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Abstract. In recent years, general type-2 fuzzy logic systems (GT2 FLSs) have become
a hot topic in current academic research. The block of type-reduction (TR) under the
guidance of inference plays the central role for T2 FLSs. In early times, the TR algo-
rithms are developed resort to calculating the centroid of interval type-2 fuzzy sets (IT2
FSs). Generally speaking, the computational intensive enhanced Karnik-Mendel (EKM)
algorithms are the standard way to perform the centroid TR of interval type-2 fuzzy logic
systems (IT2 FLSs). Based on the α-planes representation theory of general type-2 fuzzy
sets (GT2 FSs), this paper introduces the improved EKM (IEKM) algorithms to perform
the centroid TR of GT2 FLSs. Two computer simulation examples are used to illustrate
and analyze the performances of IEKM algorithms. Compared with the most commonly
used EKM algorithms, the IEKM algorithms have faster computation speed without loos-
ing calculation accuracy, which provides the potential value for designing and applying
T2 FLSs.
Keywords: General type-2 fuzzy logic systems, Alpha-planes, Enhanced Karnik-Mendel
algorithms, Improved EKM algorithms, Computer simulation

1. Introduction. As we all know, the membership grades of T2 FSs are themselves T1
FSs. As the design degrees of freedom increases, T2 FSs have the potential to outper-
form their T1 counterparts on modeling and dealing with uncertainties. T2 FLSs can be
considered as a type of expert systems based on fuzzy rules. IT2 FLSs have been suc-
cessfully applied to many areas with high uncertainty and nonlinearity like power systems
[1,2], financial systems [3,4], permanent magnetic drive [5,6], autonomous mobile robots
[7], medical systems [8], pattern recognition systems [9], and database and information
systems [10]. GT2 FSs can be considered as higher order uncertainty models than IT2
FSs. Therefore, it is difficult to design and apply the computational complexity GT2
FLSs. Until recent years, studying on GT2 FLSs [11,12] has become a hot topic as the
development of α-planes or z-slices representation of GT2 FSs. GT2 FLSs [13-17] have
been gradually applied to some areas.

In general, T2 FLSs are composed of five blocks as fuzzifier, rules, inference [18], type-
reduction and defuzzification. Among them, the type-reduction (TR) under the guidance
of inference is a central block, which has the function of transforming T2 FS to T1 FS.
Naturally, GT2 FLSs use GT2 FSs. As the secondary membership grades of GT2 FSs lie
between 0 and 1, GT2 FSs can measure the uncertainties of membership functions (MFs)
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uniformly. Recent studies show that GT2 FLSs [13,15,17,19] outperform their T1 and
IT2 counterparts on some fields.
The traditional and popular Karnik-Mendel (KM) algorithms [20,21] were developed

based on calculating the centroids of IT2 FSs. Then the monotonicity and super conver-
gence properties [22] of KM algorithms were proved by Mendel and Liu. Because the KM
algorithms need two to six iterations to stop, Wu and Mendel developed the enhanced
version of KM (EKM) algorithms [23] to reduce the computational cost. The simulation
results show that the EKM algorithms can save about two iterations compared with the
KM algorithms. However, for the EKM algorithms, there still exist defects for seeking the
switching points. In order to improve the computation efficiency, Wang et al. proposed
the improved EKM (IEKM) algorithms [24] for solving the centroid of IT2 FSs. These
TR algorithms of IT2 FSs or IT2 FLSs have laid some foundations for studying the TR
of GT2 FLSs.
Based on the α-planes representation of GT2 FSs, this paper extends the IEKM algo-

rithms to perform the centroid TR of GT2 FLSs. Furthermore, the blocks of inference, TR
and defuzzification are also discussed. Two simulation examples are provided to illustrate
and analyze the performances of IEKM algorithms compared with the EKM algorithms.
As for computing the centroid left endpoints of GT2 FLSs, the results show that the
IEKM algorithms are computationally faster without loosing the calculation accuracy.
The rest of the paper is organized as follows. Section 2 briefly introduces the GT2

FLSs. Section 3 gives the IEKM algorithms for performing the centroid TR of GT2 FLSs.
Section 4 provides two simulation examples, compares and analyzes the performances of
IEKM algorithms and EKM algorithms. Finally, Section 5 gives the conclusions.

2. GT2 FLSs. Generally speaking, GT2 FLSs can be divided into two types from the
aspect of structure. And they are Mamdani type [4,11,25] and Takagi Sugeno Kang (TSK)
type [2,6,13,15]. Here we only focus on the Mamdani type. Without loss of generality,
suppose that a Mamdani GT2 FLS has n inputs x1 ∈ X1, . . . , xn ∈ Xn, and one output
y ∈ Y , the system can be characterized by N fuzzy rules, where the sth rule is of the
form:

If x1 is F̃ s
1 and . . . and xn is F̃ s

n, then y is G̃s (s = 1, . . . , N) (1)

The process of inference [18,26] is as follows.
In order to simplify the expressions, here we adopt the singleton fuzzifier [11], i.e., as

xi = x′
i, only the vertical slice [12,27,28] (or secondary MF) F̃ s

i (x
′
i) of GT2 FS F̃ s

i is
activated, and its α-cut decomposition is as:

F̃ s
i (x

′
i) = sup

∀α∈[0,1]
α
/ [

asi,α(x
′
i), b

s
i,α(x

′
i)
]

(2)

For each fuzzy rule, we first calculate the firing interval at the α-level as:

Fα :


F s
α(x

′) ≡
[
f s

α
(x′), f

s

α(x
′)
]

f s

α
(x′) ≡ T n

i=1a
s
i,α(x

′
i)

f
s

α(x
′) ≡ T n

i=1b
s
i,α(x

′
i)

(3)

where T represents the product or minimum operation.
At the corresponding α-level, let the α-plane (or horizontal slice) of consequent GT2

FS G̃s be G̃s
α, i.e.,

G̃s
α =

∫
∀y∈Y

G̃s
α(y)/y =

∫
∀y∈Y

[
gsL,α(y), g

s
R,α(y)

]
/y (4)
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Then merge the firing interval of each fuzzy rule with the related α-plane G̃s
α of conse-

quent to obtain the firing rule α-plane B̃s
α, i.e.,

B̃s
α :


FOU

(
B̃s

α

)
=

[
µ
B̃s

α
(y|x′), µB̃s

α
(y|x′)

]
µ
B̃s

α
(y|x′) = f s

α
(x′) ∗ gsL,α(y)

µB̃s
α
(y|x′) = f

s

α(x
′) ∗ gsR,α(y)

(5)

Next we aggregate all the B̃s
α (s = 1, . . . , N) to get the output α-plane B̃α, i.e.,

B̃α :


FOU

(
B̃α

)
=

[
µ
B̃α

(y|x′), µB̃α
(y|x′)

]
µ
B̃α

(y|x′) = µ
B̃1

α
(y|x′) ∨ · · · ∨ µ

B̃N
α
(y|x′)

µB̃α
(y|x′) = µB̃1

α
(y|x′) ∨ · · · ∨ µB̃N

α
(y|x′)

(6)

In order to obtain the type-reduced set YC,α(x
′) at the α-level, we compute the centroid

[11,12,29] for B̃α, i.e.,

YC,α(x
′) = CB̃α

(x′) = α/
[
lB̃α

(x′), rB̃α
(x′)

]
(7)

lB̃α
(x′) = min

µ
B̃α

(yi)∈
[
µ
B̃α

(yi),µB̃α
(yi)

]
∑M

i=1 yiµR
B̃α
(yi)∑M

i=1 µR
B̃α
(yi)

(8)

rB̃α
(x′) = max

µ
B̃α

(yi)∈
[
µ
B̃α

(yi),µB̃α
(yi)

]
∑M

i=1 yiµR
B̃α
(yi)∑M

i=1 µR
B̃α
(yi)

(9)

Finally, aggregate all the α-planes YC,α to construct the T1 FS YC , i.e.,

YC = sup
∀α∈[0,1]

α/YC,α(x
′) (10)

In the practical computations, suppose that the number α-planes be m, then the value
of α can be uniformly decomposed to α1, α2, . . . , αm, and the output of GT2 FLSs is as:

y(x′) =
m∑
i=1

αi

[(
lB̃αi

(x′) + rB̃αi
(x′)

)/
2
]/ m∑

i=1

αi (11)

Equation (11) was first proposed by Wagner and Hagras [12], which can be called as the
average of endpoints defuzzification method. Then we extend the IEKM algorithms to
perform the TR of GT2 FLSs in the next section.

3. IEKM Algorithms. In order to give the IEKM algorithms, we first introduce the

EKM algorithms [23,29]. For the IT2 RB̃α
at the α-level, here RB̃α

= α/B̃α, the two
endpoints of centroid interval lB̃α

and rB̃α
can be computed as:

lB̃α
=

∑k
i=1 yiµR

B̃α
(yi) +

∑M
i=k+1 yiµR

B̃α

(yi)∑k
i=1 µR

B̃α
(yi) +

∑M
i=k+1 µR

B̃α

(yi)
(12)

rB̃α
=

∑k
i=1 yiµR

B̃α

(yi) +
∑M

i=k+1 yiµR
B̃α
(yi)∑k

i=1 µR
B̃α

(yi) +
∑M

i=k+1 µR
B̃α
(yi)

(13)

The EKM algorithms improve the KM algorithms in three ways: 1) a better initial-
ization is adopted; 2) an unnecessary iteration is cancelled by altering the termination
condition of the iterations; 3) according to a subtle calculation technique, the computa-
tional cost of each algorithm’s iterations is reduced.



1676 Y. CHEN

However, the EKM algorithms always search for the points k′ start from 1 up from the
bottom. This makes the computation times comparatively long. In addition, the initial-
ization of EKM algorithms is still not perfect. For the initialization of EKM algorithms,
[M/2.4] denotes the largest integer that is not greater than M/2.4, but this is not in
accordance with the integer that is closest to M/2.4 as stated in EKM algorithms. There-
fore, the IEKM algorithms improve both the initialization condition and the approach of
seeking for the switch points. They make use of the properties of IT2 FSs [24], and realize
the aim of searching both upward and downward to reduce the computation comparing
times.
Here we expand the IEKM algorithms to perform the centroid TR of GT2 FLSs based

on the α-planes representation of GT2 FS. The IEKM algorithms change the initialization
of left and right endpoints of EKM algorithms in such ways:

k = Round(M/2.4), k = Round(M/1.7) (14)

where Round denotes the round up or down operation, and this will guarantee the initial
value to be the only one.

Property 3.1. For a positive integer k, if yk > lB̃α
(k), then k > L.

Property 3.2. For a positive integer k, if yk+1 ≤ lB̃α
(k), then k < L.

Property 3.3. For a positive integer k, if yk > rB̃α
(k), then k > R.

Property 3.4. For a positive integer k, if yk+1 ≤ rB̃α
(k), then k < R.

All above four properties have been proved in [24].
Next we give the explanations for the IEKM algorithms.
1) For the left endpoint lB̃α

, we first set the initial value k. In order to reduce the
computation time, comparing the current lB̃α

with yk and yk+1 while searching for the
k′. Therefore, there exist three conditions as: À yk > lB̃α

(k); Á yk+1 ≤ lB̃α
(k); Â

yk ≤ lB̃α
(k) < yk+1. Then we discuss as follows.

À When yk > lB̃α
(k), according to Property 3.1, k > L. Then we judge the relations

between the current value lB̃α
(k) and yRound(k/2) and yRound(k/2)+1. There may be three

conditions as: i) yRound(k/2) > lB̃α
(k); ii) yRound(k/2)+1 ≤ lB̃α

(k); and iii) yRound(k/2) ≤
lB̃α

(k) < yRound(k/2)+1.
i) When yRound(k/2) > lB̃α

(k), the k′ that satisfies yk′ ≤ lB̃α
(k) < yk′+1 is searching

downward from Round(k/2)− 1 to 1.
ii) When yRound(k/2)+1 ≤ lB̃α

(k), the k′ that satisfies yk′ ≤ lB̃α
(k) < yk′+1 is searching

upward from Round(k/2) + 1 to k − 1.
iii) When yRound(k/2) ≤ lB̃α

(k) < yRound(k/2)+1, L = Round(k/2).
Á When yk+1 ≤ lB̃α

(k), according to Property 3.2, k < L. Then we judge the relations
between the current value lB̃α

(k) and yRound((k+M)/2) and xRound((k+M)/2)+1. There may
be three conditions as: i) yRound((k+M)/2) > lB̃α

(k); ii) yRound((k+M)/2)+1 ≤ lB̃α
(k); and iii)

yRound((k+M)/2) ≤ lB̃α
(k) < yRound((k+M)/2)+1.

i) When yRound((k+M)/2) > lB̃α
(k), the k′ that satisfies yk′ ≤ lB̃α

(k) < yk′+1 is searching
downward from Round((k +M)/2)− 1 to k + 1.
ii) When yRound((k+M)/2)+1 ≤ lB̃α

(k), the k′ that satisfies yk′ ≤ lB̃α
(k) < yk′+1 is searching

upward from Round((k +M)/2) + 1 to M − 1.
iii) When yRound((k+M)/2) ≤ lB̃α

(k) < yRound((k+M)/2)+1, L = Round((k +M)/2).
Â When yk ≤ lB̃α

(k) < yk+1, L = k.
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2) For the right endpoint rB̃α
, we first set the initial value k. Compare the current

value of rB̃α
(k) with yk and yk+1 while searching for the k′. Therefore, there exist three

conditions as: À yk > rB̃α
(k); Á yk+1 ≤ rB̃α

(k); and Â yk ≤ rB̃α
(k) < yk+1.

À When yk > rB̃α
(k), according to Property 3.3, k > R. Then we judge the relations

between the current value rB̃α
(k) and yRound(k/2) and yRound(k/2)+1. There may be three

conditions as: i) yRound(k/2) > rB̃α
(k); ii) yRound(k/2)+1 ≤ rB̃α

(k); and iii) yRound(k/2) ≤
rB̃α

(k) < yRound(k/2)+1.
i) When yRound(k/2) > rB̃α

(k), the k′ that satisfies yk′ ≤ rB̃α
(k) < yk′+1 is searching

downward from Round(k/2)− 1 to 1.
ii) When yRound(k/2)+1 ≤ rB̃α

(k), the k′ that satisfies yk′ ≤ rB̃α
(k) < yk′+1 is searching

upward from Round(k/2) + 1 to k − 1.
iii) When yRound(k/2) ≤ rB̃α

(k) < yRound(k/2)+1, R = Round(k/2).
Á When yk+1 ≤ rB̃α

(k), according to Property 3.4, k < R. Then we judge the relations
between the current value rB̃α

(k) and yRound((k+M)/2) and yRound((k+M)/2)+1. There may
be three conditions as: i) yRound((k+M)/2) > rB̃α

(k); ii) yRound((k+M)/2)+1 ≤ rB̃α
(k); and iii)

yRound((k+M)/2) ≤ rB̃α
(k) < yRound((k+M)/2)+1.

i) When yRound((k+M)/2) > rB̃α
(k), the k′ that satisfies yk′ ≤ rB̃α

(k) < yk′+1 is searching
downward from Round((k +M)/2)− 1 to k + 1.

ii) When yRound((k+M)/2)+1 ≤ rB̃α
(k), the k′ that satisfies yk′ ≤ rB̃α

(k) < yk′+1 is search-
ing upward from Round((k +M)/2) + 1 to M − 1.

iii) When yRound((k+M)/2) ≤ rB̃α
(k) < yRound((k+M)/2)+1, R = Round((k +M)/2).

Â When yk ≤ rB̃α
(k) < yk+1, R = k.

The specific steps for the IEKM algorithms to compute the centroid endpoints of an
IT2 FS are as follows.

IEKM algorithms to compute lB̃α
:

1) Initialize k = Round(M/2.4), compute a =
∑k

i=1 yiµR
B̃α
(yi) +

∑M
i=k+1 yiµR

B̃α

(yi),

b =
∑k

i=1 µR
B̃α
(yi) +

∑M
i=k+1 µR

B̃α

(yi), c
′ = a/b.

2) i) When yk > a/b and yRound(k/2) > a/b, find k′ ∈ [1,Round(k/2) − 1] satisfies
yk′ ≤ c′ < yk′+1; ii) when yk > a/b and yRound(k/2)+1 ≤ a/b, find k′ ∈ [Round(k/2) +
1, k − 1] satisfies yk′ ≤ c′ < yk′+1; iii) when yk > a/b and yRound(k/2) ≤ c′ < yRound(k/2)+1,
set c′ = lB̃α

, L = Round(k/2); iv) when yk+1 ≤ a/b and yRound((k+M)/2) > a/b, find
k′ ∈ [k + 1,Round((k + M)/2) − 1] satisfies yk′ ≤ c′ < yk′+1; v) when yk+1 ≤ a/b and
yRound((k+M)/2)+1 ≤ a/b, find k′ ∈ [Round((k + M)/2) + 1,M − 1] satisfies yk′ ≤ c′ <
yk′+1; vi) when yk+1 ≤ a/b and yRound((k+M)/2) ≤ c′ < yRound((k+M)/2)+1, set c′ = lB̃α

,
L = Round((k +M)/2).

3) Check if k′ = k, if yes, stop and set c′ = lB̃α
, k = L; if no, turn to the next.

4) Compute s = sign(k′ − k), a′ = a +
∑max(k′,k)

i=min(k′,k)+1 yi

[
µR

B̃α
(yi)− µ

R
B̃α

(yi)

]
, b′ =

b+
∑max(k′,k)

i=min(k′,k)+1

[
µR

B̃α
(yi)− µ

R
B̃α

(yi)

]
, c′′ = a′/b′.

5) Set c′ = c′′, a = a′, b = b′, and k = k′.
6) Find k′ such that yk′ ≤ c′ < yk′+1 (it is searching start from k downward to 1), check

if k′ = k, if yes, stop and set c′ = lB̃α
, k = L; if no, turn to the next step.

7) Compute s = sign(k′ − k), a′ = a −
∑k

i=k′+1 yi

[
µR

B̃α
(yi)− µ

R
B̃α

(yi)

]
, b′ = b −∑k

i=k′+1

[
µR

B̃α
(yi)− µ

R
B̃α

(yi)

]
, c′′ = a′/b′, and return to step 5.
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It is very similar to compute rB̃α
. Except for: in 1), k = Round(M/1.7), a =∑k

i=1 yiµR
B̃α

(yi) +
∑M

i=k+1 yiµR
B̃α
(yi), b =

∑k
i=1 µR

B̃α

(yi) +
∑M

i=k+1 µR
B̃α
(yi); in 4), a′ =

a−
∑max(k′,k)

i=min(k′,k)+1 yi

[
µR

B̃α
(yi)− µ

R
B̃α

(yi)

]
, b′ = b−

∑max(k′,k)
i=min(k′,k)+1

[
µR

B̃α
(yi)− µ

R
B̃α

(yi)

]
,

and in 7) a′ = a−
∑k′

i=k+1 yi

[
µR

B̃α
(yi)− µ

R
B̃α

(yi)

]
, b′ = b−

∑k′

i=k+1

[
µR

B̃α
(yi)− µ

R
B̃α

(yi)

]
.

Finally, we summarize the five steps about performing the centroid TR and defuzzifi-
cation of GT2 FLSs by the EKM and IEKM algorithms.
1) According to the fuzzy reasoning, by weighing or merging all fuzzy rules, find the

centroid output GT2 FS B̃.
2) Break the α into 0, 1/∆, . . . , (∆ − 1)/∆, 1, totally ∆ effective values, in addition,

the B̃ is also decomposed to the corresponding α-level α-plane B̃α.
3) Adopt the EKM and IEKM algorithms to calculate each centroid of corresponding

IT2 FS α/
[
lB̃α

, rB̃α

]
.

4) Aggregate the union of all centroids, and compute the defuzzified output (see Equa-
tions (10) and (11)).
5) Compare the performances of EKM and IEKM algorithms in the simulation experi-

ments.

4. Simulations. Here we make the assumptions that, before performing the centroid TR
and defuzzification, the footprint of uncertainty (FOU) and its corresponding secondary
MF (vertical slice) of centroid output GT2 FSs have been known according to weigh
or aggregate all fuzzy rules under the guidance of inference. The primary variable x of
centroid output GT2 FSs is uniformly sampled and x ∈ [0, 10]. The total number of
sampling points is 200, and xi+1−xi = 0.05. In addition, the number of effective α-planes
is chosen as 100. Because the computations of lB̃α

and rB̃α
are very similar, here we only

calculate lB̃α
for each α-level in the simulation experiments. In the first example, the

FOU is composed of piecewise linear functions [27-31], and the corresponding secondary
MFs (vertical slices) are trapezoidal MFs. In the second example, the FOU is composed
of Gaussian functions [18,22,27-29,32], and the corresponding vertical slices are triangular
MFs.

Example 4.1. Piecewise linear functions with trapezoidal vertical slices.
As shown in Figure 1, the upper bound of FOU is composed of two linear functions,

i.e.,

u1(x) =


x− 1

2
, 1 ≤ x ≤ 3

7− x

4
, 3 < x ≤ 7

0, otherwise

(15)

u2(x) =


x− 2

5
, 2 ≤ x ≤ 6

16− 2x

5
, 6 < x ≤ 8

0, otherwise.

(16)
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(a) (b)

Figure 1. (a) FOU of example one, and (b) its corresponding vertical slice
at x = 2

The lower bound of FOU is composed of another two linear functions, i.e.,

u3(x) =


x− 1

6
, 1 ≤ x ≤ 4

7− x

6
, 4 < x ≤ 7

0, otherwise

(17)

u4(x) =


x− 3

6
, 3 ≤ x ≤ 5

8− x

9
, 5 < x ≤ 8

0, otherwise

(18)

For any x, the corresponding vertical slice is the trapezoidal MF, and the top left and
right end points can be defined as:

L(x) = u(x) + 0.6w (u(x)− u(x)) , R(x) = u(x)− 0.6(1− w) (u(x)− u(x)) (19)

where u(x) and u(x) denote the lower and upper bounds of primary MF, respectively. Here
we select w = 0 for the test.

As ∆ = 100, the left half centroid type-reduced sets computed by the EKM and IEKM
algorithms are shown in Figure 2.

Example 4.2. Piecewise Gaussian functions with triangular vertical slices.
As shown in Figure 3, the upper bound of FOU is the maximum of two Gaussian

functions, i.e.,

u1(x) = exp

[
−(x− 3)2

8

]
(20)

u2(x) = 0.8 exp

[
−(x− 6)2

8

]
(21)

The lower bound of FOU is the maximum of two Gaussian functions, i.e.,

u3(x) = 0.5 exp

[
−(x− 3)2

2

]
(22)
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u4(x) = 0.4 exp

[
−(x− 6)2

2

]
(23)

For any x, the corresponding vertical slice is the triangular MF, and the Apex is defined
as:

Apex = u(x) + w [u(x)− u(x)] (24)

where u(x) and u(x) denote the lower and upper bounds of primary MF, respectively. In
this test, we choose w = 0.5.
As ∆ = 100, the left half centroid type-reduced sets computed by the EKM and IEKM

algorithms are shown in Figure 4.

Next, the computation times of two types of algorithms are studied. The specific
computation times depend on the hardware and software environments, in addition, the

Figure 2. The left half centroid type-reduced sets computed by the EKM
and IEKM algorithms in Example 4.1

(a) (b)

Figure 3. (a) FOU of example two, and (b) its corresponding vertical slice
at x = 4
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Figure 4. The left half centroid type-reduced sets computed by the EKM
and IEKM algorithms in Example 4.2

Table 1. The total computation times of two types of algorithms for com-
puting the left half centroid type-reduced MFs

Num EKM IEKM TRR (%)
Example 4.1 0.00196 0.00106 45.92
Example 4.2 0.00189 0.00112 40.74
Average 0.00193 0.00109 43.33

computation results are unrepeatable. Here the simulation platform is selected as the
Microsoft Windows XP Professional system, and the dual-core CPU dell desktop with
E5300@2.6GHz and 2.00GB memory. We program all the algorithms by the Matlab
2013a. Table 1 gives the total time consuming of two types of algorithms for computing
the left half centroid type-reduced MFs, in which the unit of time is second (s), the third
line in Table 1 denotes the average of two examples, and the fourth column in Table 1
represents the relative time reducing rate (TRR) for the IEKM algorithms compared with
the EKM algorithms, which is defined as:

TRRIEKM = (t0 − tn)/t0 × 100% (25)

where t0 represents the computation time for the EKM algorithms, and tn is the compu-
tation time for the IEKM algorithms.

Observing from Table 1 and Figures 2 and 4, we can get the conclusions for both
the computation results and the computation times. (1) When computing the left half
centroid type-reduced MFs in two examples, the EKM and IEKM algorithms can obtain
almost the same result, for the curves of two types of algorithms coincide with each other.
(2) For the computation times, the IEKM algorithms can obtain the largest time reducing
rate as 45.92% and the average time reducing rate as 43.33% compared with the EKM
algorithms.

The above simulation analyses verify that the IEKM algorithm can be an effective
method for performing the centroid type-reduction of GT2 FLSs. Although the calculation
results of two types of algorithms are the same, it is apparent that the computation times



1682 Y. CHEN

of IEKM algorithms are less than the EKM algorithms. Therefore, the IEKM algorithms
can reduce the computation cost of performing the TR of GT2 FLSs.

5. Conclusions. According to the fuzzy reasoning the α-planes representation of GT2
FSs, this paper extends the IEKM algorithms to perform the centroid TR of GT2 FLSs.
Two simulation examples illustrate the performances of IEKM algorithms for computing
the left half centroid type-reduced sets and the calculation times. The computation results
of the IEKM and EKM algorithms are the same; however, the computation times of the
former are less than the latter, which can provide the potential value for applying GT2
FLSs.
Next we will investigate the centroid and center-of-sets TR of IT2 and GT2 FLSs

[24,27,29-36], and study the forecasting and control problems by designing T2 FLSs [11,13-
15,17,19] optimized with intelligent algorithms. Future studies will focus on T2 FLSs
design and applications based on [4-6,12,13,15,29,37] and this paper.
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