 0.19, 0.38) 0̃ 0̃ 0̃

X52 0.5 0̃ 0̃ (0.7, 0.81, 0.92) (0, 0.19, 0.38) 0̃ 0̃ 0̃

X6 0.1

X61 1 0 (0.1, 0.17, 0.24) (0.7, 0.83, 0.96) 0̃ 0̃ 0̃ 0̃

In Table 2, 0̃ = (0, 0, 0).
By the evaluating process in Section 3.2, we have
(1) The risk rate of the attribute Xi with respective to the criteria Vq are as shown in

Table 3, for i = 1, 2, . . . , 6.

Table 3. The value of Pil, i = 1, 2, . . . , 6; l = 1, 2, . . ., 7

Attribute V1 V2 V3 V4 V5 V6 V7

X1 0 0.17 0.83 0 0 0 0
X2 0.086 0.682 0.232 0 0 0 0
X3 0 0.35 0.65 0 0 0 0
X4 0 0.494 0.506 0 0 0 0
X5 0 0 0.81 0.19 0 0 0
X6 0 0.17 0.83 0 0 0 0

(2) The aggregative risk rate in software development respective to the criteria rating
Vl is as the following, for l = 1, 2, . . . , 7.

U1 = 0.0258, U2 = 0.357, U3 = 0.5982

U4 = 0.019, U5 = 0, U6 = 0, U7 = 0

(3) The aggregative risk rate in software development is S = 0.269476.
(4) Comparison with Lee and Lin [12].
In [12], the rate of aggregative risk is 0.269475. By the proposed method in this study,

the computed result is 0.269476. The relative error is (0.269476− 0.269475)/0.269475 =
0.0000037. It is very small. However, we can apply the proposed method in this paper to
evaluating the risk rate with respective to the criteria Vq, for q = 1, 2, . . . , 7.
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5. Conclusions. In this paper, we propose the fuzzy sense of interval value [mij −
∆ij1,mij+∆ij2] instead of the single value mij on assessment to do the rate of aggregated
risk. The proposed fuzzy assessment method using interval valued is presented aiming
at evaluating software risk rate. Not only the evaluators’ incomplete and uncertainty
thought is reflected, but also the assessment of evaluation with fuzzy numbers can reduce
the degree of subjectivity of the evaluators.
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