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Abstract. In this paper, we investigate the parameterization of all robust stabilizing
multi-period repetitive controllers for multiple-input/multiple-output time-delay plants
with specified input-output characteristic. The multi-period repetitive control system is
a type of servomechanism for a periodic reference input. When multi-period repetitive
control design methods are applied to real systems, the influence of uncertainties in the
plant must be considered. In some cases, uncertainties in the plant make the multi-period
repetitive control system unstable, even though the controller was designed to stabilize the
nominal plant. The stability problem with uncertainty is known as the robust stability
problem. Recently, the parameterization of all robust stabilizing multi-period repetitive
controllers for time-delay plants was obtained by Chen et al. In addition, Sakanushi et
al. proposed that for multiple-input/multiple-output time-delay plants. However, using
their method, it is difficult to specify the low-pass filter in the internal model for the
periodic reference input of which the role is to specify the input-output characteristic,
because the low-pass filter is related to four free parameters in the parameterization. To
specify the input-output characteristic easily, this paper proposes the parameterization of
all robust stabilizing multi-period repetitive controllers for multiple-input/multiple-output
time-delay plants with specified input-output characteristic such that the input-output
characteristic can be specified beforehand.
Keywords: Repetitive control, Multi-period repetitive controller, Parameterization, Ro-
bust stability, Multiple-input/multiple-output systems

1. Introduction. A modified repetitive control system is a type of servomechanism for
a periodic reference input, i.e., it follows a periodic reference input without steady state
error, even when there exists a periodic disturbance or an uncertainty of a plant [1, 2, 3,
4, 5]. However, the modified repetitive control system has a bad effect on the disturbance
attenuation characteristic [6], in that at certain frequencies, the sensitivity to disturbances
of a control system with a conventional repetitive controller becomes twice as worse as that
of a control system without a repetitive controller. Gotou et al. overcame this problem
by proposing a multi-period repetitive control system [6]. However, the phase angle of the
low-pass filter in a multi-period repetitive controller has a bad effect on the disturbance
attenuation characteristic [7, 8]. Yamada et al. overcame this problem and proposed a
design method for multi-period repetitive controllers to attenuate disturbances effectively
[9, 10] using the time advance compensation described in [7, 8, 11]. Using this multi-
period repetitive control structure, Steinbuch proposed a design method for repetitive
control systems with uncertain period time [12].
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As we know, the multi-period repetitive controller design procedure is usually compli-
cated by the fact that only those controllers are allowed for which the closed-loop system
is stable. References [13, 14, 15, 16, 17, 18, 19, 20] showed that it was possible to pa-
rameterize all stabilizing controllers for a particular system in a very effective manner.
When designing a controller with specific properties, one can simply and without loss
of generality search over the space of all stable transfer functions. The parameteriza-
tion, which is based on the coprime factorization of the plant, has been widely used for
designing control systems, and provides an elegant and efficient way towards solving the
stabilizing and design problem, with which all stabilizing controllers are characterized and
thus a constrained design procedure can be replaced by an unconstrained optimization.
The parameterization of all stabilizing multi-period repetitive controllers was solved in
[21, 22].

When multi-period repetitive control design methods are applied to real systems, the
influence of uncertainties in the plant must be considered. In some cases, uncertainties in
the plant make the multi-period repetitive control system unstable, even though the con-
troller was designed to stabilize the nominal plant. The stability problem with uncertainty
is known as the robust stability problem [23]. However, multi-period repetitive controllers
in [21, 22] cannot guarantee the stability of control system for plants with uncertainties.
Satoh et al. proposed the parameterization of all robust stabilizing multi-period repetitive
controllers for plants with uncertainties [24]. However, the method in [24] cannot guaran-
tee the stability of control system for time-delay plants with uncertainties. To solve this
problem, Chen et al. proposed the parameterization of all robust stabilizing multi-period
repetitive controllers for time-delay plants [25]. Sakanushi et al. expanded the result in
[25] and proposed the parameterization of all robust stabilizing multi-period repetitive
controllers for multiple-input/multiple-output time-delay plants [26].

However, using the method in [26], it is complex to specify the low-pass filter in the
internal model for the periodic reference input of which the role is to specify the input-
output characteristic, because the low-pass filter is related to four kinds of free parameters
in the parameterization proposed by Sakanushi et al. When we design a robust stabilizing
multi-period repetitive controller, if the low-pass filter is set beforehand, we can specify
the input-output characteristic more easily than in the method employed in [26]. This
is achieved by parameterizing all robust stabilizing multi-period repetitive controllers for
multiple-input/multiple-output time-delay plants with specified input-output character-
istic, which is the parameterization when the low-pass filter is set beforehand. However,
no paper has considered the problem of obtaining the parameterization of all robust sta-
bilizing multi-period repetitive controllers for multiple-input/multiple-output time-delay
plants with specified input-output characteristic. In addition, the parameterization is
useful to design stabilizing controllers [13, 14, 15, 16, 17]. Therefore, the problem of ob-
taining the parameterization of all robust stabilizing multi-period repetitive controllers
for multiple-input/multiple-output time-delay plants with specified input-output charac-
teristic is important to solve.

In this paper, we propose the parameterization of all robust stabilizing multi-period
repetitive controllers for multiple-input/multiple-output time-delay plants with specified
input-output characteristic such that the low-pass filter in the internal model for the pe-
riodic reference input is set beforehand. A parameterization is derived on the basis of the
definition of the internal stability. This paper is organized as follows. In Section 2, the
plant under consideration is formally defined and some important background is intro-
duced. In Section 3, the parameterization is derived for MIMO plants with time-delays.
In Section 4, some control characteristics are explained. In Section 5 some applications
of the parameterization are discussed. Finally, conclusions are given in Section 6.
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Notation
R the set of real numbers.
R+ R ∪ {∞}.
R(s) the set of real rational functions with s.
RH∞ the set of stable proper real rational functions.
H∞ the set of stable causal functions.

D⊥ orthogonal complement of D, i.e.,
[

D D⊥ ] or

[
D
D⊥

]
is unitary.

AT transpose of A.
A† pseudo inverse of A.
ρ({·}) spectral radius of {·}.
σ̄({·}) the largest singular value of {·}.
∥{·}∥∞ H∞ norm of {·}.[

A B
C D

]
represents the state space description C(sI − A)−1B + D.

L{·} the Laplace transformation of {·}.
L−1{·} the inverse Laplace transformation of {·}.

2. Problem Formulation. Consider the unity feedback control system in{
y = G(s)e−sLu + d
u = C(s)(r − y)

, (1)

where G(s)e−sL is the multiple-input/multiple-output time-delay plant, L > 0 is the
time-delay, and G(s) ∈ Rm×p(s) is assumed to be stabilizable and detectable. C(s) is
the multi-period repetitive controller with the m-th input and p-th output defined later,
u ∈ Rp is the control input, d ∈ Rm is the disturbance, y ∈ Rm is the output and r ∈ Rm

is the periodic reference input with period T > 0 satisfying

r(t + T ) = r(t) (∀t ≥ 0). (2)

It is assumed that m ≤ p and rank G(s) = m. The nominal plant of G(s)e−sL is
denoted by Gm(s)e−sLm , where Gm(s) ∈ Rm×p(s). Both G(s) and Gm(s) are assumed to
have no zero or pole on the imaginary axis. In addition, it is assumed that the number
of poles of G(s) in the closed right half plane is equal to that of Gm(s). The relation
between the plant G(s)e−sL and the nominal plant Gm(s)e−sLm is written as

G(s)e−sL =
(
e−sLmI + ∆(s)

)
Gm(s), (3)

where ∆(s) is an uncertainty. The set of ∆(s) is all functions satisfying

σ̄ {∆(jω)} < |WT (jω)| (∀ω ∈ R+), (4)

where WT (s) ∈ R(s) is a stable rational function.
The robust stability condition for the plant G(s) with uncertainty ∆(s) satisfying (4)

is given by

∥T (s)WT (s)∥∞ < 1, (5)

where T (s) is given by

T (s) =
(
I + Gm(s)e−sLmC(s)

)−1
Gm(s)C(s). (6)

According to [6, 9, 10, 21, 22], the general form of multi-period repetitive controller
C(s) which makes the output y follow the periodic reference input r with period T in (1)
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with small steady state error, is written by

C(s) = C0(s) +
N∑

i=1

Ci(s)Cri(s), (7)

where N is an arbitrary positive integer, Ti > 0 ∈ R (i = 1, . . . , N), C0(s) ∈ Rp×m(s),
Ci(s) ∈ Rp×m(s) (i = 1, . . . , N) satisfying rank Ci(s) = m (i = 1, . . . , N), and Cri(s)
(i = 1, . . . , N) is the internal model for the periodic signal with period T written as

Cri(s) = qi(s)e
−sTi

(
I−

N∑
i=1

qi(s)e
−sTi

)−1

, (8)

where qi(s) ∈ Rm×m(s) (i = 1, . . . , N) is low-pass filter satisfying
∑N

i=1 qi(0) = I and
rank qi(s) = m (i = 1, . . . , N).

In order to compare the difference between the characteristic of the internal model of
modified repetitive controller and that of the internal model of multi-period repetitive

controller, we show Bode plots of
(
1 − q(s)e−Ts

)−1
and

(
1 −

∑N
i=1 qi(s)e

−sTi

)−1

in Figure

1 and Figure 2, respectively, where q(s) = 1/(0.001s + 1), T = 1, N = 5, q1(s) = q(s),
qi(s) = q1(s)·{0.001s/(0.001s+1)}i−1 (i = 2, . . . , N) and Ti = T ·i (i = 1, . . . , N). Figures
1 and 2 show that, the gains of multi-period structure are higher than those of single-
period structure. Therefore, in order to obtain good tracking precision or disturbance
attenuation performance, the multi-period structure is employed. In addition, from the
same reason, we find that even if the period T has some uncertainty, using the multi-
period repetitive controller, we have good tracking precision or disturbance attenuation
performance.

The general form of the multi-period repetitive controller C(s) is shown in Figure 3.
Gotou et al. [6] proposed the design method for multi-period repetitive controller as

Ti = T · i (i = 1, . . . , N). (9)

On the other hand, Yamada et al. [10] proposed the design method for multi-period
repetitive controller such that Ti (i = 1, . . . , N) do not necessarily satisfy (9). Therefore,
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Figure 3. Structure of a multi-period repetitive controller

in this paper, we attach importance to the generality and assume that Ti (i = 1, . . . , N)
do not necessarily satisfy (9).

According to [6, 9, 10, 21, 22], if the low-pass filters qi(s) (i = 1, . . . , N) satisfy

σ̄

{
I −

N∑
i=1

qi(jωk)

}
≃ 0 (∀k = 0, 1, . . . , n) , (10)

where ωk (i = 0, 1, . . . , n) is the frequency component of the periodic reference input r
written by

ωk =
2π

T
k (k = 0, 1, . . . , n) (11)

and ωn is the maximum frequency component of the periodic reference input r, then the
output y in (1) follows the periodic reference input r with small steady state error. Using
the result in [26], in order for qi(s) (i = 1, . . . , N) to satisfy (10) in wide frequency range,
we must design qi(s) (i = 1, . . . , N) to be stable and of minimum phase. If we obtain
the parameterization of all robust stabilizing multi-period repetitive controllers such that
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qi(s) (i = 1, . . . , N) in (7) is settled beforehand, we can design the robust stabilizing
multi-period repetitive controller satisfying (10) more easily than the method in [26].

The problem considered in this paper is to propose the parameterization of all robust
stabilizing multi-period repetitive controllers for multiple-input/multiple-output time-
delay plants with specified input-output characteristic. That is, when qi(s) ∈ RHm×m

∞
(i = 1, . . . , N) are set beforehand, we obtain the parameterization of all controllers C(s)
in (7) satisfying (5) for multiple-input/multiple-output time-delay plants G(s)e−sL in (3)
with any uncertainty ∆(s) satisfying (4).

3. The Parameterization. In this section, we clarify the parameterization of all robust
stabilizing multi-period repetitive controllers for multiple-input/multiple-output time-
delay plants with specified input-output characteristic.

w z

u y
P(s)

C(s)

Figure 4. Block diagram of H∞ control problem

In order to obtain the parameterization of all robust stabilizing multi-period repetitive
controllers for time-delay plants with specified input-output characteristic, we must see
that controllers C(s) satisfy (5). The problem of obtaining the controller C(s), which
is not necessarily a multi-period repetitive controller, satisfying (5) is equivalent to the
following H∞ control problem. In order to obtain the controller C(s) satisfying (5), we
consider the control system shown in Figure 4. P (s) is selected such that the transfer
function from w to z in Figure 4 is equal to T (s)WT (s). The state space description of
P (s) is, in general,  ẋ(t) = Ax(t) + B1w(t) + B2u(t − Lm)

z(t) = C1x(t) + D12u(t)
y(t) = C2x(t) + D21w(t)

, (12)

where A ∈ Rn×n, B1 ∈ Rn×m, B2 ∈ Rn×p, C1 ∈ Rm×n, C2 ∈ Rm×n, D12 ∈ Rm×p,
D21 ∈ Rm×m, x(t) ∈ Rn, w(t) ∈ Rm, z(t) ∈ Rm, u(t) ∈ Rp and y(t) ∈ Rm. P (s) is called
the generalized plant. P (s) is assumed to satisfy following assumptions:

1) (C2, A) is detectable, and (A,B2) is stabilizable.
2) D12 has full column rank, and D21 has full row rank.

3) rank

[
A − jωI B2

C1 D12

]
= n + p (∀ω ∈ R+),

rank

[
A − jωI B1

C2 D21

]
= n + m (∀ω ∈ R+).

4) C1A
iB2 = 0 (i = 0, 1, 2, . . .).

Under these assumptions, from [27], the following lemma holds true.
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Lemma 3.1. There exists an H∞ controller C(s) for the generalized plant P (s) in (12)
if and only if there exists an H∞ controller C(s) for the generalized plant P̃ (s) written by q̇(t) = Aq(t) + B1w(t) + B̃2u(t)

z̃(t) = C1q(t) + D12u(t)
ỹ(t) = C2q(t) + D21w(t)

, (13)

where B̃2 = e−ALmB2. When u(s) = C(s)ỹ(s) is an H∞ control input for the generalized
plant P̃ (s) in (13),

u(t) = L−1 {C(s)ỹ(s)} (14)

is an H∞ control input for the generalized plant P (s) in (12), where

ỹ(s) = L
{

y(t) + C2

∫ 0

−Lm

e−A(τ+Lm)B2u(t + τ)dτ

}
. (15)

From Lemma 3.1 and [23], the following lemma holds true.

Lemma 3.2. If controllers satisfying (5) exist, both

X
(
A − B̃2D

†
12C1

)
+
(
A − B̃2D

†
12C1

)T

X + X
{

B1B
T
1

− B̃2

(
DT

12D12

)−1
B̃T

2

}
X +

(
D⊥

12C1

)T
D⊥

12C1 = 0 (16)

and

Y
(
A − B1D

†
21C2

)T

+
(
A − B1D

†
21C2

)
+ Y

{
CT

1 C1

− CT
2

(
D21D

T
21

)−1
C2

}
+ B1D

⊥
21

(
B1D

⊥
21

)T
= 0 (17)

have solutions X ≥ 0 and Y ≥ 0 such that

ρ (XY ) < 1 (18)

and both

A − B̃2D
†
12C1 +

{
B1B

T
1 − B̃2

(
DT

12D12

)−1
B̃T

2

}
X (19)

and

A − B1D
†
21C2 + Y

{
CT

1 C1 − CT
2

(
D21D

T
21

)−1
C2

}
(20)

have no eigenvalue in the closed right half plane. Using X and Y , the parameterization
of all controllers satisfying (5) is given by

C(s) = C11(s) + C12(s)Q(s)(I − C22(s)Q(s))−1C21(s), (21)

where [
C11(s) C12(s)
C21(s) C22(s)

]
=

 Ac Bc1 Bc2

Cc1 Dc11 Dc12

Cc2 Dc21 Dc22

 , (22)

Ac = A + B1B
T
1 X − B̃2

(
D†

12C1 + E−1
12 B̃T

2 X
)

− (I − Y X)−1
(
B1D

†
21 + Y CT

2 E−1
21

) (
C2 + D21B

T
1 X
)
,

Bc1 = (I − Y X)−1
(
B1D

†
21 + Y CT

2 E−1
21

)
,
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Bc2 = (I − Y X)−1
(
B̃2 + Y CT

1 D12

)
E

−1/2
12 ,

Cc1 = −D†
12C1 − E−1

12 B̃T
2 X,

Cc2 = −E
−1/2
21

(
C2 + D21B

T
1 X
)
,

Dc11 = 0, Dc12 = E
−1/2
12 , Dc21 = E

−1/2
21 , Dc22 = 0, E12 = DT

12D12, E21 = D21D
T
21

and Q(s) ∈ Hp×m
∞ is any function satisfying ∥Q(s)∥∞ < 1.

Remark 3.1. C(s) in (21) is written using Linear Fractional Transformation (LFT).
Using homogeneous transformation, (21) is rewritten by

C(s) = (Z11(s)Q(s) + Z12(s)) (Z21(s)Q(s) + Z22(s))
−1

=
(
Q(s)Z̃21(s) + Z̃22(s)

)−1 (
Q(s)Z̃11(s) + Z̃12(s)

)
, (23)

where Zij(s) (i = 1, 2; j = 1, 2) and Z̃ij(s) (i = 1, 2; j = 1, 2) are defined by[
Z11(s) Z12(s)
Z21(s) Z22(s)

]
=

[
C12(s) − C11(s)C

−1
21 (s)C22(s) C11(s)C

−1
21 (s)

−C−1
21 (s)C22(s) C−1

21 (s)

]
(24)

and [
Z̃11(s) Z̃12(s)

Z̃21(s) Z̃22(s)

]
=

[
C21(s) − C22(s)C

−1
12 (s)C11(s) C−1

12 (s)C11(s)
−C22(s)C

−1
12 (s) C−1

12 (s)

]
(25)

and satisfying [
Z̃22(s) Z̃12(s)

Z̃21(s) Z̃11(s)

] [
Z11(s) −Z12(s)
−Z21(s) Z22(s)

]
= I =

[
Z11(s) −Z12(s)
−Z21(s) Z22(s)

] [
Z̃22(s) Z̃12(s)

Z̃21(s) Z̃11(s)

]
. (26)

Using Lemma 3.1, Lemma 3.2 and Remark 3.1, the parameterization of all robust sta-
bilizing multi-period repetitive controllers for multiple-input/multiple-output time-delay
plants with specified input-output characteristic is given by following theorem.

Theorem 3.1. If multi-period repetitive controllers satisfying (5) exist, both (16) and (17)
have solutions X ≥ 0 and Y ≥ 0 such that (18) and both (19) and (20) have no eigenvalue
in the closed right half plane. Using X and Y , the parameterization of all robust stabilizing
multi-period repetitive control laws with specified input-output characteristic satisfying (5)
is given by

u(t) = L−1 {C(s)ỹ(s)} , (27)

where

ỹ(s) = L
{

y(t) + C2

∫ 0

−Lm

e−A(τ+Lm)B2u(t + τ)dτ

}
(28)

and

C(s) = (Z11(s)Q(s) + Z12(s)) (Z21(s)Q(s) + Z22(s))
−1

=
(
Q(s)Z̃21(s) + Z̃22(s)

)−1 (
Q(s)Z̃11(s) + Z̃12(s)

)
, (29)
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where Zij(s) (i = 1, 2; j = 1, 2) and Z̃ij(s) (i = 1, 2; j = 1, 2) are defined by (24) and (25)
and satisfying (26), Cij(s) (i = 1, 2; j = 1, 2) are given by (22) and Q(s) ∈ Hp×m

∞ is any
function satisfying ∥Q(s)∥∞ < 1 and written by

Q(s) =

(
Qn0(s) +

N∑
i=1

Qni(s)qi(s)e
−sTi

)(
Qd0(s) +

N∑
i=1

Qdi(s)qi(s)e
−sTi

)−1

, (30)

Qn0(s) ∈ RHp×m
∞ , Qd0(s) ∈ RHm×m

∞ , Qni(s) ∈ RHp×m
∞ (i = 1, . . . , N) and Qdi(s) ∈

RHm×m
∞ (i = 1, . . . , N) are any functions satisfying

rank {Z11(s) (Qn0(s) + Qni(s)) + Z12(s) (Qd0(s) + Qdi(s))} = m (i = 1, . . . , N) (31)

Proof: First, the necessity is shown. That is, we show that if the multi-period repetitive
controller C(s) in (7) stabilizes the control system in (1) robustly and qi(s) (i = 1, . . . , N)
are set beforehand, then C(s) is written by (29) and (30), respectively. From Lemma
3.2 and Remark 3.1, the parameterization of all robust stabilizing controllers C(s) for
G(s)e−sL is written by (29), where ∥Q(s)∥∞ < 1. In order to prove the necessity, we
will show that if C(s) written by (7) stabilizes the control system in (1) robustly and
qi(s) (i = 1, . . . , N) are set beforehand, then Q(s) in (29) is written by (30). Substituting
C(s) in (7) for (29), we have (30), where

Qn0(s) = −N0n(s)Nd(s), (32)

Qni(s) = −Nin(s) + N0n(s)Nd(s) (i = 1, . . . , N), (33)

Qd0(s) = D0n(s)Dd(s)N0d(s)Nd(s) (34)

and

Qdi(s) = (Din(s) − D0n(s)Dd(s)) N0d(s)Nd(s) (i = 1, . . . , N). (35)

Here, N0n(s) ∈ RHp×m
∞ , Nin(s) ∈ RHp×m

∞ (i = 1, . . . , N), N0d(s) ∈ RHm×m
∞ , Nd(s) ∈

RHm×m
∞ , D0n(s) ∈ RHm×m

∞ , Din(s) ∈ RHm×m
∞ (i = 1, . . . , N), D0d(s) ∈ RHm×m

∞ and
Dd(s) ∈ RHm×m

∞ are coprime factors satisfying

Z̃21(s)C0(s) − Z̃11(s) = D0n(s)D−1
0d (s), (36)

Z̃21(s)Ci(s)D0d(s) = Din(s)D−1
d (s) (i = 1, . . . , N), (37)(

Z̃22(s)C0(s) − Z̃12(s)
)

D0d(s)Dd(s) = N0n(s)N−1
0d (s) (38)

and

Z̃22(s)Ci(s)D0d(s)Dd(s)N0d(s) = Nin(s)N−1
d (s) (i = 1, . . . , N). (39)

From (32)-(35), all of Qn0(s), Qni(s) (i = 1, . . . , N), Qd0(s) and Qdi(s) (i = 1, . . . , N) are
included in RH∞. Thus, we have shown that if C(s) written by (7) stabilizes the control
system in (1) robustly and qi(s) (i = 1, . . . , N) are set beforehand, Q(s) in (29) is written
by (30). From the assumption of rank Ci(s) = m (i = 1, . . . , N) and from (37) and (39),

rank Din(s) = m (i = 1, . . . , N) (40)

and

rank Nin(s) = m (i = 1, . . . , N) (41)

hold true. From (40), (41), (33) and (35), (31) is satisfied. Thus, the necessity has been
shown.

Next, the sufficiency is shown. That is, it is shown that if C(s) and Q(s) ∈ Hp×m
∞ are

settled by (29) and (30), respectively, then the controller C(s) is written by the form in
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(7) and rank Ci(s) = m (i = 1, . . . , N) hold true. Substituting (30) into (29), we have
(7), where C0(s) and Ci(s) (i = 1, . . . , N) are denoted by

C0(s) = (Z11(s)Qn0(s) + Z12(s)Qd0(s)) (Z21(s)Qn0(s) + Z22(s)Qd0(s))
−1 , (42)

and

Ci(s) = {Z11(s) (Qn0(s) + Qni(s)) + Z12(s) (Qd0(s) + Qdi(s))}
(Z21(s)Qn0(s) + Z22(s)Qd0(s))

−1 (i = 1, . . . , N). (43)

We find that if C(s) and Q(s) are settled by (29) and (30), respectively, then the controller
C(s) is written by the form in (7). From (31) and (43),

rank Ci(s) = m (i = 1, . . . , N) (44)

holds true. Thus, the sufficiency has been shown.
We have thus proved Theorem 3.1. �

4. Control Characteristics. In this section, we explain control characteristics of the
control system in (1) using the parameterization of all robust stabilizing multi-period
repetitive controllers for multiple-input/multiple-output plants. In addition, roles of
Qn0(s), Qni(s), Qd0(s) and Qdi(s) in (30) are clarified.

From Theorem 3.1, Q(s) in (30) must be included in H∞. Since Qni(s) ∈ RH∞ in (30),

if
(
Qd0(s) +

∑N
i=1 Qdi(s)qi(s)e

−sTi

)−1

∈ H∞, then Q(s) satisfies Q(s) ∈ H∞. That is, the

role of Qd0(s) and Qdi(s) is to assure Q(s) ∈ H∞, and the role of Qn1(s) and Qn2(s) is to
guarantee ∥Q(s)∥∞ < 1.

Next, the input-output characteristic of the control system in (1) is shown. The transfer
function S(s) from the periodic reference input r(s) to the error e(s) = r(s)− y(s) of the
control system in (1) is written by

S(s) = Sn(s)S−1
d (s), (45)

where

Sn(s) =

{
I −

N∑
i=1

qi(s)e
−sTi

}
C−1

21 (s) (−C22Qn0(s) + Qd0(s)) (46)

and

Sd(s) = Z21(s)Qn0(s) +
N∑

i=1

(Z21(s)Qni(s) + Z22(s)Qdi(s)) qi(s)e
−sTi

+ Z22(s)Qd0(s) + G(s)

{
Z11(s)Qn0(s) + Z12(s)Qd0(s)

+
N∑

i=1

(Z11(s)Qn2(s) + Z12(s)Qd2(s)) qi(s)e
−sTi

}
. (47)

According to (46), if Qn0(s), Qd0(s), Qni(s) and Qdi(s) are selected satisfying (10), then

σ̄
{
Sn(jωi)

}
≤ σ̄ {I − q(jωi)} σ̄

{
C−1

21 (jωi)
}
σ̄
{

(−C22Qn1(jωi) + Qd1(jωi))
}
≃ 0, (48)

the output y(s) follows the periodic reference input r(s) with frequency components

ωi =
2π

T
i (i = 0, 1, . . . , ~) (49)

without steady state error.
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Next, the disturbance attenuation characteristic of the control system in (1) is shown.
The transfer function from the disturbance d(s) to the output y(s) of the control system
in (1) is written by (45). From (45), for ωi (i = 0, 1, . . . , ~) in (10) of the frequency
component of the disturbance d1(s) that is the same as that of the periodic reference input
r(s), if (48) holds, then the disturbance d(s) is attenuated effectively. This implies that
the disturbance with the same frequency component ωi (i = 0, 1, . . . , ~) of the periodic
reference input r(s) is attenuated effectively. That is, the role of Qn2(s) and Qd2(s) is
to specify the disturbance attenuation characteristic for the disturbance with the same
frequency component ωi (i = 0, 1, . . . , ~) of the periodic reference input r(s). When
the frequency components of disturbance d(s), ω̄k (k = 0, 1, . . . , h), are not equal to ωi

(i = 0, 1, . . . , ~), even if

σ̄ {I − q(jωk)} ≃ 0, (50)

the disturbance d(s) cannot be attenuated, because

e−jω̄kT ̸= 1 (51)

and

σ̄
{
I − q (jω̄k) e−jω̄kT

}
̸= 0. (52)

In order to attenuate the frequency components ω̄k (k = 0, 1, . . . , h) of the disturbance
d(s), we need to satisfy

σ̄ {−C22 (jω̄k) Qn0 (jω̄k) + Qd0 (jω̄k)} ≃ 0. (53)

This implies that the disturbance d(s) with frequency components ω̄k ̸= ωi (i = 0, 1, . . . , ~,
k = 0, 1, . . . , h) can be attenuated effectively. That is, the role of Qn1(s) and Qd1(s) is
to specify disturbance attenuation characteristics for disturbance of frequency ωd ̸= ωi

(i = 0, 1, . . . , ~).
From above discussion, the role of Qni(s) and Qdi(s) is to specify the input-output

characteristic for the periodic reference input r(s) and to specify for the disturbance d(s)
of which the frequency components are equivalent to that of the periodic reference input
r(s). The role of Qn0(s) and Qd0(s) is to specify for the disturbance d(s) of which the
frequency components are different from that of the periodic reference input r(s).

5. Numerical Example. In this section, numerical examples are made to illustrate the
validity of the proposed approach. Consider the problem to obtain the parameterization of
all robust stabilizing multi-period repetitive controllers for the set of plants G(s) written
by (3), where

Gm(s) =


s + 3

(s − 2)(s + 9)

2

(s − 2)(s + 9)

s + 3

(s − 2)(s + 9)

s + 4

(s − 2)(s + 9)

 (54)

and

WT (s) =
s + 425

520
. (55)

The period T of the periodic reference input r is given by T = 10 [sec], and the time-delay
Lm is given by Lm = 5 [sec]. We settle N = 3 and the low-pass filters of multiple-period
repetitive controller in (8) as

q1(s) =
1

0.002s + 1
I, (56)
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q2(s) = q1(s)

(
0.002s

0.002s + 1

)
I (57)

and

q3(s) = q2(s)

(
0.002s

0.002s + 1

)
I. (58)

Solving the robust stability problem using Riccati equation based H∞ control as The-
orem 3.1, the parameterization of all robust stabilizing controllers C(s) is obtained. In
addition, we find that C22(s) is of minimum phase as

C22(s) =


−450.9

s + 437.3

278.7

s + 437.3
278.7

s + 437.3

450.9

s + 437.3

 . (59)

Since C22(s) is of minimum phase, we set Qn0(s), Qni(s), Qd0(s) and Qdi(s) in (30) as

Qd0(s) = I ∈ RH∞, (60)

Qn0(s) = C−1
22 (s)q̄d(s) ∈ RH∞, (61)

Qni(s) = 0 ∈ RH∞ (62)

and

Qdi(s) = − (I − q̄d(s)) ∈ RH∞, (63)

where q̄d(s) is written by

q̄d(s) =
1

0.002 s + 1
I. (64)

In order to verify that Q(s) in (30) belongs to H∞ and satisfy ∥Q(s)∥∞ < 1, we show

the Nyquist plot of det
(
Qd0(s) +

∑N
i=1 Qdi(s)qi(s)e

−sTi

)
and the largest singular value

plot of Q(s) are shown in Figure 5 and Figure 6, respectively. Since the Nyquist plot of

0 0.5 1 1.5 2 2.5

Re

-1.5

-1

-0.5

0

0.5

1

1.5

Im

Figure 5. The Nyquist plot of det
(
Qd0(s) +

∑N
i=1 Qdi(s)qi(s)e

−sTi

)
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Figure 6. The largest singular value plot of Q(s)

det(Qd1(s)+Qd2(s)e
−sT ) does not encircle the origin, we find that Q(s) in (30) is included

in H∞. Figure 6 illustrates σ̄{Q(jω)} ≃ 0.9432 < 1 (∀ω ∈ R), i.e., ∥Q(s)∥∞ ≃ 0.9432 < 1.
Using above-mentioned parameters, we have a robust stabilizing multi-period repetitive
controller.

When ∆(s) is given by

∆(s) =


s − 100

s + 500

−100

s + 500
−200

s + 500

s − 100

s + 500

 (65)

and the designed robust stabilizing multi-period repetitive controller C(s) is used, the
tracking error e(t) = r(t) − y(t) in (1) for the periodic reference inputs

r(t) =

[
r1(t)
r2(t)

]
=

 sin

(
2π

T
t

)
2 sin

(
2π

T
t

)
 (66)

is shown in Figure 7. Here, the largest steady state peak to peak relative error is 0.002%.
These tracking errors are small and can be further reduced by modifying the cutoff fre-
quency of the low-pass filters q(s) and q̄d(s).

Next, the disturbance attenuation characteristic is shown. The response of the output
y(t) for the disturbance d(t) of which the frequency components are equivalent to that of
the periodic reference input r(t)

d(t) =

[
d1(t)
d2(t)

]
=

 sin

(
2π

T
t

)
2 sin

(
2π

T
t

)
 (67)
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is shown in Figure 8. Figure 8 shows that the disturbance d(t) is attenuated effectively.
Next we show that the response of the output y(t) for the disturbance d(t) of which the
frequency components are different from that of the periodic reference input r(t). The
response of the output y(t) for the disturbance d(t) of which the frequency components

Figure 7. Response of the error e(t) for the reference input r(t) in (66)
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Figure 8. Response of the output y(t) for the disturbance d(t) in (67)
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Figure 9. Response of the output y(t) for the disturbance d(t) in (68)

are different from that of the periodic reference input r(t)

d(t) =

[
d1(t)
d2(t)

]
=

 sin

(
2π

1.7T
t

)
2 sin

(
2π

1.7T
t

)
 (68)

is shown in Figure 9. Figure 9 shows that even if the frequency components of the distur-
bance d(s) are different from that of the periodic reference input, the disturbance d(t) is
attenuated effectively. The results shown in Figure 7, Figure 8 and Figure 9 demonstrate
that the design method presented here provided not only good robustness, but also sat-
isfactory tracking performance for the reference inputs and attenuation performance for
the disturbance.

In some cases, the period T of the reference input has uncertainty. Next, we show the
responce of the tracking error when the period T of the reference input has uncertainty.
The tracking error e(t) = r(t) − y(t) in (1) for the periodic reference inputs r

r(t) =

[
r1(t)
r2(t)

]
=

 sin

(
2π

T + ∆T
t

)
2 sin

(
2π

T + ∆T
t

)
 (69)

is shown in Figure 10, where ∆T is an uncertainty of the period of the reference input.
Here, the largest steady state peak to peak relative errors are 0.01%, 0.002%, 0.1% and
0.5% for ∆T = −0.5T , ∆T = 0, ∆T = 0.3T and ∆T = 0.7T , respectively. These tracking
errors are small and can be further reduced by modifying the cutoff frequency of the low-
pass filters q(s) and q̄d(s). The results shown in Figure 10 demonstrate that the design
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Figure 10. Response of the error e(t) for the reference input r(t) in (69)

method presented here provided satisfactory tracking performance for the reference inputs
with uncertain period.

6. Conclusions. In this paper, we proposed the parameterization of all robust stabilizing
multi-period repetitive controllers for multiple-input/multiple-output time-delay plants
with specified input-output characteristic such that low-pass filters in the internal model
for the periodic reference input are settled beforehand. Advantages of the multi-period
repetitive control system using the proposed parameterization are that its input-output
characteristic is easily specified and the system to guarantee the robust stability is easy
to design. This control system is expected to have practical applications in, for example,
engines, electrical motors and generators, converters, and other machines that perform
cyclic tasks.
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