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Abstract. This paper is concerned with the robust stability of uncertain neutral-type
Lur’e system with interval time-varying delays and sector-bounded nonlinearities. By use
of augmented Lyapunov-Krasovskii functional (LKF) and delay-partitioning techniques,
delay-dependent robust stability criteria are proposed in terms of linear matrix inequalities
(LMIs) without using the general free-weighting matrix method. The criteria are less
conservative than some previous ones. Numerical examples are presented to show the
effectiveness and merits of the proposed approach.
Keywords: Robust stability, Neutral-type Lur’e system, Sector bounded nonlinearity,
Wirtinger-type inequality, Interval time-varying delay

1. Introduction. The stability analysis of dynamic systems with time-delays has been
one of the important issues since time-delay frequently appears in many physical and
industrial systems such as biological systems, chemical systems, electronic systems, and
network control systems [1]. It is well known that time-delay is often attributed as the
major source of poor performance and instability. Therefore, the stability analysis of
delayed linear systems has been widely investigated by many researchers [2,3], and many
effective methods have been developed to derive less conservative delay-dependent sta-
bility criteria [4,5]. However, most systems are nonlinear in practical engineering, so it
is necessary and significant to consider the stability problems of delayed nonlinear sys-
tems. And it is well known that many certain nonlinear systems such as Chua’s circuit
and Lorenz systems can be modeled as Lur’e systems [6], which consist of a feedback
connection of a linear dynamical system and a nonlinearity satisfying the sector bounded
condition. The stability for this type of nonlinear systems was first introduced by Lur’e
[7], and has been considered extensively in [8]. On the other hand, many practical sys-
tems such as the water pipes, population ecology, and chemical reactors are modeled in
the neutral time-delay system which contains delays in both its states and its derivatives
of the states. Delay-dependent stability criteria for nominal and uncertain neutral-type
Lur’e systems with constant time delays and sector bounded nonlinearities were presented
in [9]. However, the delay-range of the time-varying delay associated with the state vec-
tor is assumed to vary from zero to an upper bound. In actual practice, however, the
delay-range may have non-zero lower bound, and such systems are referred to as interval
time-varying delay systems. For Lur’e systems with interval time-varying delay, a new
robust stability criterion is presented in [10]. In checking the conservatism of stability cri-
teria, an important index is to get maximum delay bounds guaranteeing the asymptotic
stability of time-delay systems. Therefore, how to choose an LKF, augmented vectors and
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derive the derivation of a stability condition from the time-derivative of such a functional
plays key roles in enhancing the feasible regions of stability criteria. In this regard, new
cross-term bounding technique [11], parameterized neutral model transformation method
[12], free weighting matrices technique [13] had contributed to enhancing the feasible re-
gions of stability criteria for systems with time-delays. Recently, in order to reduce the
conservatism of stability criteria for time-delay systems, some remarkable results [14,15]
have been presented. Another popular technique in reducing the conservatism of stabil-
ity criteria is delay-partitioning one. Since Gu [16] firstly proposed this method, it is
well recognized that delay-partitioning approach can increase the feasible region of sta-
bility criteria owing to the fact that this method can obtain more tighter upper bounds
obtained by calculation of the time-derivative of LKF, which leads to less conservative
results. However, when the number of delay-partitioning increases, the matrix formula-
tion becomes more complex and the computational burden and time-consumption grow
bigger. Therefore, it is strongly needed that some new methods should be studied in
applying delay-partitioning approach.

Motivated by this discussed above, in this paper, we contribute to the robust stability
for a class of uncertain neutral-type Lur’e systems with interval time-varying delays and
sector bounded nonlinearities. As a tradeoff between time-consumption and improvement
of the feasible region, a new augmented LKF, which fractionizes the delay interval into two
subsections, is constructed. By utilizing Wirtinger-type inequality [17] and reciprocally
convex approach [18], new delay-dependent robust sufficient stability criteria are derived
in terms of LMIs which will be formulated as convex optimization algorithms which are
amenable to computer solution [19]. Finally, three numerical examples are included to
show that the proposed approach improves existing methods and gives better results for
stability than those reported earlier.

2. Problem Statement and Preliminaries. Consider the following uncertain mixed
neutral and Lur’e system with interval time-varying delays and sector bounded nonlin-
earities:

ẋ(t) − Cẋ(t − τ(t)) = (A + ∆A)x(t) + (A1 + ∆A1) x(t − h(t)) + (B + ∆B)f(σ(t)),

σ(t) = HT x(t), ∀t ≥ 0, (1)

x(s) = ϕ(s), ẋ(s) = ϕ̇(s), s ∈ [−max(h, τ), 0],

where x(t) ∈ Rn, σ(t) ∈ Rm denote the state and output vectors of the system, respec-
tively. ϕ(s) ∈ Rn is a continuous initial function specified on [−max(h, τ), 0] with known
positive scalars h, τ . f(σ(t)) ∈ Rm is the nonlinear function in the feedback path, which
is given by:

[f(σ(t))] = [f1(σ1(t)) f2(σ2(t)) · · · fm(σm(t))]T , (2)

where σi(t) is the i-th component of the output vector σ(t), and each term fi(σi(t))
(i = 1, 2, . . . , m) satisfies the finite sector condition:

fi(σi(t)) ∈ K[0,ki] =
{
fi (σi(t)) |fi(0) = 0, 0 < σi(t)fi (σi(t)) ≤ kiσ

2
i (t), σi(t) ̸= 0

}
, (3)

with known positive scalars ki (i = 1, 2, . . . , m), or the infinite sector condition:

fi(σi(t)) ∈ K[0,∞] = {fi(σi(t))|fi(0) = 0, σi(t)fi(σi(t)) > 0, σi(t) ̸= 0} . (4)

A, A1, B, C and H are real constant matrices with appropriate dimensions, and ∆A(t),
∆A1(t) and ∆B(t) denote real-valued matrix functions representing parameter uncertain-
ties, which are assumed to satisfy:

[∆A(t) ∆A1(t) ∆B(t)] = DF (t)[E1 E2 E3], (5)
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where D, Ea, Ea1, and Eb are known constant matrices with appropriate dimensions, and
F (t) is an unknown matrix with Lebesgue-measurable elements and satisfies:

F T (t)F (t) ≤ I, ∀t ≥ 0. (6)

The time-varying delays h(t) and τ(t) are continuous-time functions and are assumed to
satisfy the following conditions:

0 < hl ≤ h(t) ≤ hu, ḣ(t) ≤ hd, 0 ≤ τ(t) ≤ τ, τ̇(t) ≤ τd < 1, ∀t > 0. (7)

The purpose of this paper is to investigate robustly asymptotic stability criteria for system
(1) satisfying conditions (3) (or (4)), (5)-(7). In order to realize the purpose, the following
lemmas are required.

Lemma 2.1. [18] For given scalar α in the interval (0, 1), n × n-matrix R > 0, two
matrices W1 and W2 in Rn×m, for all vector ξ in Rm, the function Θ(α,R) is given by:

Θ(α, R) =
1

α
ξT W T

1 RW1ξ +
1

1 − α
ξT W T

2 RW2ξ.

Then, if there exists a matrix X in Rn×n such that

[
R X
∗ R

]
> 0, the following inequality

holds:

min
α∈(0,1)

Θ(α, R) ≥
[

W1ξ
W2ξ

]T [
R X
∗ R

] [
W1ξ
W2ξ

]
.

Lemma 2.2. [17] For a given matrix R > 0, the following inequality holds for all contin-
uously differentiable function ω in [a, b] → Rn:∫ b

a

ω̇T (s)Rω̇(s)ds ≥ 1

b − a
(ω(b) − ω(a))T R(ω(b) − ω(a)) +

3

b − a
ΩT RΩ,

where Ω = ω(b) + ω(a) − 2
b−a

∫ b

a
ω(s)ds.

Lemma 2.3. [20] Given matrices Γ, Ξ and Ω = ΩT , the following inequality:

Ω + ΓF (σ)Ξ + ΞT F T (σ)ΓT < 0

holds for any F (σ) satisfying F T (σ)F (σ) ≤ I, if and only if there exists a scalar ε > 0
such that:

Ω + ε−1ΓT Γ + εΞT Ξ < 0.

3. Main Results.

3.1. Finite sector condition. In this section, we will give sufficient conditions un-
der which system (1) is robustly asymptotically stable. Firstly, the following theo-
rem offers a stability criterion for system (1) with a nonlinear function f(σ(t)) satis-
fying the finite sector condition (3) and time-varying delays h(t) and τ(t) satisfying (7).
For convenience, we define ei (i = 1, 2, . . . , 11) as block entry matrices. For example,
e3 = [0 0 I 0 0 0 0 0 0 0 0]. The other notations for some vectors and matrices are
defined as:

ζT (t) =
[
xT (t),

∫ t

t−hl
xT (s)ds,

∫ t−hL

t−hc
xT (s)ds,

∫ t−hc

t−hu
xT (s)ds

]
,

ξT
1 (t) =

[
xT (t), xT (t − hl), x

T (t − hc), x
T (t − h(t)), xT (t − hu),

∫ t

t−hl
xT (s)ds,

1
h(t)−hl

∫ t−hl

t−h(t)
xT (s)ds, 1

hc−h(t)

∫ t−h(t)

t−hc
xT (s)ds,

∫ t−hc

t−hu
xT (s)ds, fT (σ(t)),
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ẋT (t − τ(t))
]
,

ξT
2 (t)=

[
xT (t), xT (t − hl), x

T (t − hc), x
T (t − h(t)), xT (t − hu),

∫ t

t−hl
xT (s)ds,∫ t−hl

t−hc
xT (s)ds, 1

h(t)−hc

∫ t−hc

t−h(t)
xT (s)ds, 1

hu−h(t)

∫ t−h(t)

t−hu
xT (s)ds, fT (σ(t)), ẋT (t − τ(t))

]
,

Ω0 = x(t) + x(t − hl) − 2
hl

∫ t

t−hl
x(s)ds,

Ω1 = x(t − hc) + x(t − hu) − 2
h̃

∫ t−hc

t−hu
x(s)ds,

Ω2 = x(t − hl) + x(t − hc) − 2
h̃

∫ t−hl

t−hc
x(s)ds,

Π1
1 =

[
eT
2 − eT

4 eT
2 + eT

4 − 2eT
7 eT

4 − eT
3 eT

4 + eT
3 − 2eT

8

]
,

Π2
1 =

[
eT
1 − eT

2 eT
1 + eT

2 − 2
hl

eT
6 eT

3 − eT
5 eT

3 + eT
5 − 2

h̃
eT
9

]
,

Π1
2 =

[
eT
3 − eT

4 eT
3 + eT

4 − 2eT
8 eT

4 − eT
5 eT

4 + eT
5 − 2eT

9

]
,

Π2
2 =

[
eT
1 − eT

2 eT
1 + eT

2 − 2
hl

eT
6 eT

2 − eT
3 eT

2 + eT
3 − 2

h̃
eT
7

]
,

Γ1 =
[
eT
1 eT

6 (h(t) − hl)e
T
7 + (hc − h(t))eT

8 eT
9

]
,

Γ2 =
[
eT
1 eT

6 eT
7 (h(t) − hc)e

T
8 + (hu − h(t))eT

9

]
,

Ψ =
[
ηT eT

1 − eT
2 eT

2 − eT
3 eT

3 − eT
5

]
, Θ = e2Q12e3 − e3Q12e5 + eT

1 HKSe10,

D̃ =
[
DT 0 0 0

]
, η = [A 0 0 A1 0 0 0 0 0 B C], E = [E1 0 0 E2 0 0 0 0 0 E3 0],

Φ = Q3+h2
l R0+ h̃2(R1+R2)+

h4
l

4
Z0+h2

s1Z1+h2
s2Z2, ∆ = Q1+Q2+h2

l W0+ h̃2(W1+W2),

G = diag {∆, Q11 − Q1, Q22 − Q11, (hd − 1)Q2,−Q22,−W0, 0, 0, 0,−S, (τd − 1)Q3}

−
(
hle

T
1 − eT

6

)
Z0 (hle1 − e6).

Now, we have the following theorem.

Theorem 3.1. System (1) satisfying conditions (3) and (7) is robustly asymptotically
stable for given scalar values of hl, hu, hd, τd < 1, kl > 0 (l = 1, 2, . . . , m) and there
exist positive-definite matrices P = [Pij]4×4, Q1, Q2, Q3, Ri, Wi, Zi, (i = 0, 1, 2),

Q̄ =

[
Q11 Q12

∗ Q22

]
, and positive definite diagonal matrices S = diag{s1, s2, . . . , sm},

Λ = diag{λ1, λ2, . . . , λm}, and scalars εr > 0 (r = 1, 2), and any matrices X, Y such that
the following LMIs hold:

Σ̃1 + Sym
{

Θ + Γ̃1PΨT + eT
10ΛHT η

}
ηT Φ Γ̃1PD̃T + e10ΛHT D ε1E

T

∗ −Φ ΦD 0
∗ ∗ −ε1I 0
∗ ∗ ∗ −ε1I

 < 0, (8)


Σ̂1 + Sym

{
Θ + Γ̂1PΨT + eT

10ΛHT η
}

ηT Φ Γ̂1PD̃T + e10ΛHT D ε1E
T

∗ −Φ ΦD 0
∗ ∗ −ε1I 0
∗ ∗ ∗ −ε1I

 < 0, (9)
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Σ̃2 + Sym

{
Θ + Γ̃2PΨT + eT

10ΛHT η
}

ηT Φ Γ̃2PD̃T + e10ΛHT D ε2E
T

∗ −Φ ΦD 0
∗ ∗ −ε2I 0
∗ ∗ ∗ −ε2I

 < 0, (10)


Σ̂2 + Sym

{
Θ + Γ̂2PΨT + eT

10ΛHT η
}

ηT Φ Γ̂2PD̃T + e10ΛHT D ε2E
T

∗ −Φ ΦD 0
∗ ∗ −ε2I 0
∗ ∗ ∗ −ε2I

 < 0, (11)

where

Σ̃1 = G − Π1
1

[
R̃1 X

∗ R̃1

]
Π1T

1 − Π2
1

[
R̃0 0

0 R̃2

]
Π2T

1 − h̃2

[
e1

e8

]T [
Z1 −Z1

∗ Z1

] [
e1

e8

]
−
[

h̃e1

e9

]T [
Z2 −Z2

∗ Z2

] [
h̃e1

e9

]
− h̃2eT

8 W1e8 − eT
9 W2e9,

Σ̂1 = G − Π1
1

[
R̃1 X

∗ R̃1

]
Π1T

1 − Π2
1

[
R̃0 0

0 R̃2

]
Π2T

1 − h̃2

[
e1

e7

]T [
Z1 −Z1

∗ Z1

] [
e1

e7

]
−
[

h̃e1

e9

]T [
Z2 −Z2

∗ Z2

] [
h̃e1

e9

]
− h̃2eT

7 W1e7 − eT
9 W2e9,

Σ̃2 = G − Π1
2

[
R̃2 Y

∗ R̃2

]
Π1T

2 − Π2
2

[
R̃0 0

0 R̃1

]
Π2T

2 −
[

h̃e1

e7

]T [
Z1 −Z1

∗ Z1

] [
h̃e1

e7

]
,

−h̃2

[
e1

e9

]T [
Z2 −Z2

∗ Z2

] [
e1

e9

]
− eT

7 W1e7 − h̃2eT
9 W2e9,

Σ̂2 = G − Π1
2

[
R̃2 Y

∗ R̃2

]
Π1T

2 − Π2
2

[
R̃0 0

0 R̃1

]
Π2T

2 −
[

h̃e1

e7

]T [
Z1 −Z1

∗ Z1

] [
h̃e1

e7

]
,

−h̃2

[
e1

e8

]T [
Z2 −Z2

∗ Z2

] [
e1

e8

]
− eT

7 W1e7 − h̃2eT
8 W2e8,

Γ̃1 = [eT
1 eT

6 h̃eT
8 eT

9 ], Γ̂1 = [eT
1 eT

6 h̃eT
7 eT

9 ],

Γ̃2 = [eT
1 eT

6 eT
7 h̃eT

9 ], Γ̂2 = [eT
1 eT

6 eT
7 h̃eT

8 ],

R̃0 =

[
R0 0
0 3R0

]
, R̃1 =

[
R1 0
0 3R1

]
, R̃2 =

[
R2 0
0 3R2

]
.

Proof: Choose a Lyapunov functional candidate as

V =
5∑

i=1

Vi, (12)

where

V1 = ζT (t)Pζ(t),

V2 = 2
m∑

i=1

λi

∫ σi(t)

0

fi(σ)dσ,

V3 =

∫ t−hl

t−hc

[
x(s)

x(s − h̃)

]T

Q̄

[
x(s)

x(s − h̃)

]
ds +

∫ t

t−hl

xT (s)Q1x(s)ds
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+

∫ t

t−h(t)

xT (s)Q2x(s)ds +

∫ t

t−τ(t)

ẋT (s)Q3ẋ(s)ds,

V4 = hl

∫ 0

−hl

∫ t

t+θ

xT (s)W0x(s)dsdθ + h̃

∫ −hl

−hc

∫ t

t+θ

xT (s)W1x(s)dsdθ

+ h̃

∫ −hc

−hu

∫ t

t+θ

xT (s)W2x(s)dsdθ + hl

∫ 0

−hl

∫ t

t+θ

ẋT (s)R0ẋ(s)dsdθ

+ h̃

∫ −hl

−hc

∫ t

t+θ

ẋT (s)R1ẋ(s)dsdθ + h̃

∫ −hc

−hu

∫ t

t+θ

ẋT (s)R2ẋ(s)dsdθ,

V5 =
h2

l

2

∫ 0

−hl

∫ 0

θ

∫ t

t+β

ẋT (s)Z0ẋ(s)dsdβdθ + hs1

∫ −hl

−hc

∫ 0

θ

∫ t

t+β

ẋT (s)Z1ẋ(s)dsdβdθ

+ hs2

∫ −hc

−hu

∫ 0

θ

∫ t

t+β

ẋT (s)Z2ẋ(s)dsdβdθ.

hc =
hl + hu

2
, h̃ =

hu − hl

2
, hs1 =

h2
c − h2

l

2
, hs2 =

h2
u − h2

c

2
.

Here, we will consider the time-derivative of V for two cases, hl ≤ h(t) ≤ hc and hc ≤
h(t) ≤ hu.
Case I: hl ≤ h(t) ≤ hc. From V1 and V2, we have their time-derivative as:

V̇1 = 2ζT (t)P ζ̇(t) = 2ξT
1 (t)Γ1P

(
ΨT + D̃T F (t)E

)
ξ1(t), (13)

V̇2 = 2
m∑

i=1

λifi (σi(t)) hT
i ẋ(t) = 2ξT

1 (t)eT
10ΛHT (η + DF (t)E) ξ1(t). (14)

Also, we obtain V̇3 as follows:

V̇3 ≤ ξT
1 (t)

{[
e2

e3

]T

Q̄

[
e2

e3

]
−
[

e3

e5

]T

Q̄

[
e3

e5

]
+ eT

1 (Q1 + Q2)e1 − eT
2 Q1e2

− (1 − hd)e
T
4 Q2e4 − (1 − τd)e

T
11Q3e11

}
ξ1(t) + ẋT (t)Q3ẋ(t). (15)

By calculation of V̇4, we get

V̇4 = h2
l x

T (t)W0x(t) + h̃2xT (t)(W1 + W2)x(t) + h2
l ẋ

T (t)R0ẋ(t) + h̃2ẋT (t)(R1 + R2)ẋ(t)

− hl

∫ t

t−hl

xT (s)W0x(s)ds − h̃

∫ t−hl

t−hc

xT (s)W1x(s)ds − h̃

∫ t−hc

t−hu

xT (s)W2x(s)ds

− hl

∫ t

t−hl

ẋT (s)R0ẋ(s)ds − h̃

∫ t−hl

t−hc

ẋT (s)R1ẋ(s)ds − h̃

∫ t−hc

t−hu

ẋT (s)R2ẋ(s)ds. (16)

When hl ≤ h(t) ≤ hc, we have

−hl

∫ t

t−hl

xT (s)W0x(s)ds ≤− ξT
1 (t)eT

6 W0e6ξ1(t), (17)

−h̃

∫ t−hl

t−hc

xT (s)W1x(s)ds ≤− ξT
1 (t)

[
(h(t) − hl)e7

(hc − h(t))e8

]T [
W1 W1

∗ W1

] [
(h(t) − hl)e7

(hc − h(t))e8

]
ξ1(t),

(18)

−h̃

∫ t−hc

t−hu

xT (s)W2x(s)ds ≤− ξT
1 (t)eT

9 W2e9ξ1(t). (19)
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Using Lemma 2.1 and Lemma 2.2, we have

−hl

∫ t

t−hl

ẋT (s)R0ẋ(s)ds ≤− (x(t) − x(t − hl))
T R0(x(t) − x(t − hl)) − 3ΩT

0 R0Ω0, (20)

−h̃

∫ t−hl

t−hc

ẋT (s)R1ẋ(s)ds = − h̃

∫ t−hl

t−h(t)

ẋT (s)R1ẋ(s)ds − h̃

∫ t−h(t)

t−hc

ẋT (s)R1ẋ(s)ds

≤− ξT
1 (t)Π1

1

[
R̃1 X

∗ R̃1

]
Π1T

1 ξ1(t), (21)

−h̃

∫ t−hc

t−hu

ẋT (s)R2ẋ(s)ds ≤− (x(t − hc) − x(t − hu))
T R2(x(t − hc) − x(t − hu))

− 3ΩT
1 R2Ω1, (22)

where X is any matrix satisfying

[
R̃1 X

∗ R̃1

]
≥ 0.

From Equations (16)-(22), an estimation of V̇4 can be

V̇4 ≤ ξT
1 (t)

(
eT
1

[
h2

l W0 + h̃2(W1 + W2)
]
e1 − eT

6 W0e6 − eT
9 W2e9 − Π1

1

[
R̃1 X

∗ R̃1

]
Π1T

1

−Π2
1

[
R̃0 0

0 R̃2

]
Π2T

1 −
[

(h(t) − hl)e7

(hc − h(t))e8

]T [
W1 W1

∗ W1

] [
(h(t) − hl)e7

(hc − h(t))e8

])
ξ1(t)

+ ẋT (t)
[
h2

l R0 + h̃2(R1 + R2)
]
ẋ(t). (23)

By calculation of V̇5, we get

V̇5 ≤ ẋT (t)

(
h4

l

4
Z0 + h2

s1Z1 + h2
s2Z2

)
ẋ(t) − ξT

1 (t)

{[
hle1

e6

]T [
Z0 −Z0

∗ Z0

] [
hle1

e6

]

+

 h̃e1

(h(t) − hl)e7

(hc − h(t))e8

T  Z1 −Z1 −Z1

∗ Z1 Z1

∗ ∗ Z1

 h̃eT
1

(h(t) − hl)e
T
7

(hc − h(t))eT
8


+

[
h̃e1

e9

]T [
Z2 −Z2

∗ Z2

] [
h̃e1

e9

]}
ξ1(t). (24)

If the nonlinear function f(σ(t)) in the feedback path satisfying the finite sector conditions
(3), for any si ≥ 0, i = 1, 2, . . . , m, it follows from (3) that

sifi(σi(t))
[
kih

T
i x(t) − fi(σi(t))

]
≥ 0, i = 1, 2, . . . ,m,

which is equivalent to

2
[
xT (t)HKSf(σ(t)) − fT (σ(t))Sf(σ(t))

]
≥ 0, (25)

where S = diag{s1, s2, . . . , sm}, K = diag{k1, k2, . . . , km}.
Then, it follows from inequalities (13)-(15), (23)-(25) that

V̇ ≤
5∑

i=1

V̇i + 2
[
xT (t)HKSf(σ(t)) − fT (σ(t))Sf(σ(t))

]
≤ ξT

1 (t)Υ1ξ1(t), (26)

where

Υ1 = Σ1 + Sym
{

Θ + Γ1P
(
ΨT + D̃T F (t)E

)
+ eT

10ΛHT (η + DF (t)E)
}



30 C. GE, H. WANG, W. LI AND X. WANG

+ (η + DF (t)E)T Φ(η + DF (t)E),

Σ1 = G − Π1
1

[
R̃1 X

∗ R̃1

]
Π1T

1 − Π2
1

[
R̃0 0

0 R̃2

]
Π2T

1 −
[

h̃e1

e9

]T [
Z2 −Z2

∗ Z2

] [
h̃e1

e9

]
−
[

(h(t) − hl)e7

(hc − h(t))e8

]T [
W1 W1

∗ W1

] [
(h(t) − hl)e7

(hc − h(t))e8

]
− eT

9 W2e9

−

 h̃e1

(h(t) − hl)e7

(hc − h(t))e8

T  Z1 −Z1 −Z1

∗ Z1 Z1

∗ ∗ Z1

 h̃e1

(h(t) − hl)e7

(hc − h(t))e8

 .

If Υ1 < 0, then V̇ < 0, and system (1) is robustly stable. By Schur complement Υ1 < 0
is equivalent to[

Σ1 + Sym
{
Θ + Γ1PΨT + eT

10ΛHT η
}

ηT Φ
∗ −Φ

]
+ J1F (t)E + ET F T (t)JT

1 < 0, (27)

where J1 =
[
D̃PΓT

1 + DT HΛe10 DT Φ
]T

.

It follows from Lemma 2.3 that Equation (27) holds if and only if there exists positive
scalar ε1 > 0 such that the following matrix inequalities hold:[

Σ1 + Sym
{
Θ + Γ1PΨT + eT

10ΛHT η
}

ηT Φ
∗ −Φ

]
+ ε−1

1 J1J
T
1 + ε1E

T E < 0. (28)

By Schur complement Equation (28) is equivalent to
Σ1 + Sym

{
Θ + Γ1PΨT + eT

10ΛHT η
}

ηT Φ Γ1PD̃T + e10ΛHT D ε1E
T

∗ −Φ ΦD 0
∗ ∗ −ε1I 0
∗ ∗ ∗ −ε1I

 < 0. (29)

The left side of the above inequality is affine and consequently convex, with respect to
h(t) ∈ [hl, hc], so Equation (29) is equivalent to Equations (8) and (9). Therefore, if
Equations (8) and (9) hold, then system (1) is robustly stable for hl ≤ h(t) ≤ hc.
Case II: hc ≤ h(t) ≤ hu.
For this case, the time-derivatives of V1 and V2 are:

V̇1 = 2ζT (t)P ζ̇(t) = 2ξT
2 (t)Γ2P

(
ΨT + D̂T F (t)E

)
ξ2(t), (30)

V̇2 = 2
m∑

i=1

λifi(σi(t))h
T
i ẋ(t) = 2ξT

2 (t)eT
10ΛHT (η + DF (t)E)ξ2(t). (31)

We can now obtain the calculation result of V̇3 as follows:

V̇3 ≤ ξT
2 (t)

{[
e2

e3

]T

Q̄

[
e2

e3

]
−
[

e3

e5

]T

Q̄

[
e3

e5

]
+ eT

1 (Q1 + Q2)e1 − eT
2 Q1e2

− (1 − hd)e
T
4 Q2e4 − (1 − τd)e

T
11Q3e11

}
ξ2(t) + ẋT (t)Q3ẋ(t). (32)

By calculation of V̇4, we get

V̇4 = h2
l x

T (t)W0x(t) + h̃2xT (t)(W1 + W2)x(t) + h2
l ẋ

T (t)R0ẋ(t) + h̃2ẋT (t)(R1 + R2)ẋ(t)

− hl

∫ t

t−hl

xT (s)W0x(s)ds − h̃

∫ t−hl

t−hc

xT (s)W1x(s)ds − h̃

∫ t−hc

t−hu

xT (s)W2x(s)ds



DELAY-RANGE-DEPENDENT ROBUST STABILITY CRITERIA 31

− hl

∫ t

t−hl

ẋT (s)R0ẋ(s)ds − h̃

∫ t−hl

t−hc

ẋT (s)R1ẋ(s)ds − h̃

∫ t−hc

t−hu

ẋT (s)R2ẋ(s)ds. (33)

When hc ≤ h(t) ≤ hu, we have

−hl

∫ t

t−hl

xT (s)W0x(s)ds ≤ − ξT
2 (t)eT

6 W0e6ξ2(t), (34)

−h̃

∫ t−hl

t−hc

xT (s)W1x(s)ds ≤ − ξT
2 (t)eT

7 W1e7ξ2(t), (35)

−h̃

∫ t−hc

t−hu

xT (s)W2x(s)ds ≤ − ξT
2 (t)

[
(h(t) − hc)e8

(hu − h(t))e9

]T[
W2 W2

∗ W2

] [
(h(t) − hc)e8

(hu − h(t))e9

]
ξ2(t).

(36)

Using Lemma 2.1 and Lemma 2.2, we have

−hl

∫ t

t−hl

ẋT (s)R0ẋ(s)ds ≤− (x(t) − x(t − hl))
T R0(x(t) − x(t − hl)) − 3ΩT

0 R0Ω0, (37)

−h̃

∫ t−hl

t−hc

ẋT (s)R1ẋ(s)ds ≤− (x(t − hl) − x(t − hc))
T R1(x(t − hl) − x(t − hc))

− 3ΩT
2 R1Ω2, (38)

−h̃

∫ t−hc

t−hu

ẋT (s)R2ẋ(s)ds = − h̃

∫ t−hc

t−h(t)

ẋT (s)R2ẋ(s)ds − h̃

∫ t−h(t)

t−hu

ẋT (s)R2ẋ(s)ds

≤− ξT
2 (t)Π1

2

[
R̃2 Y

∗ R̃2

]
Π1T

2 ξ2(t), (39)

where Y is any matrix satisfying

[
R̃2 Y

∗ R̃2

]
≥ 0.

From Equations (33)-(39), an estimation of V4 can be

V̇4 ≤ ξT
2 (t)

(
eT
1

[
h2

l W0 + h̃2(W1 + W2)
]
e1 − eT

6 W0e6 − eT
7 W1e7 − Π2

2

[
R̃0 0

0 R̃1

]
Π2T

2

− Π1
2

[
R̃2 Y

∗ R̃2

]
Π1T

2 −
[

(h(t) − hc)e8

(hu − h(t))e9

]T [
W2 W2

∗ W2

] [
(h(t) − hc)e8

(hu − h(t))e9

])
ξ2(t)

+ ẋT (t)
[
h2

l R0 + h̃2(R1 + R2)
]
ẋ(t). (40)

By calculation of V̇5, we get

V̇5 ≤ ẋT (t)

(
h4

l

4
Z0 + h2

s1Z1 + h2
s2Z2

)
ẋ(t) − ξT

2 (t)

([
hle1

e6

]T [
Z0 −Z0

∗ Z0

] [
hle1

e6

]

+

 h̃e1

(h(t) − hc)e8

(hu − h(t))e9

T  Z2 −Z2 −Z2

∗ Z2 Z2

∗ ∗ Z2

 h̃e1

(h(t) − hc)e8

(hu − h(t))e9


+

[
h̃e1

e7

]T [
Z1 −Z1

∗ Z1

] [
h̃e1

e7

])
ξ2(t). (41)
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If the nonlinear function f(σ(t)) in the feedback path satisfies the finite sector conditions
(3), for any si ≥ 0, i = 1, 2, . . . , m, it follows from (3) that

sifi (σi(t))
[
kih

T
i x(t) − fi(σi(t))

]
≥ 0, i = 1, 2, . . . , m,

which is equivalent to

2
[
xT (t)HKSf(σ(t)) − fT (σ(t))Sf(σ(t))

]
≥ 0, (42)

where S = diag{s1, s2, . . . , sm}, K = diag{k1, k2, . . . , km}.
Then, it follows from inequalities (30)-(32), (40)-(42) that

V̇ ≤
5∑

i=1

V̇i + 2
[
xT (t)HKSf(σ(t)) − fT (σ(t))Sf(σ(t))

]
≤ ξT

2 (t)Υ2ξ2(t), (43)

where

Υ2 = Σ2 + Sym
{

Θ + Γ1P
(
ΨT + D̃T F (t)E

)
+ eT

10ΛHT (η + DF (t)E)
}

+ (η + DF (t)E)T Φ(η + DF (t)E),

Σ2 = G − Π1
2

[
R̃2 Y

∗ R̃2

]
Π1T

2 − Π2
2

[
R̃0 0

0 R̃1

]
Π2T

2 −
[

h̃e1

e7

]T [
Z1 −Z1

∗ Z1

] [
h̃e1

e7

]
−
[

(h(t) − hc)e8

(hu − h(t))e9

]T [
W2 W2

∗ W2

] [
(h(t) − hc)e8

(hu − h(t))e9

]
− eT

7 W1e7

−

 h̃e1

(h(t) − hc)e8

(hu − h(t))e9

T  Z2 −Z2 −Z2

∗ Z2 Z2

∗ ∗ Z2

 h̃e1

(h(t) − hc)e8

(hu − h(t))e9

 .

If Υ2 < 0, then V̇ < 0, and system (1) is robustly stability. By Schur complement Υ2 < 0
is equivalent to[

Σ2 + Sym
{
Θ + Γ2PΨT + eT

10ΛHT η
}

ηT Φ
∗ −Φ

]
+ J2F (t)E + ET F T (t)JT

2 < 0, (44)

where J2 =
[
D̃PΓT

2 + DT HΛe10 DT Φ
]T

.

It follows from Lemma 2.3 that Equation (44) holds if and only if there exists positive
scalar ε2 > 0 such that the following matrix inequalities hold:[

Σ2 + Sym
{
Θ + Γ2PΨT + eT

10ΛHT η
}

ηT Φ
∗ −Φ

]
+ ε−1

2 J2J
T
2 + ε2E

T E < 0, (45)

By Schur complement Equation (45) is equivalent to
Σ2 + Sym

{
Θ + Γ2PΨT + eT

10ΛHT η
}

ηT Φ Γ2PD̃T + e10ΛHT D ε2E
T

∗ −Φ ΦD 0
∗ ∗ −ε2I 0
∗ ∗ ∗ −ε2I

 < 0. (46)

The left side of the above inequality is affine and consequently convex, with respect to
h(t) ∈ [hc, hu], so Equation (46) is equivalent to Equations (10) and (11). Therefore, if
Equations (10) and (11) hold, then system (1) is robustly stable for hc ≤ h(t) ≤ hu.

The proof of Theorem 3.1 is completed.

Remark 3.1. By iteratively solving the LMIs given in Theorem 3.1 with respect to hu

for fixed hl, τd, hd the maximum upper bound of the time delay hu can be found for
guaranteeing asymptotic stability of system (1).
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Remark 3.2. Recently, the reciprocally convex optimization technique and Wirtinger in-
equality to reduce the conservatism of stability criteria for systems with time-varying delays
were proposed in [17]. Motivated by this work, the proposed methods of [17] were applied
to the delay-partitioning method as shown in Equations (20)-(22) and (37)-(39).

Remark 3.3. The robust stability criteria investigated in Theorem 3.1 remove free-
weighting matrices, which will make the computation quite complex. The stability criteria
involve much less decision variable than those in [21]. So, Theorem 3.1 may be more
useful than the theorem in [21].

Remark 3.4. If the nonlinear function f(σ(t)) in the feedback path satisfies the infinite
sector conditions (4), for any si ≥ 0, i = 1, 2, . . . , m, it follows from (4) that

sifi (σi(t)) hT
i x(t) ≥ 0, i = 1, 2, . . . , m,

which is equivalent to

2xT (t)HSf(σ(t)) ≥ 0, (47)

where S = diag{s1, s2, . . . , sm}.

3.2. Infinite sector condition. Nextly, when the nonlinear function satisfies (4), the
following corollary can be obtained.

Corollary 3.1. System (1) satisfying conditions (4) and (7) is robustly asymptotically
stable for given scalar values of hl, hu, hd and τd < 1, and there exist positive-definite

matrices P = [Pij]4×4, Q1, Q2, Q3, Ri, Wi, Zi, (i = 0, 1, 2), Q̄ =

[
Q11 Q12

∗ Q22

]
, and

positive definite diagonal matrices S = diag{s1, s2, . . . , sm}, Λ = diag{λ1, λ2, . . . , λm},
and scalars εr > 0 (r = 1, 2), and any matrices X, Y such that the following LMIs hold:

Σ̃1 + Sym
{

Θ̃ + Γ̃1PΨT + eT
10ΛHT η

}
ηT Φ Γ̃1PD̃T + e10ΛHT D ε1E

T

∗ −Φ ΦD 0
∗ ∗ −ε1I 0
∗ ∗ ∗ −ε1I

 < 0, (48)


Σ̂1 + Sym

{
Θ̃ + Γ̂1PΨT + eT

10ΛHT η
}

ηT Φ Γ̂1PD̃T + e10ΛHT D ε1E
T

∗ −Φ ΦD 0
∗ ∗ −ε1I 0
∗ ∗ ∗ −ε1I

 < 0, (49)


Σ̃2 + Sym

{
Θ̃ + Γ̃2PΨT + eT

10ΛHT η
}

ηT Φ Γ̃2PD̃T + e10ΛHT D ε2E
T

∗ −Φ ΦD 0
∗ ∗ −ε2I 0
∗ ∗ ∗ −ε2I

 < 0, (50)


Σ̂2 + Sym

{
Θ̃ + Γ̂2PΨT + eT

10ΛHT η
}

ηT Φ Γ̂2PD̃T + e10ΛHT D ε2E
T

∗ −Φ ΦD 0
∗ ∗ −ε2I 0
∗ ∗ ∗ −ε2I

 < 0, (51)

where Θ̃ = e2Q12e3 − e3Q12e5 + eT
1 HSe10, Σ̃1, Σ̂1, Σ̃2, Σ̂2, Γ̃1, Γ̂1, Γ̃2 and Γ̂2 are defined

in Theorem 3.1.
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Proof: The proof is similar to the proof of Theorem 3.1.
Next, we extend the obtained stability conditions to the nominal form of system (1)

without uncertainties:

ẋ(t) − Cẋ(t − τ(t)) = Ax(t) + A1(t))x(t − h(t)) + Bf(σ(t)),

σ(t) = HT x(t), ∀t ≥ 0, (52)

x(s) = ϕ(s), ẋ(s) = ϕ̇(s), s ∈ [−max(h, τ), 0].

We have the following theorem.

Theorem 3.2. System (52) satisfying conditions (3) and (7) is asymptotically stable
for given scalar values of hl, hu, hd, τd < 1 and kl > 0 (l = 1, 2, . . . , m), and there
exist positive-definite matrices P = [Pij]4×4, Q1, Q2, Q3, Ri, Wi, Zi, (i = 0, 1, 2),

Q̄ =

[
Q11 Q12

∗ Q22

]
, and positive definite diagonal matrices S = diag{s1, s2, . . . , sm},

Λ = diag{λ1, λ2, . . . , λm}, and any matrices X, Y such that the following LMIs hold:[
Σ̃1 + Sym

{
Θ + Γ̃1PΨT + eT

10ΛHT η
}

ηT Φ

∗ −Φ

]
< 0, (53)

[
Σ̂1 + Sym

{
Θ + Γ̂1PΨT + eT

10ΛHT η
}

ηT Φ

∗ −Φ

]
< 0, (54)

[
Σ̃2 + Sym

{
Θ + Γ̃2PΨT + eT

10ΛHT η
}

ηT Φ

∗ −Φ

]
< 0, (55)

[
Σ̂2 + Sym

{
Θ + Γ̂2PΨT + eT

10ΛHT η
}

ηT Φ

∗ −Φ

]
< 0, (56)

where Σ̃1, Σ̂1, Σ̃2, Σ̂2, Γ̃1, Γ̂1, Γ̃2 and Γ̂2 are defined in Theorem 3.1.

Next, when the nonlinear function satisfies (4), the following corollary is obtained.

Corollary 3.2. System (52) satisfying conditions (4) and (7) is asymptotically stable for
given scalar values of hl, hu, hd and τd < 1, and there exist positive-definite matrices

P = [Pij]4×4, Q1, Q2, Q3, Ri, Wi, Zi, (i = 0, 1, 2), Q̄ =

[
Q11 Q12

∗ Q22

]
, and positive

definite diagonal matrices S = diag{s1, s2, . . . , sm}, Λ = diag{λ1, λ2, . . . , λm}, and any
matrices X, Y such that the following LMIs hold:[

Σ̃1 + Sym
{

Θ̃ + Γ̃1PΨT + eT
10ΛHT η

}
ηT Φ

∗ −Φ

]
< 0, (57)

[
Σ̂1 + Sym

{
Θ̃ + Γ̂1PΨT + eT

10ΛHT η
}

ηT Φ

∗ −Φ

]
< 0, (58)

[
Σ̃2 + Sym

{
Θ̃ + Γ̃2PΨT + eT

10ΛHT η
}

ηT Φ

∗ −Φ

]
< 0, (59)
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Σ̂2 + Sym

{
Θ̃ + Γ̂2PΨT + eT

10ΛHT η
}

ηT Φ

∗ −Φ

]
< 0, (60)

where Θ̃ = e2Q12e3 − e3Q12e5 + eT
1 HSe10, Σ̃1, Σ̂1, Σ̃2, Σ̂2, Γ̃1, Γ̂1, Γ̃2 and Γ̂2 are defined

in Theorem 3.1.

4. Numerical Examples. In this section, we give three examples to show that the
results proposed in this paper are less conservative than the existing ones.

Example 4.1. Consider the nominal neutral-type Lur’e systems (52) with

A =

[
−2 0.5
0 −1

]
, A1 =

[
1 0.4

0.4 −1

]
, B =

[
−0.5
−0.75

]
, C =

[
0.2 0.1
0.1 0.2

]
, H =

[
0.2
0.6

]
.

The maximum admissible upper bounds (MAUBs) of h with different hd and τd for the
nominal system (52) with values of K[0,∞] by using Corollary 4.1 along with the existing
results are listed in Table 1. From Table 1, it is found that the MAUBs obtained by
Corollary 4.1 are better than the previous results.

Table 1. The MAUBs for different hd and τd (Example 4.1)

τd Methods\hd 0.2 0.4 0.6 0.8

τd = 0.1
[21] 2.9997 2.1012 1.7307 1.3359
[22] 3.0717 2.1171 1.7301 1.3367

Corollary 4.1 3.1495 2.1637 1.7502 1.7153

τd = 0.5
[21] 2.4563 1.8009 1.4823 1.1157
[22] 2.5131 1.8146 1.4951 1.1168

Corollary 4.1 2.5706 1.8512 1.5423 1.5261

τd = 0.9
[21] 0.1130 0.1105 0.1105 0.1105
[22] 0.1227 0.1197 0.1197 0.1197

Corollary 4.1 0.2968 0.2814 0.2734 0.2714

Example 4.2. Consider the Chua’s circuit example and the system equation is given by

ẋ(t) = α(y(t) − h(x(t))),

ẏ(t) = x(t) − y(t) + z(t),

ż(t) = −βy(t),

with nonlinear characteristic

h(x(t)) = m1x(t) +
1

2
(m0 − m1)[|x(t) + c| − |x(t) − c|],

with parameters m0 = −1
7
, m1 = 2

7
, α = 9, β = 14.28 and c = 1. The system can be

represented in normal Lur’e system framework (52) with

A =

 −αm1 − 1 α 0
1 −2 1
0 −β −1

 , A1 =

 −6.0029 0 0
−1.3367 0 0
2.1264 0 0

 ,

B =

 −α(m0 − m1)
0
0

 , H =

 1
0
0

 , C = 0.

The feedback nonlinear function belongs to the sector [0, K] with K = 1. The dynamic
phenomena of the system are shown in Figure 1. The MAUBs of h for different hd by
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Figure 1. The dynamic phenomena of Example 4.2

Table 2. The MAUBs for different hd (Example 4.2)

Methods\hd 0 0.3 0.6 0.9 ≥ 1
[21] 0.1745 0.1698 0.1698 0.1698 0.1698
[22] 0.1747 0.1710 0.1703 0.1703 0.1703

Theorem 3.2 0.1770 0.1722 0.1718 0.1718 0.1718

using Theorem 3.2 against the existing results are listed in Table 2. From Table 2 it is
clear that the proposed stability criterion is less conservative than the previous results.

Example 4.3. Consider the uncertain system (1) with following parameters:

h(x(t)) = m1x(t) +
1

2
(m0 − m1)[|x(t) + c| − |x(t) − c|],

with parameters m0 = −1
7
, m1 = 2

7
, α = 9, β = 14.28 and c = 1. The system can be

represented in normal Lur’e system framework (52) with

A =

[
−2 0
0 −0.9

]
, A1 =

[
−1 0
−1 −1

]
, B =

[
−0.2
−0.3

]
, H =

[
0.6
0.8

]
, C = 0,

D = Ea = Ea1 =

[
0.1 0
0 0.1

]
, Eb =

[
0.1
0

]
, F (t) =

[
sin(ω(t)) 0

0 sin(ω(t))

]
.

The dynamic phenomena of the system are shown in Figure 2. The MAUBs of h with
hd = 0 and τd < 1 for different values of K[0,ki] are listed in Table 3 by using Theorem
3.1 and Corollary 3.1 along with the existing criteria in [21,22]. We can found that the
proposed stability criterion is less conservative than the ones in [21,22].
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Figure 2. The dynamic phenomena of Example 4.3

Table 3. The MAUBs h for different K (Example 4.3)

K Methods h

f(·) ∈ K[0,0.5]
[21] 5.1666
[22] 5.3486

Theorem 3.1 5.9840

f(·) ∈ K[0,100]
[21] 4.9731
[22] 5.1828

Theorem 3.1 5.9377

f(·) ∈ K[0,∞]
[21] 4.9431
[22] 5.1654

Corollary 3.1 5.9195

5. Conclusion. In this paper, some new stability criteria are proposed for a class of un-
certain neutral-type Lur’e systems with interval time-varying delays and sector-bounded
nonlinearity. The delay-dependent stability criteria are derived in the form of LMIs
without using the general free-weighting matrix method. By utilizing reciprocal con-
vex optimization approach and Wirtinger-type inequality which encompasses the Jensen
inequality, the proposed criteria are less conservative than some existing results. In the
future work, we will research variable segments instead of the equal partition. Finally,
some standard numerical examples are used to illustrate the effectiveness of the proposed
approaches and improve the existing methods.
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