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Abstract. This paper deals with the estimation structure and motion of a moving object
with time varying velocities viewed by a moving camera problem, in which the object
motion is assumed to be on a ground plane. The problem focuses on the dynamics of a
relative motion model based on a moving camera and a moving object where disturbances
and uncertainties are diagnosed. To treat this problem, the Nonlinear Unknown Input
Sliding Mode Observer (NUISMO) is proposed with feedback injection term in addition
to giving a proof of its convergence. Lacking information about the nature of model
nonlinearities except that is upper bound and its boundary can be generated in real time.
The object velocities are considered as an unknown input to the perspective dynamical
system. This approach allows decoupling the state object estimation from its velocities
that behaves also as a disturbance input. Several simulation results are performed to
show the effectiveness of the proposed approach compared to a Nonlinear Unknown Input
Observer (NUIO) in the presence of measurement noise.
Keywords: Structure from motion estimation, Measurement noise, Unknown input
observer, Sliding mode, Uncertain nonlinearity, Disturbances

1. Introduction. In robotics and computer vision fields, the well-known problem of
Structure from motion and Motion from Motion which is referred to as trajectory tri-
angulation [1,2] and is termed to SaMfM [3], is yet addressed today [4-8]. Given one
dynamic object that moves throughout a video sequence and given its 2-D tracked fea-
tures, the aim of the SaMfM is to recover the structure and motion that is represented
respectively by the three-dimensional structure of the scene (the Euclidean coordinates)
and its motion relative to the camera. SaMfM is often required for numerous applica-
tions, for instance, augmented reality, autonomous navigation, video-based surveillance,
vision-based robotic applications and object recognition, among others. The interest of
solving the SaMfM problem can be explained for example in a practical case by a robotic
arm equipped with camera and taking hold of objects moving on a conveyor. Thus, this
robot can estimate its own coordinate and motion while sensing its environment which is
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a challenging task. Furthermore, algorithms designed for SaMfM can be used also for face
shape reconstruction using a video showing a face changing pose over time. Moreover, for
autonomous vehicle in outdoor environment which includes localization estimation, the
structure and motion recovery can provide the position of a vehicle, which supports the
future navigation.
As can be observed in the literature, many solutions have been developed for the SaMfM

problem. These solutions can be classified as two different approaches: an offline and
online based approach. In general, the offline methods [9-15] utilize some relationship
between 3D coordinates of points in the camera coordinate frame and corresponding
2D projections on image frame. However, they require the collection of at least some
numbers of images to estimate the object structure. One of the drawbacks of using an
offline approach is that it is not specified as operating in real time. Moreover, the methods
based on this approach show a lack of the convergence proof. This explains the need for
online structure estimation algorithms.
The online approach relies on the use of a dynamical model. In fact, the methods of such

approach can take a data from images in iterative way to each sampling step. Furthermore,
these methods do not need some number of point correspondences or views. Various
methods are proposed in the literature, such as the multibody structure from motion
algorithm [16,17] that allows the recovering of the structure and motion of dynamic scenes
with multiple rigidly moving objects. However, this method can yield some issues arise
due to different situations, for example, the small moving foreground dynamic objects with
few and short feature tracks. A new pipeline dubbed Samantha is designed in [18] that
embraces a hierarchical approach. The algorithm is described as a binary tree constructed
by agglomerative clustering over the image sequence. It presents better error containment,
leading to more stability and uses process frames without ancillary information. The main
limitation of these methods is the sensitivity to noise and outliers. Recently, a real-time
sequential Bayesian estimation approach is developed based on the extended Kalman
filter [19,20] to recover the structure from motion of non-rigid surfaces from a monocular
video. Nevertheless, this approach has some defects as it assumes that the state belief
is Gaussian distributed. However, with regard to problems encountered, robustness and
efficiency are still two most challenging issues. This work is motivated by the realization
that existing estimation methods do not often give satisfactory results or even fail in
many real-time configurations due to the complexity of implementation or settings. To
avoid these problems, an alternative method that exists based on observer designs can be
used to address the SaMfM problem. For example, in [21], the authors have proposed to
use a reduced order nonlinear observer to estimate the structure of the stationary object
seen by a moving calibrated camera. A nonlinear observer is proposed to estimate the
structure of moving object from a stream of images captured with a camera having known
motion [3]. In this last one, the structure and motion estimations apply some constraints
where the linear object velocities observed by a moving camera are supposed as constant.
Otherwise, if the object is not moving with constant velocities then the proposed solution
cannot be used. To overcome this, an extension work is presented in [22] where a Nonlinear
Unknown Input Observer (NUIO) is designed to estimate the structure by considering a
moving object with time-varying velocities. The key idea here is that the object’s velocities
are considered as an unknown input to the perspective dynamical system. However, the
theoretical design and simulation results are performed just for a moving camera observing
an object moving along a straight line. This proposed method is experimentally performed
conducted on a PUMA 560 robot with two degrees of freedom [23]. In return, the method
remains limited compared to the object moving. Other works can also be cited, such as
in [24] where a Robust Integral Signed Error (RISE)-based robust nonlinear observers
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were proposed to estimate the motion of a monocular camera and the range between the
moving camera and the object, although the information of these is not admitted in the
2-D camera images. Recently, [25] proposes a complete-order observer for structure and
motion estimation assuming only the single component of linear velocity as it is known.
To estimate the camera motion, the authors use the well-known Levant’s differentiator.

In this paper, a considered scenario is defined by a moving object assumed to be mov-
ing along a straight line or in a plane with a priori unknown time varying velocities and
observed by a camera with arbitrary motion. This scenario is modelled as a dynamic
nonlinear system with unknown inputs and uncertain nonlinearities. First, the unknown
inputs such as moving object velocities which can behave as a disturbance input. How-
ever, the uncertain nonlinearities are caused by incoherent camera velocity sensor. The
essential contribution of our work is to design a robust observer and its existing condition-
s despite model uncertainties and disturbances. In fact, disturbances and uncertainties
are both important issues to be considered in the observer design. The analysis of de-
signing schemes for different classes of nonlinear systems has been studied extensively
over the past decades. For example, the authors in [26-28] have developed an extended-
state-observer based control strategy to handle the external disturbances and uncertain
nonlinearity.

In our research, the proposed method is made from an NUIO adding a sliding mode
technique to be robust against specified disturbances and even time-varying uncertainties.
Then, the Nonlinear Unknown Input Sliding Mode Observer (NUISMO) is designed with
a feedback injection term to upgrade the results. The proposed observer is set by assuming
some conditions. Its convergence properties are derived using a Lyapunov function and
then LMI based approach is used. A performance comparison study with an NUIO
proposed by Dani et al. [22] is undertaken. This letter is chosen as a reference for its
robust performance to solve the SaMfM problem.

The main contributions of the present paper can be summarized as follows.

• NUISMO based approach for a monocular vision system with uncertainty is pro-
posed. In comparison to the existing studies, the novelty of the work is in the
manner uncertainty is processed.

• The proposed approach assumes a motion of the object as unknown, in the presence
of measurement noise and the camera can move in a free way without any limits.
However, our approach is in contrast with some previous studies that require prior
knowledge of either the motion of the moving object or scene geometry.

• The proposed approach uses upper bound of the nonlinearity which is computed in
real time and obtained as byproduct of Lyapunov stability method. Therefore, no
information about the nature of the nonlinearity is required.

The rest of this paper is organized as follows. Necessary preliminaries and problem
statement are presented in Section 2. In Section 3, a proposed NUISMO is designed and
Lyapunov-based analysis is treated to prove asymptotic convergence of estimation error
in the presence of model uncertainty. Section 4 shows the simulation results to highlight
the interest of the proposed observer. Finally, Section 5 concludes the paper.

2. State Dynamic Formulation.

2.1. Euclidean and image space relationship. Let us consider a moving camera
shooting feature points of a dynamic object; this letter seems to be moving in the camera
reference frame as shown in Figure 1.
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Figure 1. Camera-object motion model

Along the measurement model in both Euclidean and image spaces, the point corre-
spondences between successive images of the moving camera need to be defined. These
correspondences can be computed using the feature tracking methods [29,30]. After the
initial time t0, Fi an inertial frame identical to Fo attached to the camera moves in
a static environment and undergoes some translation T (t) ∈ R3 and rotation velocity
R(t) ∈ SO(3), where SO(3) is the 3D rotation group. First, let us introduce the Eu-
clidean coordinates o(t) ∈ R3 of a feature point as o(t) = [ X(t), Y (t), Z(t) ]T in the
camera frame Fo. This coordinate is valid for any point observed by the camera. Then, the
normalized Euclidean coordinates are obtained as o(t) = [ X(t)/Z(t), Y (t)/Z(t), 1 ]T

to reduce the number of unknown components to two. To minimize the complexity of

the subsequent development, an auxiliary state vector x(t) =
[
x1(t), x2(t), x3(t)

]T
is

defined instead of o(t) as

x = [ X/Z, Y/Z, 1/Z ]T (1)

To map a point in the 3D reference frame Fo to the 2D image plane, a projective
geometry is used [31]. A relationship between the pixel coordinates in the image space
and the normalized Euclidean coordinates o(t) is given by

Px = Cco (2)

with Px being a vector of the pixel coordinates in the image space given by Px =[
u v 1

]T
and Cc ∈ R3×3 a known invertible camera calibration matrix. Using the

relation (2), only the first two components x1 and x2 of the state x can be measured, and
the third one x3 is an inverse of the unmeasurable Z(t) (an inverse depth) which is the
relative Euclidean distance between the moving camera and the feature point.

2.2. Structure and motion model. First, let us present the expression of the feature
point k seen by a moving camera in Fo as o(t) = T + Rtok for a vector tok which starts
from the centre of the coordinate frame Fi to k. Its time derivative gives the relative
motion [22] between the point k and the camera in Fo as follows

ȯ = [ω]o+ vr (3)
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where [ω] ∈ R3×3 represents a skew symmetric matrix made from the angular velocities
of the camera defined as

[ω] =

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

 (4)

and vr is a relative linear velocity of the camera, expressed by

vr = vc − vk (5)

with vc =
[
vcx vcy vcz

]T
being the camera velocity vector and vk =

[
vkx vky vkz

]T
the point velocity vector expressed respectively in Fo where these velocities are bounded

and continuously differentiable. As follows, define u =
[
vc ω

]T
a vector which regroups

the linear and angular camera velocities. In our case, the vector u and the point velocity
vector vk are assumed to be upper bounded by constants. The subsequent development is
based on the design of NUISMO observers for SaMfM to estimate the structure of moving
object. This amount estimates the state x(t) of the feature point on the object in each
image.

A nonlinear dynamic system can be obtained by substituting ω and vr into (3) as follows

ȯ =

 1 0 0 0 Z −Y
0 1 0 −Z 0 X
0 0 1 Y −X 0

[
vr
ω

]
(6)

Using the state vector x(t) =
[
x1(t), x2(t), x3(t)

]
and the expression (6), we obtain

the dynamics of the x(t) as

ẋ1 = −x1x2ω1 + ω2 + x2
1ω2 − x2ω3 + (vcx − x1vcz)x3 − vkxx3 + x1vkzx3

ẋ2 = −ω1 − x2
2ω1 + x1x2ω2 + x1ω3 + (vcy − x2vcz)x3 − vkyx3 + x2vkzx3

ẋ3 = − vczx
2
3 − (x2ω1 − x1ω2)x3 + vkzx

2
3

y =
[
x1 x2

]T (7)

The above dynamics take the following general form

ẋ = F (u, x, y)
y = h(x)

(8)

The specific SaMfM dynamics defined by (8) has no clue about the object velocities.
To re-write Equation (7) with only measurable states by separating camera velocities u
from those of the supposed unknown object, the following systems can be defined

g1(u, y)
∆
= −x1x2ω1 + ω2 + x2

1ω2 − x2ω3

g2(u, y)
∆
= −ω1 − x2

2ω1 + x1x2ω2 + x1ω3

g3(u, y)
∆
= 0

f1(x, u)
∆
= (vcx − x1vcz)x3

f2(x, u)
∆
= (vcy − x2vcz)x3

f3(x, u)
∆
= −vczx

2
3 − (x2ω1 − x1ω2)x3

d1(x)
∆
= − vkxx3 + x1vkzx3

d2(x)
∆
= − vkyx3 + x2vkzx3

d3(x)
∆
= vkzx

2
3

(8.1)

where the sub-functions g1(u, y), g2(u, y), g3(u, y), f1(x, u), f2(x, u), f3(x, u), d1(x), d2(x),
d3(x) ∈ R.
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Therefore, the dynamic Equation (8) can be given in the nonlinear system form as
follows

ẋ = f(x, u) + g(u, y) +Dd
y = Cx

(9)

where x(t) ∈ Rn is the state vector, u(t) ∈ Rm a known input defined by the camera
velocities, d(t) ∈ Rq an unknown input defined by the point, y(t) ∈ Rp the output vector,
g(u, y) ∈ Rn is a function of the first two known components of x and f(x, u) : Rn → R
is the nonlinear function which satisfies the Lipschitz condition. Matrix D ∈ Rn×q is the
unknown input matrix and C ∈ Rp×n is the output matrix.
It is assumed that there exists h > 0 for the operating range of the state x(t) and the

vector u(t) where sup |f(x, u)| < h. Furthermore, it can be obtained that sup |f(x, u)−
f (x̂, u)| < β1 where β1 is a positive unknown constant. To facilitate the development of
NUISMO design, the system (9) is transformed into the following form

ẋ = Ax+ f(x, u) + g(u, y) +Dd
y = Cx

(10)

where f(x, u) = f(x, u) − Ax and matrix A ∈ Rn×n represents the linear part of the
system dynamics. The function f(x, u) is defined by sup |f(x, u)− f(x̂, u)− A(x− x̂)| ≤
β1+β2 where β1 and β2 are positive unknown constants. These constants are represented
respectively by the inequalities below sup |f(x, u)− f(x̂, u)| < β1 and sup |A(x− x̂)| < β2.
In this paper, to recover the 3D structure of the moving object, it is necessary to estimate
x(t). The two bounds on nonlinear function β1 and β2 are assumed to be unknown and
can be estimated in real time. In the next section, structure and motion are estimated
using an NUISMO despite uncertainties and disturbances and in the presence of unknown
input.

3. Structure and Motion Estimation. The study of observability is closely related to
observer NUISMO design, the following definition of observability of the dynamic system
in (10) is based on the indistinguishable concept mentioned in [32].

Definition 3.1. We consider the system in the general form (8) with x(0) = x0, for an
n-dimensional nonlinear system, the sufficient observability condition rank(Ob) = n is
satisfied, where

Ob =


dh

dLFh
...

dLn−1
F h

 (11)

and LFh represents the Lie derivative of h along F given by LFh = ∂F (x)
∂x

h(x).

Thus, there are two cases where SaMfM dynamics defined by (10) are not observable:
either when the camera advances along the ray projected by the feature point k on the
2D image; in this case, the following equalities are held vcx − vkx − x1 (vcz − vkz) =
vcy − vky − x2 (vcz − vkz) = 0 or when the camera is fixed, so all camera velocities are
canceled u = 0. For the rest of the study, the system (10) is observable and the following
conditions are satisfied.

(i) D is assumed to be column rank matrix.
(ii) rank(CD) = rank(D) = q.

An NUISMO with feedback injection term va is proposed as

ż = Nz + Ly +Mf(x̂, u) +Mg(u, y) +Mva
x̂ = z − Ey

(12)
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where x̂(t) ∈ Rn is the estimate state vector, z(t) ∈ Rn the observer state vector, va is
the feedback injection term that must be designed, N ∈ Rn×n, L ∈ Rn×p, E ∈ Rn×p

and M ∈ Rn×n are the observer’s parameters of appropriate dimension [33,34] and are
designed as below

N = (I + EC)A−KC
L = K(I + CE)− (I + EC)AE
M = I + EC

(13)

The design of the matrices K and E are explained subsequently. The observer state
estimation error is written as follows

e(t) = x̂(t)− x(t) = z − Ey − x = z −Mx (14)

and its time derivative as ė = ż − (I + EC)ẋ = ż −Mẋ.
Replacing the dynamics of x and z from (10) and (12), error dynamic yields

ė = Ne+ (NM + LC −MA)x+M
(
f(x̂, u)− f(x, u)

)
−MDd+Mva (15)

For NUISMO (10), the estimated states x̂ must converge to the system state x which
means that the error dynamics ė(t) in (15) must converge to zero. Furthermore, it is
required that

N < 0 (16)

NM + LC −MA = 0 (17)

Referring to the last equation of (13), E is to be found such that

(I + EC)D = MD = 0 (18)

Indeed, to satisfy the condition of ECD = −D by having adequate solution for param-
eter E, the conditions (i) and (ii) which are mentioned in the beginning of the paragraph
should be satisfied. If (CD) is full column rank, then all the possible solutions of the
matrix E can be given in a generalized inverse form [33].

E = F + Y G (19)

where Y ∈ Rn×p is an arbitrary designed matrix, F = −D(CD)+ and G = (Ip −
(CD)(CD)+).

Now, the problem is restructured to find Y and K to satisfy (10) and to design the
feedback injection term va which is necessary for the stabilization of the error dynamics
ė(t) without the knowledge of the upper bounds β1 and β2. Here the LMI based approach
is used to derive the structure of the NUISMO.

Theorem 3.1. If there exist matrices P1, P2 and P > 0 such that

AT (I + FC)TP + P (I + FC)A+ ATCTGTP T
1 + P1GCA− CTP T

2 − P2C < 0 (20)

where P1 = PY and P2 = PK, then, the error dynamics under the influence of the
feedback injection term

va = −
(
β̂1 + β̂2

)
sign

(
MTPve

)
(21)

tend to zero asymptotically for any e(0), where β̂1 and β̂2 are respectively the estimates
of β1 and β2 computed adaptively as per the following expressions

˙̂
βT
1 =

∥∥eTPvM
∥∥ (22a)

˙̂
βT
2 =

∥∥eTPvM
∥∥ (22b)

where Pv is a symmetric positive definite matrix.
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Proof: As mentioned above, using the definitions in (16)-(18) the error dynamics in
(13) takes the form

ė = Ne+M
(
f (x̂, u)− f (x, u)

)
+Mva (23)

As it is well known that if N < 0, then there exists matrix P > 0 to satisfy this
inequality [35]:

NTP + PN < 0 (24)

Now, replacing the expression of N (11) in (24), one can obtain(
AT (I + EC)T − CTKT

)
P + P ((I + EC)A−KC) < 0 (25)

After bringing the value of E from (19) in (25), this allows to find inequality (20)

AT (I + FC)TP + P (I + FC)A+ ATCTGTP T
1 + P1GCA− CTP T

2 − P2C < 0

where P1 = PY and P2 = PK.
Using Schur’s complement [36], the above inequality can be converted into the matrix

inequality [
ZT + Z 0

0 −P

]
< 0 (26)

where Z = P ((I + FC)A) + P1GCA− P2C.
The LMI feasibility can now be easily solved using standard LMI algorithm and the

observer’s parameters can be found satisfying the requisite conditions. The next step
is to prove that the feedback injection term va expressed in (21) can stabilize the error
dynamics to finally achieve the origin and that the error trajectories move towards the
sliding surface to stay on this one.
Let us define the sliding surface by

s = MPve (27)

Let us take Lyapunov function candidate as follows

V = sT s+ β̃T
1 M

TPvMβ̃1 + β̃T
2 M

TPvMβ̃2 (28)

with Pv > 0, MTPvM > 0 and the estimation errors β̃1 and β̃2 for the unknown boundaries
are defined as β̃1 = β1 − β̂1 and β̃2 = β2 − β̂2 respectively.
The expression (28) can be written using (27) as

V = eTPvMMTPve+ β̃T
1 M

TPvMβ̃1 + β̃T
2 M

TPvMβ̃2 (29)

Taking the time derivative of (29) along the trajectories of (23) yields

V̇ = eT
[
NTPvMMTPv + PvMMTPvN

]
e

+2eTPvMMTPvM
(
f(x̂, u)− f(x, u)

)
+2eTPvMMTPvMva − 2

˙̂
βT
1 M

TPvMβ̃1 − 2
˙̂
βT
2 M

TPvMβ̃2

(30)

Use the straightforward application of a quadratic Lyapunov function to stability results
(24) and consider the fact that the matrix Z = XTX is positive definite where Z ∈ Sm×m,
X ∈ Rn×m, with Sm×m being a domain of symmetric matrices of dimension m×m. The
condition in (24) can be written as

NTPvMMTPv + PvMMTPvN = −Qs (31)

where Qs > 0.
Therefore, the expression in (30) is written as

V̇ ≤ − eTQse+ 2
∥∥eTPvM

∥∥MTPvM
∥∥f(x̂, u)− f(x, u)

∥∥
+2eTPvMMTPvMva − 2

˙̂
βT
1 M

TPvMβ̃1 − 2
˙̂
βT
2 M

TPvMβ̃2

(32)
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Now, using the above results and the feedback injection term va (21) in (32), one can
get

V̇ ≤ −λmin(Qs)∥e∥2 + 2
∥∥eTPvM

∥∥MTPvM [β1 + β2]

− 2
∥∥eTPvM

∥∥MTPvM
[
β̂1 + β̂2

]
− 2

˙̂
βT
1 M

TPvM
[
β1 − β̂1

]
− 2

˙̂
βT
2 M

TPvM
[
β2 − β̂2

] (33)

Using the adaptation laws (22a) and (22b) in the previous expression, (33) becomes

V̇ ≤ −λmin(Qs)∥e∥2 + 2
∥∥eTPvM

∥∥MTPvM [β1 + β2]

− 2
∥∥eTPvM

∥∥MTPvM
[
β̂1 + β̂2

]
− 2

∥∥eTPvM
∥∥MTPvM

[
β1 − β̂1

]
− 2

∥∥eTPvM
∥∥MTPvM

[
β2 − β̂2

] (34)

thus,

V̇ ≤ −λmin(Qs)∥e∥2 (35)

where λmin(Qs) is the minimum Eigen value of Qs.
As a conclusion, we can distinguish that V in (28) is a differentiable, positive definite,

radically unbounded function and its assumed derivative V̇ is a negative semi definite
function. So, it may be that Lyapunov function V (t) is upper bounded by V (0). It further
entails that all signals e, β1 and β2 are ultimately bounded. Using Barbalat’s lemma [37]
and the fact that the nonlinear function in (10) is bounded, it may be concluded that e(t)
converges in close proximity of sliding mode surface s and approach the origin as t tends
to ∞. Additionally, the feedback injection term va is undoubtedly the effort to preserve

the sliding motion. Finally,
˙̂
β1 and

˙̂
β2 are functions of error e and therefore convergent to

constant value. To sum up, the procedure for synthesizing NUISMO can be described as
an algorithm as follows.

Step 1: find the parameters K, Y and P > 0 by solving LMI feasibility (20).
Step 2: use the results of Step 1 to evaluate E from (19).
Step 3: estimate the observer’s parameters N , L and M from (13).
Step 4: find Pv > 0 by solving the sufficient condition in (31).
Step 5: design the robust feedback injection term va by using the value of Pv.

Contrarily to existing nonlinear observers, the robust feedback injection term based on
sliding mode technique in Step 5 was configurated by using the estimates of β1 and β2

and the observer state estimation error (see Theorem 3.1).

4. Simulation Results. In this section, simulations are performed to validate the pro-
posed method of designing NUISMO. The presented approach estimates the structure of
a moving object using the images of a single moving camera which can be taken in real
time. The camera calibration matrix Cc is given below

Cc =

 720 0 320
0 720 240
0 0 1


Simulation results are validated in the presence of uncertainties and under the influ-

ence of significant noise. Two different parts are considered and NUISMO performance
is evaluated for both cases: In the first instance, a comparative study with an NUIO as
known in the literature, especially the one used in [22] chosen as a reference for its per-
formance to solve the considered issue. Then, an expanded study is developed to approve
the performance of the proposed observer. Unlike existing studies in the literature, it was
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elaborated when all velocity measurements are noisy and the object is moving along a
plane. For the simulation tests, SIMULINK is used with sampling period ts = 10−3 s.

4.1. Comparative study. Consider the camera motion model in [22], where a dynamic
object moves in a straight line. Matrices A, C and D of the system (9) are chosen as

A =

 0 −1 2
1 0 1
0 0 0

 , C =

[
1 0 0
0 1 0

]
and D =

 1
0
0


Camera and object velocities are given by

vk =

 0.5 cos(2πt/6)
0
0

 (m/s) , vc =

 2
1

0.5 cos(t/2)

 (m/s)

ω =
[
0 0 −π/30

]T
(rad/s)

where vk, vc, ω are the point velocity, the linear camera velocity and the angular camera
velocity respectively. The time-varying velocity vk was chosen thereby since the object
is moving along the x-axis. As the camera moves in a free way, its linear velocity has
components on the three axes of the camera frame, unlike the angular velocity which has
a single component on the z-axis.
The gain matrices in [22] are calculated using the LMI feasibility in Matlab and are

given by

K =

 1.0045 −0.0000
−0.0000 1.0045
−1.0047 −0.0000

 ; Y =

 0 −0.0000
0 −1.0000
0 −1.0047


And in the proposed observer, all matrices are found as stated below

E =

 −1.0000 0.0000
0 −0.600
0 −0.5000

 , M =

 0 0.0000 0
0 0.4000 0
0 −0.5000 1.0000


L =

 0.0000 0.0800
0.4000 0.4000
−0.5000 −0.0900

 and N =

 −0.5000 −0.2000 0.0000
0.2000 −0.5000 0.4000
−0.0000 −0.4000 −0.5000


The matrix Pv > 0 is found by solving the sufficient condition LMI’s in (31).

Pv =

 50.5199 0.000 0.0000
0.0000 50.5199 0.0000
0.0000 0.0000 50.5199


For a simulation purpose, the initial target feature point position is set to be x(t0) =[
5 2 1

]T
(m). Since the initial target feature point position is not known to the

observer, so the system and observer start from different initial conditions. The initial

condition for the observer is taken as x̂(t0) =
[
−1 −0.5 −0.2

]T
(m). This comparative

study is mainly based on the estimation of the inverse depth x3 which is the relative
Euclidean distance between the camera and the feature point.
Table 1 summarizes the RMS (Root Mean Square) error values obtained with the

proposed observer and the NUIO [22]. Initial trial is considered with noise free case.
After that, a band-limited white noise is added to the measured camera linear velocity
with zero mean and a noise power equal to 0.01. In fact, the addition of noise on camera
linear velocity is obvious since in practice the measuring instrument inevitably introduces
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disturbances. Note that the measurement noise values considered in this comparative
study are not studied in [22].

Table 1. Comparison table of RMS error values obtained with NUIO in
[22] and the proposed scheme

Observer x3 x3 with noisy Vc

NUIO 0.0875 0.0894
Proposed 0.0175 0.0178

Figure 2. Proposed observer state estimate comparison with the NUIO
and the real state

Figure 3. Inverse depth estimation error comparison
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With regard to the performance comparison study with the NUIO in [22], the steady-
state estimation errors are significantly lower with the NUISMO compared to the NUIO.
The error values are increased by 5 times compared to that given by the NUIO.
Figures 2 and 3 describe the actual inverse depth, its estimated and the inverse depth

estimation error respectively using in both the NUIO and the proposed observer. Figures
4 and 5 show the same results but taking account of the measurement noise on the linear
camera velocity. We notice that the transient performance of the NUISMO is significantly

Figure 4. Proposed observer state estimate comparison with the NUIO
and the real state in the presence of measurement noise

Figure 5. Inverse depth estimation error comparison in the presence of
measurement noise
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superior to the NUIO. So clearly then, the proposed observer has slight superior noise
rejection properties and less transient response compared to the observer in [22].

4.2. Expanded study. In this part of simulation, the proposed observer is strongly
approved by adding a significant measurement noise to both camera and object velocities.
Unlike the previous comparative study, the object and the camera can move in a free way
without any limits and the object moves on a plane. Three cases are taken, the details
of the study are described as follows: First of all, the ideal case (Case 1), also called
the noiseless case when the velocity measurements are perfect without any disturbances.
Then, the proposed approach is validated for robustness by adding a white noise. Indeed,
two cases are given:

- Case 2, uncertainties on the dynamic system are considered precisely in the f(x, u)
(see (19)). In fact, these uncertain nonlinearities are caused by the presence of noise
on the linear camera velocities (see Figure 9).

- Case 3, we add to Case 2 disturbances that are presented on the unknown input.
These disturbances are introduced as noise on the object velocities (see Figure 14).

Matrices A, C and D of the system (9) are given by

A =

 0 −1 2
1 0 1
0 0 0

 , C =

[
1 0 0
0 1 0

]
and D =

[
1 0 0
0 1 0

]T
The parameters of the object and the camera are chosen in a way to be the closest to

the real measurement

vk =

 −0.5 cos(πt/4)
−1 + 0.2 cos(πt/8)

0

 (m/s), vc =

 sin(πt/4)
1.2 + sin(πt/6)

−1 + 0.5 sin(πt/8)

 (m/s)

and ω =
[
0 0 −π/30

]T
(rad/s)

In the proposed observer, all matrices are found as stated below

E =

 −1 0 0
0 −1 0
0 0 0

 , M =

 0 0 0
0 0 0
0 0 1

 , L =

 0 0 0
0 0 0
0 0 0.5


and N =

 −0.5 0 0
0 −0.5 0
0 0 −0.5


The feedback injection term va and estimated upper bounds are evaluated as (21). The

matrix Pv > 0 is found by solving the sufficient condition LMI’s in (31).

Pv =

 2.3194 0 0
0 2.3194 0
0 0 2.6528


Despite the unknown upper bounds of uncertainties and disturbances, the proposed

observer NUISMO (12) is used to estimate the position of the object and generate the
upper bound of the nonlinearity in real time. Figure 6 shows the curves of the estimate of
bounds on nonlinear function in (10). The upper bounds β1 and β2 converge to constant
value 0.652 after 4 s. An adjustment of the Pv and M offers improvements in convergence.
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Case 1: ideal case
Let us start with the first case where it is supposed to have reliable sensors for velocities

measurements without disturbances and uncertainties. Figure 7 describes the actual and
estimated moving object position. Figure 8 presents the curves of structure estimation
errors where these last ones are the difference between the estimated and the actual states.
Note that the error values obtained in this case are quite small and they are presented as
follows: er1 = −9.09× 10−6, er2 = −2.27× 10−5 and er3 = 0.1× 10−7, where er1, er2, er3
are errors of 1st-state, 2nd-state and 3rd-state respectively.

Figure 6. Estimate of bounds on nonlinear function β1 and β2

Figure 7. Actual and estimated positions of the dynamic object with
respect to a moving camera (Case 1)
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Figure 8. Errors in the structure estimation of the dynamic object (Case 1)

Figure 9. Moving camera linear velocities V cx, V cy and V cz in presence
of noise

Then, two cases are studied by adding noise measurements: the uncertain nonlinearities
case and the uncertain nonlinearities and disturbances case.

Case 2: uncertain nonlinearities
A white noise is added to the measured camera velocities with zero mean and noise

power equal to 0.01. Figure 9 shows the moving camera velocities with noises traced on
the three axes of the camera frame.

Despite the presence of uncertainties, the estimated position of the moving object con-
verges correctly to the actual ones with slight noise due to camera sensor noise, see Figure
10. The convergence time of these estimated states is slightly affected. Figure 11 delin-
eates errors in the structure estimation. The values of errors in steady state for x̂1, x̂2
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Figure 10. Actual and estimated positions of the dynamic object with
respect to a moving camera (Case 2)

Figure 11. Errors in the structure estimation of the dynamic object (Case 2)

present a small difference regarding those of Case 1. The values are given as follows:
er1 = −9.07 × 10−6, er2 = −2.35 × 10−5. For the inverse depth x̂3, this error has in-
creased by 10 times compared to Case 1 but remains rather low where it is of the order
of er3 = 0.1× 10−6.
Case 3: uncertain nonlinearities and disturbances
In this case, two problems are dealt with: the presence of nonlinear uncertainties and

the presence of the disturbances in the unknown input due to the sensor noise.
Now, apart from the presence of uncertainties on the linear camera velocities (see Figure

9), white noise is added to the measured object velocities (see Figure 12). The last one
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shows the moving object velocities with noises. Figure 13 shows comparison of the real
and estimated positions of the moving object in the camera coordinate frame. However,
compared with results given by the other cases, a slight noise could be observed in the
components of the normalized Euclidean coordinates due to the high noise in both camera
and object velocities. The errors curves in the structure estimation are exposed in Figure
14. After a convergence time, the error values remain low and they are stated as follows:
er1 = −9.1 × 10−6, er2 = −2.25 × 10−5 and er3 = 8.5 × 10−4. NUISMO was verified
to function well against even the time-varying uncertainties. These results demonstrate

Figure 12. Moving object velocities V kx and V ky in presence of noise

Figure 13. The actual and estimated positions of the dynamic object on
images (Case 3)
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Figure 14. Errors in the structure estimation of a moving object (Case 3)

that the proposed approach can achieve robust and efficient performance even with the
unknown object motion and measurement noise.

5. Conclusion. In this paper, the SaMfM problem for camera/object nonlinear system
with the uncertain nonlinearities, disturbances and in the presence of unknown object
velocities is investigated. The solution to this problem is defined by the proposed design
NUISMO with a feedback input injection where its proven convergence is given. The dy-
namic system is assumed to be bounded but their bounds are unknown and are estimated
adaptively using suggested laws. Unlike the previous studies, the proposed observer can
be applied to the camera images of objects that move along a straight line or plane. A
comparative study with an NUIO is carried out to prove the effectiveness of the proposed
approach. The simulation results highlight the performances of the designed NUISMO
to recover the structure of the object by presenting different simulation cases. For future
works, an experimental implementation of the proposed solution can be achieved on a
robot manipulator.
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