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Abstract. To improve the reliability in high voltage and high power applications, the
fault-tolerant control of three-level neutral-point-clamped (3L-NPC) inverter has been
deeply studied. In this paper, the eight-switch three-phase inverter (ESTPI) is select-
ed as the fault-tolerant topology of 3L-NPC inverter, and the synchronous modulation
strategy of ESTPI is discussed for some particular application situation working at low
switching frequency. The harmonic distribution of the ESTPI is analyzed firstly un-
der synchronous modulation. To eliminate the specific low-order harmonics including the
frequency tripling harmonics, the selective harmonic elimination pulse-width modulation
(SHEPWM) based synchronous modulation strategy for the ESTPI is proposed in this
paper, which can ensure a good performance of output voltage for 3L-NPC inverter un-
der fault-tolerant operation. The effectiveness and feasibility of the proposed method are
verified by the experimental results.
Keywords: Three-level neutral-point-clamped inverter, Fault-tolerant operation, Syn-
chronous modulation, Selective harmonic elimination pulse-width modulation

1. Introduction. The three-level neutral-point-clamped (3L-NPC) inverter has been
widely used in high voltage and high power applications, such as the electric traction
system, the variable frequency speed regulation system and the flexible AC transmission
system. Considering the system reliability and safety, the fault-tolerant operation control
of 3L-NPC inverter has become a hot topic in the multi-level inverter field [1,2].

The research of the fault-tolerant operation control for 3L-NPC inverter can be divided
into two parts: the fault-tolerant topology research and the fault-tolerant modulation
strategy research. The fault-tolerant modulation strategy should be studied based on the
specific fault-tolerant topology. At present, the eight-switch three-phase inverter (ESTPI)
is the most widely studied fault-tolerant topology of 3L-NPC inverter, for the advantages
of using least additional power devices [3,4]. The fault-tolerant modulation strategy of the
ESTPI currently focuses on the asynchronous modulation strategy (the carrier frequency
fs is constant while the modulation frequency fc varies), such as space vector pulse-
width modulation (SVPWM) and carrier-based pulse-width modulation (CBPWM) [5,6].
Moreover, SVPWM and CBPWM of the ESTPI can be demonstrated to be equivalent
[7].
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However, the asynchronous modulation strategy of the ESTPI is not applicable to the
system asking for low switching frequency. To reduce the switching losses, the switch-
ing frequency of the 3L-NPC inverter in the electric traction system, for instance, is
usually lower than 1 kHz. Figure 1 shows the multi-mode PWM strategy used in the
electric traction system. In the low speed region and the high speed region, the modu-
lation strategies of the inverter in electric traction system are asynchronous modulation
and square wave modulation respectively. However, in the medium speed region, the
piecewise-synchronous-modulation strategy is used instead of the asynchronous modula-
tion strategy to achieve a better output voltage performance and a smoother transition
with limited switching frequency. Obviously, the piecewise-synchronous-modulation strat-
egy is the most important and difficult part in the whole modulation strategy [8,9], but
the synchronous modulation strategy (the ratio of fs/fc must be a constant integer) for
the ESTPI is still a research gap.

Figure 1. Multi-mode PWM strategy

The conventional synchronous modulation for 3L-NPC inverter can be classified into
non-optimal synchronous modulation and optimal synchronous modulation [10-16]. Ow-
ing to the absence of some available voltage vectors caused by the lack of a controllable
leg, the non-optimal synchronous modulation for the ESTPI can be hardly implemented.
The current harmonic minimum PWM (CHMPWM) and the selective harmonic elimi-
nation PWM (SHEPWM) are two of the most popular optimal synchronous modulation
strategies. Compared with the CHMPWM, the SHEPWM has the advantages listed as
follows: the calculation of switching angles is simpler, the switching angles have con-
tinuous solutions during the whole modulation region, and the calculation accuracy of
switching angles is not affected by the load parameters.
Consequently, the output harmonics of the ESTPI under synchronous modulation are

analyzed firstly, in contrast with the conventional 3L-NPC inverter. Then, the SHEPWM
based synchronous modulation strategy for the ESTPI is studied in this paper to improve
the output voltage performance of the 3L-NPC inverter under fault-tolerant operation.
Simulation results are presented to verify the proposed modulation strategy.



SELECTIVE HARMONIC ELIMINATION PWM STRATEGY 1795

2. Harmonic Analysis of ESTPI under Synchronous Modulation. The fault-
tolerant topology of 3L-NPC inverter is shown in Figure 2(a). Assuming that there is a
fault in leg a, the leg a should be cut off to prevent the deterioration of system behavior.
Connecting the output of leg a to the neutral point “O” by activating the bidirectional
thyristor Ta, the post-fault topology can be simplified to the ESTPI, which is shown in
Figure 2(b).

(a) Pre-fault topology (b) Post-fault topology

Figure 2. Topology of eight-switch three-phase inverter

In the post-fault topology, the leg a can only output level “0”, so the three-phase pole
voltage uxO (x = a, b, c) can be expressed in (1)







uaO = 0
ubO = A sin (ωt+ θ1)
ucO = A sin (ωt+ θ2)

(1)

where A is the amplitude of the pole voltage, and θ1 and θ2 are the initial phases of ubO

and ucO respectively.
Accordingly, the three-phase fundamental line-to-line voltage of the ESTPI uxy (x =

a, b, c, y = a, b, c, and x 6= y) is derived as


















uab = uaO − ubO = A sin (ωt+ θ1 + π)

ubc = ubO − ucO = 2A sin
θ1 − θ2

2
sin

(

ωt+
θ1 + θ2

2
+

π

2

)

uca = ucO − uaO = A sin (ωt+ θ2)

. (2)

To ensure the balance of three-phase voltage, the amplitude of each line-to-line voltage
should be equivalent, and the phase difference should be equal to 2π/3, that is

2 sin
θ1 − θ2

2
= 1 (3)











θ1 − θ2
2

+
π

2
=

2π

3
+ 2kπ

θ2 − θ1 − π =
2π

3
+ 2kπ

or











θ1 − θ2
2

+
π

2
= −2π

3
+ 2kπ

θ2 − θ1 − π = −2π

3
+ 2kπ

(k ∈ N). (4)

It can be deduced from the above expressions that the output voltage will satisfy the
balanced condition when θ1 − θ2 = π/3, and the initial phase of the output voltage
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changes by taking different values of θ1 and θ2. Specially, the three-phase fundamental
line-to-neutral voltage uxn (x = a, b, c) takes phase a as reference, when θ1 = −5π/6 and
θ2 = −7π/6, and can be written as































uan =
A√
3
sinωt

ubn =
A√
3
sin (ωt− 2π/3)

ucn =
A√
3
sin (ωt+ 2π/3)

. (5)

The three-phase modulation voltage, fundamental line-to-line voltage and fundamental
line-to-neutral voltage of the ESTPI are shown in Figure 3, when θ1 = −5π/6 and θ2 =
−7π/6.

(a) Pole voltage

(b) Fundamental line-to-line voltage

(c) Fundamental line-to-neutral voltage

Figure 3. Relationship among different voltages of ESTPI

Compared with asynchronous modulation, the synchronous modulation ensures that
the output PWM pulses and the modulation voltage are strictly synchronous, in other
words, the ratio of the carrier frequency to the output fundamental frequency must be
an integer. Besides, the output PWM pulses must possess half-wave symmetry (HWS),
quarter-wave symmetry (QWS) and three-phase symmetry (3PS) to reduce the output
harmonics.
Due to the above symmetry, there are no even harmonics included in the output PWM

pulses. The phase difference between the modulation voltages of the two controllable
legs equals π/3 to guarantee the balance of the output voltage (taking θ1 = −5π/6 and
θ2 = −7π/6 as an example). The three-phase pole voltage of ESTPI under synchronous
modulation can be written as follows.
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

































uaO = 0

ubO =

∞
∑

n=2k−1

An sin

[

n

(

ωt− 5π

6

)]

ucO =
∞
∑

n=2k−1

An sin

[

n

(

ωt− 7π

6

)]

(k = 1, 2, 3, . . .). (6)

The three-phase line-to-line voltage is obtained as










































uab =

∞
∑

n=2k−1,n 6=3k

[

An sin
(

n
(

ωt+
π

6

))]

+

∞
∑

n=2k−1,n=3k

[

An sin
(

n
(

ωt− π

2

))]

ubc =
∞
∑

n=2k−1,n 6=3k

[

An sin
(

n
(

ωt− π

2

))]

− 2
∞
∑

n=2k−1,n=3k

[

An sin
(

n
(

ωt− π

2

))]

uca =

∞
∑

n=2k−1,n 6=3k

[

An sin

(

n

(

ωt− 7π

6

))]

+

∞
∑

n=2k−1,n=3k

[

An sin
(

n
(

ωt− π

2

))]

(k = 1, 2, 3, . . .).

(7)

According to the relationship between the line-to-line voltage and the line-to-neutral
voltage, the three-phase line-to-neutral voltage can be derived as


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∑
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))]

. (8)

It can be concluded from (7) and (8) that the output voltage of the ESTPI only in-
cludes the odd harmonics under synchronous modulation. Furthermore, the line-to-line
voltages still include the frequency tripling harmonics with different amplitudes. The
line-to-neutral voltages ubn and ucn also have the frequency tripling harmonics with equal
amplitudes, while uan has no frequency tripling harmonics.

Considering the different harmonic distribution of the output voltage in the ESTPI
under synchronous modulation, the SHEPWM for the conventional 3L-NPC inverter is
no longer applicable to the ESTPI. Hence, the SHEPWM for the ESTPI will be restudied
in the following section, in order to eliminate the frequency tripling harmonics.

3. Establishment and Solution of Nonlinear Equations of SHEPWM for EST-

PI. The output PWM pulse is shown in Figure 4(b). It satisfies the Dirichlet condition
and its Fourier series expansion is written in (9).
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uxO(α) =
a0
2

+

∞
∑

n=1

(an cosnα + bn sinnα) (x = b, c) (9)

where


































a0 =
1

π

∫

2π

0

uxO(α)dα

an =
1

π

∫

2π

0

uxO(α) cos(nα)dα

bn =
1

π

∫

2π

0

uxO(α) sin(nα)dα

(n = 1, 2, 3, . . .). (10)

(a) Carriers and modulation wave

(b) Output PWM pulse

(c) Switching angles

Figure 4. Three-level synchronous modulation waveform and switching
angle definition

On the basis of the symmetry of the output PWM pulse, it can be proved that a0 =
an = 0, and bn = 0 when n is even. Accordingly, (9) can be simplified as

uxO(α) =

∞
∑

n=1,3,5,...

bn sin nα (x = b, c). (11)
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Combining Figure 4(b) and (10), bn can be expressed as

bn =
2Udc

nπ

N
∑

k=1

[

(−1)k−1 cos nαk

]

(n = 1, 3, 5, . . .) (12)

where αk is the switching angle, and N is the number of switching angles. The definition
of αk when N = 10 is shown in Figure 4(c), and the satisfied constraint condition of αk

is listed as

0 ≤ α1 < α2 < α3 < · · · < αN ≤ π/2. (13)

The objective of the SHEPWM is to find a set of αk, making the amplitude of the
output fundamental voltage equal the given value and eliminating the specific low-order
harmonics. To eliminate N − 1 low-order harmonics, αk must satisfy the following condi-
tions:



























2Udc

π

N
∑

k=1

[

(−1)k−1 cosαk

]

= UxO

2Udc

nπ

N
∑

k=1

[

(−1)k−1 cosnαk

]

= 0

(n = 3, 5, 7, . . . , 2N − 1) (14)

where UxO is the amplitude of the pole voltage. The relationship between UxO and Ur is
UxO =

√
3Ur, where Ur is the given value of the fundamental line-to-neutral voltage. After

defining the modulation index of the ESTPI as m = 2
√
3Ur

/

Udc, (14) can be rewritten as
follows.



























N
∑

k=1

[

(−1)k−1 cosαk

]

=
π

4
m

N
∑

k=1

[

(−1)k−1 cosnαk

]

= 0

(n = 3, 5, . . . , 2N − 1). (15)

Therefore, (13) and (15) are the nonlinear equations of the SHEPWM for the ESTPI.
It should be noted that the equations at n = 3k (k = 1, 2, 3, . . .) are additionally added
to eliminate the frequency tripling harmonics for the ESTPI.

Generally speaking, the output voltage harmonics decrease as the value of N increases.
However, the equivalent carrier frequency of the inverter raises up simultaneously. In
engineering applications, the carrier frequency of the inverter is usually limited to reduce
switching loss, so the value of N is also limited and satisfied N ≤ 15 in most occasions.
When N = 10, and N = 11, the equations of the SHEPWM for the ESTPI are listed as
follows.























cosα1 − cosα2 + cosα3 − cosα4 + · · ·+ cosα9 − cosα10 = πm/4
cos 3α1 − cos 3α2 + cos 3α3 − cos 3α4 + · · ·+ cos 3α9 − cos 3α10 = 0
cos 5α1 − cos 5α2 + cos 5α3 − cos 5α4 + · · ·+ cos 5α9 − cos 5α10 = 0

...
cos 19α1 − cos 19α2 + cos 19α3 − cos 19α4 + · · ·+ cos 19α9 − cos 19α10 = 0

(16)























cosα1 − cosα2 + cosα3 − cosα4 + · · · − cosα10 + cosα11 = πm/4
cos 3α1 − cos 3α2 + cos 3α3 − cos 3α4 + · · · − cos 3α10 + cos 3α11 = 0
cos 5α1 − cos 5α2 + cos 5α3 − cos 5α4 + · · · − cos 5α10 + cos 5α11 = 0

...
cos 21α1 − cos 21α2 + cos 21α3 − cos 21α4 + · · · − cos 21α10 + cos 21α11 = 0

(17)



1800 B. DAI, M. ZHANG, Y. GUO AND X. ZHANG

It can be seen that (16) and (17) are a set of nonlinear transcendental equations com-
posed of trigonometric functions, whose partial derivatives can be easily obtained. Thus,
the Newton iterative method is an effective method to solve the equations. However, the
Newton iterative method is sensitive to the initial values, and the inappropriate initializa-
tion of iterative values may even cause the non-convergence of the iteration. The setting
of the initial switching angles αk for the SHEPWM will be discussed as follows.
The SVPWM and the CBPWM are the most commonly used modulation methods for

the ESTPI. By contrast, the output PWM pulses of the ESTPI have a better symmetry
and lower harmonics using the CBPWM strategy. Therefore, the switching angles in the
CBPWM can be used for the initial values of that in the SHEPWM under the same con-
ditions. Considering the HWS and QWS of the output PWM pulses, the phase opposition
disposition PWM is most applicable to calculating the initial switching angle values of
the SHEPWM, where the carriers and the modulation wave are shown in Figure 4(a).
Besides, the relationship between the carrier frequency fs and the modulation frequency
fc in the CBPWM is fs = (2N+2)fc. The initial values of the switching angles are shown
in Table 1 and Table 2, at m = 0.9, N = 10 and m = 0.9, N = 11, respectively.

Table 1. Comparison between initial value and iteration result of the
switching angles (m = 0.9, N = 10)

Switching angles α1 α2 α3 α4 α5

Initial value (◦) 15.48 18 30.78 35.46 46.26
Iteration result (◦) 13.62 17.28 27.42 34.62 41.62
Switching angles α6 α7 α8 α9 α10

Initial value (◦) 52.74 61.92 69.66 77.94 86.4
Iteration result (◦) 52.12 56.54 70.11 72.71 89.04

Table 2. Comparison between initial value and iteration result of the
switching angles (m = 0.9, N = 11)

Switching angles α1 α2 α3 α4 α5 α6

Initial value (◦) 14.4 16.38 28.44 32.4 42.66 48.24
Iteration result (◦) 12.66 15.77 25.45 31.57 38.54 47.48
Switching angles α7 α8 α9 α10 α11

Initial value (◦) 57.06 63.72 71.64 79.02 86.4
Iteration result (◦) 52.12 63.66 66.53 80.47 82.34

Combining (16), (17), and the obtained initial switching angles, we can solve the non-
linear transcendental Equations (16) and (17) by the Newton iterative method. The
iteration results are also listed in Table 1 and Table 2. It can be seen that the iteration
results are close to the obtained initial values. Better initial values will greatly reduce the
number of iterations with the Newton iterative method.
By changing the modulation index m, we can also calculate a class of solutions of

Equations (16) and (17) at N = 10 and N = 11. The curves of the switching angles
changing with the modulation index m are shown in Figure 5 at N = 10 and N = 11.

4. Simulation Results. To verify the effectiveness of the proposed SHEPWM method
for the ESTPI, the simulation experiments are accomplished in MATLAB/Simulink. The
simulation parameters are listed as follows: Udc = 500V, fc = 50Hz, m = 0.7, R = 20Ω,
and L = 0.2mH (RL load).
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(a) N = 10

(b) N = 11

Figure 5. Curves of the switching angles changing with modulation index

When N = 10, the simulation results are shown in Figure 6. Theoretically, the SHEP-
WM method can eliminate 9 kinds of low-order harmonics for the ESTPI, namely, the 3rd,
5th, 7th, 9th, 11th, 13th, 15th, 17th, and 19th order harmonics. The simulation results
show that the proposed SHEPWM method indeed eliminates the selective harmonics, and
the amplitude of the fundamental line-to-line voltage is approximately equal to the given
value Uline = mUdc/2 = 175V. Moreover, the harmonic with maximum amplitude is the
21st harmonic when N = 11. The THD (Total Harmonic Distortion) of ubc is far greater
than that of uab and uca, since the amplitude of the frequency tripling harmonics in ubc

is twice as much as that in uab and uca. Considering that there is no frequency tripling
harmonics in ia, the THD of ia is far less than that of ib and ic. This situation will happen
at N = 3k − 2 (k = 1, 2, 3, . . .).

The simulation results are shown in Figure 7 at N = 11. The proposed SHEPWM
method indeed eliminates 10 kinds of selective harmonics, namely, the 3rd, 5th, 7th, 9th,
11th, 13th, 15th, 17th, 19th and 21st order harmonics. The amplitude of the fundamental
line-to-line voltage is also approximately equal to the given value. Because the harmonic
with maximum amplitude, the 23rd harmonic, is not a frequency tripling harmonic, the
THD of ubc is slightly greater than that of uab and uca, and the THD of ia is slightly less
than that of ib and ic. The harmonic distribution in voltages and currents complies with
the theoretical analysis.

The data statistics of experiment results at N = 10 and N = 11 are shown in Table
3 and Table 4, respectively. First, the fundamental amplitudes of the output voltages
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(a) Pole voltage (b) Spectrogram of pole voltage

(c) Line-to-line voltage (d) Spectrogram of line-to-line voltage

(e) Phase-current (f) Spectrogram of phase-current

Figure 6. Output waveforms and spectrograms of SHEPWM for ESTPI
(N = 10)

approximately equal the theoretical value 175V, whatever N is. The proposed SHEPWM
indeed eliminated the corresponding low-order harmonics. The highest order of the elim-
inated harmonics is 19 at N = 10, while the highest order of the eliminated harmonics
is 21 at N = 11. Therefore, the proposed SHEPWM is demonstrated to be correct and
effective. In addition, the greater N is, the less harmonic the output voltage contains,
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(a) Pole voltage (b) Spectrogram of pole voltage

(c) Line-to-line voltage (d) Spectrogram of line-to-line voltage

(e) Phase-current (f) Spectrogram of phase-current

Figure 7. Output waveforms and spectrograms of SHEPWM for ESTPI
(N = 11)

which leads to a lower THD and makes the fundamental amplitude closer to the the-
oretical value. Specially, the harmonic distribution and THD will be changed a bit at
N = 3k − 2 (k = 1, 2, 3, . . .), which have negligible effect on the inverter performance,
however.
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Table 3. Data statistics of experiment result at N = 10

Parameter Fundamental amplitude THD Lowest harmonic order
ubO 178.1V 79.7% 21
ucO 178.1V 79.7% 21
uab 178.1V 79.7% 21
ubc 179.4V 133.8% 21
uca 178.1V 79.7% 21
ia 4.89A 5.92% 23
ib 4.93A 17.7% 21
ic 4.93A 17.7% 21

Table 4. Data statistics of experiment result at N = 11

Parameter Fundamental amplitude THD Lowest harmonic order
ubO 177.2V 78.3% 23
ucO 177.2V 78.3% 23
uab 177.2V 78.3% 23
ubc 178.2V 98.9% 23
uca 177.2V 78.3% 23
ia 4.87A 9.76% 23
ib 4.90A 11.5% 23
ic 4.90A 11.5% 23

It can be concluded from the above simulation results that the proposed ESTPI SHEP-
WM method indeed eliminates the selective low-order harmonics, including the frequency
tripling harmonics, and also ensure that the amplitude of the output fundamental voltage
is equal to the given value. The proposed method will improve the output performance
of the 3L-NPC inverter under fault-tolerant operation control at low switching frequency,
and is of great significance for high-power occasions asking for high safety and reliability,
such as electric traction system, variable frequency speed regulation system, and flexible
AC transmission system.

5. Conclusion. The eight-switch three-phase inverter (ESTPI) is chosen as the fault-
tolerant topology of the 3L-NPC inverter, and the output harmonic of the ESTPI under
synchronous modulation is firstly analyzed in this paper. It is proved that the line-to-line
voltage and line-to-neutral voltage still have the frequency tripling harmonics with dif-
ferent amplitudes. To eliminate the low-order harmonics including the frequency tripling
harmonics, the SHEPWM for the ESTPI is proposed in this paper. The simulation results
show the effectiveness and feasibility of the proposed method. However, there are still
several problems for the future research, such as the smooth switching process between
different values of N in the piecewise-synchronous-modulation strategy.
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