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Abstract. This paper presents a time-optimal vaccination control for an SEIR (suscep-
tible-exposed-infectious-recovered by immunity, or immune, subpopulations) epidemic mo-
del under a bang-bang vaccination control. The model can eventually include generic
uncertainties with parameterization errors and unmodeled dynamics. The designed bang-
bang control operates with two design “a priori” vaccination control levels and chooses
the switching time instants between both of them. Both values are chosen being com-
patible with the positivity and global stability of the epidemic model. The two constant
vaccination controls define two possible disease-free equilibrium points in the absence of
switching actions which are stable if the disease transmission rate lies below a certain
critical value. It is assumed that the disease transmission rate is below such a critical
value so that the resulting disease-free equilibrium point under any constant vaccination
control, or, in general, if the vaccination is time-varying but it converges to a constant
value, is asymptotically stable. The time-optimal vaccination control is generated from a
design chosen constant value plus an incremental value which is generated by the mini-
mization of the Hamiltonian associated with the minimal-time loss function. The targeted
state final value is defined as a certain closed ball around some point being a reasonable
approximate measure of both existing disease-free equilibrium points associated with the
two vaccination levels used for the time-optimal control. Numerical examples are dis-
cussed to evaluate the proposed optimization method.
Keywords: Epidemic model, SEIR epidemic model, Vaccination control, Bang-bang
control, Time-optimal control, Hamiltonian

1. Introduction. Epidemic models are receiving important attention in the last years
mainly because of their inherent interest in their potential application related to health
care issues and also because of their interest in the fields of differential and difference
equations because of their nonlinear inherent nature and positivity solutions requirement
[20], and the fact they lead to typical nonlinear dynamic effects like, for instance, existence
of multiple equilibrium points, unforced and forced oscillatory behaviors, bifurcations and
chaos problems appearance [8-11] and populations fluctuations [24]. See, for instance, [1,2]
for a general view. There is extensive literature available about local stability around the
equilibrium points and global stability of epidemic models. See, for instance, [25-28] and
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some of the cited literature therein. It is well-known that, in the absence of vaccination
controls, or under constant vaccination controls, there are usually at least two equilibrium
points, the so-called disease-free one and the endemic one and that, in typical situations,
both of them are not jointly stable or unstable and when the disease-free equilibrium
pointy is stable the endemic one does not exist and when the endemic equilibrium exists
it is stable while the disease-free equilibrium point is unstable. There are critical values
of the disease transmission rates which define which of both equilibrium points is relevant
for asymptotic stability, the disease-free one being relevant for small values of such a
disease transmission rate while the endemic one is relevant for large values over the critical
value. This property is equivalent to the evaluation of so-called reproduction number with
biological meaning to be less than one (the disease is removed as time increases) or greater
than one (the disease-free spreads with time), respectively [1,2]. On the other hand, the
optimization is an important tool in generating optimal controls which minimize a suitable
loss function related to alternative choices of the controls or suboptimal controls. See,
for instance, [3-7], for a general optimization framework, and [12-16] and [21-23] for some
related applications on epidemic models. The main objective of this paper is to focus
the optimization problem on the time-optimal controls of an SEIR epidemic model to
reach a prescribed neighborhood around a disease-free equilibrium point or a certain
region surrounding two possible equilibrium points being reachable under two respective
constant vaccination controls. Since the equilibrium points depend on both the disease
parameterization and the controller gains, it is possible to drive the solution trajectories
towards a suitable equilibrium point within a prescribed region in a suboptimal minimum
time through the appropriate synthesis of the controller gains. So the minimal time-
optimal control strategies through the paper are really suboptimal ones because of the
model simplifications and the practical objectives relaxing. This feature is the main
novelty of this paper in the context of optimization of epidemic models related to the
available background literature. This strategy is adopted since it is a sufficient tool to
guarantee prescribed small levels of infection in a reasonably small finite time. The bang-
bang vaccination control law is designed by choosing two possible primary vaccination
controls which respect the model stability and positivity required constraints. The rest
of the paper is organized as follows. Section 2 is devoted to the description of the model
under vaccination controls and with eventual presence of uncertainties. Some positivity,
stability and characterization of the properties of the equilibrium points are analyzed and
discussed. Section 3 relies on the formulation of the time-optimal control problem to drive
the state trajectory solution to a prescribed closed neighborhood around a targeted point
of interest which can be either an equilibrium point or some point describing closely two
equilibrium points corresponding to the two distinct constant vaccination controls which
are used as the min/max values for bang-bang controls. The basic idea is to decrease
the effective disease effects in a minimum time with a prescribed accuracy margin. Some
simulated examples are described in Section 4 for a time-optimal control strategy driving
the state-trajectory solution towards a neighborhood surrounding the achievable disease-
free equilibrium points under design constant vaccination controls which define the bang-
bang strategy. Finally, conclusions end the paper.

Notation
- R+ = R0+ ∪ {0}, R0+ = {z ∈ R : z ≥ 0},
- Z+ = Z0+ ∪ {0}, Z0+ = {z ∈ Z : z ≥ 0},
- the symbol ∧ denotes the logic conjunction “AND”,
- the symbol ∨ denotes the logic disjunction “OR”,
- the symbol ⊕ denotes the logic exclusive disjunction “XOR”,
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- Q ≻ 0 (respectively, Q ≻ 0) denotes positive definiteness (respectively, positive semi-
definiteness) of the matrix Q,

- the disease-free and endemic equilibrium points are denoted without specific related
subscripts unless confusion could be expected in order to keep a simple notation. They
are denoted with the respective subscripts “df” and “end” when necessary to avoid a
potential confusion,

- the equilibrium points are denoted with the superscript “star” and the optimal values
of costates, state trajectory solutions, optimal controls and Hamiltonians are denoted
with the superscript “o”,

- B (x∗, r) and B (x∗, r) are the open and closed balls centred at x∗ ∈ Rn of radius r.
Thus, R0+ is the closed nonnegative real semi-axis, i.e., R0+ = R0+ ∪ {+∞},

- eT
n is the n-th canonical unity vector in R4 for n ∈ 4,

- In is the n-th identity matrix.
∂P and P 0 denote, respectively, the boundary and the interior of the set P . For

discontinuous functions at t, f(t) = f(t+) = lim
τ↓t

f(τ) and f(t−) = lim
τ↑t

f(τ).

2. Problem Statement. Consider the SEIR epidemic model:

Ṡ(t) = µ − µS(t) − βI(t)S(t) + Su(t) − V (t); S(0) = S0 (1)

Ė(t) = −(µ + σ)E(t) + βI(t)S(t) + Eu(t); E(0) = E0 (2)

İ(t) = − (µ + γ) I(t) + σE(t) + Iu(t); I(0) = I0 (3)

Ṙ(t) = γI(t) − µR(t) + Ru(t) + V (t); R(0) = R0 (4)

where S, E, I and R, denote respectively, the susceptible, exposed, infectious and recov-
ered subpopulations, V is the vaccination control, physically, the number of vaccinated in
the time interval dt, and the admissible initial conditions satisfy min(S0, E0, I0, R0) ≥ 0.
Nominal dynamics is the one defined by structured explicit functions in the model. Non-
nominal contributions to the dynamics in the model are the ones which have not de-
scribed through structured functions in (1)-(4). The non-nominal dynamics contributions
describing the deviations from the nominal behavior are referred to in the notation with
subscripts “u”. The parameters are:

- µ is the natural mortality rate which is supposed to be equal to the recruitment rate.
Its inverse is the natural host lifespan,

- β is the disease transmission rate,
- σ is the disease latency rate. Its inverse is the average latent period,
- γ is the removal or recovery rate. Its inverse is the average infectious period.
The assumption that the natural mortality equalizes the recruitment rate facilitates

the presentation while it can be directly extended at the expenses of some slightly more
involved calculations to the case that both parameters are distinct. See, for instance, some
of the classical models described in [2] and, more recently, in [17-19]. A simple physical
and reasonable interpretation is that the population of newborns and immigrates are
recruited at the same rate as the joined deaths and out-migrates.

By summing-up both sides of the above equation, one gets that the total population
N(t) = S(t) + E(t) + I(t) + R(t); ∀t ∈ R0+ is described by the following dynamics:

Ṅ(t) = µ − µN(t) + Nu(t); N(0) = N0 = S0 + E0 + I0 + R0 (5)

where Nu(t) = Su(t) + Eu(t) + Iu(t) + Ru(t); ∀t ∈ R0+. The nominal epidemic model
(1)-(4) is defined for the case Nu(t) = Su(t) = Eu(t) = Iu(t) = Ru(t) ≡ 0. The non-
nominal contributions can include uncertain dynamics associated, for instance, to higher-
order dynamics, unmodeled delayed dynamics or influences of parametrical uncertainties
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in the dynamics which are neglected in the nominal description. Note from (1) and (4)
that the vaccination just adds population to the immune which is removed from the
susceptible. This causes directly that epidemic models are not controllable by vaccination
since these two components of the state vector cannot be prefixed to arbitrary values
separately. The vaccination effort can be constant along time, impulsive (operating in
practice by concentrated effort in very short period of time) or by feedback rules by
taking information from the subpopulations of interest modulated through control gains.
In the third section of this paper, we focus on optimal vaccination control of minimum
time to reach an equilibrium or a ball of the state space surrounding some approximate
equilibrium zone of the state space. It is well-known that minimum time-optimal control
is of bang-bang type. To adapt this particular feature to our current problem, we operate
the bang-bang action on an incremental vaccination control with respect to an average
constant value. It turns out that the bang-bang incremental vaccinating effort can be
generated via feedback from the costate time-evolution from the minimum time (i.e.,
optimal) corresponding Hamiltonian.

Assume that, for any t ∈ R0+, the following assumptions hold.

Assumption 2.1. Assume that the non-nominal contribution functions to the dynamics
are of the forms:

Su(t) = Su

(
S (hSS(t)) , I (hIS(t)) , gS

(
x̂

(
t, hSS(t), hIS(t)

))
, t

)
Eu(t) = Eu

(
E (hEE(t)) , S (hSE(t)) , I (hIE(t)) , gE

(
x̂

(
t, hEE(t), hSE(t), hIE (t)

))
, t

)
Iu(t) = Iu

(
I (hII(t)) , E (hEI(t)) , gI

(
x̂

(
t, hII(t), hEI (t)

))
, t

)
Ru(t) = Ru

(
R (hRR(t)) , I (hIR(t)) , gR

(
x̂

(
t, hRR(t), hIR (t)

))
, t

)
;

∀t ∈ R0+, and hzw :
[
t − hzw(t), t

]
× R0+ → R0+ is a finite time-varying strip defining

an eventual delay function from the subpopulation z to the subpopulation w at each time
instant t whose finite maximum value is hzw(t) ≥ 0; ∀t ∈ R0+. The functions g(.) describe
eventual unmodeled dynamics which would make the real state vector x̂(t) to be of a higher

dimension than the modelled state vector x(t) = (S(t), E(t), I(t), R(t))T .

Assumption 2.2. The non-nominal contributions Su(t), Eu(t), Iu(t) and Ru(t) are uni-
formly Lipschitz-continuous in all the subpopulations which take part of their respective
arguments.

Assumption 2.3.

(S(t) = 0) ⇒ (Su(t) ≥ V (t) − µ)

(E(t) = 0) ⇒ (Eu(t) ≥ V (t) − µ − Su(t))

(I(t) = 0) ⇒ (Iu(t) ≥ −σE(t))

(R(t) = 0) ⇒ (Ru(t) ≥ − [γI(t) + V (t)])

Note that if hzw(t) is zero then there is no delay in the uncertainty coupling dynamics
from the subpopulation z to the subpopulation w at each time instant t. The above as-
sumptions can be reasonable in practice. For instance, it can be seen that Assumption 2.1
is reasonable since it is well-known that chronic individuals can be carriers of the disease
which could be modelled by an extra state component as it happens in hepatitis B or
herpes [1,2]. Another typical concern is that external migrating susceptible or infected
individuals can contact the populations modelled in the considered epidemic model and
can cause coupled dynamics contributions to such a model [29,30]. Such dynamics contri-
butions are often subject to small delays as it can also be the case of the proper delayed
dynamics of the populations considered in the model. For a general related context con-
cerning the presence of delays and stability, see for instance, some references like [31-34].
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Assumption 2.2 is reasonable, since in general, the basic nonlinear dynamics contribution
consists of terms of a quadratic nature involving products of the susceptible populations
with the infectious ones. This profile is typical concerning the infection transmission
governed by the transmission coefficient rate (See, for instance, Equations (1) and (2)).
They also have the advantage, from a mathematical point of view, that they guarantee
the existence and uniqueness of the solution of the differential system for any given initial
conditions in the presence of those eventually non-linear terms as a result following from
their Lipschitzian nature. To emphasize the reasonability of Assumption 2.3, note, for
instance, that it is known that the dynamics of epidemic models is, in general, stable in a
boundedness context, except in particular cases, if the system has non-negative solutions
under non-negative initial conditions for a vaccination rule V (t) ∈ [0, µ]. Such constraints
also include the vaccination-free case. The epidemic models are required, by their own na-
ture, to be positive in the sense that they have always non-negative solutions for all time
within the closed real orthant of corresponding order to its dimension. Then, it suffices for
Su(t) to exceed a non-negative minimum threshold to accomplish with the first constraint
of Assumption 2.3. Similar considerations could be given for the remaining constraints
included in Assumption 2.3. The following result holds concerning the positivity of the
solution.

Theorem 2.1. If Assumption 2.1 holds and V : R0+ → [0, µ] then the unique solution
to the differential system (1)-(4) and the total population for each given admissible set of
initial conditions is given by the following non-negative functions on R0+:

S(t) = e−(µt+β
∫ t
0 I(τ)dτ)S0 +

∫ t

0

e−
∫ t

θ (µ+βI(τ))dτ (µ + Su(θ) − V (θ))dθ (6)

E(t) = e−(µ+σ)tE0 +

∫ t

0

e−(µ+σ)(t−θ) (βI(θ)S(θ) + Eu(θ)) dθ (7)

I(t) = e−(µ+γ)tI0 +

∫ t

0

e−(µ+γ)(t−θ) (σE(θ) + Iu(θ)) dθ (8)

R(t) = e−µtR0 +

∫ t

0

e−µ(t−θ)(γI(θ) + Ru(θ) + V (θ))dθ (9)

N(t) = e−µtN0 +

∫ t

0

e−µ(t−θ)(µ + Nu(θ))dθ (10)

The proof of Theorem 2.1 is given in Appendix A. �
Note that if Nu(t) = Su(t) = Eu(t) = Iu(t) = Ru(t) = 0; ∀t ∈ R0+ and V : R0+ → [0, µ]

then all the subpopulations and the total population are non-negative for each set of non-
negative (i.e., admissible) initial conditions. So, the following conclusion is immediate
from Theorem 2.1.

Corollary 2.1. If V : R0+ → [0, µ] then the unique solution to the nominal differential
system (1)-(4) and the corresponding total population are non-negative for all time for
each given admissible set of initial conditions.

Theorem 2.2. Let Assumptions 2.1-2.3 hold and, furthermore, assume that
1) V : R0+ → [0, µ],
2) V (t) → V ∗ as t → ∞,
3) the limits Su(t) → S∗

u (≥ V ∗ − µ), Ru(t) → R∗
u (≥ −V ∗) as t → ∞ and

lim
t→∞

(∫ t

0

eµθNu(θ)dθ − Ψeµt

)
= 0
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exist and are finite with Ψ = S∗
u + R∗

u, and Eu(t) → 0, Iu(t) → 0 as t → ∞.
Then, there exists a unique disease-free equilibrium given by

x∗ = (S∗, E∗, I∗, R∗)
T

=

(
1 +

S∗
u − V ∗

µ
, 0, 0,

R∗
u + V ∗

µ

)T

(11)

such that E∗
u = I∗

u = 0 with N∗ = 1 + R∗
u+S∗

u

µ
.

The proof of Theorem 2.2 is given in Appendix B. �
The vaccination limits can be relaxed if the non-nominal dynamics terms are known as

addressed in the next result whose proof is direct from Theorem 2.2.

Corollary 2.2. Let Assumptions 2.1-2.3 hold and, furthermore, assume that
1) V : R0+ → [0, µ + Su(t)] ∩ [−Ru(t),∞),
2) V (t) → V ∗ as t → ∞,
3) the limits Su(t) → S∗

u (≥ V ∗ − µ), Ru(t) → R∗
u (≥ −V ∗) as t → ∞ and

lim
t→∞

(∫ t

0

eµθNu(θ)dθ − Ψeµt

)
= 0

exist and are finite with Ψ = S∗
u + R∗

u, and Eu(t) → 0, Iu(t) → 0 as t → ∞.

Then, there exists a unique disease-free equilibrium point given by Equation (11).

Remark 2.1. Note that the vaccination limit under Corollary 2.2 is V ∗ ∈ [0, µ + S∗
u] ∩

[−R∗
u,∞) and that the non-negativity of any trajectory solution under non-negative initial

conditions still hold if Theorem 2.1 is relaxed to the vaccination constraint V : R0+ →
[0, µ + Su(t)] ∩ [−Ru(t),∞).

The following result is concerned with the existence of the endemic equilibrium point
if the disease transmission rate exceeds a certain threshold.

Theorem 2.3. Consider the epidemic models (1)-(4) under Assumption 2.1 and the
following further assumptions.

1) The non-nominal contributions are given by Su(t)=KSu(t)S(t), Eu(t)=KEu(t)E(t),
Iu(t) = KIu(t)I(t) and Ru(t) = KRu(t)R(t) with some functions KSu, KEu, KIu, KRu:
R0+ → R such that KSu(t) → K∗

Su, KEu(t) → K∗
Eu, KIu(t) → K∗

Iu and KRu(t) → K∗
Ru

as t → ∞ and that the values of those limits are independent of the particular disease-free
or endemic equilibrium point.

2) The vaccination control law is of the form:

V (t) = KV (t)S(t) + µV (t) = KR(t)R(t); ∀t ∈ R0+ (12)

for some control gains KV , KR, µV : R0+ → R which converge asymptotically so that
KV (t) → K∗

V , KR(t) → K∗
R, and µV (t) → µ∗

V (= K∗
Su − K∗

V ) as t → ∞ such that the
following constraint holds:

K∗
V + K∗

R = K∗
Su − K∗

Ru + (γ − γ) /K∗
RI (13)

where K∗
RI = R∗/I∗ are positive real constants.

3) K∗
Iu ̸= µ + γ

Then, the endemic equilibrium point is given by the steady-state subpopulations:

S∗ =
(µ + γ) (µ + σ)

βσ
=

1

R0

, E∗ =
µ (µ + γ)

βσ

(
R0 − 1

)
(14a)

I∗ =
µ

β

(
R0 − 1

)
, R∗ =

γ

β

(
R0 − 1

)
(14b)
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and it exists and it is unique provided that the reproduction number R0 > 1 or, equiva-
lently, that the disease transmission rate is large enough to satisfy the constraint

β > βec =
(µ + γ) (µ + σ)

σ

=
(µ + γ − K∗

Iu + σ−1 (µ + γ − K∗
Iu) (K∗

Su − K∗
V − K∗

Eu)) (µ + σ − K∗
Eu)

σ + K∗
Su − K∗

V − K∗
Eu

where:
µ = µ − µ∗

V = µ + K∗
V − K∗

Su = µ∗ + K∗
V

σ = σ + µ∗
V − K∗

Eu = σ + K∗
Su − K∗

V − K∗
Eu = σ∗ − K∗

V

γ = γ + µ∗
V − K∗

Iu + (σ − σ) /K∗
IE

= γ + K∗
Su − K∗

V − K∗
Iu + (σ − σ) /K∗

IE = γ∗ − K∗
V + (σ − σ) /K∗

IE

(15a)

µ∗ = µ − K∗
Su

σ∗ = σ + K∗
Su − K∗

Eu

γ∗ = γ + K∗
Su − K∗

Iu

K∗
IE = I∗/E∗

(15b)

are positive.

The proof of Theorem 2.3 is given in Appendix C. �
Note that the gain limits of Theorem 2.3 (i) characterizing the uncertainties of the

endemic equilibrium points and the controller gains can be distinct of those corresponding
ones to their disease-free equilibrium counterparts. However, the mentioned independence
of the equilibrium point is simply made so as to make less involved the presentation.

Remark 2.2. Note that Theorem 2.1, Theorem 2.2 and Corollary 2.2 guarantee the non-
negativity of any solution defined by non-negative initial conditions which converges to an
existing disease-free equilibrium point which depends on the limit if the vaccination con-
trol provided that the non-nominal disturbance dynamics contributions converge asymp-
totically. If any of the limits S∗

u or R∗
u is negative, null or positive, it means that the

susceptible or recovered subpopulations as time tends to infinity have lower, identical or
higher numbers than those corresponding to the perfectly modelled situation.

Remark 2.3. Note that the endemic critical disease transmission rate in the perfectly
modelled case is

βec0 =
(µ + γ)(µ + σ)

σ − K∗
V

(
1 − σ−1K∗

V

)
=

(µ + γ)(µ + σ)

σ
(16)

which cannot be increased by the design of the limit vaccination gains. However, if the
constraint µ∗

V = −K∗
V of Theorem 2.3 for the perfectly modelled situation is modified as

µ∗
V = −λK∗

V for some λ ∈ (0, 1) then βec0 = (µ+γ)(µ+σ)
σ−K∗

V
(1 − σ−1λK∗

V ) and dβec0

dK∗
V

> 0 for

any K∗
V > 0 so that such a gain improves with the vaccination.

Remark 2.4. Note that, although not all the conditions are necessary for each part of
the corresponding implication, we have:

1) K∗
Su = K∗

Eu = K∗
Iu = 0 ⇒ µ∗ = µ, σ∗ = σ, γ∗ = γ.

2) K∗
V = K∗

Su; K∗
Eu = K∗

Iu = 0 ⇒ µ = µ, σ = σ, γ = γ.
3) K∗

V = K∗
Su = 0 ⇒ µ = µ∗, σ = σ∗, γ = γ∗.

4) K∗
V = K∗

Su = K∗
Eu = K∗

Iu = 0 ⇒ µ = µ∗ = µ, σ = σ∗ = σ, γ = γ∗ = γ.
5) The critical threshold βc guaranteeing the existence of the endemic equilibrium, so

equivalently the basic reproduction number, depends on the non-modelled effects and the
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vaccination gains. If the vaccination gains converge asymptotically to zero and if the
model (1)-(4) is perfectly modelled then µ = µ, σ = σ and γ = γ. On the other hand,
note from (15) that the critical disease transmission rate threshold for the existence of
endemic equilibrium for the nominal model is

βco =

(
µ + γ − K∗−1

IEoK
∗
V

)
(µ + σ)

σ − K∗
V

=
(µ + γ − σ−1(µ + γ)K∗

V )(µ + σ)

σ − K∗
V

(17)

since K∗
Su = K∗

Iu = K∗
Eu = 0 and K∗

IEo = σ
µ+γ

.

Theorem 2.4. The following properties hold:
Assume that all the conditions of Corollary 2.2 and that there exists some non-negative

real constant M such that lim sup
t→∞

(∫ t

0
eµθNu(θ)dθ − Meµt

)
≤ 0. Then, the following

properties hold:
(i) Assume that the conditions of Theorem 2.3 hold. Then, the Jacobian matrices

about the disease-free and endemic equilibrium points, which define the dynamics of the
corresponding asymptotic linearized systems, are the following ones:

A∗
df =


−

(
µ + K∗

V − K∗
Su

)
0 −βS∗

df 0

0 −
(
µ + σ − K∗

Eu

)
βS∗

df 0

0 σ −
(
µ + γ − K∗

Iu

)
0

K∗
V 0 γ −

(
µ − K∗

Ru

)

 (18)

A∗
end = A∗

end

(
R0

)

=


−

(
µ + βI∗

endδ
(
R0

))
0 −βS∗

endδ
(
R0

)
0

βI∗
endδ

(
R0

)
−

(
µ + σ − K∗

Eu

)
βS∗

endδ
(
R0

)
0

0 σ −
(
µ + γ − K∗

Iu

)
0

K∗
V 0 γ −

(
µ − K∗

Ru

)

 (19)

where the parameterization (15) defines the endemic equilibrium point linearized dynamics,
and

δ
(
R0

)
=

{
0 if β ≤ βec

1 if β > βec
(20)

(ii) The disease-free equilibrium point is locally asymptotically stable if µ∗
V ∈ [0, µ) and

β ∈ [βdc0, βdc1], where

βdc0 =
max [0, max (|K∗

Eu − K∗
Su| , |K∗

Ru − K∗
Su|) − |K∗

Iu − K∗
Su|]√

2S∗
df

(21a)

βdc1 =
µ + min (K∗

V − K∗
Su, σ − K∗

Eu, γ − K∗
Iu,−K∗

Su)√
2S∗

df

provided that βdc1 ≥ βdc0, or if β ∈ [0, βdc2], where

βdc2 =
µ + min (K∗

V − K∗
Su, σ − K∗

Eu, γ − K∗
Iu,−K∗

Su)√
2S∗

df

− (|K∗
Iu − K∗

Su| + |K∗
Eu − K∗

Su| + |K∗
Ru − K∗

Su|)√
2S∗

df

(21b)
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provided that

µ > (|K∗
Iu − K∗

Su| + |K∗
Eu − K∗

Su| + |K∗
Ru − K∗

Su|)
− min (K∗

V − K∗
Su, σ − K∗

Eu, γ − K∗
Iu,−K∗

Su) .

The endemic equilibrium point exists and it is locally asymptotically stable if:

β > βec =
(µ + γ) (µ + σ)

σ
(22)

provided that max (|K∗
Iu − K∗

Su| , |K∗
Eu − K∗

Su| , |K∗
Ru − K∗

Su|) ≤ βecS
∗
df .

(iii) The epidemic model is globally stable, i.e., the solutions of all the subpopulations
are bounded for any finite non-negative initial conditions and any disease transmission
rates. Furthermore, the model has no stable limit cycle and then the two equilibrium
points are not jointly either locally asymptotically stable or unstable.

The proof of Theorem 2.4 is given in Appendix D. �

3. Time-Optimal Control. In this section, we simplify Assumption 2.1 to the absence
of delays, i.e., hzw ≡ 0, and unmodeled dynamics in current model and the dynamics of
the discrepancies in-between the current. In the next section, we will give also a numerical
example to discuss the robustness in the presence of small uncertainties in the model. The
non-nominal model is described by the real vector function:

E(t) = K(t, x(t))x(t) = (ESu(t), EEu(t), EIu(t), ERu(t))
T

= (KSu(t, s(t))S(t), KEu(t, s(t))E(t), KIu(t, s(t))E(t), KRu(t, s(t))R(t))T

where K : R0+ × R4
0+ → R4×4

0+ is piecewise-continuous and bounded everywhere in its
definition domain. The system (1)-(4), subject to the above constraint, can be rewritten
equivalently as:

ẋ(t) = Ax(t) + (βg(t, x(t))d + K(t, x(t))x(t) + c + b(V0 + u(t))), x(0) = x0 ≥ 0 (23)

(“≥” stands here for the non-negativity of all the vector components) where the disease-
free linearized matrix of dynamics A∗

df0 of (18) and (D2) of Appendix D has been re-
denoted by A, where

b = (−1, 0, 0, 1)T , c = (µ, 0, 0, 0)T , d = (−1, 1, 0, 0)T (24)

and the vaccination control law V (t) = (V0 + u(t)) ∈ [0, µ] where V0 ∈ R0+ is a constant
value chosen “a priori”, u(t) is a scalar incremental control to be generated from the
optimization problem and u(t) ∈ [−V0, µ − V0]; ∀t ∈ R0+ is the feasible constrained
control in order to accomplish with the positivity constraint V (t) ∈ [0, µ]; ∀t ∈ R0+, [8-
11]. The optimization problem will be formulated based on Pontryagin’s Principle under
the following solvability hypotheses.

H1) Let the assumptions of Theorem 2.4 and the conditions of Theorem 2.4(ii) hold
with β < min (βdc, βec) so that the disease-free equilibrium point is globally asymptotically
stable, or instead:

H1’) Assumption H1 holds except that β < βdc.

H2) The loss function to be minimized is J = J(T ) =
∫ T

0
dt with T < ∞ and its

associate Hamiltonian is:

H = 1 + pT (t) [Ax(t) + (βg(t, x(t))d + K(t, x(t))x(t) + c + b(V0 + u(t)))]

= 1 + pT (t)
[
Ax(t) +

(
βeT

1 x(t)Gx(t) + K(t, x(t))x(t) + c + b(V0 + u(t))
)] (25)

where g(x(t))eT
1 x(t) = S(t)I(t), ei ∈ R4 is the ith canonical Euclidean unity vector, p(t)

is the co-state of the state x(t) and the optimal incremental control law uo(t) ∈ U ⊆
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[−V0, µ − V0]; ∀t ∈ R0+ has to be found which makes minimum the Hamiltonian H and
G = (Gij) ∈ R4×4 is a sparse matrix defined by G23 = −G13 = 0 and Gij = 0 for
i( ̸= 1, 2) ∈ 4, j(̸= 3) ∈ 4.

H3) For any given x0 ∈ P U ∂P (∂P being the boundary of P ), find a final targeted
point vo

xo(T o) = vo, vo( ̸= 0) ∈ ∂P (26)

where V0 ∈ R0+ is a constant value being chosen “a priori”, uo(t) is a scalar incremental
optimal control to be generated from the optimization problem:

uo = uo(t, V0, λ, ρ) ∈ [λµ − V0, ρµ − V0] ⊆ [−V0, µ − V0]; ∀t ∈ R0+ (27)

for some design prefixed real constants ρ(> λ), λ ∈ [0, 1].
H4) The target state x0(T 0) is at the boundary ∂P of a prescribed neighborhood of

center x∗ = x∗
1 ⊕ x∗

2 (“⊕” standing for the logic exclusive disjunction XOR), where:

P = P (x∗, Q, r)

=
{

x ∈ R4 :
(
xT − x∗T

)
Q(x − x∗) ≤ r2, Q = QT

(
∈ R4×4

)
≻ 0, r > 0

} (28)

x∗
1 = x∗

1(λ) =

(
1 − λ +

S∗
u

µ
, 0, 0, λ +

R∗
u

µ

)T

(29)

x∗
2 = x∗

2(ρ) =

(
1 − ρ +

S∗
u

µ
, 0, 0, ρ +

R∗
u

µ

)T

(30)

Note that it is the feasible constrained optimal incremental control accomplishes with the
positivity constraint V (t) ∈ [λµ, ρµ] ⊆ [0, µ]; ∀t ∈ R0+.

Note also that x∗ =
(
1 + S∗

u−V ∗

µ
, 0, 0, R∗

u+V ∗

µ

)T

is the disease-free equilibrium point if

V (t) → V ∗ as t → ∞ and that (29) and (30) are the disease-free equilibrium points for
V ∗ = λµ and V ∗ = ρµ, respectively.

Remark 3.1. The combined differential system associated to the Hamiltonian (25) is
given by:

ẋ =
∂H

∂p
= Ax(t) + (βg(x(t))d + K(t, x(t))x(t) + c + b(V0 + u(t))) (31a)

ṗ = −∂H

∂x
= −

[
AT + β

(
GT xT (t)e1 + Gx(t)eT

1

)
+ KT (t, x(t))

+ ∇xK(t, x(t))x(t)
]
p(t)

(31b)

H(T ) = H(x(T ), p(T ), u(T ), T, V0, r) = 0 (31c)

Note that the system dynamics (31a) prior to the particular optimal control solutions is
identical to (23) as expected.

Remark 3.2. The non-unique incremental control gains which guarantee the generation
of the optimal incremental control uo(t) ∈ [λµ − V0, ρµ − V0] satisfy the subsequent con-
straints for any t ∈ R0+:

Ko
V (t) ∈

[
−V0 + µo

V (t)

S(t)
,
µ − V0 − µo

V (t)

S(t)

]
if S(t) ̸= 0 (32a)

µo
V (t) = uo(t) ∈ [λµ − V0, ρµ − V0], Ko

V (t) arbitrary if S(t) = 0. (32b)

The following result is related to the time-optimal vaccination.
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Theorem 3.1. Assume that the hypotheses H1 (or H1’) to H4 hold with r ≤ r0 < ∞ and
r0 being of free-choice under H1, or r < r0 for some r0 = r0 (min(βdc, βec)) under H1’.
Then, the following properties hold.

(i) For each given quintuple (V0, x0, v
o, λ, ρ) being defined for prefixed design constants

λ, ρ(> λ) ∈ [0, 1], there exists a minimum time (time-optimal) T o and a corresponding
time-optimal incremental control uo(t) ∈ [λµ − V0, ρµ − V0] ⊆ [−V0, µ − V0]; ∀t ∈ [0, T o]
such that its associated optimal vaccination control:

V o(t) = V o(V0, t) = (V0 + uo(t)) ∈ [λµ, ρµ] ⊆ [0, µ], ∀t ∈ [0, T o] (33)

minimizes the Hamiltonian (25) to a value:

Ho(t) = Ho (xo(t), po(t), uo(t), t, λ, ρ, r)

= 1 + poT

(t)
[
Axo(t) +

(
βeT

1 xo(t)Gxo(t)

+ K(t, xo(t))xo(t) + c + b(V0 + uo(t))
)]

; ∀t ∈ [0, T o)

(34a)

Ho(T o) = Ho (xo(T o), po(T o), uo(T o, λ, ρ), T o, V0, r) = 0 (34b)

(ii) If Assumptions 2.1-2.3 hold in the absence of any delays then a unique time-optimal
vaccination control with a minimum number of control switches exists with a unique as-
sociated time-optimal Hamiltonian.

Proof: Under the given conditions the disease-free equilibrium point is globally asymp-
totically stable for any V (t) → V ∗ ∈ [0, µ) as t → ∞. In particular, if V ∗ = λµ ∨ ρµ
(with “∨” and “∧” standing for the logic disjunction “OR” and conjunction “AND”, re-
spectively). According to the dynamic Equations (31), associated with the Hamiltonian
(25), it follows that the optimal incremental control is:

uo(t)

=

λµ − V0 if
[
poT

(t−)b > 0(⇔ p0
4(t

−) > p0
1(t

−)) ∧ poT
(t)b ≥ 0(⇔ p0

4(t) ≥ p0
1(t))

]
ρµ − V0 if

[
poT

(t−)b < 0(⇔ p0
4(t

−) < p0
1(t

−)) ∧ poT
(t)b ≤ 0(⇔ p0

4(t) ≤ p0
1(t))

] ;
(35)

∀t ∈ [0, T ] (so that it is not arbitrary within any time interval on nonzero measure for

which poT
(t)b ≡ 0) which gives a corresponding vaccination optimal control:

V o(t) = V0 + uo(t) (36)

∀t ∈ [0, T ] while being unique within any time interval of nonzero measure for which

poT
(t)b ≡ 0, which avoids, from (35) in (36), eventual non-uniquely defined singular

controls, where (32a) and (32b) satisfy respective initial and final conditions x(0) = x0

and

poT

(T o)
[
Axo(T o) +

(
βeT

1 xo(T o)Gxo(T o)

+ K (t, xo(T o)) xo(T o) + c + b (V0 + uo(T o))
)]

= −1
(37)

since the final time instant is free. Note that along the optimal trajectory:

H (xo(t), po(t), uo(t), t, λ, ρ, r)

≤ min
uo(t)∈[λµ−V0,ρµ−V0]

H(x(t), p(t), u(t), t, λ, ρ, r); ∀t ∈ [0, T ] (38)

for a minimum final time T = T 0 satisfying (34b) so that the optimal Hamiltonian
is independent of V0 since V 0(t) is independent of V0. Property (i) has been proved.
Property (ii) is proved in Appendix E. �
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Remark 3.3. The condition B (x∗
1, r0)∩B (x∗

2, r0) = ∅ (with B(.) standing for the closure
of the ball B(.)) of Case b in the proof of Theorem 3.1 (ii) is not very relevant since it
can be sufficient in practice an arbitrary choice between the two values of the vaccination
controls to target points in a prefixed target ball around any of the disease-free equilibrium
points.

Remark 3.4. The time-optimal control V o(t) can be formulated as a classical ±1 bang-
bang control by the choice ρ = λ + 2

µ
which leads to V0 = 1 + λµ = ρµ − 1 and uo(t) =

−sgn
(
poT

(t)b
)

for any t ∈ R0+ such that poT
(t)b ̸= 0 since

uo(t) = λµ − V0 = −1 = −sgn
(
poT

(t)b
)

if poT

(t)b > 0, (39)

uo(t) = ρµ − V0 = 1 = sgn
(
poT

(t)b
)

if poT

(t) b < 0. (40)

Theorem 3.1 has a clear subsequent version for the linearized system around the disease-
free equilibrium point since the final conditions for the co-state can be computed from
the final targeted state so that the whole optimal trajectory solution problem becomes an
initial condition problem.

Theorem 3.2. The time-optimal incremental control (and then the time-optimal associ-
ated vaccination control) is unique and it steers a unique extremal state-trajectory solution
in a minimum finite-time T o to ∂P for any given initial conditions under the subsequent
assumptions.

A.1. Assumptions 2.1-2.3 hold and, furthermore, assume that the limits Su(t) → S∗
u

(≥ −µ), Ru(t) → R∗
u(≥ −V ∗) as t → ∞ and lim

t→∞

(∫ t

0
eµθNu(θ)dθ − Ψeµt

)
= 0 exist and

are finite with Ψ = S∗
u + R∗

u, and Eu(t) → 0, Iu(t) → 0 as t → ∞.
A.2. The disease transmission rate β is small enough so that the linearized dynamics

about the disease-free unforced (i.e., vaccination-free) equilibrium point x∗ =
(
1+ S∗

u

µ
, 0, 0,

R∗
u

µ

)T

, which is globally asymptotically Lyapunov’s stable, is given by the stability matrix:

A =


−µ 0 −β

(
1 + S∗

u

µ

)
0

0 − (µ + σ∗) β
(
1 + S∗

u

µ

)
0

0 σ∗ − (µ + γ∗) 0

0 0 γ∗ −µ

 (41)

A.3. The hypotheses H2-H4 hold with the change x∗ =
(
1 + S∗

u

µ
, 0, 0, R∗

u

µ

)T

to redefine

P in (28), where the searched time-optimal control satisfies (27) with ρ = λ + 2
µ

with

q = gT Q̂g (∈ R+), where g = e1, or g = e4, Q̂ = Q̂T ≻ 0, where “≻” stands for positive
definiteness, and P in (28) is replaced with

PS = P (S∗, Q, r)

=
{

S ∈ R : q(S − S∗)2 ≤ r2, q = gT Q̂g > 0, Q̂ = Q̂T
(
∈ R4×4

)
≻ 0, r > 0

} (42)

if g = e1, or

PR = P (R∗, Q, r)

=
{

R ∈ R : q(R − R∗)2 ≤ r2, q = gT Q̂g > 0, Q̂ = Q̂T
(
∈ R4×4

)
≻ 0, r > 0

} (43)
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if g = e4.
A.4. The matrix Q̂ = Q̂T (∈ R4×4) ≻ 0 is such that x̃T (t)Q̂x̃(t) is a Lyapunov function

for the incremental unforced linearized system ˙̃x(t) = Ax̃(t) subject to x̃(0) = x̃0 ∈ R4
0+,

where x̃(t) = x(t) − x∗, about the vaccination-free disease-free equilibrium point.

The proof of Theorem 3.2 is given in Appendix F. �

4. Simulation Examples. This section contains some simulation examples illustrating
the behaviour of the time-optimal control developed in Section 3. Initially we will consider
the uncertainty-free SEIR model described by the following parameters µ−1 = 20 days−1,
σ−1 = 21 days−1, σ = γ and β = 0.1826 days. The initial conditions are given by S(0) =
0.9, E(0) = 0.05, I(0) = 0.01 and R(0) = 0.04 for a total initial population summing up
unity. The interpretation of these numerical values relies on the use of a normalized
initial population to one while the sum of all the initial subpopulations equalizes to
unity. This implies that the particular subpopulations values are easily interpreted as
percentages after multiplication by 100. The numerical discussion in terms of percentages
or per/unity populations is a common operation procedure in the background literature
when discussing the epidemic models versus time. On the other hand, the particular
numbers taken for each initial subpopulation keep a reasonable assumption for certain
epidemic diseases like, for instance, influenza that most of the population is susceptible
(90%) while the initial infection starts with very low numbers of exposed and infectious
and the number of initial recovered (or immune) is also typically caused by small numbers.

Now we can define two disease-free equilibrium points given by V ∗
1 = 0.0014 and

V ∗
2 = 0.0016 which corresponds to two equilibrium points P1 = (0.32, 0, 0, 0.68) and

P2 = (0.25, 0, 0, 0.75), respectively. Those disease-free equilibrium points are reachable by
the above two given different levels of constant vaccination. From these two equilibrium
points, we can define the closed ball for the suitable levels of susceptible subpopulation
given by [Sa, Sb] = [0.22, 0.35]. The subsequent time-optimal control problem design
is formulated as the calculation of the incremental control command necessary to steer
the susceptible within this ball in the minimum time interval. That is, we perform the
subsequent basic two steps.

Step 1: The basic control command levels define two potential suitable equilibrium
points. This part of the design can be performed through the tools of Section 2.

Step 2: We define a suitable ball surrounding those points and then we calculate an
incremental bang-bang control which allows to reach the ball in a minimum time. This
part of the design can be performed through the tools of Section 3 through Equations (31)-
(35) that will be used. The performed various numerical experiments are now described.

Firstly, Figures 1 and 2 show the evolution of the system in the absence of vaccination.
Note that, for a whole disease cycle the susceptible subpopulation evolves to the total
population through time while exposed, infectious and recovered asymptotically vanish.

Figure 3 shows the evolution of the system when the optimal control law is used with
V ∗

1 = 0.0014 = λµ and V ∗
2 = 0.0016 = ρµ implying λ = 0.68 and ρ = 0.75. V (t) = 0 when

pT b = 0 and p(0)T =
[

10 −200 −200 10
]
. Compared with Figures 1 and 2, note

that in the presence of vaccination the final values of the susceptible and immune together
equalize the total population while the infected sup-populations still asymptotically van-
ish. Remember that, in the absence of vaccination, the total population has become
asymptotically susceptible. In addition, Figure 4 shows the optimal control command ob-
tained from (36) where it can be seen that there are two switches leading to the minimal
time. On the other hand, Figure 5 displays the trajectory of the susceptible for different
vaccination functions. In that figure, we can observe that the optimal control drives the
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Figure 1. Evolution of the susceptible in the absence of vaccination

Figure 2. Evolution of the infective, infectious and immune in the absence
of vaccination

susceptible within the prescribed ball in a minimum time given by 37.42 days. The co-
state of the time-optimal trajectory satisfies the constraint H(T ) = 0 = 1−p1(T )+p4(T )
for a finite positive target time T , or equivalently, p1(T ) − p4(T ) = 1. From the numer-
ical simulation we obtained that p1(37.42) − p4(37.42) ≈ 1.01, satisfying the optimality
constraint. It has to be pointed out that the so-called minimum time-optimal controls
are really approximately optimal, i.e., suboptimal but with an acceptable closeness to
the optimal situation, because of the model approximations and the fact that a final ball
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Figure 3. Evolution of the system with the bang-bang type vaccination control

Figure 4. Bang-bang type vaccination control

around an equilibrium point or that some final targeted ball including several potential
equilibrium points is targeted as an acceptable practical objective.

We may now define a general ball involving all the subpopulations described by:

[Sa, Sb] × [Ea, Eb] × [Ia, Ib] × [Ra, Rb] = [0.22, 0.35] × [0, 0.03] × [0, 0.03] × [0.67, 0.75]

so that the minimum time will be attained when all the subpopulations lie within their
corresponding intervals. In this case, the time needed to make all the subpopulations
reach the defined ball is given by the immune, R, as Figure 6 depicts, which is of 42.58
days.



178 M. DE LA SEN, A. IBEAS, S. ALONSO-QUESADA AND R. NISTAL

Figure 5. Time employed by the system in reaching the closed ball of the
susceptible for different control commands

Figure 6. Time needed to reach the defined ball for the susceptible and
immune subpopulations

Finally, we consider the case when the model suffers from parametric uncertainty. In
this way, the actual parameters of the model are given as above but we perform the
calculation of the control law as if they were 10% higher. The following Figure 7 displays
the optimal control law obtained in this case while Figure 8 shows the evolution of the
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Figure 7. Vaccination control law in the presence of uncertainties
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Figure 8. Evolution of the solution trajectories in the presence of uncertainties

system’s solution trajectories. The time needed to steer the susceptible to the ball given by
[Sa, Sb] = [0.22, 0.35] is again of 37.42 days. It can be observed that the proposed optimal
control law behaves robustly with respect to (relatively) small parametric uncertainties.

It can be commented that it is not difficult to implement the optimal controls in feed-
back for such, for instance, as (12), since the costate is related to the state through
dynamic equations.
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5. Conclusions. This paper discusses a time-optimal vaccination control strategy for
an SEIR epidemic model with eventual parametrical uncertainties and unmodeled effects
which is found to be of bang-bang type. The properties of positivity and stability of
the solutions as well as the characterization of the equilibrium points and their stability
properties are studied and discussed. The bang-bang vaccination control strategy is stated
based on pre-defined design min/max vaccination control levels being compatible with
the maintenance of the positivity property and they can be judiciously chosen so that the
achievable disease-free equilibrium points under constant vaccination for both controls are
found suitable in terms of susceptible and immune achievable equilibrium subpopulations.
The time-optimal control objective is formulated in terms of achieving that the state-
trajectory solution enters in a minimal time a closed ball of prescribed accuracy radius
whose center is defined either by a suitable point joining the segment of both equilibrium
points corresponding to the two constant vaccination levels used to define the limits of the
optimal bang-bang control. Afterwards, a formulation of the time-optimal control problem
is given to drive the state trajectory solution to a prescribed closed neighborhood around a
targeted point of interest which can be either an equilibrium point or some point describing
closely two equilibrium points corresponding to the two distinct constant vaccination
efforts which are used as the min/max values for bang-bang controls. Both constant
reference vaccination values are design values being compatible with the positivity of
the model and each produces a suitable equilibrium point. The basic idea of the time-
optimal control strategy is to minimize the effective disease effects in a minimum time
with a prescribed accuracy margin. Some worked simulated examples are then described
for the case when the disease transmission rate is small enough so that the disease-free
equilibrium points are globally asymptotically stable.
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Appendix A. Proof of Theorem 2.1. Equations (6)-(10) follow directly from the
differential systems (1)-(4) and (5). On the other hand, note that the solutions (6)-
(10) are everywhere continuous and differentiable. If for some t ∈ R0+, S(t) = 0 then
Su(t) ≥ V (t) − µ so that Ṡ(t) ≥ 0. As a result, S : R0+ → R0+ if min(S0, I0) ≥ 0. On
the other hand, assume that E(t) = 0 and note from (1) and (2) and the first mean value
theorem for definite integrals that:

S(t + ς) + E(t + ς)

= e−µς(S(t) + E(t)) +

∫ t+ς

t

e−µ(t+ς−θ)(µ + Su(θ) − V (θ) − σE(θ) + Eu(θ))dθ

≥
∫ t+ς

t

e−µ(t+ς−θ)(µ + Su(θ) − V (θ) − σE(θ) + Eu(θ))dθ

= e−µρ(µ + Su(t + ρ) − V (t + ρ) − σE(t + ρ) + Eu(t + ρ)) < 0

for some ρ ∈ (0, ζ), ∀ς(≥ t) ∈ R0+ implies that, since S : R0+ → R0+, E(t + ζ) <
−S(t + ζ) ≤ 0, Eu(t + ρ) < V (t + ρ)−µ−Su(t + ρ)+σE(t + ρ). By making (ζ − ρ) → 0
and by the continuity of the solution of (1)-(4), it follows that

Eu(t + ζ) < V (t + ζ) − µ − Su(t + ζ) − σ|E(t + ζ)| ≤ V (t + ζ) − µ − Su(t + ζ).

By taking a small enough positive real ζ, we get a contradiction to the constraint (E(t) =
0) ⇒ (Eu(t) ≥ V (t) − µ − Su(t)). As a result, E : R0+ → R0+ if min(S0, E0, I0) ≥ 0.
Now, note from (3) that [(I(t) = 0) ∧ (Iu(t)) ≥ −σE(t)] ⇒ (İ(t) ≥ 0) so that I : R0+ →
R0+ if min(S0, E0, I0) ≥ 0. Finally, note from (4) that [(R(t) = 0) ∧ (Ru(t) ≥ −[γI(t)
+V (t)])] ⇒ (Ṙ(t) ≥ 0) and thus R : R0+ → R0+ if min(S0, E0, I0, R0) ≥ 0. Finally,
the solution to (5) satisfies N : R0+ → R0+ if min(S0, E0, I0, R0) ≥ 0 since all the
subpopulations are non-negative for all time. �

Appendix B. Proof of Theorem 2.2. The nominal system is defined by (1)-(4) with
total population given by (5) by zeroing the non-nominal contribution to the dynamics.

On the other hand, the disease-free equilibrium is given by x∗ = (S∗, E∗, I∗, R∗)T with
(E∗ = I∗ = 0) ⇒ (E∗

u = I∗
u = 0) by zeroing the time-derivatives in (2) and (3), where

Eu(t) → E∗
u, Iu(t) = I∗

u → 0 as t → ∞. On the other hand, the existence of the real

number Ψ = S∗
u+R∗

u of the third assumption implies from (5) that N(t) → N∗ = 1+ S∗
u+R∗

u

µ

as t → ∞ irrespective of the initial conditions. The non-negativity constraints S∗
u ≥ V ∗−µ

and R∗
u ≥ −V ∗ guarantee that N∗ = S∗ + R∗ ≥ 0 with min (S∗, R∗) ≥ 0. �

Appendix C. Proof of Theorem 2.3. The critical disease transmission rate is given
by

βec =
(µ + γ) (µ + σ)

σ
=

(
µ + γ − K∗

Iu + K∗−1
IE (µ∗

V − K∗
Eu)

)
(µ + σ − K∗

Eu)

σ + µ∗
V − K∗

Eu

=

(
µ + γ − K∗

Iu + K∗−1
IE (K∗

Su − K∗
V − K∗

Eu)
)
(µ + σ − K∗

Eu)

σ + K∗
Su − K∗

V − K∗
Eu

if K∗
IE ̸= 0 which holds since the assumption K∗

Iu ̸= µ + γ implies that −∞ < K∗
IE =

I∗

E∗ = σ
µ+γ−K∗

Iu
< ∞ from (2) and (3) at the endemic equilibrium point. Also, note that

Equations (1)-(4) give the following additional constraints at the endemic equilibrium



TIME-OPTIMAL VACCINATION CONTROL FOR AN SEIR EPIDEMIC MODEL 183

point:

S∗ =
µ − µ∗

V

µ + βK∗
IEE∗ + K∗

V − K∗
Su

=
µ + σ − K∗

Eu

βK∗
IE

=
(µ + σ − K∗

Eu) (µ + γ − K∗
Iu)

βσ

R∗ =
γK∗

IEE∗ + K∗
V S∗ + µ∗

V

µ − K∗
Ru

Now, by zeroing the time-derivatives in (1)-(4) and taking account of the limit vaccination
from (12), it follows under the given assumptions that

µ − µ∗
V − (βI∗ + µ − µ∗

V ) S∗ = 0

− (µ − µ∗
V + σ + µ∗

V − K∗
Eu) E∗ + βI∗S∗ = 0

− (µ − µ∗
V + γ + µ∗

V − K∗
Iu + (σ − σ) /K∗

IE) I∗ + σE∗ = 0

γI∗ − (µ − µ∗
V + µ∗

V − K∗
Ru − K∗

R + (γ − γ) /K∗
RI) R∗ = 0

V ∗ = K∗
V S∗ + µ∗

V

(C1)

The endemic equilibrium components for the perfectly modelled system in the absence of
vaccination parameterized by µ, σ, γ and β are obtained in [2]. Thus, by redefining the
model parameterization with the parametrical replacements µ → µ, σ → σ and γ → γ,
Equation (15), assumed to be positive, the effects of the limit non-nominal dynamics
as well as the feedback vaccination control are re-absorbed in the standard SEIR model
which has a unique endemic equilibrium (14) which exists if the basic reproduction number
exceeds unity. Otherwise, it has some negative components and it does not exist if it is
less than unity, or it is just the disease-free equilibrium point with null infection if it
equalizes unity. �

Appendix D. Proof of Theorem 2.4. By convenience, we first prove Property (iii)

since it is direct. Since lim sup
t→∞

(∫ t

0
eµθNu(θ)dθ − Meµt

)
≤ 0, 0 ≤ N(t) < +∞; ∀t ∈ R0+

for any finite initial conditions and from Remark 2.1 (see also Theorem 2.1), all the
subpopulations are non-negative for all time under non-negative initial conditions and
bounded since the total population is bounded for all time. So, the epidemic model is
globally stable for any finite non-negative initial conditions and any disease transmission
rates. Property (iii) has been proved.

On the other hand, for a constant vaccination control V ∗ ∈ [0, µ + S∗
u]∩[−R∗

u,∞) (V ∗ ∈
[0, µ] if S∗

u = R∗
u), see Remark 2.1, the disease-free equilibrium point is

(
µ+S∗

u−V ∗

µ
, 0, 0,

R∗
u+V ∗

µ

)T

according to (11). By inspection of the resulting Jacobian matrix with respect

to the disease-free equilibrium point (1)-(4) and the use of (15), it follows directly that
its matrix of dynamics is given by (18). Such a matrix can be rewritten equivalently by
using (15) as follows

A∗
df = A∗

df0 + ∆df = A∗
df0

(
I4 + A∗−1

df0 ∆df

)

=


− (µ∗ + K∗

V ) 0 −βS∗
df 0

0 − (µ∗ + σ∗) βS∗
df 0

0 σ∗ + K∗
Eu − K∗

Su − (µ∗ + γ∗) 0

K∗
V 0 γ∗ + K∗

Iu − K∗
Su − (µ∗ + K∗

Su − K∗
Ru)


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=



−µ 0 −βS∗
df 0

0 − (µ + σ) βS∗
df 0

0
σ + K∗

V

+K∗
Eu − K∗

Su

−
(
µ + γ + K∗−1

IE (K∗
V

+ K∗
Eu − K∗

Su))
0

K∗
V 0

γ + K∗
V + K∗

Iu − K∗
Su

+ K∗−1
IE (K∗

V + K∗
Eu − K∗

Su)
− (µ − K∗

V

+ K∗
Su − K∗

Ru)



A∗
df =


− (µ + K∗

V − K∗
Su) 0 −βS∗

df 0

0 − (µ + σ − K∗
Eu) βS∗

df 0

0 σ − (µ + γ − K∗
Iu) 0

K∗
V 0 γ − (µ − K∗

Ru)



(D1)

The matrix A∗
df is decomposable as a sum of a stability, then non-singular, lower triangular

matrix A∗
df0 with negative eigenvalues − (µ∗ + K∗

V ), − (µ∗ + σ∗), − (µ∗ + γ∗) and − (µ∗)
plus a perturbation matrix ∆df

A∗
df0 =


− (µ∗ + K∗

V ) 0 0 0

0 − (µ∗ + σ∗) 0 0

0 σ∗ − (µ∗ + γ∗) 0

K∗
V 0 γ∗ − (µ∗)

 (D2)

∆df =


0 0 −βS∗

df 0

0 0 βS∗
df 0

0 K∗
Eu − K∗

Su 0 0

0 0 K∗
Iu − K∗

Su K∗
Ru − K∗

Su

 (D3)

Thus, one has that

A∗
df = A∗

df0 + ∆df = A∗
df0

(
I + A∗−1

df0 ∆df

)
=

(
A∗

df − ∆df

) (
I4 + A∗−1

df0 ∆df

)
(D4)

is non-singular, and thus a stability matrix, if the condition

1 >
max

(√
2βS∗

df + |K∗
Iu − K∗

Su| , |K∗
Eu − K∗

Su| , |K∗
Ru − K∗

Su|
)

min (µ∗, µ∗ + K∗
V , µ∗ + σ∗, µ∗ + γ∗)

≥ max

(√
2β2S∗2

df + (K∗
Iu − K∗

Su)
2, |K∗

Eu − K∗
Su| , |K∗

Ru − K∗
Su|

) ∥∥∥A∗−1

df0

∥∥∥
2

≥
∥∥∥A∗−1

df0

∥∥∥
2
∥∆df∥2

(D5)

holds. Such a condition guarantees that it has no eigenvalue at the complex imagi-
nary axis, then no eigenvalue exists on the positive real complex half-plane since the
eigenvalues are continuous functions of the matrix entries. By using (15a), since µ >
max (K∗

V − K∗
Su, σ − K∗

Eu, γ − K∗
Iu, K

∗
Su) the above condition holds if

1 >
max

(√
2βS∗

df + |K∗
Iu − K∗

Su| , |K∗
Eu − K∗

Su| , |K∗
Ru − K∗

Su|
)

µ + min (K∗
V − K∗

Su, σ − K∗
Eu, γ − K∗

Iu,−K∗
Su)

(D6)

Such a condition is guaranteed if β ∈ [βdc0, βdc1] under (21a) holds, or if β ∈ [0, βdc2]
under (21b) holds since Su(t) = KSu(t)S(t), Eu(t) = KEu(t)E(t), Iu(t) = KIu(t)I(t)
and Ru(t) = KRu(t)R(t) such that KSu(t) → K∗

Su, KEu(t) → K∗
Eu, KIu(t) → K∗

Iu and
KRu(t) → K∗

Ru as t → ∞ together with the vaccination (12) with the given constrained
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gain limits and (11) implies that S∗
df =

µ−µ∗
V

µ+K∗
V −K∗

Su
. Then, (21) guarantees that the disease-

free equilibrium point is locally asymptotically stable since its linearized version is locally
asymptotically stable. For the linearization around the endemic equilibrium point, we

define δ
(
R0

)
=

{
0 if β ≤ βec

1 if β > βec
from (20) since the endemic equilibrium point does not

exist if β ≤ βec and R0 ≤ 1 while it exists if β > βec (Theorem 2.3) so that we obtain the
matrix of linearized dynamics (19). One gets from (18)-(20) that

A∗
end

(
R0

)
= A∗

df + ∆end

(
R0

)
= A∗

df0 + ∆end0

(
R0

)
(D7)

= A∗
df

(
I4 + A∗−1

df ∆end

(
R0

))
= A∗

df0

(
I4 + A∗−1

df0 ∆end0

(
R0

))
(D8)

where:

∆end

(
R0

)
=


−βI∗

endδ
(
R0

)
0 −β

(
S∗

endδ
(
R0

)
− S∗

df

)
0

βI∗
endδ

(
R0

)
0 β

(
S∗

endδ
(
R0

)
− S∗

df

)
0

0 0 0 0
0 0 0 0

 (D9)

∆end0

(
R0

)
=


−βI∗

endδ
(
R0

)
0 −βS∗

endδ
(
R0

)
0

βI∗
endδ

(
R0

)
0 βS∗

endδ
(
R0

)
0

0 K∗
Eu − K∗

Su 0 0
0 0 K∗

Iu − K∗
Su K∗

Su − K∗
Ru

 (D10)

If there is no non-nominal contribution in the model (1)-(4) then µ = µ, σ = σ, γ = γ
and R0 = R0 = 1. Thus, if A∗

df is a stability matrix, then non-singular, one has that
the asymptotic linearized dynamics about the endemic equilibrium point satisfying the
constraints:

A∗
end(1) = A∗

df + ∆end(1) = A∗
df

(
I + A∗−1

df ∆end(1)
)

= A∗
df0

(
I + A∗−1

df0 ∆end0(1)
)

is non-singular and then stable since the eigenvalues are continuous functions of the ma-

trix entries if β > βec with 1 >
√

2βS∗
df

∥∥∥A∗−1

df0

∥∥∥
2

and max (|K∗
Iu − K∗

Su| , |K∗
Eu − K∗

Su| ,

|K∗
Ru − K∗

Su|) ≤ βecS
∗
df since 1 >

√
2βS∗

df

∥∥∥A∗−1

df0

∥∥∥
2

>
√

2 max (|K∗
Iu − K∗

Su| , |K∗
Eu − K∗

Su| ,

|K∗
Ru − K∗

Su|) ≥
∥∥∥A∗−1

df

∥∥∥
2
∥∆end(1)∥2.

It is now proved that, furthermore, there is no limit cycle. Note the following features
on the asymptotic version of (1)-(4) when all the control gains converge asymptotically.

1) A limit cycle can only surround a set of singular points if they have a net PI = 1.
If there is a limit cycle it cannot jointly surround both the disease-free equilibrium point
and endemic equilibrium point since the net Poincaré index of both together would be
either PI = 0 if only one of them is saddle point while the other is not, PI = −2 if both
of them are saddle points and PI = 2 if none of them is a saddle point.

2) A limit cycle cannot surround the disease-free equilibrium point since it turns out
from inspection in (1)-(4) that any existing oscillatory solution has to exist in any state
component and it is impossible that this happens in the exposed and infected subpopu-
lations around the disease-free equilibrium since negative values are not compatible art
any time with the non-negativity property of the solution.

3) As a consequence of the above two features, it follows that any stable, unstable or
semi-stable existing limit cycle could only surround the endemic equilibrium point. For
β ≤ βec the endemic equilibrium does not exist. For β > βc the endemic equilibrium
is locally asymptotically stable so that such a limit cycle, in case of existence, would
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be unstable being only relevant to separate stability and instability regions. However,
then, the disease-free equilibrium point should also be locally asymptotically stable and
βdc ≥ βec, β ∈ (βc, βdc), where βdc is the maximum threshold of the transmission rate
guaranteeing the stability of the disease-free equilibrium, i.e., either βdc1 or βdc2 in (21b).
This is impossible if β ∈ (βdc, βec) and βec ≥ βdc. So, there is no limit cycle surrounding
any of the two equilibrium points and they are not jointly locally unstable. The proof
that they are not jointly locally asymptotically stable is developed in [3] for a model with
delays and can be directly particularized to the current model. Properties (ii) and (iii)
have been fully proved. �

Appendix E. Proof of Theorem 3.1 (ii). Again, under the given conditions, the
disease-free equilibrium point is globally asymptotically stable for any V (t) → V ∗ ∈ [0, µ)
as t → ∞. On the other hand, if V ∗ = λµ then x∗

df = x∗
1 and if V ∗ = ρµ then x∗

df = x∗
2.

To prove Property (ii), we discuss two possible cases which can arise, namely:
Case a) If B(x∗

1, r0) ∩ B(x∗
2, r0) ̸= ∅ then x∗ = x∗

1 ⊕ x∗
2. Thus, for any existing open

time interval (t1, t2) of nonzero measure, if any, such that (poT
(t)b = 0) ⇔ (po

1(t) = po
4(t))

for all t ∈ (t1, t2) with po
1(t

−
1 ) ̸= po

4(t
−
1 ) and po

1(t2) ̸= po
4(t2), there is no incremental control

switch activated on [t1, t2) so that uo(t) = uo(t−1 ); ∀t ∈ [t1, t2).
Case b) If B(x∗

1, r0) ∩ B(x∗
2, r0) = ∅ and (t1, t2) is a time interval of nonzero measure

as in Case a then there is no incremental control switch activated on (t1, t2), so that
uo(t) = uo(t1); ∀t ∈ (t1, t2) and there is a control switch at t = t1 only if x∗ = x∗

1, which is
implied by x∗ = x∗

1⊕x∗
2 and B(x∗

1, r0)∩B(x∗
2, r0) = ∅ since x∗

2 /∈ B(x∗
1, r0)∩B(x∗

2, r0), and
uo(t−1 ) = u0

2(t
−
1 ) or if x∗ = x∗

2 and uo(t−1 ) = u0
1(t

−
1 ) with uo

1(t) = λµ−V0 or uo
2(t) = ρµ−V0;

∀t ∈ R0+ since uo(t) ≡ uo
1(t)⊕uo

2(t); ∀t ∈ R0+. That is, the last switch on [0, t2) happened
at t = t1 only in the case that in the absence of control switching the convergence to the
disease-free equilibrium point was not possible.

As a result, the optimal-time incremental and vaccination controls with a (finite) min-
imum number of switches and its associated Hamiltonian are unique via (35) and (36) in
both Case a and Case b and the optimal-time T o < +∞ to reach the compact and convex
region P is unique for each given quintuple (V0, x0, v

o, λ, ρ). �

Appendix F. Proof of Theorem 3.2. Since x̃T (t)Q̂x̃(t) is a Lyapunov function then
˙̃xT (t)Q̂x̃(t) = x̃T (t)Q̂Ax̃(t) < 0 for all nonzero x̃(t) ∈ R4 with Q̂ = Q̂T ≻ 0. It is well-
known that the linearized epidemic model is not controllable since the whole state cannot
be steered in finite-time from any arbitrary given set of admissible initial conditions to
a prefixed value as it becomes obvious since the controllability matrix is rank-defective.
It is output-controllable if the output is defined as the susceptible subpopulation or the
recovered subpopulation. It is well-known [4] that the state-trajectory solution of un-
controllable time-invariant systems cannot be reversed in time from final conditions to
reduce the optimal solution of state and costate to an equivalent problem of initial con-
ditions so that the problem is not so-called a normal problem. Consider with no loss
of generality the situation with targeted final output (i.e., the susceptible subpopula-

tion targeted value) in the set PS (42), that is, g = e1. Note that vT
a Q̂va ≥ vT

a Q̂vb

and vT
a va ≥ vT

a vb, and ST
a qSa = ST

b qSb = qS2
a = qS2

b = r2 for any Sa, Sb ∈ ∂PS and
T o ≥ 0 and qSaSb ≤ qS2

b with the equality holding if and only if Sa = Sb = r
q
∈ ∂PS and

qSaSb < qS2
b , equivalently Sb > Sa, for any Sb ∈ ∂PS if Sa ∈ P 0

S . It is firstly proved by con-
tradiction arguments that the extremal controls which steer any given admissible initial
conditions to PS are unique. It is well-known (see, for instance, [4]) that the optimal-

time control of a time-invariant system satisfies u(T − t) = −sgn
(
qbT eAT (T−t)e1v

)
with
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v = x(T ) for any t ∈ [0, T ] if x(τ = T − t = 0) = v( ̸= 0) since from the problem normality

bT eAT (T−t)e1v ̸= 0; ∀t ∈ [0, T ] and any T ∈ R0+ (= clR0+ = R0+ ∪ {+∞}). See also
Remark 3.4 arguing that the choice of the control parameters according to ρ = λ + 2

µ

leads to a ±1 bang-bang optimal incremental control. Assume that there exist two ex-
tremal incremental controls uo

a, uo
b (̸= uo

a) which steer the state from some given x0 to a
susceptible subpopulation va ∈ ∂PS at T o

a and to vb ∈ ∂PS at T o
b (≤ T o

a ). Then,

uo
a(τ) = −sgn

(
bT eAT (T o

a−t)e1Sa

)
= −sgn

(
qbT eAT (T o

a−t)e1Sa

)
; ∀t ∈ [0, T o

a ]

uo
b(τ) = −sgn

(
bT eAT (T o

b −t)e1Sb

)
= −sgn

(
qbT eAT (T o

b −t)e1Sb

)
; ∀t ∈ [0, T o

b ]

since, q > 0, and since vT
a e−AT o

a va ≥ vT
a e−AT o

b vb, then

eT
1 e−AT o

a e1S
2
a −Sa

∫ T o
a

0

eT
1 e−Aτbuo

a(τ)dτ = eT
1 e−AT o

b e1SaSb −Sa

∫ T o
b

0

eT
1 e−Aτbuo

b(τ)dτ (F1)

and, since (−A) is antistable, this implies that

− Sa

∫ T o
a

0

eT
1 e−Aτbuo

a(τ)dτ

= − Sa

∫ T o
b

0

eT
1 e−Aτbuo

b(τ)dτ + eT
1 Sae

−AT o
b e1

(
SbI4 − eA(T o

b −T o
a)Sa

)
≥ − Sa

∫ T o
b

0

eT
1 e−Aτbuo

b(τ)dτ −
∫ T o

a

0

qSae
T
1 e−Aτbuo

a(τ)dτ

≥ −
∫ T o

b

0

qSae
T
1 e−Aτbuo

b(τ)dτ

(F2)

and hence

−
∫ T o

a

0

qSae
T
1 eA(T 0

a−τ)buo
a(τ)dτ ≥ −

∫ T o
b

0

qSae
T
1 eA(T 0

a−τ)buo
b(τ)dτ (F3)

since T o
b ≤ T o

a , and

−
∫ T o

a

T o
b

qSae
T
1 eA(T 0

a−τ)buo
a(τ)dτ =

∫ T o
a

T o
b

q
∣∣∣Sae

T
1 eA(T 0

a−τ)b
∣∣∣dτ > 0 (F4)

On the other hand, one gets from (F1) that

qS2
a −

∫ T o
a

0

qSae
A(T 0

a−τ)buo
a(τ)dτ −

∫ T o
b

0

qSae
A(T 0

a−τ)buo
a(τ)dτ

= qSaSbe
A(T o

a−T o
b ) −

∫ T o
b

0

qSae
A(T 0

a−τ)buo
b(τ)dτ

(F5)

which contradicts qSaSb ≤ qS2
b , (F3) and (F4), unless So = Sa = Sb ∈ ∂S and T o = T o

a =
T o

b . �


