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ABSTRACT. This paper addresses the problem of stability analysis for a class of genetic
regqulatory networks (GRNs) with Markovian jumping parameters and time-varying de-
lays. By constructing a novel Lyapunov-Krasovskii functional (LKF) and using an appro-
priate enlargement scheme, new stability criteria are proposed in terms of linear matriz
inequalities, which can guarantee the mean square stability of Markovian jumping GRNs.
The novelty of this paper is that the less conservative stability criteria are obtained by
utilizing Wirtinger-type integral inequality to estimate the weak infinitesimal operator of
LKF. Furthermore, two illustrative examples are given to show the effectiveness of the
theoretical results and the significant improvement on the existing results.

Keywords: Genetic regulatory networks (GRNs), Markovian jumping parameters (MJ-
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1. Introduction. In the past decade, the research of genetic regulatory networks (GRNs)
has been attracting considerable attention due to important growth in a wide range of
applications including genetic engineering and biological background areas, see, e.g., [1,
2, 3,4, 5,6, 7. In nature, a GRN is a dynamic system to describe interactions among
genes (mMRNA) and its products (proteins). Generally speaking, mathematical models of
GRNs have been broadly classified into two types: discrete-time models and continuous-
time models. A continuous-time one can be described by a set of differential equations,
in which the derivatives of the unknown functions can be introduced to characterize the
continuous change of mRNA and protein concentrations [8, 9, 10, 11]. Consequently,
the differential equation models have been used to understand the complex properties of
GRNSs.

As is well known, the existence of time delays often leads to unsatisfactory performances
or even system instability [12, 13, 14, 15, 16, 17, 18]. In practical applications, time delays,
caused by the finite translation speed in modeling gene regulation process, are primary
factors impacting the dynamic behavior of whole gene network [19, 20, 21]. Also, the
mathematical modeling of GRNs considering without delays may lead to wrong predictions
of the concentrations of mRNAs and proteins. In recent years, a series of literature
addressed the analysis and synthesized problems of delayed GRNs, which are referred to
stability analysis and stabilization [22, 23], H, filter design [24, 25, 26], state estimation
[13, 20, 27] and so on.
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In addition, the intrinsic noises and exogenous disturbances are always inevitable in
most of practical gene regulation process. Note that the inherent noises may be generated
randomly by individual molecules as well as the exogenous disturbances could affect gene
systems under the assumption of the Brownian motion [8, 24, 27, 29]. As a result, it
is the best viewed to modeling gene systems with a stochastic process. Note that the
stability analysis plays an important role in designing or controlling delayed GRNs with
Markovian jumping parameters (MJPs), which has encouraged the research in this field.
To date, a number of effective techniques have been employed in literature to obtain less
conservative stability criteria, such as free-weighting matrices techniques [8, 28], convex
combination method [29], and delay (or delay-range) partition approaches [30, 31, 32].
More recently, it is worth mentioning that Wirtinger-type integral inequality is adopted
in stability analysis of delayed GRNs to estimate accurately the derivative of LKF, which
is helpful to obtain some less conservative stability criteria [10, 15, 21, 25].

In this paper, we investigate the stability problem for a class of stochastic GRNs with
time-varying delays as well as seek further improvement covering the existing works. The
main contributions of this study consist of the following aspects: (i) By choosing an appro-
priate LKF, new delay-dependent mean-square asymptotic stability criteria are given; (ii)
Within this framework, the Wirtinger-type integral inequality and convex combination
technique are introduced to estimate the double-integral items in the weak infinitesimal
operator of the LKF, which are useful to establish the stability criteria; (iii) According
to numerical comparisons, it is clear to observe that the stability criteria proposed in the
paper are less conservative and more effective than the one in [29]. The rest of the paper
is organized as follows: the problem is formulated and some preliminaries are given in Sec-
tion 2; in Section 3, mean-square asymptotic stability criteria for the delayed stochastic
GRNs are established; a numerical example is provided in Section 4; finally, we conclude
this paper in Section 5.

Notation: R™ denotes the n-dimensional Euclidean space, R™*" represents the set of all
m X n real matrices, and I stands for the identity matrix with an appropriate dimension.
Matrix P > 0 (P > 0) means P is positive definite (positive semi-definite). For a matrix A,
AT denotes its transpose. || - || denotes the Euclidean norm of vectors or matrices, Apax(+)
and A, (+) represent the maximum and minimum eigenvalues of a real symmetric matrix
respectively. Let col(---) and diag(---) be the block column matrix and diagonal matrix
formed by the elements in brackets, respectively. Zy refers to the set = {1,2,..., N} for
any positive integer N.

2. Problem Statement and Preliminaries. In this paper, we consider the following
differential GRNs model composed of n mRNAs and n proteins with time-varying delays:

mi(t) = —aim(t) + Z bij fi(p;(t = h(1))) + Ji, (1a)

where m;(t) and p;(t) are the concentrations of mRNA and protein of the ith gene at the
time t, respectively. a; > 0 and ¢; > 0 denote the degradation rates of the mRNA and
the protein, respectively. Let d; > 0 denote the translation rate of the ith gene. The
time-varying delays h(t) and 7(t) are assumed to satisfy the following conditions

0<7m <7(t) <7, pn <7(t) <p, 0<h <h(t)<hs, Mmﬁh(t)ﬁuz, (2)
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b;; is defined as follows

0, if there is no connection between j and 1,
bi; = { «uj, if transcription factor j activates gene i, (3)
—ay;, if transcription factor j represses gene 4,
where «;; represents the dimensionless transcriptional rate of transcription factor j to gene
i, JJi =Y. j=s, @ij 1s the basal rates, in which S; is the set of repressors of the i-th gene.
Here, f;j(z) = (z/B;)% /(1 + (x/5;)*), * € R, which is a nonlinear feedback regulation
function, where h; is the Hill coefficient, and 3; > 0 is a constant.

Assumption 1. For j = 1,2,...,n, the nonlinear function f;(r) is continuous and
bounded, and satisfies the following inequality:

fj(O):O, < fj(yl)_fj(VQ)

v =1
where hj, j =1,2,...,n, are the known constants.

Let m(t) = col(my(t), ma(t),...,muy(t)) and p(t) = col(pi(t),pa(t),...,pn(t)). Then
the dynamics of GRNs (1) can be written as the following form

{ m(t) = —Am(t) + Bf (p(t — h(t))) + J,
p(t) = =Cp(t) + Dm(t —7(1)),

where f(p(t = h(t))) = col(fi(pi(t = (1)), fa(pa(t = (D)), ..., fu(pa(t

Shj7 Vl#y% (4)

)
A1), A

diag(aq, asg,...,a,), C = diag(ci,ca,...,¢,), D = diag(dy,dy,...,d,), B (0351, and
J = COl(Jl,JQ, .. ,Jn)
Denote
z(t) = m(t) —m*, y(t)=pt)—p", (6)

where (m*, p*) represents the equilibrium point of GRN (5), i.e., (m*, p*) is a solution of
the following equation:
—Am* + Bf(p*) + J =0, -
—Cp*+Dm*=0.
Then, shifting the intended equilibrium point (m*, p*) of (5) to the origin, we obtain

{ 540 = et Botyte— o)) @
i) = ~Cy(t) + Da(t = 7()).

where g(s) = f(s+ p*) — f(p*) satisfying the following conditions:

9:(0) = 0, 0<% o i_19. n Wo4zeR
X

Next, taking the Markovian jumping parameters into (8), we have

{ @(t) = —Aw(t) + Bg(y(t — h(1))),
y(t) = =Cy(t) + Dix(t — 7(1)),
where

[Al B, C, Dl] = [A(r(t)) B(r(t)) C(r(t)) D(r(t))] )

Here, r(t) (t > 0) represents a Markov process on the complete probability space (2, F, P)
which takes values in a finite state space Zy with generator I' = [y,)|nxn, and the mode
transition probabilities are given by

AL+ o(At), 1 ,
Yoy = P{T(t+At):]|r(t):l}:{'7 + o(At) #J

1+ v,At 4+ o(At), 1=,
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where At > 0 satisfying lima;_.q O(AA;)

N
1 to mode 7 and Yu = — Z]:l,];ﬁz Ty

Remark 2.1. According to [8, 24, 27], the system matrices of (8) may change randomly
by Markov process, due to the inherent noises of individual molecules as well as the ex-
ogenous disturbances could affect gene system under the assumption of Brownian motion.
Therefore, it is necessary to consider MJPs in a real GRN model.

Definition 2.1. Let (z(t, ¢, 1), y(t, v, 1)) denote the solution of (9), then the system
is said to be mean-square asymptotically stable if, for each € > 0, there ezists a d(¢)
such that

=0, 7, > 0 (g # 7) is the transition rate from mode

(9)
>0
Ellz(t, d.0)ll3 <&, Elly(t, 0|5 <e

and
tlLI?OE {Hx(tu (b’ZO)Hg} = 07 tILIg)E {Hy(ta 90720)‘@} = 07
when the initial condition (¢, p, 1) satisfies
sup [|o(s)[[3 < d(e),  sup 0||90(8)||§ <d(e),

—7*<s<0 —7*<s<
where 7" = max{7y, ha}.

Definition 2.2. [33] Let V(zy,t,r(t) = 1) be the stochastic positive LKF. The weak infin-
itesimal operator is defined as

LV (x4, t,7(t) =1)
— lim s e {V (@lene) AL (4 AD |z r(E) = 1} — V(@(t), £.2)].

At—0 At 1
| (10)
- ‘/t(xh ta Z) + %(J;tv ta Z)f(xlh t7 Z) + Z’ngv(xta tu])7
1=1

where

OV (x4, t,1 OV (xy,t, OV (x4, t,1
W(mtataz) = %7 %(.ﬁlft,t,@) = (%a?%)
1 n

The main purpose of this paper is to investigate stability problem for the delayed
GRN (9) with Markovian jumping parameters. In order to establish the delay-dependent
stability criteria, we introduce the following lemmas.

Lemma 2.1. [34] (Jensen’s Inequality) For given a positive definite matriz M* =
M e R™™, a scalar 7 > 0, and a vector function w(-) : [—7,0] — R™ such that the
integrations concerned are well defined, then the following inequities hold:

/0 (s)Muo(s)ds = = (/ w(s)ds)TM(/O s ).
/_T/ s)Mw(s dsd9>—</_T/ dsd@) </_T/ dsd@)

Lemma 2.2. [35] (Wirtinger- Type Integral Inequality) For given a positive definite
matriv MT = M € R™" of appropriate size, two scalars a and b with a < b, and a
derivable vector function w(-) : [a,b] — R", then the following inequality holds:

/abwT(S)Mw(s)ds > i : [g?rM {gﬂ ’ (11)

where Qy = w(b) — w(a), 2 = w(b) +w(a) — w(s)ds, and M = diag(M,3M).

b—a Ja



STABILITY OF DELAYED MARKOVIAN JUMPING GRNS 813

Lemma 2.3. [36] (Lower Bounds Theorem) Let fi, fa,..., fn : R™ — R have positive
finite values in an open subset ID C R™. Then the reciprocally convexr combination of f;
over D satisfies

min 37— ()= 3 A1) + max 3 g1 (12)

{aZ a;>0,3", al—l} i i, (t) it

subject to

g B = R, a0 = g, | S0 ] >0 (13

3. Main Results. In this section, we discuss the stability problem of GRN (9) by defining
anovel LKF and using the Wirtinger-type integral inequality. Before introducing the main
results, the following notations are denoted:

€ = [Onx(i—l)n I Onx(lS—i)n]u 1=1,2,...,18,

&1(#) = col (m(t),x(t — 7). /t;l:c(s)ds, /,: x(s)ds) |

&)= ool (st =), [ stsias, [ ateias).

Ly(7) = col (e, e3,e13, (T — 11 )e1s + (12 — T)exs)
Lo(h) = col (eg, es, €16, (h — h1)err + (he — h)ers) ,
Ly, = col (—A,e; + Beis, es,e1 —e3,e3 —ey), 1 € Iy,
Lo, = col (—Cieg + D,eserpes — eses — €9), 1 € Iy,

&(t) = col <x(t), z(t—7(t),x(t —m),x(t — 1), 2(t — 1), y(t),
y(t - h(t>>7 y(t - h1)7 y(t - h2)7 y(t - hl)? f(y(t)),
Flote=h@)). [ ats)ds,—=— [ att)as

() — 11 Ji—r) (14)
1 t—T(t) t 1 t—hy
_ x(s ds,/ y(s)ds, —/ y(s)ds,
Ty — 7(t) /t—TQ ) t—hy ( h(t) = h1 Jinw )

1 tfh(t)
- d
T / y(s)ds |,

R = COl (Kg, K4> s T = CO] (K5,K6) y
X; = diag (X;,3X;), U; = diag (U;,3U;), i =1,2,3,4,
9

K, = col <61 —e3,61 + €3 — —613) , Ky =col(e3 — ey, e3 + €2 — 2e14) ,
T1

2
Kg = col (66 — €3, €4 + €g — h—616) s K4 = col (62 — €4, €9 + €4 — 2615) s
1
K5 = col (68 — €7, €8 +e7 — 2617) s K6 = col (67 — €9, €7 + €9 — 2618) .

Based on the previous preparation, a new stability criterion for the stochastic GRN (9)
is proposed as follows.
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Theorem 3.1. Consider GRN (9) with Assumption 1. For given scalars 7o > 1 > 0,
ho > hy >0, p1, pe, p11 and pey satisfying (2), the trivial solution of GRN (9) is mean-
square asymptotically stable if there exist positive-definite matrices Py, > 0, Pa, > 0 (1 =
L,2),Q >0(1=1,...,8),5>0, X, >0, U, >0, G, >0 (b=1,...,4), diagonal
matrices A\ := diag(dy, 92, ..., 0,), and matrices M and N, of appropriate sizes, such that
the following inequalities hold for T € {m, 72} and h € {hy, ha}:

Jl = X2 ,]\\4/] Z 0, JQ = X4 /]Y/] Z 0,

MT X, NT X,

®,(1,h) = ®1,(1,h) + Py, + B3, + Py (7, h) + P5, — RTJLR —TTJ,T <0, 1€ Iy, (15)
where

®1,(1,h) = LT(7) Py Ly, + LY, P, Ly (1) + L2 (h) Py, Loy, + L2 Py, Ly ()

+ LT (Z 7@]P1]> Ll ‘|’ LT (Z ,YZJP2]> LZ

g, = — 2e],AC,e6 + 2], AD, ey + el Seyr — (1 — pp)el,Sers,
Dy, = €1 Qrer — €5 Qrez + e Qaes — (1 — pr)eg Qaea + (1 — pu11)es Qzer — e Qsey
+ef Queg — e Ques + e§ Qses — (1 — pa)e] Qser + (1 — pig)ey Qeer — e Qseo
+ (—Aier + Wiern) " Qr(—Aser + Weern) — €3 Qres
+ (—Cieg + Dye2)" Qs(—Cies + Diez) — e19Qsero,
Oy, (1,h) = T2 (—Aver + Wiern) Xy (—Aser + Wiens) — KTX Ky + (15 — 71)2el Xoes

1 —~
- T—le?gGl@lg + h%(—CZ% + D262>TX3(—01€6 + D162> — KngKg
+ (hg — h1)2€{0X4610 + Tle{Glel + (7'2 — Tl)egGgeg + hlegG?,@G
1
— h—16{6G3616 + (hg — h1>€gG468 — (7' — T1>6?4G2€14 — (7'2 — 7')6{5G2615

— (h — h1)6{7G4617 — (hg — h)6{8G4€18,

4
.
b5, = 51<—A261 + Wiew) Ui(—Aer + Wierz) — 2(rier — exs) Ur(rier — eus)
)2 ho — hy)?
—< 2 5 Y es Uses — 2(es — e1a) Us(e3 — €14) + %6?0[]4610

— 2(ey — e15) Us(eg — e15) — 2(hies — e16)” Us(hieg — ex6)
h4
51( C, €6 1+ D 62) Ug(—ClGG + Dzeg)
— 2(eg — e17) Us(es — er7) — 2(er — e1s) " Us(er — es).

Proof: Firstly, we define the following LKF candidate for GRN (9):

+

5

V(o t, (1), y(t) = Vit (1), y(1) + > Vit (1), y(t), (16)
where

Vi(o, t,2(t),y(1) = & (D Pu&a(t) + & (1) Paa(t),
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Vit 2(0), y(t)) = 226 [ s+ L, Fesre)s

Vil 0)00) = [ s [ (s

t)
t—T(t)
+ / 5)Qsx(s)ds + 5)Qay(s
t—1o

thl

t—hy t— h(t
+/ 5)Q5y(s d8+/ 5)Qey(s
t

*h(t)

+/t T(5)Qri(s )ds—I—/ §" (5)Qsy(s)ds

Vi(t / / s)X12(s)dsdd + hl/ / $)X3y(s)dsdd
—71 Jt+0 hy, Jt+0
7'2 —T1 / / XQ.CE d8d9
t+6
t— hl
—|—(h2 — hl) / / X4y d8d9
/ / s)Gyz(s)dsdf + / / s)Gax(s)dsdd
-1 Jt+0 —7'2 t+0
t—h1
/ / s)Gsy(s)dsdd + / / $)Gyy(s)dsdo,
h1 t-H9

Vs(t,a / / / $)Uri(s)dsdAdd
—T1 t+A
—71
/ / / s)Uzz(s)dsdAdd
t+A
/ / / 5)Usi(s)dsdAdd
h1 +)\
h1 t— h1
+ / / / $)Ungi(s)dsdAdo.

According to Definition 2.2, the weak infinitesimal operator £ of the stochastic process
{r(t) =1, t > 0} is given by

LV (1 t,2(8),y(t) = LVi (e, b, 2(), y(8) + Y LVi(t2(t), y(8)). (17)

k=2
It is not difficult to obtain that

&i(t) = La(r(1)E(t),  &(t) = La(h(t))E(1), (18)

51 (t) = Lu&(1), é?(t) = L2,&(1). (19)
In view of (10), (18), and (19), we obtain

LVi(a,t,2(t), y(t)) = £ (1)@ (T(2), h(t) (L) (20)
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From (2), we have

LVt x(t), (1)) < 217 (y(t) Ag(t) + f7 (y(t) S f(y(t) 1)
— (L= p2) f1(t = h()) S f(t = h(t)).

Substituting (9) into (21) yields

LVa(t,x(t), y(t)) < £ () Pak(t). (22)
Similarly, it follows that
LVs(t, x(t), y(t))
<o ()Qua(t) — 2" (t = m)Qix(t — ) + 2" (t = 1) Qaa(t — )
= (1= p)a” (t = 7() Qe (t — 7(t)) + (1 — pur)a” (t = 7(£)) Qs (t — (1))
— 2 (t = 1) Q3 (t — ) + y" ()Quy(t) — y" (t — 7)Quy(t — hn)
+y"(t = h)Qsy(t — ) — (1 — p2)y" (t = h())Qsy(t — h(t))
+ (1= paa)y™ (¢t = h(1))Qey(t — h(t)) + & (1) Q7 (t) — y" (t — ha)Qey(t — ha)
— i (t —1)Qra(t — ) + ¢ (1) Qsy(t) — " (t — )st(t—hl)
<& ()Ps(1)

and

(23)

LVi(a,t, (1), y(1))

<2t () Xa(t) — 7 /t i1 (s) X 3(s)ds + (7o — 11)%27 (t — 1) XoZ(t — 71)

—(m—m) /t__n i7(5) X (s)ds + W27 (8) Xai (1) — Iy /t () Xag()ds

t—h1

+ (ha — h1)*y" (t — ha) X4 (t — hy) — (ha — h1) / N g7 (s) Xay(s)ds (24)

+ Tll'T(t>G1I(t) - /t xT(s)Glx( )dS + ( Ty — 7'1) (t - Tl)ng(t - T1>
- / () Gaa(s)ds + by (£)Gay() — / G

t—h1
- /t y"(s)Gay(s)ds + (hy — ha)y" (t — ha)Gay(t — ha).

—hs

By using Lemma 2.1, we have

/ ()G (s)ds > TllgT(t)engalelgg(t), (25a)

| v G 2 e (Ol Gaent ) (25)

1

[ e eIGaa s 2 - (t)l_ —€T(0e];Gaenn€ (1), (26a)

t—7(t)
/t 27 (5)Goz(s)ds > (el Gaeis£(2), (26b)

—T9 T2 — T( )
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t—hq
/t PRACLTETE mgT(weﬁ@e”g(w, (27a)
t—h(t) 1
/Hm y"(s)Gay(s)ds > mgT(t)e{SG4elgg(t). (27b)
Also, based on Lemma 2.2, we obtain
-7 /t iT(s)X12(s)ds < —€T() KT X, K(£(t), (28a)
o [T Xai(s)ds < —€7 (KT Rakat(0) (2b)
— (12 — 1) /tT1 i (5) X2 (s)ds
T2 — T1 tT_T2 T To —T1 7 T (29&)
< - mf (t) Ky XoKo§(t) — mf (t) K XoK4&(2)
t—ha
=) [ )X
h h o h h (29D)
2 — Il > 2 — Il =
< — mgT(t)K§X4K5§(t) - hQ_—h(t)éT(t)KﬁTszKﬁﬁ(t)-

Then, according to (25)-(29), and (9), we can rewrite (24) as

T To —T1 T To —T1 T
LVi(t, z(t),y(t) <& (¢) <q’4z(7(t)7 h(t)) — sz Xo ks — mK4 Xy Ky
ho —hi 1 ho —hy 1
— mK5 X4K5 — hg_—h(t)K6 X4K6>§(t)
(30)
By using Lemma 2.3, we have,
LVi(t,z(t),y(t) < () [Pa(r(t), h(t)) — RT LR — TT LT &(t). (31)
Next, based on the second inequality of Lemma 2.1, it is known that
LV (t, (), () < €7 (HD5.E(1). (32)
Thus, combining (20), (22), (23), (31), (32) with (17), we have
LV (o t,x(t), y(t)) < € (H)(7(t), h(t))E(t) < 0. (33)
Taking the mathematical expectation on both sides of (33), it implies
E{LV (1.t 2(t),y(t)} < E{T(H)P(7(t), h(t))E() } - (34)

Since ®(7(t), h(t)) depends affinely on 7 and h, we obtain from (15) that ®(7(t), h(t)) < 0,
YT c [Tl,TQ], h € [hl,hg]. SO,

E{LV (i, t,2(t),y(t)} < —= (E{ll2(t, ¢,20)13 + [ly(t; 0, 0)ll2}) <0, (35)
where @ = min;c(r, ) hefhy ko] Amin(—P(7, 1)), which means

E{LV (1,t,2(t),y(t)} < —@E||x(t, ¢, 0|2, E{LV (1, ¢, 2(t), y(1)) } <—=Ely(t, ¢, Zo)|(|§- |
36
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Then, integrate both sides of (36) from 0 to

E{V (1., 2(t),y(t)) = V(2(0),0,2(0),5(0))} < W/ El|z(s, ¢, )][3ds,

(37)
E{V (2, t,2(t),y(t)) = V(2(0),0,2(0), y(0))} < w/ E[ly(s, ¢, 10)][3ds.
According to the LKF (16), one can know that
EV (2,t,2(t),y(t)) > 0.
Then, we have t
| Ellz(s,6.0)|ds < 7V (0),0,2(0),5(0),
; (38)

/0 Elly(s, ¢,10)[l3ds < @'V (2(0),0,2(0),y(0)).

Letting z(t) = [«7(t) y"(t)], it follows from (38) that the solution z(t) of system (9) is
uniformly bounded, which implies z(¢) is uniformly continuous. Applying the Barbalat’s
Lemma to (38) yields

i El[2(t,0,00)[; =0, Jim Elly(t, 0, 1)] 3 = 0.

On the other hand, it is not difficult to obtain that
E{V (1., 2(2), y())} <E{V(2,0,2(0),9(0))}. (39)

Note that

5

E{V(2(0),0,2(0),y(0))} = Vi(2,0,2(0 Z y(0))
=2
<Aulle(s)]l3 + >\22H90( I,

E{V(i,t,2(t), y(t))} = Muin(Pr)E {{[x(t, ¢,20) |2} > Amin (Pr2)E {[J2(t, 6,20)113}

A1)
E{V (b, 2(8), y(0)} = Auin(PL)E {lly(t, 0,102}
where Apin(P12) is the minimum eigenvalue of diag(Py,, P,), and
)\11 - TQP‘max(Plz) + Amax(Ql) + )\maX(Qz) + AmaX(Q3) + AmaX(Q7) + )\max(Xl)
+ )\max(X2) + Amax(Gl) + )\max(G2> + )\maX(Ul) + )\maX(U2)]7 (42>
)\22 = h2[>\maX(P21) + AmaX(QZL) + )\max(QS) + Amax(@ﬁ) + /\max( 8) + )\max(X3)
+ )\max(X4> + /\maX(G3) + )\max(G4) + )\max(Ui’)) + )\max(U4)]
Therefore, from (39)-(41), we have
2 2
E| |ZE(t, ¢7 ZO)H% < )‘11H¢(t)|‘2 + )‘22”90(15)”2’
)\min(PLQ)
MllSOIE + Ml )
Elly(t, ¢,1)|[3 < 2 2,
||y( 2 0)||2 = )\min(Pl,Q)

Furthermore, for any € > 0, choose

. 5/\min(P1,2) €>\min(P1,2)
d(e) = min { T 2, :

Then E[|z(t,¢,%)||3 < ¢ and E|[y(t, ,%)[[5 < & when sup_...,<;[[¢(s)|[3 < d(¢) and
SUp_+<4<0 ||0(5)|3 < 6(¢). Based on Definition 2.1, the Markovian jumping GRN (9) is
mean-square asymptotically stable. The proof is completed. O
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Remark 3.1. Note that the methodology of this work is different from the ones in [29,
30, 31, 32]. By constructing a novel LKF and utilizing Wirtinger-type integral inequality
technique, a new stability criterion is proposed to ensure the mean square stability of the
stochastic Markovian jumping GRNs with time-varying delays.

Next, when 117 = oo = 0, the following corollary is obtained easily from Theorem 3.1.

Corollary 3.1. Consider GRN (9) with Assumption 1. For given scalars o > 17 > 0,
ho > hy >0, py and ps satisfying (2) with pyy = pge = 0, the trivial solution of GRN (9) is
mean-square asymptotically stable if there exist positive-definite matrices Py, > 0, Py, > 0
(tb=1,2), Q >0 (1 =1245T778),5>0, X, >0,U,>0,G,>0(b=1,...,4),
diagonal matrices /\ := diag(dy,0a, ... ,0,), and matrices M and N of appropriate sizes,
such that the following inequalities hold with T € {11, 72} and h € {hy, ho}:

J1 >0, Jy >0, ®1,(7,h) + o, + s, + Oy, (7, h) + B5, — RTIR—TT LT <0, 12 € Iy,
where
O3, = ef Qre1 — e Ques + e Qaes — (1 — pu1)es Qe + ef Queg — ef Ques + ef Qses
— (1= po)er Qser + (—Aier + Weern) " Qr(—Aser + Wiern) — €2 Qres
+ (=Cheg + Dyes)T Qg(—Cheg + D,es) — elyQsero.

Remark 3.2. In contrast to [29, Theorem 3.1], Corollary 3.1 is a less conservative sta-
bility criterion for stochastic GRNs, which will be illustrated by one example in the next
section.

4. A Numerical Example. In this section, an example is provided to demonstrate the
effectiveness of the proposed results in this paper.

Example 4.1. Consider the GRN model described by (9) with the following parameters:

30 1 -2 2 0 10
&:kJ’BFkBOy q:hJ’DFb1y

30 -10 2 0 -1 0
U O o S U DR

It is assumed that f(x) = 2*/(1 + 2?%), and then, K = {0'(?5 0%5} . Also, the transition
e —-04 04
probabilities are selected as I' = 06 —06l"

When 7 = 0.2, uy = 1, hy = 0.1, us = 0.1, and he = 0.3. Firstly, by using the
YALMIP toolbox of MATLAB to solve LMI (15), the mazimal allowable upper bounds T
can be obtained by Corollary 3.1 and [29, Theorem 3.1|, which are shown in Table 1. It
can be seen from Table 1 that Corollary 3.1 is the less conservative than [29, Theorem 3.1].
Also, when the initial conditions are chosen as ¢y = [0.62 0.52]7, ¢y = [0.81 0.43]T,
the simulation results of the trajectories are given in Figure 1. In addition, when 7 = 0.2,
w1 =1, p11 = pee = 0.01, hy = 0.1, pe = 0.1, and he = 0.3, we can obtain the maximal
allowable upper bound as 7o = 3.29 by Theorem 3.1.

Remark 4.1. It follows from Example 4.1 that, the less-conservative calculation results
compared with [29, Theorem 3.1] can be obtained by solving the LMIs in Corollary 3.1.
Thus, our results are obviously applicable.
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TABLE 1. Maximal allowable values of 7, for Example 4.1

Methods max 7o
[29, Theorem 3.1] 0.46
Corollary 3.1 3.03
0.7 T T T 0.9
— ] —yl
06 - o= om)) | 0.8 - o -y2 |
0.7
0.5
c € 0.6
2 S
g 0.4 i
< IS
g g 05
c 0.3 c
o o
o © 04
< =
g 02 £
IS a 0.3
0.1H
0.2
0 0.1
-0.1 : : : 0
0 5 10 15 20 0 5 10 15 20

FIGURE 1. Trajectories of mRNA and protein concentrations for Example 4.1

5. Conclusion. In this study, we have investigated the stability problem for the Mar-
kovian jumping GRNs with time-varying delays. A novel delay-dependent LKF has been
introduced to establish stability analysis, and Wirtinger-type integral inequality and con-
vex technique have been employed to estimate the weak infinitesimal operator of LKF;
then, a less-conservative stability criterion has been derived. Finally, the numerical ex-
amples have been provided to illustrate the advantage of the proposed method.
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