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ABSTRACT. This paper investigates exponential stability of functional observer for a class
of nonlinear systems with interval time-varying mized delays. We first address the prob-
lem of functional observer design for nonlinear systems with interval time-varying mixed
delays and establish the sufficient conditions of exponential stability of functional ob-
server for this class of systems. Second, by utilizing Lyapunov-Krasovskii approach and
some well-known inequalities, we convert the stability analysis problem into the feasible
problem of several linear matriz inequalities (LMIs). We proposed sufficient conditions
of the exponential stability of functional observer for nonlinear systems with interval
time-varying mized delays. Furthermore, the parameters of the delay-dependent observer
are also designed using the Lyapunov-Krasovskii approach. Finally, we give two numer-
ical examples and some simulation results to illustrate the effectiveness of the obtained
method.

Keywords: Functional observer, Exponential stability, Nonlinear system, Time-varying
delays, Linear matrix inequalities

1. Introduction. In the past few decades, researchers have focused on the problem of
stability analysis of time-delay systems due to its theoretical and practical importance
[1-6]. As we all know, time-delay happens frequently in various practical and engineering
systems such as physics, mechanics, economy, population dynamics models, automatic
control systems, and neural networks [1,2]. Usually, the presence of delay would deteri-
orate the performance of a system, sometimes causing instability [3]. Therefore, much
attention has been paid to the stability analysis of time-delay systems. What is more, in
many practical systems, time-delay is not constant but time-varying [4]. In other words,
time-varying delay is unavoidable. The existing stability analysis criteria for time-delay
systems can be classified into two types: (1) delay-dependent stability analysis; (2) delay-
independent stability analysis [5]. It has been proved that delay-dependent criteria are
generally less conservative than delay-independent ones [6].

A functional observer is a general form of Luenberger observer that deals with the
estimation of one or more functions of the states of a system [7-9]. Observers of this type
have been widely applied in systems where the observation of the whole set of system
states is not necessary, including fault detection, electromechanical system and observer
based control of the dynamic systems. Besides, decreasing the order of the observer can
significantly cut the computational costs. Recently, the problem of observer design for
time-delay systems has received a significant amount of attention (see, e.g., [3,10,11]). In
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[3], the problem of nonlinear observer design for one-sided Lipschitz systems with time-
varying delay and uncertainties was investigated. In [11], the problem of observer design
for a class of nonlinear discrete-time systems with time-varying delay was considered.

Another popular field of research in the recent years is the functional observer of linear
time-invariant systems [7-9,12-16]. In [12], a new algorithm to design minimal multi-
functional observers for linear systems was presented. In [13], minimal unknown-input
functional observers for multi-input multi-output linear time-invariant systems were stud-
ied. In [15], the design of linear functional state observers for systems with delays in state
variables was considered. However, the above mentioned functional observers are all aimed
at linear systems. Scarcely has any research focusing on the same observers of nonlinear
systems.

To the best of our knowledge, none of the contributions concerning functional observer
design for time-delay nonlinear systems considers multiple time-varying mixed delays in
the states of the system, which will be addressed by this paper. We consider the problem
of exponentially stability of functional observer for a class of nonlinear systems with in-
terval time-varying mixed delays. We propose the design method of functional observer
for this class of systems and give the novel sufficient conditions of exponential stability of
functional observer. Then, we utilize Lyapunov-Krasovskii approach and some well-known
inequalities to establish the criteria of delay-dependent exponential stability of the func-
tional observer for a class of nonlinear systems with interval time-varying mixed delays.
These criteria guarantee that the functional observer is exponentially stable. Further-
more, the parameters of the delay-dependent observer are designed. At last, numerical
examples are given to show the effectiveness of the proposed approach.

The rest of this paper is organized as follows. Section 2 starts with problem formula-
tion and gives preliminaries. Section 3 gives the observer structure and stability analysis.
Section 4 presents the design of exponentially stable functional observer scheme and suf-
ficient conditions of the exponential stability of functional observer for nonlinear systems
with interval time-varying mixed delays. In Section 5, we give two numerical examples
to illustrate the effectiveness of the proposed method which is finally followed by some
conclusions in Section 6.

Notations: throughout this paper, R" denotes the n-dimensional Euclidean space. ‘%’
represents the elements below the main diagonal of a symmetric matrix. M7 means the
transpose of M. C' is the pseudo-inverse or the generalized inverse of the matrix C; and
C* is the right orthogonal of C' in a way that CC+ = 0. Apin(P), Amax(P) denote the
maximal and minimal eigenvalue of a matrix P respectively.

2. Problem Statement and Preliminaries. Consider a class of nonlinear systems
with time-varying delays as follows:

&(t) = Ar(t) + Asx(t — h(t)) + Asx(t — 7(t)) + Af (Cz(t)) + Bu(t),

y(t) = Cx(t),
z(t) = Lx(t), 1)
x(t) = ¢(t), Vte[M,0],

where z(t) € R” is the state vector, u(t) € R™ is the control input, y(t) € R? is the
measured output, and z(t) € R is the functional to be estimated. A;, A, and Aj are
system matrices with appropriate dimensions; A, B, C' and L are known and constant
matrices, and the matrices C' and L are of full row rank. ¢(¢) is the initial function of
the states of the system. f(-) is a nonlinear function with f(0) = 0. h(t) and 7(t) are the
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interval time-varying delays which satisfy
0 < hp < h(t) < hy < oo, h(t)<h<1, (2)
0< 7, <7(t) <Tir <00, 7(t) <7< 1, M = max{hy, i}, (3)
where h,,, har, T, Tar, b and 7 are the known constants.

Remark 2.1. For the sake of simplicity, in this paper, we only considered two time-
varying delays. Furthermore, for the systems with more than two time-varying delays, the
proposed theories can be directly extended.

Remark 2.2. As we all know, in many practical cases, time delay is not constant but time-
varying. In this paper, we mainly focus on the problem of exponential stability analysis of
the observer for a class of systems with interval time-varying mized delays.

Definition 2.1. [9] A minimum-order functional observer for the system (1) is a-exponen-
tially stable, if there exist constants o > 0 and v > 0 such that the estimation error
e(t) = 2(t) — z(t) satisfies

le@Il < ve™ ], vt =0,

where ||¢|lc = supger— g {lle(@)l, [[€(@)]]}-

Lemma 2.1. [1] Suppose 0 < h,,, < hy, and x(t) € R™, for any given positive matriz
Q € R™™ then:

—(har = hun) fi7 37 (5)Qi(s)ds < [ ;f(t_ ) r { _g —8 } { ;C((f—_flzlzg } ’

e [, #T(5)Qi(s)ds < [x(f_(t;w) r [ ‘8 _8} [m(tx_(t;LM) ]

3. Functional Observer and Stability Analysis. In this section, we address the prob-
lems on exponentially stability analysis of observer for a class of nonlinear systems with
interval time-varying mixed delays by means of Lyapunov-Krasovskii functional method.
A minimum-order functional observer with under structure is employed:
w(t) = Fw(t) + Fuw(t — h(t)) + Fsw(t —7(t)) + Fuf(y(1))
+ Gu(t) + Hyy(t) + Hay(t — h(t)) + H3y(t — 7(t)),
(1) = w(t) + Vy(t),
w(t) =0, Vte|[-M,0],
where w(-) € R! is the state of functional observer, Fy, Iy, F3, Fy, G, H,, Hy, Hs and
V' are the constant matrices of appropriate dimensions. Define the auxiliary error signal

€(-) = w(-) = Tx(:). Then, we give the following sufficient conditions for the exponential
stability of the functional observer.

(4)

Theorem 3.1. The functional observer (4) is globally c-exponentially stable if
(i) The error dynamics

é(t) = Fie(t) + Fae(t — h(t)) + Fze(t — 7(t)),
€0) = —=T¢(0), V8 € [-M, 0],

18 a-exponentially stable.
(ii) There exists a matriz T, such that the following matriz equations hold:

T+VC—L=0, (6)
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KT —TA, + HiC =0, (7)
FT — TAy + HyC =0, (8)
FyT — TAs + HsC =0, (9)
G=TB, F;,—TA=0. (10)

Proof: Differentiating €(t) along the solutions of Equations (1) and (4) gives,
é(t) = w(t) — Ta(t)
= Fie(t) + Fae(t — h(t)) + Fze(t — 7(t)) + (BT — TA; + HiC)x(t)
+ (FoT — TAy+ HyC)a(t — h(t)) + (F5T — T Az + H3C)x(t — 7(t))
+ (Fy —TA)f(Cx(t)) + (G — T'B)u(t).
Then, if there exists a matrix 7", such that conditions (7)-(9) and (10), as well as condition
(i) are satisfied, then €(t) is globally a-exponentially stable.
Next, the calculation of the error signal €(t) gives,
e(t) =2(t) — z(t) = w(t) + Vy(t) — Lz(t) = €(t) + (T + VC — L)x(t). (12)

For this reason, if condition (6) is achieved, then the estimated functional Z(¢), globally
exponentially tracks its actual value with the convergence rate equal to a. This is due to
the a-exponential stability of the error signal €(t). This completes the proof of Theorem
3.1.

Now, a delay-dependent criterion is established for the exponential stability of the error
dynamics (5) in the following theorem.

(11)

Theorem 3.2. For given constants o > 0, 0 < h,, < hy, 0 < 710 < 7, b < 1 and
T < 1, the system (5) subject to (2) and (3) is globally &-exponentially stable if there exist
matrices P > 0, Q; >0 (i = 1,2,...,8), Ry > 0, Ry > 0, and N > 0 of appropriate
dimensions, such that the following matriz inequality holds:

[ 10, Ty Ty [y e ™Ry e ™R 0 0 0 0
x Ty 0 Ty 0 0 O 0 0 0
% Iy Ty 0 0 O 0 0 0
* * x Il 0 0 0 0 0 0
0= * * * * ﬂ55 AO 0 0 0 0 <0, (13)
* * * * * IIgs 0 0 0 0
* * * * * * f[77 0 0 0
* * * * * * * f[gg 0 0
* * * * * * * * f[gg 0
| x * * * * * * * * 1:[10,10_
where

[, = PP+ FIP+ Q)+ Qo+ Qs+ Qu+ Qs + Qs + aP — e M Ry — e o™ Ry,
Ly = PFy, Iy = PFy, Ty = LFTNT, Tlyy = —(1 — h)e=mQs,

My = JFINT, g3 = —(1 — 7)e @™ Qy, Iy = JFINT,

My = Qs + Q7+ h3 Ry +72Ry — N, Tlss = —e 9™ (Q; — e "™ Ry,

g = —e M Qs — e "M Ry, Il = —e ™M Qy, Ilgg = —e " Qy,

Mgy = —(1 — h)e~eMiQs, f[10,10 =—(1—-7)e™MQy, &a=%

5.



EXPONENTIAL STABILITY ANALYSIS OF FUNCTIONAL OBSERVER 785

Proof: Choose a Lyapunov-Krasovskii functional candidate as:
V(t) = Vi(t) + Va(t) + Vs(t), (14)

where
Vi(t) = €' (t)Pe(t),
Va(t) = [i, e ()Que(s)ds + [;,  e* e (5)Qae(s)ds
+ ftt_h(t) el (5)Qge(s)ds + ftt_T(t) €a(5_t) T( )Que(s)ds
By T IS I, T e
o DT () Qri(s)ds + [, DT (8)Qge(s)ds
Vs(t) = har [2, [, €@ 0ET(0)Rié(0)dOds + 7, f [ e (H)Rge(ﬁ)dﬁds.
Calculating the time derivatives of V;, i = 1,2, 3, along the trajectory of system (5) yields
V(t) +aV(t) < 27 (t)P[Fie(t) + Fae(t — h(t)) + Fe(t — 7(1))] + €T (t) Pe(t)

e (t)Que(t) — e e (t — 7) Que(t — Ton)
+ e (1) Que(t) — e ™ (t — Tar)Qae(t — Tar)
+ e (1)Qae(t) — emMel (t — h(t))Qae(t — h(t))(1 — h)
+ (1) Que(t) — e ™ el (t — 7(1))Que(t — 7(1))(1 — 7)
+ M (1)Qsé(t) — e el (t — h(t))Qsé(t — h(t)) (1 — h) (15)
+ " (t)Qse(t) — e e (t — hay)Qee(t — hay)
+ éT(t)Q7é(t) e el (t — T( ))Qre(t — 7())(1 —7)

" (t)Qse(t) — e~Mmel (¢ — )Qsﬁ(t — )

JrhM€ (t)R1€(t) — hu j;tfh eV () Rié(s)ds
+ 72T () Roé(t) — T [, €707 (5) Ryé(s)ds.
By using Lemma 2.1, it can be seen that:

—hy ftt_hM el (s)Ryé(s)ds

o[ T S L)
— T f . e 0ET(5) Roé(s)ds

e(t) }T [ —Ry Ry ] [ ( €(t) ] . (17)

< o~ %Tm
=€ [ e(t —Tm) Ry, —R, e(t — Tm)
The following equation holds for any matrix N with appropriate dimension:

EN(t)N[Fre(t) + Foe(t — h(t)) + Fae(t — 7(t)) — é(t)] = 0. (18)
Combining (15)-(18), we get that
V(1) +aV(t) < C"(HIC(), (19)

where
F)=[&"®) €t—hu) €t—7u) €t—hn) EE=ht) t—7)],
) =[€'(t) (t=nt) (t—7@) @) et—7m)],

and 1T is given by (13).
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As a result, since Equation (13) holds, it is deduced from Equation (19) that

V(t) +aV(t) <0. (20)

Now, let us define v(t) := eV (¢), and differentiate it along the solution of Equation (5).
It is obtained that ©(¢) < 0. Integrating the latter inequality from 0 to ¢ and substituting
from the definition of v(t) result in

V(t) < e ™V(0). (21)
From (14), we have
V(0) < (A1 + A)loll2,
where
)\1 = )\maX<P) + Tm>\max<Q1) + TM)\M(QQ) + hM)\max<Q3) + TM)\M<Q4)
+ hMAmaX(QE)) + hM)\max<Q6) + 7—M)\max(cs27) + hm)\max<Q8)
3
)\2 = h_éw/\max(Rl) + %/\max(RQ)-
On the other hand
Auin(P)lle(®)[IE < Vi(t) < V(1).
Hence, the Lyapunov-Krasovskii theorem helps us to conclude that €(¢) and é(t) exponen-
tially converge to zero with the rate of 5. More specifically,

A+ e
(Ol < | T pe 3 el (22)

It completes the proof of the theorem.

4. Functional Observer Design. Let C' := [CT,Ct]. Firstly, we introduce the following
parameters:

[Tv T, ] =1C, (23)
[ L1 L, ]| =LC, (24)
o[ 4 4)-ne
C ﬁgi ﬁ%z = A,C, (26)
ol féi ﬁgz | a0, (27)

where T} € R>*P, Ty € R*0P) L € RP, Ly € R*(P) Al € RPP, A, € RP*("P),
and A, € RM=P)x(n=p) 4 — 1 2 3} Next, post-multiplying Equations (6)-(9) by C
results in the following set of equations:

Ty = L, (28)

V=1L -T, (29)

Hy = —FT, +T1Al, + LA}, (30)
Hy = —FyT) + TV A2, + Ty A2, (31)
Hs = —F3Ty 4+ Ty A3, + Th A3, (32)
FTy, — TAj, — Th Ay, = 0, (33)
BTy — T A3, — Th A3, =0, (34)
F3T5 — TlAi’z - T2A§2 = 0. (35>
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Now, considering Equations (28) and (33)-(35), we have,

[ F1 FQ F3 —T1 ] Q - (I), (36)
where
Ly 0 0
0o Ly o0
2:= 0 0 Ly |’

Ajp, Ay Al
and ® = [ LyA}, LsA3j, LyA3, |. It can be shown that Equation (36) has a solution if
and only if the below condition is fulfilled:

Condition I:

Al A2, A3
1 2 3 12 Al Al
Ap AL Ay

rank L, 0 0 = rank L, 0 0 (37)
0 Ly O
0 L, 0 0 0 L
0 0 Ly 2
Remark 4.1. In fact, (36) is equivalent to the following equation:
QT [ F1 F2 Fg —T1 }T = q)T, (37&)
and (37a) has a solution if and only if the following rank condition is satisfied:
rank (Q7) = rank ([Q", @"]). (37Dh)

(37b) holds if and only if
rank(Q) = rank ( g )
holds, which is equivalent to (37) holds.

If Condition I is achieved, then it is concluded from Equation (36) that,

[ B Fy =Ty | =Ui+ ZUs, (38)
where U, := ®QFf, Uy 1= I3, — QQF, and Z € R*GHP) is an arbitrary parameter. Hence,
the below can be written from Equation (38):

Fy = Uyy + ZUy,
Fy = Uy + ZUp,,
F3 = Uz + ZUys, 38¢)
T = Urs + ZUsy, 38d)

where Uiy, Ura, Uiz, Uys, Usq, Use, Usz and Uy, are the partitions of U; and U, with
appropriate dimensions, respectively.

38a)
38b)

A~ -~ —

Theorem 4.1. Assume that Condition I is satisfied. For given constants a > 0, 0 <
hyw < by, 0 < 7 < 7y, b < 1 and 7 < 1, the functional observer (4) is globally
a-exponentially stable if

(a) there exist matrices M > 0, Q > 0, R > 0, K;, Ky, and K3 of appropriate
dimensions, and positive scalars o; (i = 2,3,...,8) and (B such that the following linear
matriz iequality holds:
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[ 11, My, My [y e *™GR e ™™R 0 0 0 0
x Iy 0 Iy 0 0 0 0 0 0
ok Tlg3 Ty 0 0 o 0 0 0
* * x Ty 0 0 0 0 0 0
fi— * * * * 1:155 ~O 0 0 0 0 <0, (39)

* * * * * [Ig6 0 0 0 0
* * * * * * 1:177 0 0 0
* * * * * * * ﬁgg 0 0
* * * * * * * * 1:199 0

* * * * * * * * * ﬁ10,10

where )

My = Uy MT + MUE + Ky + KT + aQ + aMT — (e=oh 4 e~ g) R,

My = UpaMT + Ky, This = UisM” + Ky, Ty = %MUE + ;K7

My = —(1 — h)e MayQ, Ty = %MUE; + %KQT,

a3 = —(1 — 7)e ™ ayuQ, Ty = TMUY + KT,

My = a5Q + rQ + W3R+ 23R — M7, Il55 = —e ™" Q — e ™R,

Mg = —e MaeQ — e MR, Ty = —e ™MayQ, Tgg = — *"magQ,

g9 = —(1 — h)e " asQ, 1:[10,10 = —(1—=7)e " ™a;Q,
a=1l+a+az+as+as+as, a=7%.

(b) the following rank condition is fulfilled:

rank ( { Uy MT UpMT UypMT

K K, K3 ]) = rank ([ UnMT Uy MT UpsMT D (40)

Furthermore, the observer design parameter Z can be computed from the following equa-
tion: B B
7 = KUt (41)
where K: |: Kl K2 K3 :|7 and W = [ U21MT UQQMT U23MT } .

Proof: Considering I1 is not a linear matrix inequality. It is pre- and post-multiplied by
a matrix Ay := diag (MT, MT, MT N1, MT, MT, MT,M",M", M), where M = P~
Denoting I := ATTIA,, (13) is equivalent to II < 0, where

[ 11, Iy Ly Iy e ®™MR,MT e *PmMRMT 0 0 0 0
x Iy 0 Ty 0 0 0 0 0 0
* w33 Ilgy 0 0 0 0 0 0
* * x  Ilyy 0 0 0 0 0 0
i — * * * * 15 0 0 0 0 0
* * * * * I 0 0 0 0
* * * * * * I 0 0 0
* * * * * * « Il O 0
* * * * * * * % Ilgg 0
| * * * * * * * * 1:110710 |
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M, = FLMT + MET + MQ,MT + MQoMT + MQsMT + MQ MT
+ MQ(;MT + MQgMT + OZMT — €_ahMMR1MT - €_aTmMR2MT,

ﬁlg = FQMT, ﬁ13 = F3MT, ].:[14 = %MFIT, 1:.[22 = —<1 — h)@iahMMQgMT

H24 = %]\41757 1:[33 = —(]_ —T)eiaTMMleMT, 1:[34 = %MFg,

)

Iy = N71Q5N7T + N71Q7N7T + h?wNilRlNiT + T%NﬁleNiT — NiT,

789

1:[55 = —€_aTmMQ1MT — e—OchMRQMT’ 1:[66 = —€_ahMMQ6MT — e_ahMMRlMT,

H77 = —€_aTMMQ2MT, 1:-[88 = —e_ahmMQgMT,
1:[99 = —(1 — h)@iahMMQ5MT, 1:.[1(),10 = —(1 — T)GiaTMMQ7MT.
In this line, it is assumed that
Ql :QJ szalQ (i:2737"'78)7 Rl :R, R2:ﬁR7
a=14a+ a3+ as+ ag + as.

Let Q = MQMT, R = MRMT, K1 = ZUglMT, KQ = ZUQQMT, K3 = ZU23MT.

Furthermore, from (38a)-(38c), we know that II < 0 is equivalent to

[T, Ty Ty MMy e ™8R e ™R 0 0 0 0

*  Ilgg 0 Ilgy 0 0 0 0 0 0

* x Iz Ilgy 0 0 0 0 0 0

* * x  Ilyy 0 0 0 0 0 0

- * * * * IIs5 0 0 0 0 0
* * * * * g6 0 0 0 0

* * * * * * Iz 0 0 0

* * * * * * x  Ilgg O 0

* * * * * * * *  Ilgg 0

* * * * * * * * *  1lipa0

where

I = UnMT + MUf} + K; + KT +aQ + aMT — (e7*h 4 e7o™ () R,

Iy = UaM?' + Ky, i3 = UsMT + K3, Ty = %MU1T1 + %K1T7

<0,

H22 = —(1 — h)e_ahMagQ, H24 = %MU@ + %KQT, H33 = —(1 — T)e_aTMCMQ,
M3y = sMU + 3K5, s = —e 9™ Q — e ™ (R, Tlgs = —e *"MagQ — e *"MR,
= a5N_1QN_T + a7N_1QN_T + h?\/[N_lRN_T + T%ﬁN_lRN_T — N_T,

[I;; = —e ™ a,Q, Ilgg = —e *"magQ, Ilgg = —(1 — h)e " a5Q),
H10710 = —(1 — T)e_aTMOé7Q, a=14+ay+ a3+ a4 + g + Qsg.

In order to linearize the quadratic terms in Iy, some simplifications are considered.
From the definitions of Q and R, we can obtain that Q = M 'Q(M*)"*, R = MR

(MT)~1, then

My = asN'QNT + ;N\ QN7 + b3, N"'RN~T + 723N~'RN-T — N-T

— CK5N_1M_1Q(MT)_1N_T 4 a7N_1M_1Q(MT)_1N_T

+ N M RMT) N 4 72 BN M R(MT) N — N
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Let N~! = M, then Iy = a5Q + a7Q + h%, R+ 72 3R — MT. Moreover, employing the
above similarity transformation, it can be seen that Il < 0 is equivalent to

[0y My Iy My e @™BR e ™R 0 0 0 0 ]
% Iy 0 Ty 0 0 0o 0 0 0
x % I Tl 0 0 0o 0 0 0
* * « Ty 0 0 0 0 0 0
q_ * * * * ﬁ55 ~0 0 0 0 0 <0,
* * * * * g6 0 0 0 0
* * * * * * ﬁ77 0 0 0
* * * * * * x Ilgg O 0
* * * * * * * * ﬁgg 0
B * * * * * * * * 1:[10,10 _
where

M, = UnMT + MUL + Ky + KT +aQ +aM” — (e 4 e=*™ §) R,
My = UaM” + Ky, Ty = UsM” + K3, Ty, = %MU1T1 + %K1T7

[y = —(1 — h)e 30, [yy = %MU@ + %KQT,

M3 = —(1 — 7)e ™ ,Q, M3y = MUY + 5K7,

Iy = a5Q + a7Q + h3, R+ 23R — MT, [l55 = —e*™(Q — e ™ 3R,
Mg = —e M agQ — e R, Tlz; = —e ™M@, Tlgg = —e magQ,
Mgy = —(1 — h)e " azQ, 1:[10,10 = —(1—=T7)e " ™Ma7Q,
a=1+ay+ as+ as + ag + as.

Finally, according to the definitions of K, Ky and K3, it can be seen that ZU = K.

The parameter Z has a unique solution as Equation (41), if and only if Condition (b)
is satisfied. As a result, the observer parameters F;, Ty, H;, and V, (i = 1,2,3) can be
respectively computed from Equations (38a)-(38¢c), (38d), and (30)-(32), which implies
that Condition (b) of Theorem 4.1 is also satisfied. This completes the proof.

Remark 4.2. In the case that h(t) and 7(t) are the time-varying delays, and they are
assumed to satisfy '
0 <h(t) < hy <oo, h(t) <h <1, (42)
0<7(t) <7y <o0, 7(t) <7 <1, (43)
then we have the following corollary.

Corollary 4.1. Assume that Condition I is satisfied. For given constants o > 0, hy; > 0,
v >0, h <1 and T <1, the functional observer (4) is globally &-exponentially stable if

(a) there exist matrices M > 0, Q >0, R > 0, K|, Ky and K3 of appropriate dimen-
sions and positive scalars o; > 0 (i = 2,3,...,7) such that the following linear matriz
inequality holds:
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[y I Ty My e®™R 0 0 0 ]
x Il 0 Iy 0 0 0 0
I 1 1 0 0 0 0

- * * x Iy VO 0 0 0 <0, (44)

* * * * II55 0 0 0
* * * * * Ilgg O 0
* * * * * x I 0

B * * * * * x  Ilgg |

where

I, = UnMT + MUL + Ky + KT +aQ + aMT — e~ R,

Iy = UnMT + Ky, Tz = UisMT + K3, Ty = %MUE + %K;‘F,

My = —(1 = h)e M asQ, Ty = sMUL + K7, M5 = —(1 — 7)e "™ a,Q,
Mgy = MU+ 3K3, Ty = asQ + a7 Q + hi R — M”,

Mz = —e " agQ — e R, Tlgg = —e ™ pQ, Tz = —(1 — h)e " a5Q,

Ilgg = —(1 = 7)e"*™MazQ, & =z +az+as+ag, &= 3.

(b) the following rank condition is fulfilled:

< [ Uy MT UpMT UypMT
rank

K. K, Ky DZT@nk([UmMT UpMT UpMT ]).  (45)

Furthermore, the observer design parameter Z can be computed from the following equa-
tion:

7 = KU, (46)
where K: [ Kl K2 Kg }, and W = [ UglMT UQQMT U23MT } .
Remark 4.3. If F} =0, F;, =0, then we have the following observer structure:

w(t) = Fw(t) + Gu(t) + Fuf(y(t) + Hiy(t) + Hay(t — h(t)) + Hay(t — 7(¢)),
zZ(t) = w(t) + Vy(t), (47)
w(t) =0, vt € [-M,0],

where Fy, Fy, Hy, Hy, H3, G and V are as defined for the observer structure (4).
Furthermore, Condition I can be changed into the following condition:
Condition II:

LQA%Q LQA%Q LQA%Q Al A2 A3
rank Al, A2, A3, = rank ({ L12 012 012 }) . (48)
Ly 0 0 2

Corollary 4.2. Assume that Condition II is satisfied. For given constants o > 0, 0 <
hm < hyr, 0 <7, < Ty, the functional observer (47) is globally &-exponentially stable if

(a) there exist matrices M > 0, Q > 0, R > 0, K| of appropriate dimensions, and
positive scalars a; > 0 (i = 2,6,8) and [ such that the following linear matriz inequality
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holds:
IR TR b O e ™ 3R e"h R 0 0]
¥ Tl 0 0 0 0
= : : ) ¢ < c —e‘ahMaﬁcg — e hm R 8 8 <0, (49)
* * * * ﬂ55 0
Lo+ * * x g |
where
Iy = UnM” + MUY, + Ky + KT+ 6Q + aMT — (e*M 4 e B)R,
My = IMUL + IKT, Tloy = B3, R+ 728R — M7, a =2,
Iy = —e " ™ayQ, g = —e *magQ, ¢ =1+ ay + ag + os.
(b) the following rank condition is fulfilled:
rank ({ Uz}(AfT }) = rank ([ UaM™ ]). (50)

Furthermore, the observer design parameter Z can be computed from the following equa-
tion:
7 = KVt (51)
where K = [ K, ], and U = [ Uy MT }

Proof: The proof is similar to the proof of Theorem 4.1. Thus, it is omitted.

5. Numerical Examples. In this section, we will provide two examples to illustrate the
effectiveness of the obtained results.

Example 5.1. Consider system (1) with the following parameters:

0 0 -1 0 0 0 0 0 0 0 0 0
0 -1 0 0.1 0 0 0 0 0 08 0 0
=1y 35 1 0 "®=o 0 o0 o0 0 0 0|
2 -1 0 -1 0 04 02 0 0 02 0 0.4
1 02 3 05 0
03 2 7 02 1000 1
A=101 02 01 08 ’02{0100}’ “ o’
06 02 1 2 0

L=[0 04 02 0], f(Ca(t)) = [sin(z1(t)) 0 sin(za(t)) 0]F, a =2,
m=m=a=a=ag=0ar=ag=1a=06 =1 7, =1 7y =3,
7=08 hn=1, has =3, h =08, u(t) = 0.

It can be observed that Condition I is satisfied. Applying Theorem 4.1 and using the
Matlab LMI control toolbox, we solve (39) and obtain a set of feasible solutions as follows:

M = 917290, K; = —1756200, K, =0, K3 =0, Q = 65915, R = 9179.5.
In addition, the observer parameters were obtained as

Fy = —1.9530, F, =0, F3 =0, [y =[0.2106 0.0781 0.5918 0.2553],

G =0, H =[0.7722 0.6], H,=[0 0], H3=[0 0], V = [-0.1906 0.4000].



EXPONENTIAL STABILITY ANALYSIS OF FUNCTIONAL OBSERVER 793

1 T

| —2(t)
\ ——-2(t)

z(t) and Z(t)

time (sec)

FIGURE 1. Responses of state z(t) and the estimate of z(t) in Example 5.1

-0.1

time (sec)

FIGURE 2. Responses of state z(t) — z(¢) in Example 5.1

The simulation results are given in Figures 1 and 2. From Figure 2, it can be seen that
2(t) — z(t) converges to 0 rapidly.

Example 5.2. Consider system (1) with the following parameters:

0 0 -1 0 0 0 0 0 1 0 0 0
0 -1 0 0.1 0 0 0 0 0 07 0 0

A=l 1 4 0 | 2=10 0 0 o|"®B=|0 1 0 0 |
2 -1 0 -1 0 04 02 0 0 02 0 04
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03 0 3 -02
1oos 1 -2 |07 {

00
oo}’B_
03 0 -1 3

L=[1 05 02 0], f(Cz(t)) = [0.1sin(z1(t)) 0 0.2sin(zs(t)) 0]7, a = 3.9,
a=1,i=23,....8, a=6,8=1,7,=1, 7y =3, 7=08, hy, =1, hyy =3,
h = 0.8, u(t) = e % cos(2t).

It can be observed that Condition I is satisfied. Applying Theorem 4.1 and using the
Matlab LMI control toolbox, we solve (39) and obtain a set of feasible solutions as follows:

M = 2.4647 x 10, K; = —9.4289 x 10%, K, =0, K3 =0, Q = 1151800, R = 91717.

10
01

_ O ==

In addition, the observer parameters were obtained as
Fy = -3.8641, F, =0, F3; =0, F; =[0.7728 0.1600 0.4864 — 0.5456], G = 0.5728,
H1:[2.6134 0.6], ng[O 0], H3:[0.5728 0.2], V:[0.4272 0.5}.

The simulation results are given in Figures 3 and 4.

z(t) and 2(t)

0 5 10 15 20 25 30
time (sec)

FIGURE 3. Responses of state z(t) and the estimate of z(¢) in Example 5.2

From Figure 4, it can be seen that 2(t) — z(t) converges to 0 rapidly.

Remark 5.1. In Ezample 5.1 and Example 5.2, we deal with the functional observer for
the system with z(-) € R*, f(-) € R*, A; € R¥*, i =1,2,3, A € R¥, C € R¥4,
L € R, B e R*™!L. For the general system, the above method can be used to construct
the functional observer.

6. Conclusions. This paper addresses the problem of exponential stability analysis of
functional observer for a class of nonlinear systems with interval time-varying mixed delays
by designing a delay-dependent minimum-order functional observer. The sufficient con-
ditions of exponential stability of functional observer have been given. Then, by utilizing
Lyapunov-Krasovskii approach and some well-known inequalities, we have proposed the
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0.4 T T T T T T T T T

—2(t)-2(1)

0.2 J

-0.2 1
L 04 1
-0.6 1

-0.8 1

_1.2 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50

time (sec)
FIGURE 4. Responses of state 2(t) — z(¢) in Example 5.2

sufficient conditions of the exponential stability of functional observer in terms of linear
matrix inequality for nonlinear systems with interval time-varying mixed delays. We also
propose the computational method of the parameters of the delay-dependent functional
observer that we have designed. The effectiveness of the proposed method is illustrated
by two numerical examples and simulation results. Our future research may expand to
cover the design of functional observer for uncertain nonlinear systems with interval time-
varying mixed delays and switched nonlinear systems with interval time-varying mixed
delays.
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