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ABSTRACT. The purpose of this paper is to introduce the notion of fuzzy quasi-prime
and weakly fuzzy quasi-prime ideals in LA-rings, and to study fuzzy quasi-prime, weakly
fuzzy quasi-prime, fuzzy completely prime and weakly fuzzy completely prime ideals in
LA-rings. Some characterizations Cartesian product of weakly fuzzy completely prime
and fuzzy completely prime ideals are obtained. Moreover, we investigated relationships
between fuzzy completely prime and fuzzy quasi-prime ideals in LA-rings.
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1. Introduction. Let R be a non-empty set. A fuzzy subset of R is, by definition, an
arbitrary mapping f : R — [0, 1], where [0, 1] is the usual interval of real numbers. Zadeh
[19] in 1965 introduced the notion of a fuzzy set to describe vagueness mathematically in
its very abstractness and to solve such problems he gave a certain grade of membership
to each member of a given set. Focusing on the structure of ring, the early paper of
Liu [4], defining fuzzy ideals, initiated the investigation of rings by means of expanding
the class of ideals with these fuzzy objects. Malik, Mordeson and Mukherjee, Sen [5, 6]
have studied fuzzy ideals. In [7], Mukherjee and Sen have attempted to determine all
nonnull fuzzy prime ideals in the special case where R is the ring of integers and L is the
unit interval [0, 1], which is a complete chain. In [1], Hur et al. introduced the notions
of intuitionistic fuzzy (completely) prime ideals and intuitionistic fuzzy weak completely
prime ideals in a ring.

In 2006, Yusuf in [18] introduces the concept of a left almost ring (LA-ring). That is, a
non empty set R with two binary operations + and - is called a left almost ring, if (R, +)
is an LA-group, (R, -) is an LA-semigroup and distributive laws of - over + holds. Further
in [10] Shah et al. generalize the notions of commutative semigroup rings into LA-rings.
However, Shah et al. in [14] generalize the notion of an LA-ring into a near left almost
ring. A near left almost ring (nLA-ring) N is an LA-group under +, an LA-semigroup
under - and left distributive property of - over + holds.

In this study we followed lines as adopted in [1, 4, 5, 6, 7] and established the notion
of fuzzy subsets of LA-rings. Specifically we characterize the fuzzy quasi-prime, fuzzy
completely prime, weakly fuzzy quasi-prime and weakly fuzzy completely prime ideals in
LA-rings. It is natural to extend the concept of a fuzzy prime ideal to a fuzzy quasi-prime
of an LA-ring. Moreover, we investigated relationships between fuzzy completely prime
and weakly fuzzy quasi-prime ideals in LA-rings.
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2. Preliminaries. Let R be an LA-ring. If S is a nonempty subset of R and S is itself
an LA-ring under the binary operation induced by R, then S is called an LA-subring of
R. An LA-subring I of R is called a left ideal of R if RI C I and I is called a right ideal
of Rif IR C I and I is called an ideal of R if I is both a left and a right ideal of R
[8]. A left ideal P of an LA-ring R is said to be quasi-prime (weakly quasi-prime) ideal
of R if and only if AB C P ({0} # AB C P) implies either A C P or B C P, where A
and B are ideals in R [8]. A left ideal P is called completely prime (weakly completely
prime) if ab € P (0 # ab € P) implies either a € P or b € P. It can be easily seen that
a completely prime (weakly completely prime) ideal of an LA-ring with left identity R is
quasi-prime (weakly quasi-prime).

A function f from R to the unit interval [0, 1] is a fuzzy subset of R [8]. The LA-ring
R itself is a fuzzy subset of R such that R(z) =1 for all x € R, denoted also by R. Let f
and g be two fuzzy subsets of R. Then the inclusion relation f C g is defined f(z) < g(x),
forall z € R. fNgand fU g are fuzzy subsets of R defined by

(f Ng)(x) = min{f(x),g(z)}, (fUg)(x)=max{f(z) g(x)}
for all z € R. More generally, if {f, : @ € 5} is a family of fuzzy subsets of R, then ﬂ fa
aEf

and U fo are defined as follows:

aef

(ﬂ fa> (1) = () fule) = inf {fu(2) : a € B},

a€f acf

(U fa> (@) = | fale) = sup {fule) : 0 € B}
a€ep acf

and will be the intersection and union of the family {f, : « € 8} of fuzzy subset of R.
The product f o g [8] is defined as follows:

U min{f(y),9(z)}; Ty, z € R, such that z = yz
(fog)(x) =9 2=y

0; otherwise.
As is well known [8], a fuzzy subset f of R is called a fuzzy LA-subring of R if f(x —y) >
min{f(z), f(y)} and f(zy) > min{f(x), f(y)}, for all z,y € R. A fuzzy LA-subring f of
an LA-ring R is called a fuzzy left (right) ideal of R if f(zy) > f(y) (f(xy) > f(z)) for
all z,y € R, if f is both fuzzy left and right ideal of R, then f is called a fuzzy ideal of R
8]. It is easy that f is a fuzzy ideal of R if and only if f is a fuzzy LA-subring of R such

that f(xy) > max{f(z), f(y)} for all z,y € R [8].
Lemma 2.1. [8] Let R be an LA-ring. If f, g, h are fuzzy subsets of R, then (fog)oh =
(hog)o f.

Proof: The proof is available in [8]. O

Remark 2.1. If R is an LA-ring and F(R) is the collection of all fuzzy subsets of R,
then (F(R),o) is an LA-semigroup.
Lemma 2.2. [8] Let R be an LA-ring with left identity. If f, g, h, k are fuzzy subsets of
R, then
1) fo(goh)=go(foh),
2) (feg)o(hok)=(koh)o(gof).

Proof: The proof is available in [8]. O
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Lemma 2.3. [8] Let f be a fuzzy LA-subring of an LA-ring R. Then the following
properties hold.

1) fofCfand f(x—y) =min{f(z), f(y)}, for all z,y € R.
2) fis a fuzzy left ideal of R if and only if Ro f C f.

3) f is a fuzzy right ideal of R if and only if fo R C f.

4) f is a fuzzy ideal of R if and only if Ro f C f and fo R C f.

Proof: The proof is available in [8]. O

Lemma 2.4. [8] Let f be a fuzzy left ideal of an LA-ring with left identity R. Then
RoR=R.

Proof: The proof is available in [8]. O

Theorem 2.1. [8] Let I be a non-empty subset of an LA-ring R and f; : R — [0,1] be a
fuzzy subset of R such that

1, xel
Jilz) = { 0; otherwise.

Then I is a left ideal (right ideal, ideal) of R if and only if fr is a fuzzy left ideal (resp.
fuzzy right ideal, fuzzy ideal) of R.

Proof: The proof is available in [8]. O

Theorem 2.2. Let I be a non-empty subset of an LA-ring R, m € (0,1] and f; be a fuzzy

set of R such that
fl(x):{ gL; rel

otherwise.

Then the following properties hold.

1) I is an LA-subring of R if and only if fr is a fuzzy LA-subring of R.
2) I is a left ideal of R if and only if fr is a fuzzy left ideal of R.

3) I is a right ideal of R if and only if f1 is a fuzzy right ideal of R.

4) I is an ideal of R if and only if f1 is a fuzzy ideal of R.

Proof: 1) (=) Suppose [ is an LA-subring of R. Let a,b € R. Ifa ¢ Aor b ¢
A, then fi(a) = 0 or f(b) = 0so fi(ab) = 0 = min{f/(a), fi(b)} and fr(a —b) >
0 = min{f;(a), f;(b)}. If a,b € A, then fr(a) = m and f;(b) = m, so fr(ab) = m =
min { f;(a), f1(b)} and fr(a —b) = m = min{f;(a), fr(b)}. This implies f; is a fuzzy
LA-subring of R.

(<) Assume that f; is a fuzzy LA-subring of R. Let a,b € I. Since f;(a —b) >
min {f;(a), f1(b)} = m and f;(ab) > min{f;(a), f1(b)} = m. This implies f;(a —b) =m
and fr(ab) = m. Thus, a — b,ab € A. Hence, I is an LA-subring.

2) (=) Suppose [ is a left ideal of R. Let a,b € R. If b ¢ I, then f;(b) = 0,
so fr(ab) > 0 = fr(b). If b € I, then ab € I, since I is a left ideal. This implies
fr(ab) = m = f;(b). Thus, f; is a fuzzy left ideal of R.

(<) Assume that f; is a fuzzy left ideal of R. Let r € R and a € I. Since f;(ra) >
fr(a) =m, we get fr(ra) = m. This implies ra € I. Thus, [ is a left ideal of R.

3) (=) Suppose [ is a right ideal of R. Let a,b € R. If a ¢ I, then fr(a) = 0,
so fr(ab) > 0 = fr(a). If @ € I, then ab € I, since I is a right ideal. This implies
fr(ab) = m = fr(a). Thus, f; is a fuzzy right ideal of R.

(<) Assume that f; is a fuzzy right ideal of R. Let r € R and a € I. Since fr(ar) >
fr(a) = m, we get fr(ar) = m. This implies ar € I. Thus, [ is a right ideal of R.
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4) (=) Suppose [ is an ideal of R. Let a,b € R. If a ¢ I and b ¢ I, then f;(a) =0
and fr(b) =0, so fr(ab) > 0 = max{0,0} = max{f;(a), f1(b)}. Ilf a € I or b € I, then
ab € I, since [ is an ideal. This implies f;(ab) = m = max{f;(a), fr(b)}. Thus, f; is a
fuzzy ideal of R.

(<) Assume that f; is a fuzzy ideal of R. Let r € R and a € I. Since f;(ra) > fi(a) =
m or fr(ar) > fr(a) = m, we get fi(ra) = m and f;(ar) = m. This implies ra,ar € I.
Thus, [ is an ideal of R. 0

Definition 2.1. Let R be an LA-ring, © € R and t € (0,1]. A fuzzy point x; of R is
defined by the rule that
t; x =
ze(y) = { . Y

0; otherwise.

It is accepted that x,; is a mapping from R into [0,1], and then a fuzzy point of R is a
fuzzy subset of R. For any fuzzy subset f of R, we also denote x; C f by x; € f in sequel.
Let tfa be a fuzzy subset of R defined as follows:

_Jte(0,1]; z€A
tfaz) = { 0; otherwise.

3. Fuzzy Quasi-Prime Ideals in LA-Rings. The results of the following lemmas seem
to play an important role to study fuzzy quasi-prime ideals in LA-rings; these facts will
be used frequently and normally we shall make no reference to this definition.

Definition 3.1. A fuzzy subset f of an LA-ring of R is called fuzzy completely prime if
max {f(z), f(y)} = f(zy) and max{f(z), f(y)} = f(x —y), for all z,y € R.

Example 3.1. Let R = {0, 1,2} be a set under the binary operations defined as follows,

Then R is an LA-ring. We define a fuzzy subset f : R — [0;1] by f(x) =0, for all x € R.
It is easy to show that f is a fuzzy completely prime subset of R.

Lemma 3.1. A fuzzy ideal f of an LA-ring of R is fuzzy completely prime if and only if
max {f(z), f(y)} = f(zy) and max{f(x), f(y)} = f(x —y), for all z,y € R.
Proof: It is straightforward by Definition 3.1. U

Theorem 3.1. Let R be an LA-ring. Then f is fuzzy LA-subring of R if and only if 1 — f
18 fuzzy completely prime.

Proof: (=) Assume that f is a fuzzy LA-subring of R. Then f(zy) > min {f(x), f(y)}

and f(z—y) > min {f(z), f(y)} so that 1— f(xy) < 1—min{f(z), f(y)} and 1 - f(z—y) <
1 —min{f(z), f(y)}, for all z,y € R. If f(z) < f(y), then 1 — f(z) > 1 — f(y). Then

max {1 — f(z),1— f(y)} = 1— f(z)
= 1 —min{f(x), f(y)}
> 1— f(zy)
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and

1— f(z)

1 —min {f(z), f(y)}
1— f(z—vy)

so that 1 — f is fuzzy completely prime. If f(z) > f(y), we have the same result. Thus,

max {1 — f(z),1— f(y)} = 1— f(y)
1 —min {f(z), f(y)}
1 — f(zy)

1— f(y)
1 —min {f(z), f(y)}
1— flx—y)

max {1 — f(z),1— f(y)}

I (AVANI

VAN

and

max {1 — f(z),1— f(y)}

AVANI

so that 1 — f is fuzzy completely prime.
(<) Suppose that 1 — f is fuzzy completely prime of R. Then

max {1 — f(z),1 = f(y)} > 1 - f(zy)
and max {1 — f(z),1— f(y)} > 1 — f(z — y), so that 1 — max{l — f(z),1— f(y)} <
1— (1= f(zy)) = f(zy) and 1 —max {1 — f(z),1 = f(y)} <1-(1—f(z—y)) = flz—y),
for all z,y € R. If 1 — f(z) < 1— f(y), then f(zy) > 1— (1 — f(y)) = f(y) and
fle—y) > 1=(1-f(y)) = f(y). U1—f(z) > 1—f(y), then f(zy) > 1—(1—f(z)) = f(z)
and f(rg) > 1 - {1 - /(@) = f(x). Thus, f(7y) > min {f(z), f()} and f(z — 3) >

min { f(z), f(v)}. Hence, f is a fuzzy LA-subring of R. O
Definition 3.2. A fuzzy subset f of an LA-ring of R is called weakly fuzzy completely
prime if

max {f(z), f(y)} = f(zy)
and max {f(z), f(y)} > f(z —vy), for all z,y € R such that zy # 0.

Remark 3.1. It is easy to see that every fuzzy completely prime subset is weakly fuzzy
completely prime.

Example 3.2. Let R = {0,1,2,3,4,5} be a set under the binary operations defined as
follows,

Cr D~ D QoA

5
5
4
3
2
1
0

Trds Lo e = D[4

SIS N WAL T o
N N N = N S N Y N S Y
PO O™ DD R D N~ D
LW DWW W I G D ~ O Wlw

v WO~ O

5
0
5
4
3
2
1

'R

IS N N

Then R is an LA-ring. We define a fuzzy subset

1; =0
flz) = { 0; otherwise.

— [0;1] by
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It is easy to see that f is a weakly fuzzy completely prime subset of R. However, f is
not a fuzzy completely prime subset of R, since max {f(4), f(3)} = max{0,0} = 0, while
f(4-3)=f(0)=1

Theorem 3.2. Let R be an LA-ring. If P;, i € ( are fuzzy completely prime (weakly
fuzzy completely prime) subsets of R, then U P; is fuzzy completely prime (weakly fuzzy
completely prime) subset of R. -

Proof: Suppose that P;, i € 3 are fuzzy completely prime subset of R. Then P;(xy) <
max {P;(x), P(y)} and P;(z —y) < max{PF;(x), P,(y)}, for all z,y € R, and for i € f3.

Since
maX{UPi UP }>P (xy)

i€ i€l

andmaX{UR- UP }>P x —vy), for all i € 3, we get

€S el
max {U Pi(x),| B-(y)} > Pilzy)

ieB i€f ief
and
maX{UP,- UP } U (x — ).
e €0 iep
Hence, U P; is a fuzzy completely prime subset of R. O

i€l
Theorem 3.3. Let P be a left ideal of LA-ring R. Then P is a completely quasi-prime

(weakly completely quasi-prime) ideal of R if and only if the fuzzy subset fp is a fuzzy
completely prime (weakly fuzzy completely prime) left ideal of R.

Proof: (=) Suppose that P is a completely prime ideal of R. Obviously, fp is a fuzzy
left ideal of R. Let z,y € R. If zy ¢ P, then fp(zy) = 0 < max{fp(z), fp(y)}. If
xy € P, then x € P or y € P. Thus, fp(z) =1 or fp(y) =1, so max{fp(z), fr(y)} =1
Therefore, the fuzzy left ideal P is a fuzzy completely prime ideal of R.

(<) Suppose that fp is a fuzzy completely prime ideal of R. Let x,y € R such that
xy € P. Then fp(xy) = 1. Since fp is a fuzzy completely prime ideal of R, we have
fe(zy) < max{fp(z), fr(y)}. Thus, fp(z) =1 or fp(y) =1 andsox € Pory € P.
Therefore, P is a completely prime ideal of R. 0

Definition 3.3. Let R be an LA-ring. A fuzzy left ideal f of R is said to be a fuzzy
quasi-prime if tga o tgp C f implies tga C f or thg C f, for the left ideals A and B in
R and for all t € (0,1].

Definition 3.4. Let R be an LA-ring. A fuzzy left ideal f of R is said to be a weakly
fuzzy quasi-prime if 0, # tga otgg C f implies tga C f or thg C f, for the left ideals A
and B in R and for all t € (0,1].

Remark 3.2. It is easy to see that every fuzzy quasi-prime is weakly fuzzy quasi-prime.

Lemma 3.2. Let A, B be any non-empty subset of an LA-ring R. Then for any t € (0, 1]
the following statements are true.

1) tfaotfp =tfan.
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2)tfantfs =tfanp.
8) tfaUtfp =tfaus.
4) tfa = U ag.

acA
5) Ro th = tfRA7 th oR = thR and R o (th o} R) = tfR(AR)-
6) If A is a left ideal (right, ideal) of R, then tfa is a fuzzy left ideal (fuzzy left, fuzzy
ideal) of R.

Proof: We leave the straightforward proof to the reader. OJ

Theorem 3.4. Let P be a fuzzy left ideal of an LA-ring with left identity R. Then the

following statements are equivalent:

1) P is a fuzzy quasi-prime (weakly fuzzy quasi-prime) of R.

2) For any z,y € R and t € (0,1], if z,0 (Roy) C P (0y # xy0 (Roy,) C P), then
xry € Pory €P.

3) For any x,y € R and t € (0,1], if tfyotfy, C P (0, #tfyotf, C P), thenx, € P or
Yt € P.

4) If A and B are left ideals of R such that tfsotfg C P (0, # tfaotfs C P), then
tfaC P ortfg CP.

Proof: (1 = 2) Let P be a fuzzy quasi-prime of R. For any x,y € R and t € (0, 1], if
0 (Roy) C P, then

tf(:ce)R o tf(ye)R - (tf(ze) o R) o (tfye o R)
(tf(xe) o tfye) o (R o R))
)

= ((tfuotf)o(tfyotfe))o(RoR)
= ((tfaotfy)o(tfeotf))o(RoR)
= ((tfeotfe)o(tfyotfs))o(RoR)

(tfeeo (tfyotfs)) o (RoR)
(tfy o (tfeotfs)) o (Ro R)
(tfy o tfex) o (Ro R)
(RoR)o(tfzotf,)
Ro (tfyotf,)
fzo(Rotfy)
zi o (Roy;)
P.
Since P is a fuzzy quasi-prime, we get x; = tfy = tfice)e = tfwe)e € tfmeyrp S P or

Y :tfy :tf(ee)y :tf(ye)e - tf(ye)R cP. Hence, Ty € tfx C Por Yt € tfy CP.
(2=3) Let z,y € R, t € (0,1] and ¢f, o tf, C P. Then

zi0(Roy) Ctfyo(Rotfy)
= Ro<tfmotfy)
CRoP
C P

(Nl

Thus, by hypothesis z; € P or y; € P.

(3 =4) Let A and B be two ideals of R. Then, by Lemma 3.2, we get tf4 and tfp are
fuzzy left ideals of R. Suppose that tf4otfg C P, and tf4 ¢ P, and then there exists
x € A such that x; ¢ P. For any y € B, by Lemma 3.2 and hypothesis,

tfa:otfy tfwy
tfap
tfaotfp
P.

I
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Since x; ¢ P, which implies tf, C P, and so y; € P. By Lemma 3.2, it follows that

tfp = U Y-

yeEB
(4 = 1) We leave the straightforward proof to the reader. O

Corollary 3.1. Let P be a fuzzy left ideal of an LA-ring with left identity R. Then the
following statements are equivalent:

1) P is a fuzzy quasi-prime (weakly fuzzy quasi-prime) ideal of R.
2) For any x,y € R andt € (0,1], if x,oy, € P (0; # xy0y, € P), thenxz, € P ory, € P.

Proof: It is straightforward by Theorem 3.4. 0J

Example 3.3. Let R = {0,1,2,3,4,5,6,7} be a set under the binary operations defined
as follows,

+10 1 2 838 4 5 6 7
010 1 2 38 4 6 6 7
112 0 316 4 75
211 83 0 2 65 7 4 6
313 21 07 6 5 4
414 56 701 2 3
516 4 75 2 0 3 1
6|5 7 4 6 1 3 0 2
717 6 5 4 3 2 1 0
101 2 8 4 5 6 7
oo 0 0 0 0 0 0 0
1004 4004 40
200 4 4 00 4 4 0
310 0 0 0 0 0 0 0
410 8 3 00 38 3 0
50077 00 770
6|0 77 0 0 770
770 3 3 0 0 3 3 0
Then R is an LA-ring. We define a fuzzy subset f: R — [0;1] by

1;  ze{0}
f(z)=1<¢ 0.5; ze€ {4}

0; otherwise.

It is easy to see that f is a weakly fuzzy quasi-prime ideal of R. However, f is not a fuzzy
quasi-prime ideal of R, since 5o5 031 C f while 595 ¢ f and 31 ¢ f.

Theorem 3.5. Let R be an LA-ring with left identity. If f is a fuzzy quasi-prime of R,
then inf { f(a*(Rb?))} = max { f(a?), f(b*)}, for all a,b € R.

Proof: Suppose that inf { f(a®(Rb?))} # max {f(a?), f(b*)}. Since f is fuzzy left ideal
of R, we get f(a®(rb?)) > f(rv*) > f(b*) and
fa® (rb?)) = f((0%r) a®) = f(a?),
for all r € R. Then max {f(a?), f(b*)} < inf {f(a(RD))}. Let inf { f(a(Rb))} = m. Define
two fuzzy subsets g and h of R as follows:

(z) = m; x € a’R;
g\¥) = 0; otherwise;
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) 2.
h(x):{m’ xr € b°R,;

and

0; otherwise.
Then g and h are two fuzzy left ideals of R by Theorem 2.2. If
goh(z) = |J min{g(y) h(z)} = m,
T=yz
then there exist u € a®?R, v € bR such that uwv = . Put u = a*t and v = bk, for some
t,k € R. Then
flz) =

so that g o h C f. Since f is a quasi-prime ideal, we get ¢ C f or h C f. Thus,
g(a®) = g((ee)a®) = g(a*e) = m or h(b?) = h((ee)b?) = h(b*¢) = m. However, from
m = max { f(a?), f(b*)} < inf {f(a(Rb))} = m, we have a contradiction. O

Theorem 3.6. Let R be an LA-ring with left identity. A fuzzy ideal P of an LA-ring R
is fuzzy quasi-prime ideal if and only if max{P(z), P(y)} = P(zy), for all z,y € R.

Proof: (=) Suppose that P is a fuzzy ideal of R. Then P(xy) > f(x) and P(xy) >
f(y), so P(zy) > max{f(z), f(y)}, for all z,y € R. On the other hand, if P(xy) >
max { P(z), P(y)}, then there exists ¢ € (0,1) such that

P(zy) >t > max{P(x), P(y)}.
Thus, z; 0 (Roy;) = Ro(xyoy) C Ro(xy); € Ro P C P, for all z,y € R. Since P is a
fuzzy quasi-prime ideal of R, we get x; € P or y; € P, but x; ¢ P and y; ¢ P, which is
impossible. Therefore, P(zxy) = max {P(x), P(y)}, for all x,y € R.

(<) Suppose that z, y; (t € (0, 1]) are the fuzzy points of R such that z;0(Roy,) C P.
Since Ro (zy); € Ro (zy0y;) = 240 (Roy) C P and P(xy) = max{P(x), P(y)}, we
have P(xy) > t, which implies that P(z) > t or P(y) > t. Then x; € P or y, € P and
hence P is a fuzzy quasi-prime ideal of R. 0

Theorem 3.7. Let R be an LA-ring with left identity. If P is a fuzzy completely prime,
then P s a fuzzy quasi-prime ideal of R.

Proof: We leave the straightforward proof to the reader. OJ
Let Ry and Ry be two LA-rings. Then Ry X Ry := {(z,y) € Ry X Ra|r € Ry,y € Ra}
and for any (a,b), (¢,d) € Ry x Ry we define
(a,b) + (¢,d) := (a + ¢,b+ d) and (a,b)(c,d) := (ac, bd)
and then Ry X Ry is an LA-ring as well. Let f : Ry — [0,1] and g : Ry — [0,1]
be two fuzzy subsets of LA-rings R; and Ry respectively. Then the Cartesian product
of fuzzy subsets is denoted by f x ¢ and defined as f x g : Ry x Ry — [0, 1], where

(f x g)(z,y) = min {f(x),g(y)}.

Lemma 3.3. If f and g be two fuzzy LA-subrings of Ry and Ry respectively, then f X g
is a fuzzy LA-subring of R1 X Rs.

Proof: We leave the straightforward proof to the reader. O
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Lemma 3.4. If f and g be two fuzzy left ideals (fuzzy right ideals, fuzzy ideals) of Ry and

Ry respectively, then f x g is a fuzzy left ideal (fuzzy right ideal, fuzzy ideal) of Ry X Rs.
Proof: We leave the straightforward proof to the reader. O

Corollary 3.2. Let f1, fo, ..., fn are fuzzy subsets of LA-rings Ry, Ro, ..., R, respectively.

1) If f1, fo, f3, .-, fu are fuzzy LA-subrings of Ry, Ra, Rs, ..., R, respectively, then H fi

i=1

is fuzzy LA-subring of H R;.
2) If f1, fay f3,. ., fn are fuzzy left ideals (fuzzy right ideals, fuzzy ideals) of Ry, R2,R3,
., R, respectively, then H fi 1s fuzzy left ideal (fuzzy right ideal, fuzzy ideal) ofH R;.

i=1 =1
Proof: One can easily show by induction method. 0
Lemma 3.5. Let f, g be two fuzzy subsets of LA-rings Ry, Ry respectively such that f X g
is a fuzzy left ideal (fuzzy right ideal, fuzzy ideal) of Ry X Ry. Then f or g is fuzzy left
ideal (fuzzy right ideal, fuzzy ideal) of Ry or Ry respectively.

Proof: We leave the straightforward proof to the reader. O
Corollary 3.3. Let fi1, fa, ..., fn are fuzzy subsets of LA-rz'ngs Ry, Rs, ..., R, respectively.

IfH fi is a fuzzy left ideal (fuzzy right ideal, fuzzy ideal) ofH R;, then fy or fy or f3 or.

or fn is a fuzzy left ideal (fuzzy right ideal, fuzzy ideal) of Rl, Ry, Rs, ..., R, respectively.
Proof: We leave the straightforward proof to the reader. OJ

Lemma 3.6. Let f, g be two fuzzy subsets of LA-rings Ry, Ry respectively and t € (0,1].
Then (f X g)t = ft X ft-

Proof: We leave the straightforward proof to the reader. 0
Corollary 3.4. Let fi, fa, ..., fn be fuzzy subsets of LA-rings Ry, Rs, ..., R, respectively

and t € (0,1]. Then (H fi> =TI

Y
Proof: One can easily show by induction method. 0

Theorem 3.8. Let Ry and Ry be two LA-ring with left identity. A fuzzy left ideal f is
a fuzzy quasi-prime ideal of an LA-ring Ry if and only if f X Ry is a fuzzy quasi-prime
1deal of Ry X Rs.

Proof: Suppose that f is a fuzzy quasi-prime ideal of Ry. Let (a,b),(c,d) € Ry X
Ry such that (ac,bd); = (a,b); o (¢,d)y € f x Ry. Then f(ac) = min{f(ac),1} =
min { f(ac), Ra(bd)} = f x Ra(ac,bd) > t, so f(ac) > t. Obviously, a; 0 ¢; = (ac); € f. By
Corollary 3.1, we get a; € f or ¢; € f. Thus, f(a) >t or f(c) > t. It is easy to see that

[ x Ry(a,b) = min{f(a), R2()}
= min {¢,1}
=1

f X RQ(ba d) = min {f(b)> RQ(d)}
= min {¢,1}
t.

or
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Therefore, (a,b); € f x Ry or (¢,d); € f x Ry. By Corollary 3.1, we have f x Ry
is a fuzzy quasi-prime ideal of R; x R,. Conversely, assume that f x Sy is a fuzzy
quasi-prime ideal of Ry x Ry. Let a,c¢ € Ry such that (ac); = a;0¢; € f. Then t <
f(ac) = min{f(ac),1} = min{f(ac), Ro(bd)} = f x Ra(ac,bd), so f x Rs(ac,bd) > t.
Obviously, (a,b); o (¢,d); = (ac,bd); € f x Rs. By Corollary 3.1, we get (a,b); € f X Ry
or (¢,d); € f X Ry. Thus, f X Ry(a,b) >t or f x Ra(e,d) > t. It is easy to see that

f(a) = mln{f((l)al}
= min{f(a), Ry(b)}
= f X Ry(a,b)
>t

f(b) = min{f(b),1}
= min {f(b), Ry(d)}
= [ x Ry(b,d)
> t.
Therefore, a; C f or ¢; C f. By Corollary 3.1, we have f is a fuzzy quasi-prime ideal of
R;. OJ

Corollary 3.5. Let Ry and Ry be two LA-rings with left identity. A fuzzy left ideal f is
a fuzzy quasi-prime ideal of an LA-ring Ry if and only if Ry X f is a fuzzy quasi-prime
ideal of Ry X Rs.

Proof: It is straightforward by Theorem 3.8. 0J

Corollary 3.6. Let R; be an LA-ring with left identity. A fuzzy left ideal f; is a fuzzy
quasi-prime ideal of an LA-ring R; iof and only if Ry X ... X Ry X Riy1 X ... X R, is a

or

fuzzy quasi-prime ideal of H R;.
i=1

Proof: One can easily show by induction method. O

Theorem 3.9. Let f, g be two fuzzy ideals of LA-rings with left identity Ry, Ry respec-
tively such that f X g is a fuzzy completely prime (weakly fuzzy completely prime) ideal of
Ry X Ry. Then f or g is fuzzy completely prime (weakly fuzzy completely prime) of Ry or
Ry respectively.

Proof: We know that min {f(01),g(02)} = (f x g)(01,02) > (f x g)(z,y) = min{ f(z),
g(y)}, for all (x,y) € Ry X Ry. Then f(x) < f(01) or g(y) < g(0z). If f(z) < ( 1), then
f(x) < g(02) or g(y) < g(02). Let f(z) < g(02). Then (f x g)(z,02) = f(z). S

f(z1m2) = (f % g)(z122,02)

(f x g)((x1,02)(22,02))
max {(f x g)(z1,02), (f x g)(x2,02)}
max { f(z1), f(z2)}
for all x1,29 € R;. Therefore, f is a fuzzy completely prime of R;. Now suppose that
f(z) < g(0y) is not true for all z € Ry. If f(x) > ¢(03) for some = € Ry, then g(y) < g(02),
for all y € Ry. Therefore, (f x g)(01,y) = g(y), for all y € Ry. Similarly

g(yy2) = (f x 9)(01, %192)

(f X 9)((01,%)(017%))

max {(f x g)(01,91), (f x 9)(01,92)}
max {g(y1), 9(y2)}

for all y1,y» € Ry. Hence, g is fuzzy completely prime of Rs. 0]

[ IA I

(1INl
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Theorem 3.10. Let f, g be two fuzzy subsets of LA-rings Ry, Rs respectively. Then f x g
is a fuzzy completely prime (weakly fuzzy completely prime) ideal of Ry X Ry if and only
if (f xg), t€Im(f xg) of fxgisacompletely prime (weakly completely prime) ideal
of Ry X Ry, for every t € (0,1].

Proof: (=) Suppose that f x g is a fuzzy completely prime ideal of Ry x Ry. Let
(‘Tay)7 (mvn) € Rl X R2 SuCh that (m,y)(m,n) € (f X g)t Then (f X g)((x,y)(m,n)) Z 13
so that (f x g)(xm,yn) > t. Since f X g is a fuzzy completely prime ideal of Ry X Ry, we
have

(f x g)((z,y)(m,n)) < max{(f x g)(z,y), (f x g)(m,n)}.
If (f x g)(z,y) < (f x g)(m,n), then t < max{(f x g)(z,y),(f x g)(m,n)} = (f x
g})l(ma”), and (f x g)(m,n) > t, so (m,n) € (f x g). If (f xg) y) > (f x g)(m,n),
then
t <max{(f x g)(z,y),(f x g)(m,n)} = (f x g)(z,y),

and (f x g)(z,y) > ¢, s0 (z,y) € (f x ).

(<) Suppose that (f x g); is a weakly completely prime ideal of Ry x Rs, for every
t € (0,1]. Let (x,y), (m,n) € Ry xRy. Then (fxg)((x,y)(m,n)) > 0. Since (x,y)(m,n) €
(f X g)(fxg)(( y)(m by hypothesis, we have (iL’,y) € (f X 9)(f><g)((9c,y)(m,n)) or (m, n) S
(f X 9) (<) (@) mn)) Thus, (f x g)(z,y) = (f % g)((z,y)(m,n)) or (f x g)(m,n) =
(f % 9)((x, ) (m, n)) and hence max {(f x g)(z,y), (f x g)(m.n)} = (f x g)((,y) (m, n)).

Corollary 3.7. Let fi, fo, ..., fn be fuzzy subsets of LA-rings Ry, Rs, ..., R, respectively

and t € (0,1]. Then 1_[]‘?Z is a fuzzy completely prime (weakly fuzzy completely prime)

=1
ideal of HR if and only if <H ) telIm (H Ri> is a completely prime (weakly
=1 =1 i=1
completely prime) ideal of H R;.
i=1
Proof: One can easily show by induction method. 0

4. Conclusions. Many new classes of LA-rings have been discovered recently. All these
have attracted researchers of the field to investigate these newly discovered classes in
detail. In this paper, we have introduced and studied the concepts of fuzzy quasi-prime
and weakly fuzzy quasi-prime ideals in LA-rings and their interrelations. Further study
can be made for obtaining some characterizations of fuzzy quasi-prime, weakly fuzzy quasi-
prime, fuzzy completely prime and weakly fuzzy completely prime ideals in LA-rings by
using the properties of these fuzzy left ideals.
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