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ABSTRACT. For discrete-time linear stochastic systems with unknown disturbances, we
consider the optimal filter with disturbance decoupling property and the equation (i.e.,
Riccati equation) which is satisfied by the covariance matrices of the estimation errors of
the filter. In this paper, we assume that the stochastic processes have constant coefficients.
We then prove convergence of the Riccati equation and derive a simple equation (called the
algebraic Riccati equation (ARE)) which is the limit of the Riccati equation under some
conditions similar to those for the Kalman filter. Moreover, we also prove asymptotic
stability of the systems whose optimal gains are determined by the ARE.
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1. Introduction. For discrete-time linear stochastic systems with unknown disturbanc-
es, we consider the optimal filter with disturbance decoupling property. If modeled sys-
tems made by engineers are very accurate representations of real systems, we do not
need to consider systems with unknown inputs. However, most of modeled systems are
not free from modeling errors in practice, and we should often consider systems with
unknown inputs.

In this paper, we are concerned with the optimal filtering problem which investigates
the optimal estimate Z; of state x; at time ¢ with minimum variance based on the ob-
servation Y, of the outputs {yo,v1,...,y:}, i.e., Yy = o{ys,s = 0,1,...,t} (the smallest
o-field generated by {yo,v1,...,y:} (see, e.g., [17], Chapter 4)). The problem of investi-
gating optimal (or sub-optimal) filters for systems with noise and modelling uncertainty
(including unknown disturbances and modelling errors) did not attract enough research
attention up to 1980’s. This is partly due to a lack of techniques for designing optimal
(minimum estimation error variance) filters with disturbance decoupling property for sys-
tems with both noise and unknown disturbances. However, in 1990’s, remarkable progress
has been made in designing optimal filters for stochastic systems with unknown distur-
bances. Darouach et al. [7, 8] proposed optimal observers with unknown input decoupling
property by transforming a standard (time-invariant) system with unknown inputs into
a descriptor (singular) system without unknown inputs. Chang and Hsu [4] also studied
optimal observers with unknown input decoupling property for time-invariant systems.
Hou and Miiller [10] investigated the unknown input decoupled filtering for descriptor
(singular) sytems with unknown inputs. They utilized some transformations to make the
original systems with unknown inputs into descriptor (singular) systems without unknown
inputs. In 1996, Chen and Patton [5] proposed ODDO (Optimal Disturbance Decoupling
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Observer) for time varying systems with both noise and unknown disturbances. Their
ODDO is more straightforward than other works given above and was easily implemented
to robust fault diagnosis problem for jet engine systems. Hou and Patton [12] derived a
new optimal filtering formula for a linear discrete-time stochastic system with unknown
inputs which is slightly different from the stochastic system in this paper. They derived
a filtering formula by a new observer design method (innovations filtering technique) in
[11] for deterministic continuous-time system with unknown inputs. This paper is close-
ly related to the paper by Chen and Patton [5] and is a continuation of the proceeding
papers [26, 27] where the recursive procedure ODDO was modified by the author and his
colleagues as the optimal filter with disturbance decoupling property. Later, this optimal
filter was utilized to derive the optimal smoothers with disturbance decoupling property
in [23, 24]. Moreover, these unknown input decoupled filtering techniques were applied
to some specific problems (see, e.g., [3, 18]).

In this paper, we consider the optimal filter with disturbance decoupling property for
linear stochastic systems with unknown inputs and fundamental properties of the equa-
tion (i.e., Riccati equation) which is satisfied by the covariance matrices of the estimation
errors of the filter. This is the first paper to the author’s knowledge which is mainly
concerned with fundamental properties (e.g., boundedness, monotone convergence and
asymptotic stability) of the Riccati equation for the optimal filter with disturbance de-
coupling property). In Section 2, we review preliminary results and give new formulas
which play important roles in Section 3. In Section 3, assuming that the stochastic pro-
cesses have constant coefficients, we prove convergence of the Riccati equation and derive
a simple equation (called the algebraic Riccati equation (ARE)) which is the limit of the
Riccati equation under some conditions similar to those for the Kalman filter. Moreover,
we also prove asymptotic stability of the systems whose optimal gains are determined by
the ARE. Finally, in Section 4, we apply the optimal filter proposed in Section 2 to an
illustrative example and present the numerical experiments which show that our optimal
filter gives better state estimation compared to the standard Kalman filter for the systems
with unknown inputs.

2. Preliminaries. Consider the following discrete-time linear stochastic system for ¢ =
0,1,2,...

T = Agze + Byug + Eydy + SiGy, (1)
yr = Gy + 1y, (2)
where
. € R" the state vector,

y: € R™  the output vector,
us € R" the known input vector,
d; € R? the unknown input vector.
Suppose that (; and 7, are independent zero mean white noise sequences with covariance
matrices I (the identity matrix) and R;. Let A;, C; and E; be known matrices with
appropriate dimensions.
In [27], we considered the optimal estimate &;.; of the state x;,; which was proposed
by Chen and Patton [5, 6] with the following structure:
Zep1 = Fipr ze + Tipn Brug + Ky, (3)

Tep1 = 2e1 + Hep1Yega, (4)
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fort =0,1,2,.... Here, Z( is chosen to be 2, for a fixed z5. Denote the state estimation
error and its covariance matrix respectively by e, and P,. Namely, we use the notations
e = 1y — &y and P, = E{e;e,7} for t = 0,1,2,.... Here, E denotes expectation and T
denotes transposition of a matrix. We assume in this paper that random variables e,
{m:}, {¢;} are independent. As in [5, 6, 27], we consider state estimate (3) and (4) with
the matrices Fy 1, T;y1, Hyy1 and Ky of the forms:

Koy = Ky + K24,

Ey = Hi1Cia By,

(5
(
Trv1 =1 — Hy1Cy, (
(
(

6

Foo1=A — H (G Ay — Kt1+1Ct, 8
K2, = FiHy. 9

The next lemma on Equality (6) was obtained and used by Chen and Patton [5, 6].
Before stating it, we assume that Fj is a full column rank matrix. Notice that this
assumption is not an essential restriction.

Lemma 2.1. Equality (6) holds if and only if

-3
S N N N N

rank (Cy 1 Ey) = rank (Ey) . (10)

When this condition holds true, matriz Hy 1 which satisfies (6) must have the form

-1
Hisr = B {(ConB)T (Cn )| (Con B (11)
Hence, we have
-1
Ciy1Hi1 = Ci By {(Ct—HEt)T (Ct—l-lEt)} (CoprEr)" (12)
which 1s a non-negative definite symmetric matrix. O
When the matrix K}, has the form

Kl = A, (PtCtT - Hth) (CtPtCtT + Rt)_l ) (13)
A%_,’_l — At — Ht+10t+1At7 (14.)

we obtained the following result (Theorem 2.7 in [27]) on the optimal filtering algorithm
under the next condition which is supposed throughout the paper.

Condition A. The matrices C;H; and R; are commutative, i.e.,
CthRt — RtOth, (15)
O

Proposition 2.1. The optimal gain matrix K}H which makes the variance of the state
estimation error e, 1 minimum is determined by (13). Hence, we obtain the optimal
filtering algorithm:

B = Apy {2+ Ge (ye — Ciie)} + Hepayern + Topa Boug, (16)
Py = A§+1MtA%+1T + 1141508 Ty + Hypr Repi Hin (17)
where
G, = (PG — HiR) (GG + R) (18)
and
M; = P, — G (CiP, — RyH,") . (19)

Here, we note that Hy = O and that Equation (17) is called the Riccati equation. O]
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Remark 2.1. If the matriz R; has the form
Rt = TtI

with some positive number ry for each t = 1,2, ..., then it is obvious to see that condition
(15) holds. O

Here, we remark that the standard Kalman filter is a special case of the optimal filter
proposed in this section (see, e.g., Theorem 5.2 (page 90) in [17]).

Proposition 2.2. Suppose that E; = O holds for all t (i.e., the unknown input term is
zero). Then, Lemma 2.1 cannot be applied directly. However, we can choose Hy = O for
all t in this case, and the optimal filter given in Proposition 2.1 reduces to the standard
Kalman filter. [

The optimal filter proposed in Proposition 2.1 is applied to an illustrative example in
Section 4 to show its effectiveness. The numerical experiments there indicate that our
optimal filter gives better state estimation compared to the standard Kalman filter for
the system with unknown inputs. In the next section, we consider the case where all
coefficient matrices of the system (1)-(2) are independent of time. In this case, we expect
convergence of the matrices { P;} in Proposition 2.1. In fact, we can prove its convergence
under some reasonable conditions in Section 3. As a preparation, we need to rewrite the
Riccati equation (17) since it is somewhat complicated.

First, we note that some matrices are projection matrices which will play important
roles later and can be proved by simple computations (see [23] also).

Lemma 2.2. Matrices C;* H,Y and T,Y = I —C,TH,T are projection matrices which have
the following properties:

(C¢,"H") (¢"H,") = ¢ H,", (20)
(I-C"H")(I-C"H")=1-C"H,", (21)
C"H" (I-C"H") =0, (22)

and moreover
H" (I -C"H") =0. (23)
O

Second, by using the equalities in Lemma 2.2, we can prove the following equalities.

Lemma 2.3. Fort=0,1,2,..., we have
GiRH"=0 and HRG =0. (24)
]

Proof: For ¢t = 0, the equalities obviously hold. For ¢ > 1, we note that P, has the
form

P, =TI\T," + H,R,H," (25)

with some matrix I'; in view of (17). Due to Lemma 3.5 and Remark 3.7 in [27], we have

G.RH," = (P.C,” — HiR,) (C,P.C,T + R) ™ R.H,”
— (RGT = BR) < {HCT (CRGT + R)™
+ (1= HTCT) (CGRCT + )™} Rl
— (PG H" — H,RH)C," (C,RCT +R) ™ RHT
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+(RCT - HiR) (CGRCT + R) " (I - HTCT)RHT.  (26)
Noting that
rcta’ - H,RH" =T, 0T, "H" + H.RH"C H" — HRH" =0
holds due to (22), (23) and (25) and that
(I-H'C")RH"=R (I-H'C")H" =0

holds due to (23), we have that the right hand side of (26) is equal to O. By taking matrix
transposition, we can obtain the second equality from the first one. O
Then, we can obtain the following simplified form of the Riccati equation (17).

Proposition 2.3. Fort=0,1,2,..., we have
M, = (I — G:C,) P, (I — G,C)T + G, R,G,T (27)
and the Riccati equation
Py = ALy MALL + To1SiS  Ton™ + Hest Reyi Hed
= AL, (I -GG P (I -G ALy + AL GRGTAL,"
+ 1808 Tram + Hip R He ™ (28)

Proof: We have
(I —G,C) P, (I —G,C)" +GRG,T
= P, — G,C,P, — PC,"G" + G,CPC G + G,RG,"
=P -Gy (PtCtT - Hth)T - (PtCtT - Hth) G" + Gy (CtPtCtT + Rt) G"
- GRH," — HR,G,"
= P, — (RC" — HR,) (C,RC" + Rt>_1 (C.h — RH,") — G,RH," — HR,G,"
- M, - G,RH,” — H,R,G,". (29)
It then follows from Lemma 2.3 that Equality (28) holds. O

3. Stochastic Systems with Constant Coefficients. In this section, we consider the
case where all coefficient matrices of the system (1)-(2) are independent of time. In this
case, we can prove that the sequence of matrices {P,} in Proposition 2.1 converges to a
matrix P as ¢t — oo. Then, by solving the matrix equation of P derived from the Riccati
equation (17), we can easily obtain the optimal filter by using P without solving (17) one
by one. The following proofs in this section were inspired by those for the Kalman filter
by Hewer [9] and Katayama [17].

From now on, we consider the following discrete-time linear stochastic system with
constant coefficients for t =0,1,2,.. .:

Tiy1 = Axy + Bu+ Ed + S¢, (30)
yr = Cog + . (31)
Namely, the matrices A;, B;, Cy, Ey, S;, R; and the vectors u; and d; do not depend on ¢
and so the suffix ¢ is dropped. We also drop the suffix ¢ from Hy, T; and A}. ¢; and 7; are

supposed to be independent zero mean white noise sequences with covariance matrices 1
(the identity matrix) and R. However, P,, K;, F;, G; and M, still depend on ¢.
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In order to prove convergence of the sequence {F;}, we need some lemmas. For a real
number « (with 0 < o < 1) and a symmetric matrix U, we set

o(U) = A{U — (UC" — aHR) (CUC" + R) ™ (CU — aRH") } (4")"
+TSS™T" + HRH". (32)
)

Then, it is easy to observe that the sequence {P;} defined by (17) satisfies P, = ®(P,
with « = 0 and P,y = ®(F;) with a = 1 for ¢ > 1. We can prove monotonicity of { P}
as follows.

Lemma 3.1. If the matrices ()1 and Qo are both non-negative definite and symmetric
Proof: To prove this lemma, we use the formula on the matrix-valued function V'(s)
do v,y -1 d -1
dsv (s)=—=V"(s) [dSV(s)] V7(s).

Denoting U(s) = Q1 + s(Q2 — 1), we have

B(Q) = 9(Q) = [ TV

— Al { /0 1 {%U@) - (%U(s)) CT (CUCT + R)™" (CU — aRHT)

+(UCT —aHR) (CUCT +R)™' C (%U(s)) cT (cucT + R)™

x (CU —aRH") — (UCT — aHR) (CUCT + R)™' C (%U(s)) } ds} (ay”

— Al Uﬂl {(@:- Q) - (@ - Q)" (cuc™ + R)™ (CU — aRH")

1

+(UCT —aHR) (CUCT + R) ™' C(Q, — Q1) CT (CUCT + R)~

x (CU —aRH") — (UCT — aHR) (CUCT + R) ™ C (Qs — Q1) } ds} (Aay”

— A Uol {(1- (U™ —arR) (CUC" + R) ™ C) (Q2 - Q1)

T

x (1-c"(cuc” + R)™ (CU - arHT)) | ds] (A1)

=t [ Wi @ @owisas| ()7 o

where
W(s) = I — (U(s)CT — aHR) (CU(s)C" + R)™" C.

L]
Let us choose Py = O. Then, we have P, = ®(Py) = TSSTTT + HRHT > O. It then
follows from Lemma 3.1 that P, = ®(P;) > ®(F,) = P;. Thus, we have the monotonicity

P(=0)<P <P <P<--. (33)

We now give two definitions to discuss convergence of the sequence of matrices {F;}.
(AL, S) is said to be stabilizable iff there is a matrix L such that A'+ SL is asymptotically
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stable. (C, A') is said to be detectable iff there is a matrix L such that A' + LC is
asymptotically stable.

Lemma 3.2. If (C, A') is detectable, then the sequence of matrices {P;} is bounded for
any initial matriz Py > O. O

_ Proof: Since (C, A') is detectable, there exists a matrix L € R" x R™ such that
A = Al — LC is asymptotically stable. Instead of the dynamical system (16), we consider
the following filter by substituting L into A'G,

F101 = (A" = LC) & + Ly, + Hypy1 + TBu

= (A" = LC) & + L(Cxy + ny) + H (Cxyg1 + Miy1) + TBu

=(A-HCA—-LC)# + LCxy+ Ly + HC (Axy + Ed + S(;) + Hyy + T Bu
with #og = Zo. Hence, we have

Ty — B = (A—HCA - LC) (v — %) + (I — HC)Ed+ (I — HC) S¢;

+(I—HC—-T)Bu— Ly, — Hny 4
=(A—HCA—-LC) (2 — Z4) + TSG — Ly — Hnyyq.
Using the notations & := z; — iy, P, := E {éel'}, we have
Py = APAT + LRLT + HRHT + TSS™TT + AHRL" + LRHT A" (34)

with Py = ¥y due to Lemma 1.1 in [26]. It then follows from Py =Y, = P, that

t—1
P, = A'So(A")' + Y A* (LRL™ + HRH" + TSS"T" + AHRL"

l

k=0
+ LRHTAT) (AT)", (35)
Since P, is identical to P, (the optimal covariance matrix) when we choose L = A'G,, we

note that P, < P,. Due to asymptotic stability of A, the right hand side of (35) converges
as t — oo. Hence, we have

P, <o+ A"(LRL' + HRHT + TSSTTT + AHRL” + LRH" AT) (AT)" < o0
k=0
and boundedness of {F;}. O
In view of (33) and Lemma 3.2, we can obtain the following convergence results of the
sequence { P, }.

Theorem 3.1. Suppose that (C,A") is detectable and that Py = O. Then, the solution
P, of (17) converges to the non-negative definite matrix P as t — oo and P satisfies the
equation

p=Al {P — (PCT — HR) (CPCT + R)™" (CP - RHT)} (A"

+TSSTTT + HRH” (36)
which is called algebraic Riccati equation (ARE). Moreover, using the definitions
G := (PCT — HR) (CPC” + R) ", (37)
M:=P-G(CP—-RH"), (38)
we also have - -
Gy — G, M, — M (as t — o0)

where Gy and M, are defined in Proposition 2.1. O
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Proof: Since {P;} is bounded above, there exists a positive definite matrix W such
that the inequalities

0<vlPo<oIWo

hold for any n-vector v. Let us choose v =[0... 010 ... 0]7 with 1 being placed at the
1th component. Setting P, = (pij(t)), we have

v P = pi ) — py (as ¢ — o0)

for some non-negative number p;; since the sequence pi,;(t) is a non-negative monotonic
non-decreasing and bounded sequence. Next, choosing v = [0---010---010 --- 0]"
with two 1’s being placed at the ith and jth components, we have

v P = pi + pi + 0¥ + pi 0 = pi + 205 + pj;Y — ¢ (as t — o0)
for some non-negative number ¢. Noticing that p;() — p;;, we have

1
pi" — B (¢ — pii — pjj) (as t — 00)

Thus, we have P, — P for some non-negative and symmetric matrix P since P; is non-

negative and symmetric. The rest of the conclusions immediately follow from this. m

Remark 3.1. In view of Lemma 2.3 and Proposition 2.3, we have the following forms of
ARE:

P —a"{(1-GC) P(I-GC)" + GRG" + GRH™ + HRG™ } (4)"
+TSS™T" + HRHT, (39)
P = A {(1-GC)P(I-GC)" +GRG"} (A" + TSS"T" + HRH".  (40)
0

We now turn to discuss some basic properties of the solutions of ARE. In order to show
its uniqueness, we need the following simple formula which can be shown by a simple
computation.

Lemma 3.3. Using the notation v defined by
Y(P,G) = (I —GC)P (I —GC)" + GRGT + GRH"T + HRG",
we have
¥ (PM,GM) — 4 (PP, G?) = (I - GNC) (PO — P@) (T - G(nc)T
+(GW — G@) (CPDCT + R) (GM -G (41)

1

where G = (POCT — HR) (CPYCT + R) . O
For a solution P of ARE, we put G = (PCT — HR) (CPCT + R)_1 and call P a

stabilizing solution of ARE if A := AYI — GC) is asymptotically stable.

Theorem 3.2. Suppose that (A, S) is stabilizable and (C, A') is detectable. Then, there

exists a unique non-negative definite solution P of ARE (i.e., Equation (36)). Moreover,
P is a stabilizing solution of ARE. 0

Proof: Existence of a non-negative definite solution of ARE has been shown in Theo-
rem 3.1 (i.e., P in that theorem). From now on, we use the notation P instead of P. We
similarly use the notations G' and M respectively instead of G and M.
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We now prove asymptotic stability of the matrix A= AYI — GCO) in a similar way
to the case of the Kalman filter. Suppose that A'(I — GC') is not asymptotically stable.
Then, there exist v € C" and A € C(]A\| > 1) such that

(I —GO)T (AN 0 = Mo (42)
Since P is a solution of ARE, we have
P=A"{(I-GC)P(I —GC)" + GRG"} (A" +TSS"T" + HRH”.  (43)
By virtue of (42) and (43), the equality
(1- |)\|2) v*Pv = v*A'GRGT (Al)Tv +v*TSSTT "y + v*HRH v (44)

holds. Here, v* denotes the complex conjugate of the transpose of the vector v. In view
of [\| > 1 and R > O, we have

v*A'G =0, v'TS=0 and v*H =0.
Notice that the last two equalities imply
STo=S"(T"s+ C"H"v) =0,
where v is the complex conjugate of v. From these equalities and (42), we have
v Al =\t 0tS =0, |\ >1.

This means that (A',S) is not stabilizable. This contradicts our assumption. Thus, A=
AY(I — GC) is asymptotically stable.

Next, we prove uniqueness of the solutions of ARE. Let P and P® be two non-
negative definite solutions of ARE. Then, the equality

PO = Aty (PO, GD) (AN + TSSTTT + HRH”
holds, where G = (P(i)CT — HR) (C’P(i)CT +R)_1, 1 = 1,2. It then follows from
Lemma 3.3 that the equality
P _ p2 — gt {w (p(l)’ G(l)) — (p(2)’ G(Q))} (Al)T
— AN (I - GNC) (PO — PO (1—cOe)" (A"
+ AV (GY — G2 (CPACT + R) (GO — G®)" (a)”

holds. Since asymptotic stability of A=Al ([ — G(l)C’) follows from the first part of
Proof, we have the equality

ph _ p@ _ i;{wp (G(l) _ G(2)) (CP(2)CT + R) (G(l) _ G(2)>T (Al)T <A“T>k
k=0

Thus, we have PO — P@ > O. Since we can exchange the indexes 1 and 2 and A=
A (I — GPQ) is asymptotically stable, we have P — P > O also. Hence, we have
P — P = 0. Namely, the solution of ARE is unique. O]

In the next theorem, we prove the convergence results of the sequence {P;} for any
Py(> O) instead of Py = O in Theorem 3.1.

Theorem 3.3. Suppose that (A',S) is stabilizable and (C, A') is detectable. Then, for
any Py > 0, the sequence {P;} given by (17) converges to P (the solution of ARE (i.e.,

Equation (36)). Moreover, P is a unique non-negative definite stabilizing solution of ARE.
O]
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Proof: Let {P;} be the solution of the Riccati equation (17) with Py = O. Then, due
to Theorem 3.1 and Theorem 3.2, we have that tlim P, = P. We denote by P, the solution
—00

of the Riccati equation (17) with any P, satisfying Py > O. Namely, we suppose that )
is an arbitrary non-negative definite matrix (see Remark 3.2). We will prove tlim P =P.
—00

Since P, and P, are solutions of the Riccati equation (17), we have by Lemma 3.3
~ ~ - T
Pip1 — Py = A {¢<H,Gt) —¥(h, Gt)} <Al)
= A (1-Go) (P -R)(1- étc>T(A1)T
+A1(Gy = Gy) (CRCT + R) (G - Gt>T(A1>T, (45)
where Gy = (P.CT — HR) (CPCT + R) -

Notice that ﬁo > O (= the initial matrix of { P;}). Suppose that P; < f’l, e P < P,
Then, (45) implies that P,y 1 < P, ;. Thus, we obtain

P<P, t=01,.... (46)
Since {ﬁt} is monotone non-decreasing (Lemma 3.1) and bounded (Lemma 3.2), we have
P, — P (as t — 00), where P is a solution of the ARE (36).
- - - -1
Next, we choose L = A'G = Al (PCT - HR) (C’PCT + R) as the asymptotically
stable filter in Lemma 3.2. Defining the matrix A by A=A <I — éC’), the error
covariance matrix P by this filter can be written as
t—1
e e Nt - o T T - ~
P = A'P, (AT> +3 Ak{AlcRGT (Al) + AHRG" (A1> + A'GRHT AT
k=0
Nk
+TSSTTT + HRHT} (7).
k

_ Ah, (ZLT)t n ti Ak {AléRéT <A1)T +TSSTTT 4 HRHT} (ZT) (47)
k=0

Since this gain A'G does not minimize the error covariance matrix, we have P, < f’t
Notice that A is asymptotically stable due to Theorem 3.2. By letting t — oo, we have

lim P, = > A {A'GRGT(4")" + TSSTT" + HRH | (A7)",

t—o0
k=0
where the right hand side is a solution of the ARE (39). Thus, from (46), we obtain
P=1lmP < limﬁtg limﬁt:P.
t—o0 t—o0 t—o00
Hence, we have proved tlim ﬁt = P. O
—00

Remark 3.2. In view of Lemma 3.1, we suppose that Py in Theorem 3.3 (and ﬁo in its
proof) need to satisfy 0 < Py < P (and 0 < Py < P). O
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4. Numerical Simulation. We applied the optimal filtering algorithm given in Section 2
and the (standard) Kalman filter to a simple example and compared the results. We
consider the discrete-time model of a simplified longitudinal flight control system given
in Chen and Patton [5]:

Tip1 = Ay + Byuy + Evdy + Si(y, (48)
Yo = Cory + 1y, (49)

where the state variables  are normal velocity 7,, pitch angle §, and pitch rate w,, i.e.,

r = [ny,wz,éz]T. And the control input wu; is elevator control signal. Here, the system
matrices are

[ 0.9944 —0.1203 —0.4302 |
A, = | 0.0017 0.9902 —0.0747 |,
0 0.8187 0

0.4252 1 0]
By=1] —00082 |, E=1]0 1],
0.1813 0 0 |

and Cy = I3x3. The matrices related to the noise sequences are: S; = diag{0.1,0.1,0.01}
and R; = 0.12I3,3. In this case, we can easily observe that (A!, S) is stabilizable and
(C, A') is detectable. The term Eyd; is used to represent the parameter perturbation in
matrices A; and By:

o . Aan Aa12 Aalg Abl
Et = AAtl't + ABtUt =F { |: Aa21 Aa22 Aa23 :| T + |: :| Ut} s

where Aq;; and Ab; (i = 1,2; j = 1,2,3) are perturbations in aerodynamic and control
coefficients. We consider these terms as unknown disturbances which should be decoupled
from the state estimation using the method given in Section 2. In the simulation, the
aerodynamic coefficients are perturbed by £50%), i.e., Aa;; = —0.5a;; and Ab; = 0.5;.

The stochastic system (48)-(49) is obviously detectable and stabilizable. The initial
state of system (48) is given by 2(0) = [0, 0,0]", and the known input is given by u(t) = 10.
We set 79 = [0,0,0]" and Py = 0.12]5,5.

The simulation results by the standard Kalman filter (not disturbance decoupled) for
1 <t <100 are shown in Figure 1. While 1(a) depicts the trajectory of stochastic system
(48), the trajectory of the state estimate Z; by the Kalman filter is shown in 1(b) and the
absolute value of the estimation error #; — x; is shown in 1(c).

The simulation results by the optimal filter with disturbance decoupling property given
in Section 2 are shown in Figure 2. While 2(a) depicts the trajectory of stochastic system
(48), the trajectory of the state estimate Z; by the optimal filter in Section 2 is shown in
2(b) and the absolute value of the estimation error #; — z; is shown in 2(c).

It can be seen from Figures 1 and 2 that the optimal filter proposed in Section 2 works
better than the standard Kalman filter for the simple stochastic system with unknown
inputs given above.

5. Conclusion. In this paper, we considered discrete-time linear stochastic systems with
unknown inputs (or disturbances) and discussed the optimal filter with disturbance decou-
pling property and fundamental properties of the equation (i.e., Riccati equation) which
the covariance matrices of the estimation errors of the filter satisfy. Assuming that the
stochastic processes have constant coefficients, we proved convergence of the Riccati equa-
tion and derived a simple equation (called the algebraic Riccati equation (ARE)) which
is the limit of the Riccati equation. Moreover, we also proved asymptotic stability of the
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systems whose optimal gains are determined by the ARE. Finally, one of the interesting
future research directions will be to find out the rate of the convergence P, — P ast — oo.

15 " 15

0 50 100 0 50 100

(a) State dynamics (b) State estimation

(c) Estimation error

FIGURE 1. Simulation result via Kalman filter

15 T 15

0 50 100 0 50 100

(a) State dynamics (b) State estimation

(c) Estimation error

FIGURE 2. Simulation result via the filter in Section 2
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