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ABSTRACT. This paper considered state tracking problem of a class of nonlinear systems
with actuator failures and unmodeled dynamics. Based on neural network and Nussbaum
function, an adaptive neural network-based fault tolerant control scheme is proposed to
ensure the tracking performance to satisfy a given prescribed performance. The problem
of unmodeled dynamics is handled by introducing a dynamic signal. Using the properties
of Nussbaum function, the problem of the unknown system direction is solved. Theoretical
analysis shows that the closed-loop system is semi-globally uniformly bounded. Simulation
results illustrate the effectiveness of the scheme.
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1. Introduction. In modern control systems, with the increasing complexity of the sys-
tems, the components are vulnerable to faults, and because of the frequent operation of
the actuator, it is more fault-prone than others. In order to eliminate the faults, ensure
the normal operation of the system, fault tolerant control (FTC) has become an important
field of control research and obtained many achievements.

In [1], by designing observers, the active fault-tolerant control problem was addressed.
In [2], an actuator fault model that integrated varying bias and gained faults is proposed,
and sliding mode observers (SMOs) are designed for fault detection and isolation. In [3],
for a class of strict-feedback non-linear systems, the corrective control law is reconstructed
by generated fault information to compensate the fault effects. In [4], a novel discrete-
time estimator is proposed for a discrete-time dynamic system with actuator and sensor
faults.

At present, the faults considered in papers are gain faults or bias faults, and there are
only a few results on unmodeled faults. However, in many cases the faults cannot be
expressed in the affine form, but in the form of unmodeled. Based on this, the results of
unmodeled fault tolerant control have important theoretical significance and application
value.

In engineering system, there exist unmodeled dynamics which can make system os-
cillating and divergent. In [5], an adaptive control scheme is proposed for a class of
pure-feedback nonlinear systems with unmodeled dynamics and unknown gain signs. In
6], K-filters were introduced when the states of system were not measured. In [7], by
combining fuzzy systems with K-filters, an adaptive output feedback dynamic surface con-
trol was investigated. The prescribed performance control demands the convergence rate
no less than a prescribed value, and both the steady state and the transient performance
were discussed. In [10], the robust adaptive control for strict feedback nonlinear system
with prescribed performance was proposed.
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In this paper, based on prescribed performance function and radial basis function (RBF)
neural networks, the adaptive FTC scheme is investigated for a class of uncertain nonlinear
system with unmodeled dynamics and unmodeled actuator fault. Compared with existing
literature, the FTC scheme not only considers the more common unmodeled faults in
practical applications, but also guarantees the prescribed transient and steady state error
within the proper bound.

2. Problem Statement and Preliminaries. Consider a class of nonlinear systems in
the following form:

z=q(z,)
Ti=Tip1, t=12,...;,n—1 1)
tn = fo(x) + F(x,u) + Az, 2,t)
Yy=m
where x = [z1,79,...,2,]T € R™ are the states, u € R and y € R are the system input

and output, the nonlinear function fy(x) is unknown and smooth, the nonlinear function
F(z,u) is the unmodeled actuator fault, and A(z, z,t) is the unmodeled dynamics.
Define the tracking error e(t) as follows:

, w11 T , e
e:[e,e,...,e( 1)] :[:pl—yd,xg—yd,...,xn—y((i 2 (2)

The control objective is to design adaptive tolerant controller for system (1) such that
e(t) satisfies the prescribed transient and steady state performances, and all the signals
in the closed-loop system are bounded.

In this paper, by introducing RBF neural networks to approximate the unknown contin-
uous function h(€) = W (€)+w(£), where € € g is the input, w(€) is the approximation
error, (&) = (Y1 (€), ..., (&))" € R is a known smooth vector function and [ > 1 rep-
resents the neural networks node number. The basis function ;(€) is chosen as following
form v;(§) = exp (— € — MjHQ /(b?), j=1,2,...,1, where p; and ¢; denote, respectively,
the center of the receptive field and the width of the Gaussian function. The ideal weight
W* = (wy, ..., w)" is defined as follows: W* = arg min |sup |2(£) — WT()]|.

WeR! | e,
To design controller, some necessary assumptions are introduced as follows.

Assumption 2.1. For any x € R", u € R, the function f(x,u) is differentiable with
respect to u and there exist positive constants gog, g1 and go such that

g0 < lg(z,ux)[ < g1, [9(z,un)] < go (3)
where g(x,uy) = [0f(x,u)/0u] |u:uA and uy € [0,u].

Assumption 2.2. There exist unknown nonnegative continuous functions ¢i(-) and un-
known increasing continuous functions pa(-) such that |A(x, z, )| < e1(]|z|]) + ©2(]|2]])-

Assumption 2.3. The subsystem 2 = q(z,z) is said to be exponentially inpul-state-

practically stable (exp-1SpS), if there exists a Lyapunov function V(t) such that

oV (z)
0z

where aq(+), as(-), v(-) are functions of class ko and 7(-) is known, and ¢ and d are
known positive constants.

ai(z) < V(z) < ax(2), q(z,2) < =V (z) +([|=]]) + d (4)
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Assumption 2.4. The desired signal y; and its time derivatives y( ) (1t=1,2,...,n) are
continuously bounded.

Assumption 2.5. The RBF neural networks approzimation error w() satisfies |w(§)| <
w* with w* being a positive constant.

Lemma 2.1. [8]. The function V is an exp-1SpS Lyapunov function for subsystem z =
q(z,x), i.e., (5) and (6) hold, then for any constant ¢ € (0,c), in initial instant to > 0,
any initial state zo = z(ty), v > 0 and ¥(||z||) > Y(||z]|), there ezists a finite Ty =
[(V(zo)/vo) e(c_é)to} /(c —¢) > 0, a nonnegative function D(ty,t), define dynamic signal
U= —cv+7(||z||) +d, v(te) = vy fort >ty + To, and there exist D(ty,t) = 0 such that
V(z) < wu(t) + D(to,t).

Lemma 2.2. [9]. For any real continuous function f(x,y), there exist positive smooth
scalar functions ¢1(x) > 0 and ¢o(y) > 0 such that the following inequality holds:
|f(z,y)| < d1(x) + p2(y), where x € R™, y € R™.

Definition 2.1. A continuous function N(s) : R — R is deﬁned Nussbaum function such
that 1) hm sup * [ N(¢)ds = +oo; 2) hm inf L [P N(¢)ds =

Lemma 2.3. [5]. Let V(-) and ¢(-) be smooth functions defined ont € [0,tf) and V (t) > 0,
and N(-) be a Nussbaum function, if the following inequality holds,

¢ ¢
V(t) <co+ e_clt/ g(T)N(s)ce“Tdr + e_clt/ cedr, vVt e |0, tr) (5)
0 0

where ¢; > 0 and ¢q is a suitable constant, g(-) is a time-varying parameter which takes
Ualues m the unknown closed intervals I = [I7,17] with 0 ¢ I, and then V (t), <(t) and

fo §)sdr must be bounded on [0,ty).

3. Performance Function and Error Transformation.
3.1. Performance function.

Definition 3.1. A continuous function p(t): Ry — Ry is defined a performance function
if p(t) is decreasing and lim p(t) = peo > 0.

In this paper, p(t) = (po — poo)e™ + poo is chosen as the prescribed performance
function, where pg, po and [ are appropriately defined positive constants, [ determines
the convergence rate of p(t), po = p(0) denotes the bound of the overshoot, and the
parameter p., represents the maximum allowable steady tracking error.

3.2. Error transformation. Define the error transformation as follows
e(t) = p(t)S(e) (6)
where ¢ is the transformed error, and the function S(e) is smoothly increasing and satisfies
-6 < S(e) <1, e(0) > 0; —1<S()<(5 e(0) <0 (7)

Owing to the properties of S(¢) and p(t), one has e = S~ [e(t /,0 )]. If e(t) € Lo with
t € [0,00), then e(t) satisfies the prescribed performance and owing to the properties of
performance function, tracking error is confined to . = {e € R : |e(t)| < poo}-
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4. Adaptive Tolerant Controller Design and Stability Analysis.

4.1. Adaptive tolerant controller design. Define the transformed error as follows:
g = [5, g, ... ,5(”_1)]T = [e1,€9,...,6n|T. According to [11], the filtered error is defined as
s=[AT 1][e & - 5("*1)]T, where AT = [\, Xy -+ \,_1] is appropriately chosen
such that s"~ ' 4+ \,_15" 2+ - + \; is Hurwitz.

Differentiating, the filtered error dynamics may be written as § = A&7+ Agéa+---+¢,
from (2), differentiating e;(¢) with respect to time ¢, one has

1 = P)S() + p(1) 5% = Bulp..2) + 8 (®)

where S, = p(t) (0S/0e). From (2) and (8), one has

. 0B, 0B, 0B, a9S,. 0S,.\ . . o .
€y = app+ app+ 858+ 8pp+ 5 ¢ E+ S,E=Pa(p,p,p,e,€) +S,E 9)

Similarly, one has é; = 3; (p, p, ..., p,e,...,el7V)+5,® i =12 ... n Inthis paper,
for notational simplicity, let 3; denote 3; (p, p,...,p",e,...,el™D) (i=1,2,...,n).
From above equality, one has ¢; = (¢; — 3;) / Sy, t=1,2,...,n; furthermore, we have

n—1 n—1 n—1
§= Néitén=) )\ieiH/Sp -3 )\Zﬂi/Sp —Ba/S, — 4" /S, +in/S, (10)
=1 =1 =1

Furthermore, one has
$=0+v[F(z,u) + Az, 2,t)] (11)

where 0 = Z?:_ll )\ieiH/Sp — Z;:ll )\lﬂi/Sp — ﬁn/Sp — yfin)/Sp, y=1/5,>0.

According to Assumption 2.1 and mean value theorem, there exist u, € [0, u] with
Vt > 0, such that f(x,u) = f(z,0) + [af(.r,u,\)/ﬁu] u.

Let g(x,uy) = 0f(x,uy)/0u, and then (11) can be expressed as follows:

§ =0+ folx) + f(2,0) + g(z, ur)u + Az, 2, 1)] (12)

Define the following Lyapunov function:
1 2
= ——F5 13
gl ) )

where from Assumption 2.1, one has gy < |g(z,u,)| < g1. Differentiating with V; respect
to time ¢, one has

Vs

s gl w)] glz,u) 1 _
[ PR T MR e
B 292($7u>\)82 - \g(a:,ux)\sﬁjL gz, un)] ! Lfo(z) + f(z,0) + gz, un)u + Az, 2, 1)]

(14
According to Assumption 2.1 and Lemma 2.1, one has |A(z, z,t)| < p1(|]2]])+w2(]|2]]),
12|| < oy (v(t) + D(to,t)). From Assumption 2.3, we obtain ¢o(||2]]) < @2 0 aj*(v(t) +
D(to,t)), where ps0a; " (+) = @2 (a7 '(+)), because gooa; ' (+) is increasing smooth function,
according to Lemma 2.3, one has ¢s(]|2]]) < ¢1(v(t)) + ¢2(D(to, t)).
Using Young’s inequality, we have ¢ (||z||) < ¢3(||z||) +1/4, ¢1(v(t)) < ¢3(v(t)) +1/4,
®2(D(tg,t)) < d3(D(tg,t)) + 1/4. In addition, because D(ty,t) and ¢s(-) are nonnegative
smooth functions, let ¢o(D(ty,t)) < p* with p* > 0.
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According to the above three inequalities and Assumption 2.1, one has

: 92 ) 50 s
V, < 5%+ + T, uy)u + ——— | fo(x) + f(z,0
)’ | gma)]  Tg@a)l? T ol ay o@ f<>](m
+—4L—w|[mmw+ww@n+iw|(”+§)
(e, uy)] T ! o P
By introducing inequality || — x tanh (%) < 0.27859, Vx € R, 6 > 0, one has
Is9103(/J21) < s762(]]e]]) tanh (sy3(||2]]) /81) + 0.27858,
59 @2(0(8)) < 5763 (u(1)) tanh (5763 (v(1)) /8) + 0.27856,
where §; > 0, 63 > 0, and let
92 16 1
h(§) = s+ + )+ f(z,0
O = e gl Itz ] )+ 00 "

+ei([2]]) tanh (sy3([[2]]) /01) + ¢1(v(#)) tanh (5767 (v( /52)}
where £ = [z, 3, s,v]”. Furthermore, (15) can be expressed as follows:

g([E,U)\)

— U
l9(, uy))|

According to neural networks and Assumption 2.5, one has

g( ) *2
|g< )|U—|—| h/w +_‘S|7 (p +

. 1 1 3
Vi < syh(€) + 7 bolsb + i (524 5) 02185048 (7
0 0

Ve < syWTap(€) + s §) +0.2785(0; + 65)  (18)

4
Let b* = max {w*, (p**> + 3/4)/g0}, and (18) can be expressed as

Vo < syW e + sv%u 1|y +0.2785(01 + 82) (19)

The control and adaptive laws are designed as follows:

u=N(<) |(k/27)s + W4 (&) + sgn(s)b (20)
¢ = ks” + syWT(€) + | slyb (21)

W = nosy(€) + mW (22)

b= ools|y + o1b (23)

where £ > 0, ng > 0, m> 0, g > 0, o1 > 0 are design parameters, W is the estimation
value of W at time ¢, b is the estimation value of b at time t,and W = W™ — W b=0b"—b.

4.2. Stability analysis.

Theorem 4.1. Consider the system (1) with unmodeled dynamics and actuator unmodeled
fault, the control law (20) and adaptive laws (22) and (23) are employed, if Assumptions
2.1-2.5 hold, from error transformation (6), then all signals in the closed-loop system
remain semi-globally uniformly ultimately bounded, and the tracking error is confined to
a predefined residual set.
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Proof: Select the following Lyapunov function

1~y 1o,
— V4 — — 24
V=Vt g WIW 45— (24)

Differentiating with V' respect to time ¢, from (17) one has

. 1 ~—.. = 1 ~x
V < sy W T (€) + s gl w) b*|s|y — 77_WTW — —bb+0.2785(8, + &) (25)
0

|9(z, un)] o0
Substituting control law and adaptive laws into (25), we obtain
. k52 . .
Voo B 9@ e MET T 007850, +5) (26)

2 g(z, u)l o 0
According to W=Ww*— W, b=b"— b and Young’s inequality, we have
T m o2 . ™M (]2 9177 91 2 o 91 2
——WW < ——||W||" + —|IW*||7, ——bb< ——|]b]|"+ —]|[b 27
no AW+ gl WP~ 220 < —TL R+ P (20)
Applying (27) to (26), one has
: ks* | g(w,uy)
V<——+ 722N
2 ’g(‘rauk)l

+TL 0|2 + 0.2785(5, + 62)
20'0

e e % a2 L Th 12
S)s+<¢— —||W]|* = =—|]b]|* + —||W
()5 46 = Gl = S Bl + 5l )

Furthermore ‘
V < —alV+[g(z,un)/g(x, ur) || N(S)S + < + ¢z (29)
where ¢; = min{kgo, 01,01}, ca = 01 /2n0||W*||*> + 01/200||b*||* + 0.2785(51 + d2).
Furthermore, one has

t t
+ {V(U) — @} e~ct + eclt/ gz, u) N(¢)ce dr + e_clt/ cettdr
c1 o g9(x,u)| 0

V() < 2

&1

t
<2 41v)+ ecﬂ/ {—9@’1“) N(s) + 1} ety
1 0 |g(!13, u>\)|

(30)
According to Lemma 2.3, obviously, V (t), ¢, W and b are bounded in [0, ¢;). From [5], the
conclusion is also right as t; = +00, on the other hand s?/2g; < V4(t) < V/(t), and then we
have s € Lo,. From (29) we obtain £(¢) is bounded; furthermore we have e(t) is bounded.
Thus, it can be shown that all the signals are bounded. Furthermore, according to the
properties of S(g) and p(t), we have tracking error satisfies the prescribed performance.

5. Simulation Results. In this section, consider the dynamics of autonomous under-
water vehicle (AUV), from the simulations to demonstrate the theoretical results. In this
paper, we consider the FTC of steering control subsystem. As [12], the steering subsystem
can be represented as

v=r
U Fo om0 3y
where 1) is the steering angle, r is the yaw velocity, g is a design parameter, ¢, is the
rudder deflection, and h(t) is a bounded signal, which denotes the modeling error or
external disturbance. In order to investigate the problem of actuator unmodeled fault,
the fault system may be written as

y=r . (32)
r=2r|r| + 0.5r + (1 — 0.5sin(r))d, + rz



SLIDING MODE FAULT TOLERANT CONTROL WITH PRESCRIBED PERFORMANCE 693

where f(r) = 2r|r| + 0.5r, the unmodeled fault is f(r,d,) = (1 — 0.5sin(r))d,, system
unmodeled dynamic is 7z, and ¢, is the system input. The reference signal y,(t) is chosen
as y4(t) = 0.5sin(2t), performance function p(t) is chosen as p(t) = (1—1071)e(=3) 41071,
and the Nussbaum function is chosen as N() = ¢? cos(s). The initial conditions: 1(0) =
0.1, 7(0) = 0.5. The design parameters are taken as oy = 0.5, o = 0.01, 1y = 0.5,
m = 0.01, A = 0.25, k£ = 10. Simulation results are shown in Figures 1-4. We can
observe that tracking errors eventually converge to a prescribed range as shown in Figure
2. Meanwhile, Figure 3 illustrates the boundedness of the control signal. Simulation
results demonstrate the feasibility of the proposed method.

06 . . . . . 06
04} 04f
X
. 02} 02} N
o 3 e
= o 5 Or
E g —_— - — —
= -02} = 02t
- F /
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-08 - : - : : .08 :
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4 035
a6 _ 03t
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g ar
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6. Conclusions. In this paper, for a class of nonlinear systems with actuator failures
and unmodeled dynamics, considering the unmodeled fault, by applying prescribed perfor-
mance function, sliding mode control, radial basis function neural networks and Nussbaum-
type gain technique, an adaptive fault tolerant control scheme is designed. Theoretical
analysis shows that the closed-loop system is semi-globally uniformly bounded, and the
tracking error is confined to a predefined residual set. However, in this paper, the system



694

J. GAO, Q. SHEN, P. YANG AND J. GONG

structure we consider is a lower triangular form. When the system structure is more com-
plex, the design of fault tolerant controller is more challenging and the problem deserves
further research.
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