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ABSTRACT. Synchronizing the attitude of formation flying spacecraft is an essential
ingredient in almost all practical situations. However, thus far control schemes with
finite-time convergent property have not been proposed for synchronizing the attitude of
multiple spacecraft in the presence of communication delays. In this paper, a class of
finite-time control schemes is developed to guarantee spacecraft attitude synchronization
in the presence of communication delays, parameter uncertainties and external distur-
bances. Robustness, high tracking precision and finite-time convergence can be achieved
simultaneously by the proposed control strategy despite the existence of these unexpected
phenomena. The proposed control approach, which is based on an improved version of
sliding mode control method, is continuous and so is chattering-free. Numerical simula-
tions are provided to demonstrate the effectiveness of the proposed approach.
Keywords: Attitude synchronization, Spacecraft formations, Finite-time control, Ro-
bustness, Communication delays

1. Introduction. Controlling the attitude of multiple autonomous vehicles in order to
equalize their orientations is called attitude synchronization. Attitude synchronization of
spacecraft formations has received an increasing interest in the field of aerospace technol-
ogy. This interest is motivated by their applications in synthetic-aperture imaging and
space-based interferometry, and their potential advantages such as cost reduction and
reliability improvement [1-4].

Recent results in this area are generally inspired by the virtual structure method [5],
behavior-based approach [6,7], variable structure control strategy [8], energy shaping al-
gorithm [9], adaptive control method [10,11], and so on [12-15]. These works aimed to
design control schemes for a swarm of spacecraft based on local information transmission
to achieve a common control objective. For instance, behavior-based control was adopted
in [6,7] to solve the attitude coordination problem of spacecraft formations. The basic idea
of behavior-based control is to determine the control action by a weighted sum of each
behavior. On the basis of variable structure control method, attitude synchronization of
spacecraft formations with communication delays was investigated in [8]. Both the dis-
turbance torques and parameter uncertainties were taken into account in controller design
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but only the attitude regulation problem was addressed and the control laws were dis-
continuous due to the sign function. Spacecraft formations with directed communication
topologies were investigated in [10]. In the presence of uncertainties, system’s robustness
was improved by means of adaptive control method. In particular, the authors in [12]
solved the attitude containment control problem by the use of finite-time control approach.
By considering the existence of multiple leaders, the attitude states of the followers were
able to converge to the convex hull of the leaders’ orientations. However, the effects of
external disturbances and model uncertainties were not investigated.

In spite of the interesting results cited above, much work remains to be done to de-
velop control schemes for spacecraft formations in the presence of communication delays,
parameter uncertainties and external disturbances.

In practical situations, SFF is challenging since the information is always transmitted
and exchanged through a wireless network, and the communication is far from being per-
fect. A critical issue is that the information transmission between spacecraft is usually
delayed. In the field of first and second order dynamics systems, synchronization with
communication delays was studied, and sufficient conditions have been derived to obtain
stability of the system [16-18]. Nevertheless, few works have been done for nonlinear
formation system, especially spacecraft formation systems. Synchronization of bilateral
teleoperators was investigated in [19] by means of passivity-based control. Lagrange for-
mulation of spacecraft dynamics was utilized in [20] and the authors solved the spacecraft
formation control problem. Another problem of the communication network is that the
undirected communication topology considered in [4-8,11-15] is an assumption that needs
to be checked all the time. The topology in practical flying missions can be various types
rather than undirected such as unidirectional satellite laser communication system [10].

In addition to the aforementioned issue, parameter uncertainty always exists in practical
situation due to the unmodelled dynamics, fuel consumption and uncertain center of
mass position. Moreover, external disturbance is also an ineluctable problem induced
by environmental factors such as gravity gradient, aerodynamics, and solar radiation.
[gnoring parameter uncertainties and environmental torques can jeopardize the mission.
An effective tool to solve this problem is finite time control approach which has been
extensively studied in recent decades, since finite-time stabilization of dynamical systems
may give rise to a high-precision control performance and robustness against uncertainties
and disturbances besides the finite-time convergent property.

Finite-time stability and convergence can be obtained by continuous feedback control
schemes [12], but the robustness of such type of controllers has not been fully investigated.
Another method is the terminal sliding mode (TSM) control which has been studied and
applied in single-rigid-body systems [21-26]. The regulation problem of robotic manipu-
lators was investigated in [22]. The authors in [25] realized the finite-time tracking of a
single robotic manipulator using terminal sliding mode technique. Thus far, finite-time
control based on TSM has been little utilized in formation systems. In addition, TSM con-
trol is discontinuous so that chattering exists in the generated control signals. Chattering
phenomenon, as well-known, is harmful for any mechanical system. Therefore, designing
continuous TSM control schemes with robustness against uncertainties and disturbances
is desirable.

Inspired by these facts, it is interesting and challenging to solve the attitude synchro-
nization problem of spacecraft formations with communication delays, parameter un-
certainties and environmental disturbances by means of a continuous finite-time control
approach. To the best of the author’s knowledge, such type of control problem has not
been addressed in the existing literature.
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In this paper, we focus on the design of continuous finite-time attitude synchronization
controllers for spacecraft formations subject to communication delays, parameter uncer-
tainties and external disturbances. This scenario is important to practical applications
such as reorientation, attitude tracking, and observation of moving objectives. Based on
TSM control strategy, a class of continuous attitude synchronization control algorithms is
developed to guarantee finite-time reachability of the desired attitude and to keep certain
relative attitude between spacecraft within the formation. Finite-time convergence and
high control precision of the proposed control schemes in the presence of these unexpected
phenomena is proven mathematically.

The rest of this paper is organized as follows. In Section 2, preliminaries are given. In
Section 3, continuous control schemes with finite-time convergent property are proposed,
and discussions on robustness of the proposed control algorithm are provided. In Sec-
tion 4, numerical simulations demonstrating the effectiveness of the control schemes are
presented. Finally, Section 5 concludes this paper.

Notations
Given a vector A, A, is used to denote parameter or variable of the i-th spacecraft within
the formation, where 7 = 1,2,...,n and A, is used to represent the k-th component of

the vector A.

2. Preliminaries. In this section, three coordinate frames are defined. I is the inertial
reference frame. B is the body fixed reference frame, where origin locates at the centroid
of the spacecraft, and the axes coincide with its principal axis of inertia. D is a desired
reference frame whose origin locates at the centroid of the spacecraft and the three axes
point to the desired orientation.

The modified Rodrigues parameters (MRPs) [27] are adopted herein for the description
of a rigid spacecraft’s attitude. The definition of the MRPs is

o =n-tan(f/4) (1)

where m denotes the Euler axis with the Euler principal angle represented by 6. The
MRPs representation is a three-dimensional attitude description with no sign ambiguity
and it can represent the attitude state without any singularity in 6 € (—360, +360) deg.
We use o € R? to represent the absolute attitude state of B with respect to I. The
absolute angular velocity w € R? represents the angular velocity of B with respect to I
expressed in B.
The kinematics equation is defined as follows

c=G(o)w (2)
where
1
G (o) :Z{(l—O'TO')I—FQ [0*] + 200"} (3)
I denotes a 3 x 3 identity matrix and o is a skew-symmetric matrix defined as
0 —op o@
of=1 oy 0  —op (4)
0@ own 0

The absolute attitude error o, € R? defined by

o, (O'TO' — 1) +o (1 — O'dTO'd) — 200

l+olo,0T0 +20%0

o.=0Q (—0y) =



876 7. WANG, F. GUO, Z. SUN, H. LIANG AND J. WANG

is the orientation from D to B, where symbol ® represents the MRPs multiplication, &
is the orientation from I to D. According to Equation (2), we have . = G.w,. where
G.=G(0.). w € R3 is the absolute angular velocity error. w, can be calculated using

w, =w — M,w, (6)

where wy; € R? is the desired angular velocity which should be sufficiently smooth and
the derivative of which should be bounded, and M, € R**? denotes the rotation matrix
from D to B, which can be calculated using

8

4(1—a?) 2
M =I,-—= lo)|+ —— |o) 7
3 (1 + 0_2)2 |: ] (1 + 0_3)2 [ ] ( )
The dynamics of a rigid satellite can be written as
Jw=-w'Jw+u (8)

where J € R**3 represents the inertia tensor of the spacecraft, u € R? is the control
torque. According to Equation (6), the dynamic model representing the relative angular
rate can be stated as

Jwe:—wXJw—i—u—J(Mewd—weXMewd) =W +u 9)

where W = —w*Jw — J (Mw; — wM.wy).
In order to facilitate the stability and convergence analysis, the following lemma is
presented.

Lemma 2.1. [28] A function V (x) is positive definite and homogeneous of degree o to
the dilation (rq,...,r,). If V() is a continuous function such that, for any fized x # 0,
V(p 'l z1,... L oy . .. .

% — 0 as p— 0, then V +V s locally positive definite.

3. Controllers Design.

3.1. Problem statement. An n-spacecraft formation performing a flying task in which
the spacecraft within the formation is required to align their attitudes while tracking
a time-varying reference state {o4(t),wq(t)} is considered in this study. The attitude
control problem herein is to design continuous finite-time control schemes for a spacecraft
formation by the use of the behavior-based control approach, such that the attitude of
each spacecraft can converge to the reference state in finite time and maintain certain
relative attitude with arbitrary communication topologies in the presence of time delays,
model uncertainties and external disturbances.

3.2. Fast sliding mode. In this subsection, a fast sliding mode (FSM) is proposed to
guarantee finite-time reachability of the equilibrium. The FSM is given as follows:

QS

8; = Wei + a0 ; + bsig (o7;) (10)

where sig (dei)g = sgn () |0'ez~|§; a and b are positive constants; p and ¢ which are used
to represent the fractional power are positive odd numbers satisfying % < % < 1.

Theorem 3.1. The equilibrium point (oe; = 0,w.; = 0) of the differential Equation (10)
is finite-time stable: the system states (0 e;,we;) reaching the sliding mode s; = 0 will

converge to the equilibrium point in finite time T and stay there forever such that (o.; = 0,
we; =0) fort>T.
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Proof: Consider the following positive scalar function:
Vi=2In(1+olo.) (11)
Calculating the first-order derivative of V; yields

l1+o,0 1+0,0
Since
P
Wei = —0c; — bsig (0" (13)
when s; = 0, it follows that
. T . r T ptq %ﬂ
Vi=o,; (—aaei — bsig (Uei)q) = —a0,,0, —b|log| © < —c1V;— V™ (14)

where ¢; = § and ¢, = 2 "' D, By integrating the both sides of (14), it can be derived
that

T 0 a—r
dv; i a4
/ —dtZ/ Vi - T < _ 7y (CI|V(0)| +C2) (15)
0 V;(0) —aV; — &V, 2q Cl(q - p) Ca

where V;(0) represents the initial value of V;. Therefore, it is proven that V; = 0 can be
achieved in finite time, and thus o,; = 0 and w,; = 0 according to (13) can be obtained
in finite time. This completes the proof.

The proposed FSM is a combination of the linear-hyperplane sliding mode (LSM) and
the terminal sliding mode (TSM). When the system state o; is far away from the origin,
the linear part —c; o,; prevails over its counterpart —cysig (o7;)” such that the convergence
rate depends on the linear part —cyo;: the fast convergence rate when the system states
are far away from the origin is well understood. When the system state is close to the
origin, then the convergence rate mainly depends on the terminal part —csig (o;)®: it
makes the control objective be achieved in finite time since the convergence rate accelerates
exponentially as the states approach the equilibrium.

3.3. Synchronization controllers. There are two objectives when synchronizing the
attitude of the spacecraft formation: station keeping (desired attitude attainment) and
formation keeping (relative attitude maintenance). A tool that is effective to deal with the
existence of multiple control objectives is the behavior-based approach adopted in [6,7].
Based on the behavior-based control algorithm, the following attitude synchronization
control schemes are proposed:

ui:uieruif, i:1,2,...,n (]_6)
where wu; is the control law for the i-th spacecraft within the formation, and

us =W, —J,Q; — ’Yz'Sig(Si)% (17)

iy == 3k (s ()F — 0,005 (s, (7)) (1)

are the control actions for station keeping and formation keeping, respectively, where ;
is a positive constant; Q; € R? = ac.; + %” |0'ei|pq;q o.i; 8; is the FSM; r is a positive odd
number satisfying p < r < ¢; d;; = 0,1 is a binary value describing the communication link
between the i-th and j-th spacecraft; k; is a positive weight parameter for the formation-
keeping control action, the value of which can affect the closed-loop performance of the
spacecraft formation.
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The control schemes are designed by the use of the behavior-based control method. w;
is the station-keeping control term to drive the i-th spacecraft to the desired state, and
w;s is the formation-keeping control term to keep the relative attitude control accuracy.
The control law u; is designed by a weighted sum of the two control terms.

Theorem 3.2. The proposed controller (10) can solve the attitude synchronization prob-
lem of spacecraft formations with communication delays subject to arbitrary communica-
tion topologies, if k; > 8 and (k;)* < 4 (k; — B) hold, where B is a positive constant that
will be involved in the stability and convergence analysis.

Proof: Consider the following positive scalar function:

~ q n . mT . r4+q
V=V4+V= sig (8;) 20~ J;sig(s;) 2
g () T aste)
noon (19)
+5ZZ/ sig (s;)7" sig(s;)7 du
i=1 j=1 /1T
It can be seen that V is positive definite. Computing the derivative of V', we have
Vot S (s T 20 g (Js| ) 8
(r+q) = 2q
q " r+4q r—q r r+q
+ diag ( S; W) sz] J;sig (s;) 20
a2 e *
n (20)
. rr . . bp p=q
= ZSlg(Si)q Jiwei+JZ~ CLO’ei—f——|0'ei| 7 O
° q
=1
= sig(si)i (Jiwei + JiQy)
i=1
Substituting the relative dynamics Equations (9) into (20) yields
V=" sig (s:)a" (W; + ui+J,Q:)
i=1
= Zsig (s:)a" (—%sig ()7 + uz’f)
i=1
n n (21)
= {—%sig (si)gT sig (si)§ — sig (sl)gT Z k; (sig (si)gT
i=1 j=1

Next, calculating the first-order derivative of V' yields

V=83 [sis () sig (s:)7 — sig (s, (7)) sig (s, (7))’ (22)

i=1 j=1
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Then V can be calculated as

n

Z i [Slg( )q — dijsig (s (sz))g

I
|
2
=
o
»ah
F£
CTQ
..Q
|
n
ol
UQ

+ Bii [Sig (si) 5 sig (s )2 — sig (s; (TZJ))gT sig (s; (T”))g]
= — ZZ% (81g Hp) - an:znzsig (55 (1:3))7" sig(s; ()"
k=1 i=1 ) - F: , , (23)
_ ZZ{ (k; — B) sig (s )ETsig (8;)1 — 6Z~jkisig(si)5T sig (s; (Ti]’))a}
_ ;]Zl [1 - 7_)@] (85 (ri7))e" sig (Sj (n-j)?)
< - ZZ% (sig (s )T:p>k

[SEE!

with W5 = v/F; — Bsig ()7 — 0ij5oisig (s (i)

), -V

. Then, it can be derived that

3 n

V< —ZZ% (sig(s

= —li j Y (Sig(si) )k—{%i y Vi (Slg )k (24)
B0 [se(0) s ()7 — i s (7)) s s, (m))i]}

According to Lemma 2.1, the term

% Z Z Vi (Sig (s
k:lnzzln (25)
+ 52 Z [Sig (s))" sig (s;)1 — sig (s; (ri;))a” sig (8 (1;5))*

i=1 j=1

is locally positive definite since p < r < ¢. Then, it can be derived from (24) that

3 n
V< —%ZZ% (sig(s

k=1 i=1

ptr ptr
q < —eV 2 26
))<= (26)
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p+r

where ¢ = {*} ” %(%) for i =1,...,n. By integrating both sides of (20), it

minfamin (J;)]

gives that

T 0 d 2 q—p—T
/ dt > / V_or<__ %y (27)
0 V() eV 20 £(2¢g—p—r)

where V(0) represents the initial value of V.

Therefore, V' = 0 is proven to be achieved in finite time, and it follows that s; = 0 for
i = 1,...,n is achieved in finite time. According to Theorem 3.1, it is safe to conclude
that the control objective (o = 0,w,; = 0) is obtained in finite time. This completes the
proof.

3.4. Robustness discussion. One ineluctable problem for any SFF is the parameter
uncertainties since the moments of inertia vary with fuel consumption and uncertain
center of mass position. Another problem is the existence of environmental disturbances.
[gnoring uncertainties and environmental disturbing torques can jeopardize the mission.
In this section, we consider the parameter uncertainties and disturbance torque in the
dynamics equation to analyze the performance of the proposed control strategies. If
we use d € R* to represent the external disturbances and J;, J; and AJ; satisfying
J; = J; + AJ; to represent the real inertia tensor, nominal inertia tensor and uncertain
inertia tensor, respectively, then the dynamic model of the spacecraft can be restated as

Jo.=W +u+d+AW (28)

where AW = —wxAJw—AJ (M,w; — w, X M,w;) denotes the uncertain term induced
by unmodelled dynamics.

Corollary 3.1. In the presence of uncertainties and disturbance torques, the proposed
control algorithms (10) steer the attitude of each spacecraft to a neighborhood of the sliding

mode s; =0 as
8\’
[sil < @i = (—) (29)
Vi

in finite time where ®; = ||d; + AW; + AQ;|| with AQ; = AJ;Q;. Furthermore, the

tracking errors converge to a neighborhood of the equilibrium as

®; (P
|(0i) | < min [—, <?> ] , k=1,2,3 (30)

a
in finite time.
Proof: We still consider the Lyapunov Function (13). It is derived that

V= i [sig (si)g]T J;s; = z”: [Sig (Si)g]T (Jiwei + Qi + AQ;) (31)

=1

Substituting the relative dynamics Equations (28) into (31) yields

V=>" [sig (sz-)?]T (W; +u; +di + AW, + J,Q; + AQ))
=1

= i [sig (si)

(32)

Qs

]T (—%‘Sig (Siﬁ +d; + AW, + AQ,; + uz‘f)
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which can be restated in the following form:

V= i [sig (si)
+ AQ;) diag™ (sig (sz)gﬂ sig (s;)1 + uif>

For (33), a structure similar to (15) can be obtained if the matrix [’yz-I — diag(d; + AW;

Q[

]T ( - [%I — diag(d; + AW, "

+AQ;)diag ! (sig(si)g) ] can be kept positive definite; therefore, finite-time convergence

can be guaranteed according to an analysis similar to Theorem 3.1. We use d; € R to
represent the matrix (d; + AW, + AQ);) such that

~ N ~ ~ T
(di + AW, + AQ) =di = [ diyy dia) dig) | (34)
If A
di)
v — —2 > 0for k=1,2,3, (35)
Si(k)
then the region
e dz’(k)‘ &\ "
k| < Isill < [ = (36)
Vi Vi

can be reached in finite time.
Once the system states reach the region, we have

where ‘@i

< ®@;. Equation (37) can be rewritten as

r
q

Wei(k) + a0ei(k) + bsig (07ei) () = o, (38)
Then, the following two equations can be obtained

r
q

d.
Weik) T | — . O¢; + bsi O¢; =0
(*) p (k)] (k) + bsig (0ei) )
. (39)
P, . £
Weik) + a0eik) + | b — — = | S8 (Uei)(k) =0
sig (o¢;) ("k)
Equation (39) will still keep the same structure with the sliding surface s; if
; D, ’
el > i ) - 40
@] > min |1, | L (40)

Therefore, the attitude tracking error of the ith spacecraft will reach the following region

q

) ‘(i)z ‘(i)z ’ ) [(I)i ;
‘Uei(k)‘gmln — | — < min | —, <—>

S2S)

, 41
a b a b ] (41)
in finite time. Hence, the proof is completed.

Besides being sufficiently smooth and its derivative being bounded, no other constraints
have been imposed on the desired trajectory, and the angular velocity of the spacecraft is
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not required to be non-null in the theoretical analysis. Consequently, the desired trajec-
tory could be “arbitrary” which means that it does not need to be a dynamic one but also
a static one. In this sense, the proposed control schemes also solve the attitude regulation
problem for a spacecraft formation.

Since there is no assumption on the parameter d;;, the effectiveness of the proposed
synchronization control laws is not affected by the type of the communication topology.
Besides the undirected graph considered in [4-8,11-15], the topology can also be directed,
full-connected or connected, static or even dynamic when 0,;; switches between 0 and 1
during the flying mission. By virtue of this, the proposed control schemes are compe-
tent under arbitrary communication topologies, and the reliability of the formation is
improved since the stability and convergence of the formation system can still be guar-
anteed when communication failures occur. Nevertheless, it should be noted that the
control performance will descend in the face of a disconnected communication topology
since the formation keeping control action, which is used to improve the performance of
the formation control, will be deactivated by the disconnected topology.

The traditional TSM control laws [21-24] have to be discontinuous to guarantee the
finite-time convergent property. Such discontinuity will cause chattering phenomenon
which, as well-known, is harmful for any mechanical system since it involves extremely
high control activity and may excite high-frequency dynamics neglected in the course of
modeling. Therefore, it should be eliminated for the controller to perform properly. As
an approximation to the discontinuous function used in traditional TSM control laws, the
boundary-layer approach [29] using sigmoid functions is able to alleviate the chattering.
However, it can only guarantee finite-time convergence to the boundary layer. Inside the
boundary layer, only asymptotic convergence can be achieved. On the other hand, we
developed a class of continuous finite-time control laws herein without using the approx-
imation method. The proposed control laws are continuous and so are chattering-free.
Moreover, the finite-time reachability to the equilibrium can be guaranteed simultane-
ously.

It is not surprising that the performance of the system, especially the robustness, highly
depends on the control parameters v;, a and b. From the previous analysis it can be seen
that the neighborhood ®; is a result of the terminal sliding mode control with fractional
power %. If the parameter 7; are chosen large enough so that

then ®; < 1. Because % > 1, the exponential term % in ®; will greatly reduce the size
of ®;. Similarly, the size of the region (40) can be reduced by chosen parameters a and
b properly such that a,b > d;. Therefore, if large control parameters are available, the
developed control laws (10) may lead to respectable tracking performance in the presence
of poor dynamic models and large disturbing torques.

The tuning of the control parameters ~;, a and b in practice is typically done experi-
mentally, and their values are limited by the frequency of the lowest unmodeled structural
resonant mode, the largest time-delay in actuators and the sampling rate in practical sit-
uation [29]. Furthermore, there is a trade-off between control accuracy and settling time:
high control accuracy can be obtained by large control parameters but at a cost of long
settling time. Hence, the value of the control parameters v;, a and b should be chosen
according to the system’s mechanical properties, the limitations on the actuators and the
available computing power.

Since the sign function in the control laws will cause chattering in the control signal
that should be avoided, the saturation function below (or any other sigmoid function) can
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be utilized to replace the sign function:

1 T > [
sat(e) = a/p o < p (43)
-1 < —p

where p is small positive constant.

4. Numerical Simulations. In this section, numerical simulations of a low-earth-orbit
(LEO) formation composed of four spacecraft are provided to validate the stability char-
acteristics of the proposed control schemes. A formation flying mission where the four
spacecraft are required to align their attitudes while tracking the attitude of another space-
craft defined by [30] wy = ( —0.01 0.01 0.01 )'rad/s and a4(0) = ( 0.1 0.3 0.2)" is
considered. The simulations will be done in two scenarios. The first scenario will test the
effectiveness of the proposed control schemes in the presence of large initial attitude er-
rors, external disturbances, parameter uncertainties, communication delays and dynamic
communication topologies. The second scenario will analyze the effects of the control
parameters on control performance.
The nominal inertia tensor of each spacecraft is chosen as

20 0 2 22 1 05

J, = 0 25 0 kg -m?, J,= 1 24 3 kg - m?,
2 0 29 05 3 22
25 0.8 2 23 04 0

Js=1| 08 29 1 kg-m? Jy,=1| 04 26 0.8 | kg m?
2 1 21 0 0.8 28

with the perturbation inertia tensor AJ; = 0.3J;.
The initial attitude states of the spacecraft formation are chosen as follows:

wi (0) = (10.045 —0.043 0.077 )" rad/s, o,(0)= (02 02 —02)";
w,(0) = (0.052 —0.026 0.033 )" rad/s, o(0)=(03 02 03)";
ws(0) = ( —0.026 0.022 —0.013 )" rad/s, o3(0)= (02 01 —0.1)";
wi(0) = ( —0.037 —0.019 0.023 )" rad/s, o4(0)= (04 —02 0.1)".

A spacecraft formation in LEO is mainly affected by the gravity gradient torque, while
the disturbances such as the solar radiation pressure torque will be dominant for a for-
mation in high-earth orbits such as the geostationary orbit. All these torques are slowly
varying and can be treated as signals composed of constants and periodic trigonometric
functions. Taking account of these factors, the disturbances are chosen as

Ug; = Wy + Uyn;
where

up=( 0.0012 —0.0018 0.0012 )" N-m, up=( 0.001 0.0014 —0.0017 )" N-m,
wz=( —0.0013 0.0016 —0.001 )" N -m, wy=( 0.0015 —0.0014 —0.0013 )" N-m

denote the constant disturbing torques and

Wuni = ¢ wi2) €08 (15)



884 7. WANG, F. GUO, Z. SUN, H. LIANG AND J. WANG

is used to simulate the unmodelled disturbances and similar effects.
The parameter d;; is given by

S1at) = 1 for mod (¢,10) < 6
271 0 for mod (t,10) > 6

to describe a time-varying communication topology, where mod(z,y) represents the re-
mainder of dividing z by y.

The control torque is bounded as ‘ui(k)‘ < 0.2 N-m. The control parameters are chosen
as v, =05, k;=04,a=03,b=05p=>5,r="T7and ¢ =9. Control performance of
the formation is measured by an absolute error metric and a relative error metric.

The proposed controller is compared with the controller in [31] to demonstrate its
advantages and evaluate its performance. An attitude coordinated adaptive control law

m Control Torques
Station-keeping attitude error II)Q 0.2 . . . :
gg_ . oo eRARE . ... : _
E
_ i - ()3 Z 0 s UG S SRS S S—
=P 0 = o S 5 r‘ “
M — 02 L i i i i i
05 0 20 40 60 80 100 120 140
0 20 40 80 80 100 120 140 02—
0.2r - [
£ ol .
o0 T & e
- g j
02 0.2l
20 20 o0 20 00 120 40 020 20 40 80 80 100 120 140
0 —— — = N
e a £ A
3 0.2 ; % O s P P —— R = T
- =2 1,
0.4 i
0 20 40 80 80 100 120 140 20 40 80 80 100 120 140
1 - 02—
E L,
500 I S S T— £ OF N DU IS S
=
2
-1 i L i 0.2 I i i i
0 20 40 80 80 100 120 140 0 20 40 80 80 100 120 140
t's t's
(a) Absolute attitude errors (b) Control Torques
Formation-keeping attitude error
05 . . 1
o0 = e N 05
05 i i P — —— —i
20 40 60 80 100 120 140 0 20 a0 80 80 100 120 140
05 o . 0.5
2 o = e S R et St S
_0 5 ' l L -U 5
0 20 40 60 80 100 120 140 20 a0 60 80 100 120 140
05 05 T
¥ 0 e g
= 0 - = o
- T 05F
0.5 d . - 4
0 20 40 €0 80 100 120 140 0 20 40 60 80 100 120 140
tls tis
(c) Relative attitude errors (d) Relative attitude errors

FIGURE 1. Evolutions of the attitude errors of the proposed controller
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for the latter is designed and written as
T .
u; = —G; (04) Kp,00i — Kg,wei — pisign (8;) (44)

where s; = w,; + c—Zst K,,, K, are positive definite matrices.

1+0'£-0'ei )
The parameters of the controller respectively are
20 0 O 300 O 0
Ky=10 20 0 |, Kg= 0 300 O , pi=1, ¢ =056
0 0 20 0 0 300

4.1. Numerical validation of the theoretical analysis. The simulation in this sub-
section is to validate the theoretical analysis in the previous section. Simulation results
are presented in Figure 1. In (a), (c) and (d), the absolute attitude error and the relative
attitude error are shown, respectively. (b) illustrates the control torques applied on each
spacecraft.

The theoretical analysis of the proposed control schemes is validated by the simulations.
From the plots in (a), (¢) and (d) it can be seen that synchronization is realized in the
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FIGURE 2. Evolutions of the attitude errors of the controller (38)
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presence of communication delays, parameter uncertainties, disturbances, and a time-
varying topology. Settling time of both AE and RFE is 110 sec approximately. The final
absolute attitude angular velocity errors are better than —4.543 x 10~* rad/s, and relative
attitude angular velocity errors are better than 5.323x10™* rad/s. In (b), bounded control
torques are demonstrated.

Figure 2 shows the simulation results of the closed-loop system with controller (38).
The setting time of AE is 250s and the setting time of RE is 300s. And the sign function
causes chattering. The final absolute attitude angular velocity error are better than
—7.327 x 10~* rad/s, and relative attitude angular velocity errors are better than 0.0015
rad/s. In (b), bounded control torques are demonstrated. Compared with the controller
(38), the proposed controller provides the rapid convergence and achieves high tracking
accuracy.

4.2. Control parameters analysis. In order to make meaningful comparisons, investi-
gating the effects of various control parameters on control performances requires that the
other parameters are held constant. In this subsection, three scenarios are considered, and
the investigation is implemented by varying different control parameters while holding the
other parameters constant.
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Case A: By doubling the control parameters v;, a, and b as y; =1, a = 0.6, and b = 1,
simulation results are presented in Figure 3.

Figure 3(a) illustrates the absolute attitude error metric, and (c) and (d) show the
relative attitude error metric. From the result it can be seen that the absolute attitude
angular velocity errors are better than —6.658 x 1075 and relative attitude angular velocity
errors are better than 8.056x10°, which are improved significantly compared with Figure
1. Nevertheless, settling time also decreases to 60 sec due to the larger control parameters.
The results validate the discussion on control parameters in the previous section: large
control parameters v;, a, and b could result in high control accuracy and at a cost of short
settling time, but meanwhile it will cause large chattering.

Case B: Effect of the formation keeping control action on control performance is demon-
strated in Figure 4 by choosing k; = 0. Absolute attitude error metric and relative attitude
error metric are shown in (a), (¢) and (d), respectively. As shown in Figure 4, both the
settling time and the attitude control error increase significantly: settling time of AF
and RFE increases to 160 sec, the largest final absolute attitude angular velocity error
is 4.967 x 10 *rad/s, and relative attitude angular velocity error is 5.663 x 10 *rad/s.
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Compared with Figure 1, the effect of formation keeping control action is illustrated. The
increased steady-state values and settling time demonstrate that albeit finite-time con-
vergence can still be guaranteed with no formation keeping control term, performance of
the formation is affected since the formation keeping term is used to enforce the intercon-
nection between the spacecraft within the formation, and thus improves the performance
of the formation system. Therefore, the formation keeping control term is critical for a
satisfactory performance of the formation.

Case C: Results in Figure 5 demonstrate the control performance with various connec-
tion weights. By varying the connection weight k; = 0.8, absolute attitude error metric
and relative attitude error metric are illustrated in (a), (b) and (c), respectively. Com-
pared with Figure 1 and Figure 4, these weights are able to guarantee finite-time conver-
gence of the formation system. Nevertheless, control performances are various according
to different weights. The steady-state value of RE decreases with increasing connection
weight, but AFE is not affected. Therefore, an improvement in relative control performance
can be achieved by enlarging connection weights.
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5. Conclusion. In this paper, a continuous attitude control approach with finite-time
convergent property is proposed for attitude synchronization of spacecraft formations.
The proposed continuous control schemes could guarantee finite-time reachability of de-
sired trajectory subject to communication delays. High control precision, chattering atten-
uation, and robustness were achieved simultaneously by choosing the control parameters
properly. Simulations of a four-spacecraft formation in the presence of communication de-
lays, parameter uncertainties, external disturbances and dynamic communication graphs
validated the theoretical analysis. By varying control parameters, control performances of
the formation were also analyzed through simulations. Simulation results demonstrated
the effects of control parameters on formation performance and the indispensability of
formation keeping control term. They also showed that increasing the connection weights
decreased the relative attitude control errors.
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