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ABSTRACT. The arrangement graph is a generalization of the star network and is con-
stdered as a good alternative to the hypercube-based topologies. Under the probability fault
model, Lin et al. established an upper bound on the subgraph reliability of the arrange-
ment graph. However, a lower bound of reliability estimation plays a more informative
role in predicting the status of system availability. For this reason, this paper is aimed
at deriving an analytic lower bound on the subgraph reliability of the arrangement graph
in a combinatorial manner, and the numerical comparison validates the proposed formu-
lation.
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1. Introduction. In recent years, the Internet of Things (IoT) prevails in a wide range
of life applications. Within the IoT, everything (including physical devices, individuals,
buildings, and other items) is equipped with one or more sensors, software, and Internet
access to collect and exchange numerous kinds of data in a just-in-time way. The IoT is
an application-oriented network system that relies heavily upon the realization of high-
performance parallel and distributed computing. To achieve this goal, it is usually the
most fundamental to design a suitable underlying topology of the network system, which
dominates the layout of all objects and communication links.

The star is one of the fundamental structures for interconnecting a large number of
components in a network system. Based on the popularity of the star, Akers and Krish-
namurthy [1] proposed the star network as a viable alternative to the hypercube-based
topologies. One straightforward advantage of the star network is that it is able to connect
more nodes with less connection links and less communication delay than the hypercube
[2]. The promising features of the star network include low degree of nodes, small di-
ameter, node transitivity, link symmetry, and high degree of fault tolerance, and so on
[3]. The arrangement graph was proposed by Day and Tripathi [4] as a generalization of
the star network, which is much more flexible in both the order and size than the star
network. Many studies on the topological properties of the arrangement graph have been
published [5, 6, 7, 8, 9, 10, 11].

In general, as the scale of a network system grows, the likelihood of failure occur-
rences increases. Reliability evaluation is extensively applied to quantifying the impact
of systematic failures [12, 13, 14, 15]. The reliability of a network system is defined as
the probability that the system is fully functional within a given time session [16]. A
wide range of reliability models have been proposed to measure the network reliability
and availability. An explicit formula of the subcube reliability of the hypercube-based
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network was formulated by Das and Kim [12] under the random fault model, which as-
sumes that there are f faults distributed randomly in the hypercube. Later, Chang and
Bhuyan [17] proposed the probability fault model for assessing the subcube reliability of
the hypercube. The probability fault model is simple and assumes that every node has a
homogeneous and independent behavior of reliability in a network. Under this model, Wu
and Latifi [15] analyzed the substar reliability in star networks. They derived an upper
bound on the (n — 1)-star reliability of n-star network using the probability fault model
and developed an approximate (n — 1)-star reliability via ignoring any intersection among
subgraphs. Recently, Lin et al. [18] used the same approach to calculate the reliability
of (n — 1,k — 1)-subgraph in the (n, k)-arrangement graph under the probability fault
model. However, only approximate and upper-bound reliability formulation is addressed
in [15, 18]. It is reasonable that a lower-bound reliability may play a more informative
role in the task of achieving high availability. Therefore, this paper is aimed at deriving
an analytic lower bound on the subgraph reliability of the arrangement graph, as a suit-
able reliability degradation formula for predicting the status of system availability. Some
numerical results are presented to compare the lower and upper bounds of the reliability
degradation formula.

The rest of this paper is structured as follows. Section 2 introduces the topological
properties of arrangement graphs and the fundamentals of the probability fault model. In
Section 3, an analytic lower bound on the subgraph reliability of the arrangement graph
is derived. Section 4 presents numerical comparisons between lower- and upper-bounded
subgraph reliability. Finally, Section 5 concludes this paper.

2. Background. A permutation over a nonempty set S of identifying codes is an order
sequence containing each element of S once, and only once. For any positive integer n,
let (n) denote the set of all positive integers from 1 to n; i.e., (n) = {1,2,...,n}. Both
the star network [1] and the arrangement graph [4] are based on permutations over (n).

Definition 2.1. [4] The (n,k)-arrangement graph, denoted by A, , is specified by two
positive integers n and k, where 1 < k < n. The vertexr set of A, consists of all
permutations over every k-element subset of (n). Any two vertices are adjacent in A,y if
and only if their digits differ in exactly one position.

According to Definition 2.1, A, is vertex-symmetric and k(n — k)-regular [4]. For
two integers r € (k) and x € (n), let Vn(;;x) be the set of all vertices in A, ; whose rth

digit is identical to z. Then, {Vn(Tkz) 1<z < n} forms a partition of V(A, ). Let Ag,f)

denote the subgraph of A, ; induced by Vn(rkm) Then, Af:,f) is isomorphic to A,,_1 ;1. For
instance, A, is partitioned into a collection of four As;-subgraphs. Figure 1 illustrates
A, 5 and its partitions.

For any vertex v of A, , its rth digit is denoted by (v),, and for 1 < m < k — 1, let
Ag}fl"”’rm:xm) be the subgraph of A, induced by {v € V(A.x) | (v),, = 21, (v)r, =
Toy ..oy (V) = a:m}, where {r,79,...,rm} and {xy, 29, ..., x,} are m-element subsets of
(k) and (n), respectively. In this way, A, can be partitioned into a collection of (H_L;n),
disjoint A,,_,, k—m-subgraphs, so the total number of distinct A,,_,, x—m-subgraphs in A,
is () X (nfq!n)r

Under the probability fault model, every node of A, j is either normal or faulty with
a homogeneous node reliability p. Then, the first-order subgraph reliability of A, j, de-
noted by RZ;l’k_l(p), is the probability that there exists a fault-free A,,_; ;_;-subgraph
in A, ;. Because there are nk distinct A,,_; ;_i-subgraphs in A, 5, we denote them by



RELIABILITY DEGRADATION OF ARRANGEMENT GRAPHS 719

(a)
FIGURE 1. (a) Ao, (b) Aff) for z € (4), and (c) Afjf) for x € (4)

Al h1s A2 gy, o ARy for the sake of convenience. Moreover, let &, de-

note the probabilistic event that A, | is fault-free in A, for 1 < i < nk. Then,
. (n=1)! g A .

Pr (gg_m_l) = pe® and R* N (p) = Pr (U;fl 52—1,13—1)» where Pr(-) is the event

probability. According to the inclusion-exclusion principle, Rzgl’kfl(p) is further decom-

posed:
nk
RZ,_kLk_l(p) = Z Pr (ffl—l,kq) - Z Pr (5;—1,k—1 N 5271,1@71)
i=1 i<j

, . l
+ Z Pr (Sn—l,k—l A 53171,1%1 N §n—1,k—1)
i<j<l
' j ! h
- Z Pr (f;—l,k—l N 5731_1,/%_1 N&1x-1N fn—l)

i<j<l<h

T+t (_1)nk71P7’ (ﬂ 521,/%1) . (1)

Lin et al. [18] proposed two computational schemes for calculating RZ;cl’k_l(p). One is
a binomial approximation:

(n—1)1\ Nk
RZ;l’k_l(p) ~1-— (1 —pW—m!) . (2)

The other is an upper bound on Rzzl’k_l(p):

nk
RZ,}M_I(P) < Z Pr (éz—uc—l) - Z Pr (ffz—l,k—1 N 5%—1,1@—1)
i=1

1<j

+ Z Pr (5;_1,1@—1 N fgz—l,k:—l n dz—l,k—l)

i<j<l

(n—1)! n k 2(n—1)! n k 2(n—1)!—(n—2)!
= nkpr=-r8' — |k =k — 92 (n—k)!
8= Ji(5) (o) 2(,) ()
P n n k 3<(n:k1))‘! 46 n k 3(n71)!7?(7l7€§')!+(n73)!
3) T3/ |? 3)\3)"
n k 3(n—1)!—(n—2)! n k 3(n—1)!—2(n—2)!
4 (n=F)! 2 2k — 8 (n=F)! . (3
(o) () a9 () () @
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3. Lower-Bounded Approximation of R, LE=1(p). A lower bound on RZ;l’k_l(p)
can be formed from the first four terms of Equatlon (1). In the rest of this section, we
will derive the following combinatorial formula:

A A l ,
Z Pr(& g1 NE 1 N NEiimn)

i<j<l<h

S ROGRC
s ) () o) )
1000 w0 -OE)
SRR

+24('§) ()it (L) (D

Below we analyze how A}_,, ,, A’ Al _,, |, and A}_ , | overlap with one

[\

another. For the sake of clarity, we associate A7 _,, ,, Al v ALkt AZ 1 k1 With
Anr}fl) A(T2 w2), Agiw”, Af:‘,‘;“), respectively. For simplicity, let A = A(T1 1)y Agﬂj;m) U
Al g A(” ),

Case 1: All of r1, ry, r3, and ry are the same. Obviously, A " ”), Aff,”;x?’), and Af:‘,‘;“)

are mutually disjoint. There are 4((" DL lle

i nodes in A, and there are ( )(Z) distinct groups
of four A, y_1-subgraphs corresponding to this scenario of union.

Case 2: At least two of rq, o, 73, and r4 are different. Without loss of generality, we
assume r; = s is different from r, = ¢.

Subcase 2.1: Both 5 and r3 are in {s,t}; that is, ro, 73 € {s,t}.

L ‘{wla T2, X3, 33'4}‘ =4.
— One of s and t corresponds to three identifying codes; that is, either ry = ry =
rg = s or ry = r3 = ry = t. For instance, if ry = r3 = ry, Figure 2(a) illustrates
A. There are W nodes in A, and there are (’2“) (?) (g‘) (”I?’) distinct
groups of four A,,_; ;_i-subgraphs categorized into this scenario of union.
— Both s and t correspond to two identifying codes. Without loss of general-

ity, we assume that r; = 7o and r3 = ry. Figure 2(b) illustrates A. There

% nodes in A, and there are (g) (Z) (";2) distinct groups of four

A, _1 —1-subgraphs categorized into this scenario of union.
L4 |{$1, XTo, T3, ZE4}| — 3
— One of s and t corresponds to three identifying codes; that is, either ry = ry =
r3 = S orryg =713 =1y =t. Suppose that ro = r3 = 74, as illustrated in

Figure 2(c). There are % nodes in A, and there are (g) BIGIGE

6(;) (g) distinct groups of four A,_; ;_;-subgraphs categorized into this scenario
of union.

— Both s and t correspond to two identifying codes. Without loss of general-
ity, we assume 1, = 79, 13 = 14, and xy = x4. See Figure 2(d). There are

4(n—23:2)(!n—2)! nodes in A, and there are (’2“) (%) (3) x 2! = 6(’;) () distinct groups

of four A,_; ;_1-subgraphs categorized into this scenario of union.

are
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o |{x1, 29, x5, 24}| = 2. Let {a,b} = {1, 29, 23,24}. Without loss of generality, we
assume 7, = ro and r3 = 14, so we obtain {xy,x2} = {x3, 24} = {a,b}. We further

assume that 1 = z3 = a and 23 = x4 = b. See Figure 2(e). There are W
k

nodes in A, and there are (2) (Z) distinct groups of four A,_; ;_j-subgraphs catego-
rized into this scenario of union.

(c)

(¢)

FIGURE 2. Union types of four out of nk A,,_; _1-subgraphs described in Subcase 2.1

(d)

FIGURE 3. Union types of four out of nk A,_; _1-subgraphs described in Subcase 2.2

Subcase 2.2: Ounly one of ry and rg is in {s,t} = {ry,r4}. Without loss of generality,
we assume that ro € {s,t} and r3 = ry = t. Thus, z3 is different from 4, so AZ‘;’;”) and
Ag:‘,*;“) are disjoint.

o |{x1,xq, x5, 24} = 4. As illustrated in Figure 3(a), there are 4("_1)!_5(5:__5))!!“(”_3)!

nodes in A, and there are (g) (“:’) (Z) (3) x 2l = 36(’;) (Z) distinct groups of four
A,,_1 g—1-subgraphs with this scenario of union.
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° |{I’1,ZL‘2,$37$4}| — 3
— {x1, 29} N {x3,24} = . Then, we have z1 = z,. See Figure 3(b

there are W nodes in A, and there are (g) (‘Z’) (Z) (3) =

groups of four A,_i-subgraphs with this scenario of union.

— {z1, 22} N {xs, 24} # 0. Without loss of generality, we assume that zo =

x3. See Figure 3(c). There are 4(”_1)!_?757:?!)!“”_3)! nodes in A, and there are

(’;) (?) (g) (3) (?) x 2! = 36 (’;) (g) distinct groups of four A,,_; j_;-subgraphs with

this scenario of union.
L4 |{I’1, T2, T3, $4}| = 2.
— 1 = Ty. Since x3 # x4, we assume that 1 = x9 = x3. See Figure 3(d). There are

% nodes in A, and there are (g) (?) (Z) (f) = 6(];) (g) distinct groups
of four A,_; _1-subgraphs categorized into this scenario of union.
— x7 # x9. Without loss of generality, we assume that 1 = z3 and zo = x4.

Figure 3(e) illustrates .A. There are W nodes in A, and there are

(’;) (‘;’) (g) x 2l = 6(15) (g) distinct groups of four A, _; ;_1-subgraphs with this

scenario of union.

). Obviously,
’;) () distinct

Subcase 2.3: None of ry and r3 is in {s,t} = {r1,74}; that is, every two of ry, 79, 73,
and r, are different.

o |{z1, 19, 23,74} = 4. Asillustrated in Figure 4(a), there are 4("’1)”6(”’(273!_24)@’3)!’("’4)!

nodes in A, and there are (Z) (Z) x 4! = 24(2) (Z) distinct groups of four A,_; ;_1-
subgraphs with this scenario of union.
o [{xy,29,23,24}| = 3. Without loss of generality, we assume that z3 = z4. See

Figure 4(b). Clearly, there are 4("71)!75((::]3)!!”(”73)!

(]Z) (g) (‘I’) (;1) x 2! = 36 (IZ) (g) distinct groups of four A, _;x_;-subgraphs with this
scenario of union.
o |{x1, 29, 23,24} = 2. For convenience, let {z1, xs, 23,24} = {a,b}.
— One identifying code, a or b, is associated with three positions. Without loss of
generality, we assume that x1 = a and xs = 23 = 14 = b. See Figure 4(c). There

are % nodes in A, and there are (’Z) (Z) [(‘11) + (3)] = 8(12) (g) distinct
groups of four A,_; ;_;-subgraphs with this scenario of union.

— Both identifying codes a and b are associated with two positions. Without loss
of generality, we assume that ;7 = x9 = a and x3 = x4 = b. See Figure 4(d).
There are % nodes in A, and there are (]Z) (;‘)2‘,1—;, = 6(’;) (Z) distinct
groups of four A,_; ;_;-subgraphs with this scenario of union.

| ()
%@ S

AT

(b) (©) (d)

nodes in A, and there are

FIGURE 4. Union types of four out of nk A,_; _1-subgraphs described in Subcase 2.3
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o |{x1, 19, 3,14} = 1. Then, Ag}fl), Ag:izm), A;’;?f@, and Ag}‘;“) are mutually dis-
joint, and there are (Z) (71‘) distinct groups of four A,_; ;_;-subgraphs with this sce-
nario of union.

Denote by Q(n,k,p) and d(n, k,p) the right-hand sides of Equation (3) and Equa-
tion (4), respectively. The lower bound on RZ;l’k_l(p) is summarized below.

Theorem 3.1. Given a homogeneous node reliability p of A,r, a lower bound of

RZ;CI’k_l(p) is as follows:

R p) = Qn, kyp) — (n, k, p). (5)

4. Numerical Comparisons. In [15, 18], the expected number f(¢) of faulty nodes in an
N-node network at time ¢ is specified by an increasing function of t: f(t) = N x (1—e™),
and the node reliability function p(t) is expressed by p(t) = e~*, where \ is a constant
failure rate.

In [14], a clear derivation of this exponential node reliability is given as follows. Let
T'(v) be a random variable denoting the time to failure of any node v in A, ;. Moreover,
let us use X;(v) to denote the status of v at any moment ¢ > 0: if v is normal, then
Xi(v) = 0; otherwise, X;(v) = 1. Because the node reliability is homogeneous under the
probability fault model, we may simplify the random variables T'(v) and X;(v) as T and
X, respectively. Thus, the node reliability function p(¢) is the probability that a node
remains normal at moment ¢. Suppose that T follows an exponential distribution with a
constant failure rate \; that is, the probability density function of T is fr(z) = e %,
Then node reliability function p(t) can be formulated:

p(t) = Pr(X,=0)=Pr(T >t)= /too fr(zx)dx = /too e Mdr = e M, (6)

The subgraph reliability is useful to evaluate the availability of a smaller-size network
in a damaged system. Figure 5 plots the three estimates of RZ;l’k_l(p(t)) for a variety
of n and k. As you can see, for example, the subgraph reliabilit’y of Az 5 drops to about
0.2 when the A7s has been operational for a period of 1400 hours, provided that the

homogeneous node reliability function is p(t) = etoooos. Similarly, the subgraph reliability
of Ag, drops to about 0.4 after the Ag, has been operational for a period of 19500

hours, provided that the homogeneous node reliability function is p(t) = etoooos. It is
noticed that the lower and upper bounds of the reliability degradation formula get close
to each other rapidly as time passes by. This implies that the proposed lower bound
of RZ}l’kfl(p(t)) is accurate and more informative than the upper bound, once at least
one subgraph is available for a user’s request to execute his/her programs in the current
network system.

5. Conclusions. In this paper, a combinatorial lower bound on the subgraph reliability
of the arrangement graph is derived. The lower bound of RZ;Cl’kfl(p) plays a more infor-
mative role than the upper bound in predicting the status of system robustness, especially
when a specific subgraph is available for a user to execute his/her programs in the current
network. Our numerical comparison validates the proposed formulation. An accurate
reliability estimation should be able to approach the real value as closely as possible. Ac-
cording to our numerical results, the gap between the lower and upper bounds is big for
large values of p. Thus, in our future work, we plan to improve the accuracy for reducing

the gap between the lower and upper bounds of reliability degradation formula.
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FIGURE 5. Estimations of Rzzl’kfl(p(t)), where p(t) = e~
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