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ABSTRACT. In this paper, we discuss the relationships between capacity of control in
entropy theory and intrinsic properties in control theory for a class of finite dimension-
al stochastic dynamical systems described by the linear stochastic differential equations
driven by mized fractional Brownian motion with delay in control. Stochastic dynamical
systems can be described as an information channel between the space of control signals
and the state space. We study this control to state information capacity of this channel
in continuous time. We turned out that, the capacity of control depends on a time of
final state in dynamical systems. By using the analysis and representation of fractional
Gaussian process, the mathematical derivation of a closed form continuous optimal con-
trol law is derived. The reached optimal control law maximizes the mutual information
between control signals and future state over a finite time horizon. The results obtained
here are motivated by control to state information capacity for linear systems in both
types, deterministic and stochastic models that are widely used to understand informa-
tion flows in wireless network information theory. We discover some new relationships
between control theory and entropy theoretic properties of stochastic dynamical systems
with delay in control. Finally, we present two examples that serve to illustrate the rela-
tionships between capacity of control and intrinsic properties in control theory.
Keywords: Controllability, Mutual information, Capacity of control, Stable, Optimal
control, Stochastic control systems, Delay in control

1. Introduction. One of the fundamental results in the entropy theory is the capacity
of control for communication system channels. The capacity of control or empowerment
plays an important role in many applied fields in engineering, computer science, economy;,
physics, chemistry and other sciences.

Since Shannon in 1948 [1], information theoretic limits of capacity of channels have
been studied extensively. The capacity of channels of single or multi input signals was
introduced by the authors in [1-3] respectively. In [4], a limiting expression for the capacity
regions of multi-access channels with memoryis was obtained.

In this work, we introduce an alternative view of some concepts in control theory such as
reachability, stability and controllability by studying the relationship between the control
process and the result states in terms of information theory.

Therefore, the stochastic control systems perturbed by mixed fractional Brownian mo-
tion with delay in control are considered as information channels between the random
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vectors (control and future output state). There are several definitions of capacity of con-
trol and some of them differ in formulation. Capacity of control or empowerment means
the maximization of mutual information between the control process and output state
over all input probability distributions of the channel of the control system. In a series
of theoretical and practical studies such as [5-9], the suitability of capacity of control to
implement a style controller was explored.

The researchers in [10] characterized the capacity region of a Gaussian multiple access
channel with vector inputs and a vector output with or without inter symbol interference.
Ranade and Sahai in [11] discussed the relationship between the stability and capacity
of control for discrete linear dynamical system perturbed by Gaussian process and devel-
oped a notation of capacity of control that gives such a fundamental limit on the rate
at which a controller can dissipate the uncertainty from a system. In [12], an optimal
Gaussian controller is obtained for unstable dynamical systems by using the analysis of
Gaussian process. In a recent important work Tiomkin et al. in [13] studied the problem
of the control to state information capacity of stochastic dynamic systems driven by a
Gaussian process with a single control in continuous time, when the states are observed
only partially and also they derived an efficient solution for computing the control to state
information channel. Our work focuses on studying a new relationship between capacity
of control in entropy theory and intrinsic properties in control theory for linear systems
with delay in control.

The contributions of this paper are as follows. We derive an efficient method for comput-
ing the information capacity between control process and final state of stochastic control
systems driven by mixed fractional Brownian motion, and discover some properties which
related between control theory and information theory. In particular, we demonstrate
that the capacity of the control does not grow without limiting the length of control pro-
cess. We show that the time delay contributes effectively to determination of capacity
of control for stochastic control systems. Also, we indicate that the information capacity
between control-state processes depends upon both final times and delay of this system.

The paper is organized as follows. Section 2 contains the mathematical model of sto-
chastic control system which is described as an information channel between the space of
the control process and the state space. In Section 3 the explicit formula for the mutual
information between the resulting state and the control process is derived. We represent
and analyze the control process in Section 4. In Section 5 the controllability is studied.
In Section 6, we formulate the optimality conditions for control process. The relationship
between capacity of control and final time is discussed in Section 7. In Section 8, two
examples are presented to illustrate the relationship between capacity of control and the
intrinsic properties of stochastic dynamic systems. Conclusion of this paper is shown in
Section 9.

2. System Description. In this paper, we use the following notations: Let (2,73, P)
be a complete probability space with probability measure P on a simple space 2 defined
on a filtration {J;,t € [0,7]}. 3T, is the o-algebra generated by the random variables

{W({Z), Wi, s €0, t]} and the P-null sets. Let L?(Q,J;, R") denote the Hilbert space of
all J; measurable square integrable random variables with values in R".

Definition 2.1. [14]: Let h be a constant belonging to (0,1). A one-dimensional fractional
Brownian motion Wh = {W(’z),t > O} of the Hurst index h is a continuous and centered

Gaussian process with covariance function

E(WhWly) = % (" + " — |t — s}, fort,s = 0.
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- Ifh = %, then the increments of W" are non-correlated, and consequently independent.
So W is a Wiener process which we denote further by W.

-Ifhe (%, 1) then the increments are positively correlated.

-Ifhe (O, %) then the increments are negatively correlated.

The integral representation of W" appears as:

t
Wiy = L Kp(t, s)dW(s)

where W is a Wiener process and the kernel Ky(t,s) defined as
t

Ki(t,s) = ch séhf (u — S)h’%uh*%du

S

‘;—ff(t, s) — ch <3)H (t — s)h

S

Njw

2
where ch = [%} ,t> s and B is a beta function.

In this section, we consider the description of a channel for a linear communication
system in the following form:

d d d
Em(t) = Ax(t) + Byu(t) + Bau(t — h) + G%W(t) —l; U%W (t)
y(t) = Dx(t) + oc.WH (), t € [0,T] (1)

z(0) = xg
u(t) =0, te[—h,0]

where z(t) € C ([0, T]; L? (2, J;, R™)) represents the state of stochastic control system with
the dynamics matrix A € R"*" and z is a centered Gaussian random variable defined on a
probability space (€2, Jg, P). The control process u(.) is p-dimensional centered Gaussian
process over times t € [0, 7] distributed according to the density function p(u(t)), which
is restricted to the space of Gaussian distributions and B, B, are constant matrices
belonging to R™?. W(t), t € [0,T] is an n-dimensional standard Brownian motion
(Wiener process) defined on (2,7, {J;:}=0, P) with scaling matrix G € R™*". The gain
matrix o; € R™*" scaling the white n-multivariate fractional Brownian motion W*# 1(t),
t € [0,T] with Hurst parameter H' € (0,1)" defined in a complete probability space
(2,7, {F:}=0, P). WH*(t), t € [0,T] is a p-multivariate fractional Brownian motion with
Hurst parameter H? € (0,1)? defined in a complete probability space (2,7, {J;}i=0, P)
and the matrices D and oy belong to RP*".
Assume that the following conditions are satisfied
1) For any t € [0,T] the components wy, k = 1,2,...,n of process W(t) are independent
one to another and in the same condition with reference to the processes W' (t) and
WH(t).
2) The control processes u(t), t <T — h and u(t), t > T'— h are independent where h is
the time of delay.

Remark 2.1. An information channel which is given by the conditional probability dis-
tribution p(y(T)|u(t),t € [0,T]) is induced by the stochastic dynamical system in (1) such
that system input is perturbed by the noise which results from mized fractional Brownian
motion and the system output is perturbed by the noise of fractional Brownian motion.
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The linear stochastic dynamical system with initial conditions in (1) has the unique
solution z(t) € L? (Q,TJ;, R") for any t € [0,7T] see [2], which can be represented in the
following integral equation:

t t
z(t) = eMlzy + J A=) [Byu(s) + Byu(s — h)] ds + J A= GaW (s)
° : @)

t
+ J A dw T (s)
0

For any ¢ € [0, k], the solution of Equation (2) has the following form:

t t t
) = My + [ NI Bru()ds + | ACIGa () + [ A () (3
0 0

0
If we take t > h, then Equation (2) can be written as:
t—h ¢
z(t) = ety + f A9 Bu(s)ds + J eAt=s=M Bou(s)ds + f A GAW (s)

o 1 0 0 (4)
+f A dWH (s)

0

t

Assuming that 7' > h then Equation (4) is equivalent to the integral equation:

t—h
x(t) = ettay + f
0

t
[ By + e By | u(s)ds + f A=) Biu(s)ds

t—h
t t (5)
+f A GAW (s) +J Ao dW T (s)
0 0
3. Mutual Information. In this section, we formulate and show the explicit formula
for the mutual information between the resulting state signal at the final time 7" and
the control signals over time ¢ € [0, 7], by using some properties of entropy theory and
fractional stochastic analysis theory. The mutual information between any two continuous
random variables x and y is defined by the difference between the differential entropy of x
and the conditional differential entropy of x with respect to y. In other words the mutual
information between x and y is defined as:

I(z;y) = H(x) — H(z|y)

Mathematically, the mutual information between the stochastic processes y(71") and
u(t), t = 0 is defined as:
I(y(T);u(t)) = H(y(T)) = H(y(T)|u(t)), te[0,T] (6)
Because the processes u(t), W(t) and W' (t) are independent for any ¢ € [0,T] by
assumptions and for any one of these processes is Gaussian, then Equation (5) shows that
if the initial condition in (1) is the multivariate Gaussian random variable or deterministic
vector then z(t) is also multivariate Gaussian for any ¢ € [0,7]. The random vector
X e R" ~ N(0,5,) with zero mean and covariance matrix S have the differential entropy
of X in the following form [15]: H(z) = iIn(2me)"det(S,). Therefore, the differential
entropy of multivariate Gaussian random vector depends only on its covariance matrix.
Hence, the differential entropy of future observed state y(7') at terminal time 7" is also
depending on its covariance matrix S, (7).

H(y(T)) = 5 In(2re)"det(S,(T)) (7)
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Consequently, under the independence assumptions of processes u(t), W (t), W '(t) and
WH*(t) then the final state 2(T) is independent with multivariate fractional Brownian
motion W at time T'. Furthermore, from the control system in (1) the covariance matrix
of y(T) appears as:

Sy(T) = DS (T)D" + 02Sym2(T) 0%, (8)

Therefore, from Equation (5) and the independence assumptions of processes u(t), W(t)
and W' (t) we get that, for every ¢ € [0, T] with initial condition z the covariance matrix
of final state x(T") is given in the following form:

Sx(T) = Sxo (T) + Su(T - h) + Su(T) + SdW(T> + deHl (T) (9)
where

Seo(T) = eATC'xO AT

T—h pT—h
SU(T _ h) _ J J [eA(T—tl)B1 + eA(T’tlfh)BQ]Cu(tl, t2> [eA(T—tQ)Bl

!
4 AT —t2=h) Bg] dt,dts

T T /
T - f J AT, Cults, 1) [T By | dtrdt
T—h JT—h

Saw (T f f AT GO (b1, 1) G'eY T8 qty dt,

del J J A(T= tl)Ulodel (thtg)O'i@A (T—t2) dt dtQ

wherein Cx (t1,t9) represents the covariance matrix for any two states z(¢;) and z(ts).
Lemma 3.1. [16]: Let V[0,T] be the class of functions such that f :[0,T] x Q@ — R, f
T
is measurable, J;-adapted and E lj (f(t,w)) dt] 0. Then for every f e V[0,T]
0

ol Tf(t,w>dw<t>r -e| " o)t (10)

0 0

where w(t) is a standard Wiener process. Consequently, the covariance matriz Sqw (T)
can be written as

Saw (T J f AT GG A T2 gt dt, (11)

Lemma 3.2. [14]: Let 3 < h < 1 then for any functions ®, ¢ € L*[0,T] n L*[0,T], we
have

(i) E (LT O(t)dwf, J o(s )dw(s> = h(2h —1) J J — 5|2 dsdt

(i) E (dwg)dw@)> = h(2h — D[t — 5| 2dsdt

Therefore, by using above lemma and the independence assumptions of processes wZi (1),
k=1,2,...,n for any ¢ € [0,T], we obtain:

del J J A(T t) O'lR tl,t2>0'/1€A (T—t2) dt dtg (12)
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where R(tq,t5) is an n x n diagonal matrix whose kk-th entry is specified by the parameter
hi
2hy—2 _
Trr(t1,t2) = { gf@hk BRI ggi ; ; Ilz

The covariance function of the input signal is defined as C\,(t1,t2) = E [u(ty)u/(t2)].

Now, to find an explicit formula of the covariance matrix of W* *(T). By the indepen-
dence assumptions of the components w?{’g (t), k =1,2,...,p for any t € [0,T] then the
covariance matrix Sy, u2 (T') of W# *(T) is diagonal, whose kk-th entry is specified by the
parameters hy of the multivariate fractional process WH* at final time T appearing as
follows _

[Sye2 (D], =T, k=1,2...p (13)
Consequently, the covariance matrix of output state y(7) is given as

S,(T) = DS, (T)D' + DS,(T — h)D' + DS, (T)D' + DSy (T)D

el 0
/ , (14)
+ DSy (T)D' + 09 o
2h
0 r=r PxP
By using the independence assumption of control process u(t), t < T — h with the last

h of time, we study the mutual information between y(T') and the followmg control signal
{u(t),t <T}.

Firstly, we need to compute the differential entropy of a random vector y(7") conditional
on the control process u(t), t € [0,T]. Denote the total covariance of uncontrolled noise
which it comes from the power of mixed fractional Brownian motion by S7,.,. Under the
independence assumption of W (t), W' (¢), WH*(t) and the initial condition z, then the
total covariance is the following form:

Stotal(T) = DSy (T)D' + DSaw (T)D' + DS ppyr2 (T) D'
T2 0
+ 02 e o é
0 T%he

(15)

PxP

The covariance of the future observed state y(T") given the control process u(t), t € [0, T']
is also the total covariance of uncontrolled noise with initial random vector g

STOMZ( ) S(y|u e OT])(T) (16)
Hence,
H(y(T)|u(t),t € [0,T]) =

Therefore, the mutual information between y
be written as

I(y(T); u(t),t e [0,T]) = 5 111 {det (Lnxn + Sppu(T)(Su(T = h) + Su(T))) } - (18)

In(2me)"det (S ot (1)) (17)
T) and the control signal u(t), t < T can

N —

—~

4. Representation and Analysis of Control Process. In this section we represent
and analyze the control process by using orthonormal expansion of Gaussian process.

Lemma 4.1. (Karhunen-Loeve Theorem) [17]: Let x(t), t € [a, b] be a central square
integrable stochastic process defined over a probability space (2,7, P) with continuous co-
variance function C, then xz(t) = Z] L %€ (t), where ej, j =1,2,... is a set of orthonor-
mal basis on L*([a,b]) and the random variables z;, j = 1,2, ... are independent and have
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zero mean. From this above lemma for any component ux(t), k = 1,2,...,p of the con-
trol signal u(t) € L* (Q,Jt,L2 (O,T — h,RP)) may be represented by appropriate choice
of {ej(t)}72y, such that the set of functions {e;x(t)}72, is countable of real orthonormal
functions in L*([0,T — h]) and ujx, j = 1,2,... is a sequence of independent Gaussian
random variables as the following

t) = Z uj ek (t) (19)

Also, for any component uy(t), k = 1,2,...,p of the control signal u(t) € L? (Q, 3., L* (T
—h,T, RP)) can be written as:

Z i 10;5(1) (20)

wherein {60;(t)}7, is countable of real orthonormal functions in L*(T — h,T,R") and
Uik, 7 =1,2,... is a sequence of independent Gaussian random variables. Now, for any
t € [0, T — h] the p-dimensional control process can be represented as follows:

B o0
2 uji€;1(
] 1
Z Uj2€ja(

(21)

o0
Z Ujp€;p(t)

where {e;1(t)}72, is countable of real orthonormal functions in L*(0,T — h, R”). By in-
dependence assumptzon of components of control process u(t) then its covariance function
is diagonal, whose kk-th entry is specified by the parameters o, of the control process as
follows

oe}
[Cu(tl, tg)]kk = Z Ujk@j,k(tl)ej,k(tQ); k= 1, 2, e (22)
j=1
Also, for any t € [T — h,T] the p-dimensional control process can be represented as:

- 0
D ijab;(1)

ij20;()

<.
Il
—

IF

(23)

£
—~

~
~—

I

<

Il
—_

s

f
<
Il
—_
|

i p0;.p(t)

and .
[Cu<t1, tg)]kk = Z ijej,k@l)ej,k(tQ)a k’ = 1, 2, Ce
7j=1

Assume that B = B; + e 4" B, then the covariance of u(t), t < T — h can be written as
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T—h pT—h
T h J J A(T—t1) 2 Z ka'Jkejk tl ej k(tQ)b/ AT—t2) dtldt2 (24)

k=17=1

where b, = B[:, k] is a k-th column of a matrix B.

Similarity,
J f AT—t) Zblkwjkejk(tl)ejk(tz)b’lke (T=t2) g, dt, (25)
T—h JT— h k=1j=1
where byx = Bi[:, k] is a k-th column of matrix B;. By using the assumption that
u(t) e L* (Q ,L? (O T, RP)), then the power constraints give
T—h
| 10O oy < M (26)
T
| 1Ol o0 mmyt < M (27)

such that M; and M, are constants. This impels

T— h p

Tr U Wt 1) dt} Z Z J oiceir(t)esp(t)dt = > > o < My (28)
0 k=1j=1 k=1j=1
T p

Tr {f t t dt} 2 EJ w]kﬁjk ]k( )d = Z ijk < M2 (29)
T—h k=1j=1 k=1j=1

5. Controllability. In this section, we study the concept of controllability of the dy-
namical system in (1) by using the properties of deterministic linear system with delay
in control and controllable matrix. Consider the deterministic linear system with delay

control as
%x(t) = Ax(t) + Byu(t) + Bau(t — h), t € [0,T]
2(0) = (30)
u(t) = 0, t € [~h, 0]
Define the linear control operator LIu: L*(,73;, L? (0,T, RF)) — L?(, 3, L*(0, T,
R”)) as
T

T—h
Liu = J [eA(T_S)Bl + eA(T_S_h)Bg] u(s)ds + J AT Bu(s)ds

0 T—h
It is clear that £Iwu is bounded. The adjoint operator (L’OTu)*: L* (9,3, L?(0,T,R"))
— L?(Q, 3, L*(0,T, RP)) is defined by
(cT)* - - (eA(T*t)B)// E(z), te[0,T —h]
0 (e9B) B(2), te[T—hT]

Also, to define the controllability operator G associated with control operator £ in
the deterministic case of Equation (30) as [18]

T—h
Gr— 25 (c3)" - |

0

T
eA(T—t)BBleA’(T—t) dt + f eA(T—t) Bl Bi@A/(T_t) dt (31)
T—h
Lemma 5.1. [19-21]: The following conditions are equivalent
i) The deterministic control system in (30) is controllable on [0,T].
it) The stochastic control system in (1) is controllable on [0,T].
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iii) The controllability matriz Gr in (31) is nonsingular.
iv) The matriz [By, By, ABy, ABs, ..., A" 1B, A" By]| is full rank.

Suppose that the following notations are used in this paper

GAb (t) = €A(T7t)bk e R" (32)
gA,blk (t) = €A(T_t)b1k e R" (33)
T—h
o) = | an el de 3
0
T
all) = | gan 080 (3
T—h

Hence, the covariance matrices S,(7"), S,(T" — h) and controllability matrix can be

written as
P o0

Su(T) = D Y winzaw(T) 24 (T) (36)
k=1j=1
Su(T = h) = > > ojpvin(T)vi(T) (37)
k=1j=1
T—h T
GT(bk, blk) = J;] GA,by, (t)gf47bk (t)dt + J;h gA7blk (t)gf47blk (t)dt e Rxn (38)

Assume that the deterministic linear control system corresponding to stochastic control
system in (1) is controllable. This means that the matrix G'7(by, byx) is positive definite
forany k=1,2,...,p.

In the next section we shall formulate and prove the conditions for optimal control in
other word we find the expression of control signal which maximizes the mutual informa-
tion between control signals and future observe stat for the stochastic dynamic system in

(1).

6. Optimality. Consider the following constraint optimization problem as

I(y(T);u(t), te|0,T )
suhax AG(T);u(), te[0,T])
subject to
d d 1
y(t) = Dx(t) + o, WH(t), t € [0, T
z(0) = xg
u(t) =0, t e [—h,0] )

By using the representation of control process in Section 4, Equation (18) can be written
in the following form:
I(y(T);u(t), t € [0,T])

p
) 3NN 0 Dua(T)0ly (T) D! o0
=5 In | det | Lp + Szk,(T)$ =171,
+ 203 Wik Dz (T) 24y (T) D'

k=1j=1
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The constraint conditions (28) and (29) with orthonormality conditions imply to a new
expression of optimization problem in (39), which gives

max —In | det | Iixn
ow {056}, fesn®}, 2

k=1j=1
subject to
b & L)
2 2.0k = Mi
k=1j=1
P ee]
2 2wk = My
k=1j=1
Ojk = 0
Wik =0
T—h
J e b(B)en(t)dt = 5
or
J‘ 0, k()0 x(t)dt = 6
T—h )
where,
0, ifi=j
59” = { 1, ifi#j’ 0= {Ujk}jk and w = {wjk‘}jk
Therefore, the Lagrange function can be written as
p [ee}
0 oD (Tl (T) D'
1 —1j=
L= gln | det | Ly + Sp(T) S
+ 32> wig Dz (T) 24 (T) D'
k=1j=1
o0 P © P ®©
-—MN (ZZij_Ml) — 2 (Z ijk—M2> _ZZ)\jkOjk (42)
k=1j=1 k=1j=1 k=1j=1
P © P ® T—h
= D0 D ik = D D B (J ek (t)eir(t)dt — 5jz‘)
k=1j=1 k=1 j,i=1 0
p 0 T
k=1j,i=1 T—h

where 71, Y2, Ajk, Wk, Brji and oy ;; are the Lagrange multipliers.
Consequently, the corresponding KKT optimality conditions of optimization problem
in (41) are in the following form, for any t € [0,T], k =1,2,...,pand j,i = 1,2,...
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oL )
t)=0
5€j,k( )
oL
50.}{(1&) =0
: VE
0 o (43)
6ajk
oL,
aij: J
P © )
Z Z Ojk — M1 =0
k=1j=1
P ©
Z Z cujk — Mg =0
k=1j=1
(ii) ot =0\ (44)
Wik = 0
T
f €j7k(t)€i7k<t)dt — 5]'7; =0
TO
f 0,x(t)0i(t)dt — 55 = 0
T—h J
)\jko'jk =0
(iii) lonig = 0 } (45)
. Njg =0
w w2 (40

Clearly, the nonlinear optimization problem in (41) is a convex with respect to {oi};«
and {w; } i for a given set of the expansion functions {e; x(¢)};x and {60} x(¢)};x. The partial
control signal without the rm-th control component for Gaussian process representation
in Equations (19) and (20) is defined as

um(t) = Y wikejr(t), te[0,T —h]

Jk#rm 47)
UW(t) = Z ﬂijQij(t), te (T — h, T] (

Jk#rm

Therefore, the covariance matrices of control signals in (24) and (25) can be written as

Su(T —h) = Z Ujkvjk(T)v;k(T) + Urmvrm(T)U;m(T)

jk#rm
SuT) = 1) (T) + womzrn(T) 2 (T) “3)

Jjk#rm

Consequently, the covariance matrix of partial control signal uz(t) appears as
Sy (T —h) = Su(T = h) = GrmVymn (T, (T) }

rm

Sz (T) = Su(T) = Wem2Zrm (T) 27, (T)

rm

(49)

The covariance matrix of a final observable state conditional by rm-th control process
component can be written as
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Swlurm)(T) = DS, (T —h)D" + DS, __(T)D" + Stota(T) (50)
Substituting Sz (7") in Lagrange function (42), we get

1
L= 5 In det{S(ywrm)(T) — DSUm( — h)D/

p  ©
— DS, (T)D' > 053 Dv(T)vi(T) D'

k=1j=1
p , / ,
+ ;;ijDZik(T>Zik(T)D } — 3 In det (S 7o (T))
p
<Z Z Tjk — M1> — 2 (2 Z Wik — M2> (51)
k=1=1 k=1j=1
p  ©
PV Z Z HkWik
k=1j=1 k=1j=1
p o] T—h
a Z Z B (J ejr(t)eir(t)dt — 5ji)
k=17,i=1 0
p o -
aIPIEI (J 0,6 ()0, (t)dt — & )
k=17,i=1 T—h

L lln det Sy (T) + rm Doy (T)ths (T)D' + Wy Dpa(T) 2 (T) D'}

Indet(Stota(T)) — M (Z Z Tik Ml) s (2 Z e M2>

k=1j=1 k=1j=1

T—h (52)
D IDWITIE 3 YN | ISRV

0

2; k=1j=1 k=1j,i=1
0 T
Z QL i (J 7, k(ﬂel,k(t)dt - 6]2>

Now, to compute the ordinary derivative of a Lagrange function with respect to o,.,
for each r =1,2,... and m = 1,2,...,p

oL v (T )DS_y|u (L) D (T)
00m 1+ opml, (T )D’S‘ylu (T) Dy (T') + wym 2l (T )D’Sy|1u -

_71_)\7”

| =

i M@n M@ b

m) Dz, (T) (53)

Equating the ordinary derivative of Lagrange function to zero for each r = 1,2,...,
m=1,2,...,p, and by using the KKT conditions (44)-(46), we have o,.,, = 0 leads to

T)D'S,, L (T Do (T
1 +mezr (T )D’S (ol )Dzrm(T)
Or o,, > 0 leads to
D'S7t (T)Dvy (T
(DD Sy (VD) e o
1+ 0 DV (T )Sy‘u (1) D" + wrm 2y, (T )D’S(y|u y Dz (T)
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Hence, for any £ =1,2,...,pand 5,1 =1,2,..., we get

1 1

o = max< 0, — -
’ { 1 V(T)DS (D) Dog(T)

/ / 1 (56>

_%‘kzjk( )D"S 1y (1) Dz (T)
Vie(T)D'S 1,0 (T) Dje(T)
From KKT condition in (44), we have
Zp:ima 0 ! L
x40, — —
k=1j=1 M v (T)D'S y?u]k)(T)DUjk(T)
(57)

g (DD'S o (T >Dzjk<T>} _
DD Sy, TDu(T) f ~

Similarity, the ordinary derivative of a Lagrange function with respect to w,,, for each
r=12...and m=1,2,...,p appears as:

o (D)D'SS, (1), (T)
OwWrm 1+ oppvl, (T )D’S‘ylu J(T) Doy (T) + Wi 27 (T )D/S(_y|u 1Dz (T) (58)
— 72 — Urm
If we choose w,.,, = 0 this gives
' (T)D'S 1 . (T)Dzrm(T)
. — 72 = Hrm = 0 (59)

1+ervr (T )Dfs—ylu (T)Dv,(T)

And if w,.,,, > 0 this gives

' (T)D'S y|1u )(T)Dzrm(T) o
1 — ’72 - 0 (6())
1+ 0p DV (T )Sy‘u (1) D" + wem 2y, (T )D'S lurmy P Zrm(T)
Therefore, for any k =1,2,...,pand 5,7 =1,2,..., we get
1 1 ik DUji(T) S Vi (D) D'
wjr, = max+ 0, — — — Do - P (61)
Y2 2 (T)D Sy‘uj (T)Dzu(T) 2 (T)D Sy|u )( ) Dz, (T)
and
i i max < 0 i — !
&2 . ( )D/S_‘ujk (T Dz(T)
(62)
2 Do) D
- = My
2 (T)D'S 1,0 (T)Dzji(T)

Now, we derive the optlmahty conditions for the expansion functions {e;;(¢)} by com-
puting the derivative of the Lagrange function in (42). A variation of any function g can
be represented as dg(t) = ep(t), the quantity € is an infinitesimal number and ¢ is a test
function. The ordinary or partial derivative of functional G(g) can be defined via the
variation 0G which results from the variation of g by 0G

0G = G(g +dg9) — G(g)
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Using the Taylor expansion of G(g + dg) = G(g + £p), we get
2

d 1
G(g+ep) =G(g) + d—gG(g +ep)| €+ QFG(Q + €p)

The functional derivative G(g) with respect to g is defined as

Lo

€2+...

e=0

e=0

d
d—gG(Q + €p)

Hence,

oL
0€rm

= T {8, (10D (940 (0010 (T) + tn(T)gls, (0) D'} +2 3 i (1) (63)

The optimality condition in (43) implies to the following equation:
Orm T { S, (T)Dgap,, ()0} (T)D'} + 00 Tr { Sy (T) Dyn (T) gy, (1) D'}
= 64
+2 Z ﬁm,r,iei,m (t) =0 ( )
i=1

Using the property that the trace of matrices is symmetric and the symmetry of S, ),
we obtain

0T {S;H(T) D (T) gy, () D'} = — 2 Bumri€im (1) (65)

This equation is true for any k = 1,2,...,p, j =1,2,... and t € [0, T — h]; therefore,
0
o Tr {S,  (T)Duji(T) gy (VD' = = Brjiein(t) (66)

Multiplying both sides by e, (t), 7 = 1,2,... and taking an integral over ¢ € [0, T — h],
we have

T—h T—h
O'jkTT‘ (Sy_l(T)DU]k(T) J €T7k(t) dtD ) Z /Bk] i f 67—7k( )62 k’( )dt (67)
0
Using orthonormality of a set of the functions {e; (¢ )} we have

o Tr (S, (1) Duja(T) vy (T)D') = —Pjir (68)
Substituting S ;, in Equation (67), we get

oo
o3 Tr {5, (1) Do (T)gly, (D'} = Y0y (57 (1) D (TW(TVD) exslt)  (69)
i—1
Multiplying above equation by g4, () and taking an integral over ¢ € [0,7 — h], we
have

T—h o0
o j 940,03, (OUD'S, (TVDUR(T) = 03 3 TWT)DSTH D) Du(T)
0 i=1

Therefore, the above equation can be written as

T—h
Ojk [J 9. ()G, (t szk D,Sy_I(T)DUjk(T) =0 (70)

0 =1
Assume that

= > vi(T)v(T) (71)

i=1
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T—h
where G (b;) = f g, (t) Gy, (1)dt.

0
Equation (70) is satisfied if at least one of the following cases is held

1) Ojk = 0
i) vr(T) =
iii) G1 =0
iv) D'S,*(T)Dv;(T) belong to null (@1>

Lemma 6.1. Assume that the matrix D is nonsingular and there exist v, m such that
Orm > 0, but v, (T) = 0. Then

I(y(D)lu(t),t e (T'— h,T];u(t),t € [0,7 = h]) = 0
Proof: Suppose that there exist r, m such that o,, > 0 and v,,,(T) = 0. Since

Sy furm)(T ) is positive definite and v,,,,(T") = 0 then
v (T)D'S 1 (T) DV (T) = 0

(Ylurm)
However, ,,, > 0 by assumption of this lemma, then from equation in (55), we get
7 = 0.
Consequently, for all j, k
Vi (T)DISE, (T)Duje(T) = 0

This means that v;,(7") = 0, in other words,

> opDu(T)(T)D' = 0 (72)
J.k:o >0
If 0 = 0, then
1 opDu(T)y(T)D' = 0 (73)
j,k:ajk:O

Adding Equation (72) to Equation (73), we get
Zajvajk(T)'U;k(T)D/ =0
&

This completes the proof.
Now, since there exists at least one of a set {o, }j . which is greater than zero. Therefore,

if 0, > 0 for some 7, m then from lemma above, the mutual information between y(T")
conditional by u(t), t € (T — h,T] and the control signal u(t), t € [0,T — h] becomes zero
and v, (T) = 0, for any j, k when v.,,(T) = 0. Therefore, v,,(T) # 0. Since S, (T) is
positive definite, then D"S,*(T") Dv;;,(T') # 0. In third case the solution of an equation in
(70) is a decomposition of the matrix G;(by) into the sum of one rank matrices

k) = Z vir (T )vig(T) (74)

Similarity,
blk Z sz (75)

where,
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Theorem 6.1. Assume that both matrices G1(by) and Ga(byx) are positive definite, then
the optimal sets {Ujk}jk and {wjk}jk satisfy the following equations

a—cb
c—ad
YT b (78)
where, . .
T @)D L () Dsn(T) (79)
 du(D) (DS (1) Dru(T)
D Dy DS D)D) (80)
L L (81)
Y2 dp(T)r(T)D'S), (T)Dry(T)
g T)Ds(TIS L, S (T)D)
O T DS, () DD (52)

Proof: Since the matrices G1(by) and Go(byx) are positive definite, then the matrix
Gr(by, bix) is also positive definite for any k. Therefore, the controllability matrix Gy is
nonsingular. This implies that the system in (1) is controllable from Lemma 5.1. Also,
since the decomposition of any positive definite matrix to a sum of one rank matrices is
not unique, if we take the eigenvalues decomposition of Gy (b), we have

G1(bx) = Sk(T)Ok(T) S, (T)

such that, Og(T ) is a diagonal matrix of eigenvalues ¢;,(7"), j = 1,2,...,n of G1(by) and
Sk(T)S,(T') = ILxn. Then,

Z 9k (1) s5(T) S (T)

sik(T), 5 =1,2,...,n are the columns of a matrix S(7'). The matrix G;(by) is positive
definite by assumption, then g;,(7") > 0 for any j. If we choose v;;(T") as eigenvectors of
the controllability matrix G (by) then
V(1) = A/ gji(T)s;i(T), for every je{1,2,...,n}
vjp(T) =0, for every je{n+1,n+2,...}
In the similar method, we take the eigenvalue decomposition of Go(byx), we have
Ga(bir) = Ri(T) Di(T) Ry,(T)

where Dy (T) is a diagonal matrix of eigenvalues d;x(T), 7 = 1,2,...,n of Go(by+) and
Ry (TR, (T) = I,xn. Then,

blk Z ]k T’Jk Tk(T)

ri(T), 7 =1,2,...,n are the columns of a matrix Rg(7T). However, the matrix Go(b;x)
is positive definite by assumption, then d;,(T) > 0 for any j. We choose z;,(T") as
eigenvectors of the controllability matrix G(byx) then

2ik(T) = A/ dji(T)r;i(T), for every je {1,2,...,n}
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zi(T) =0, for every je{n+1,n+2,...}
From this, we obtain that for every j = 1,2,...,n and k = 1,2,...,p, the expansion
variances can be written as

1

o = max< 0, — —

’ { n o gin(D)si(T)D'S ), o (T)Dsji(T)

s a1 (83)
Wik (T)r (T) DSy, (T) Drj(T)
9Dy (T)D'S (), (T)Dsji(T)
and o, satisfies the power constraint in (41). Also, Equation (61) can be written as

w max { 0 L 1

ik — X y T —

19k (T)Ds;ji(T)S y|1u k)S'-k(T)D'
dj(T)rly (T)D'S,,, (T)Drjp(T)

(ylujr)

wji, satisfy the constraint in Equation (44).
From assumption notations in this theorem, the proof is completed.

7. Relationship between Capacity of Control and Final Time. In this section, we
show that in general the capacity of control depends on the final time T'. Precisely, we
show that the capacity of the control is bounded by the value of T" in the following cases.

First case: infinite final time

The total covariance of uncontrolled noise matrix with the resulting matrix from initial
random vector xg, St (1) diverges for T — oo the unlimited growth appears from the
covariance matrix of noise W with time 7', which means that the capacity of control
would go to zero as T' — 0. We found that the capacity of the control is finite both
in asymptotically stable systems and in an unstable system (all the eigenvalues of A are
positive real part).

1) Stable systems:

The stochastic control system in (1) is stable, when the total covariance of uncontrolled
noise matrix S, (1) and controllability matrix G are finite for 7' — oo [22]. By solving
the following Lyapunov equations for any £k =1,2,...,p

AG1 (bk, OO) + Gl(bk, OO)A/ = _bkb;{; (85)
AS jyym + Sy m A" = 010} (87)
we obtain
0 1 1
oir = max< 0, — —
’ M gjk(OO) (90 )D’S (ol (2) D3 (0)
) 1 (88)
gjk(OO) ( )D’S(y?u k)( )Dsjk(OO)
w max < 0 L L
ik — X y —
’ 72 djk(oo) (0 )D/S (ylu; )( ) Drji,(0) (89)

EAHCIAC A
dj1,(00)171,(0) DS,y (0) Drje(0)
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This provides implies that the capacity of control C'(c0) is finite for any power con-
straints M; and Ms, where the total covariance matrix and the controllability matrix G
completely defines the capacity of control.

2) Unstable systems:

In this case we show that capacity of control is finite as well, if all eigenvalues of a
matrix A are positive real part.

Lemma 7.1. The following controllability matrices and process noise variance matrix

T—h

G1(by,) :J e AthbeAtdt (90)
0

~ T ’

Go(byx) = L he_Atblkb'lke_Atdt (91)

T
Stota(T) = DCyy D' + DJ e MGG e dtD' + DH(2H — 1)
0

. T2ﬁ1 0
: f e Mo |T — t|* 20 e dtD' + o, .. ol
0 2h
0 = PxP
(92)
Define the same mutual information objective function in (41), as the original matrices,

Gl(bk), GQ(blk) cmd STotal(T)-

Proof: From the optimal sets of {v;,(T)} and {z;x(T")}, the objective function in (41)
can be written as
} (93)

I(y(T);u(t), t € [0,T7])

p p
~ In {det [ nxn + S (1) D) DG(b) D' + S70y(T) D DGo(byi) D'
k=1

k=1
where S7L . (T), G1(bx) and Go(byx) can be represented by

Sita(™) =[] (Braa™) " [7]
Galbre) = [T Ga(bu) [ 7]
Galb) = |7 |Gt [ ]

Therefore, the expression in (93) is equivalent to:

-1

I(y(T);u(t),te[0,T]) = In {det [Inm + <§Total(T)> - Zp: DG (bg) D’
+ (§Toml(T))_1 Zp] DéQ(blk)D'] }
k=1

when all eigenvalues of A are positive (the system is unstable) then the following equations
are held

(94)

ASgw (0) + Saw (0) A" = GG’
AgdWHl + §dWH1 A = o010}
AG (b, 0) + G (by, 0) A" = —bib,
AG(byr,0) + Go(bys, 0) A = —byibl,
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By solving the corresponding Lyapunov equations above to get the solution by replacing
G1(bg, 0) = él(blmoo)

STotal(T) = STotal(T)
Second case: infinitesimal final time
In this case, we show that the capacity of control becomes a linear function of final time
T, when T goes to zero with constant coefficient that depends on its parameters of the
system. In particular the capacity of control is vanished for 7" — 0. By approximating
integral in Equation (15) for T'— 0, we get

Stota(T) = (DGG'D' + Doy D' + 0904)T (95)
Similarity, for T takes values approaching to zero, the effect of h is not almost existent,

so it can be assumed zero. Then the control process covariance matrix S,(7") can be

written as
P n

Su(T) = > Y ojkbie;k(0)be; 1(0)T°
k=1j=1
Therefore, the capacity of control for T near to zero appears as

(96)

C(T) =1In {det llm + St (T) zp: DG, (bg) D' + Sy} (T) Zp: DGQ(blk)D'] } (97)

k=1 k=1
Substituting (95) and (96) in Equation (97), we get

C(T) = In{det[Lixn + QnxnT]} (98)

Hence,
O(T) = T?‘{Qan}T (99>

where Q,xn = (DGG'D’ + Doyoy D’ + agaé)_l . Z?:l oikbre;jr(0)b).e;.(0) is constant
matrix.

8. IMlustrative Examples. As the simple illustrative examples, explain the relationship
between capacity of control and the intrinsic properties of stochastic dynamic systems
perturbed by mixed fractional Brownian motion with delay in control. Consider the
stochastic control system in the form (1) defined in a given time interval [0, 7], assume
that T > h.

Example 8.1. Consider the following constant matrices

-1 0 1 0 1 0 100
A= 0 -2 0 , Bi=|1 1 , Bo=|10], G=]10120
0o 0 -1 1 -1 | 0 1 0 01
1 10 1 -1 0 [ 10 0.75
oo=|—-110]|, D=|-3 1 0], oo=1]01 H, =] 0.75
2 01 2 0 1 | 0 0 0.75

0.75 1 00

Hy=107 1|, Cp=1020

0.75 0 01

Here, n =3, p =2 and assume that T' = 2 with constant point delay h = 1. Moreover,
1 1.3679

8.389056  2.0000
2 1.7183

B=B +e¢ B, =
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If My + My <1 then

329.4882 62.0411 176.6757 111.8777 32.9990 38.7258
Gi(by) = | 62.0411 12.2614 34.4356 |, Gi(by) = | 32.9990 10.2647 12.0753
176.6757 34.4356 97.1219 38.7258 12.0753 14.2068
7.6311 3.7827 4.3504 0.4545 0.1169 —0.2368
Go(byn) = | 3.7827 2.1101 2.3812 |, Ga(by2) = 0.1169 0.2454 0.5479
4.3504 2.3812 2.6966 —0.2368 0.5479 1.9039

Note that the matrices G1(b1), G1(by), Ga(b1r) and Go(by2) are positive definite then the
controllability matrix Gr is nonsingular. Hence, by Lemma 5.1 the system is controllable
and this mean that the capacity of control is not equal to zero. The optimal vectors are

18.1368 0.7370 0.0051
on(T) = | 34458 |, w(T)=| —0.6188 |, w3 (T) =] 0.0683
9.7879 —1.1478 —0.0335
10.5681 0.4383 0.0000122
Ulz(T) = 3.1473 s UQQ(T) = —0.5991 s U32<T) = —0.0009262
3.6952 —0.7431 0.0007539
2.7430 0.3271 0.0020
a1(T) = | 14170 |, 2z0(T) = | —03189 |, 2z (T)=| 0.0200
1.6188 —0.2750 —0.0208
0.1711 0.6515 0.0285
22(T) = | —0.3986 |, 200(T) = | 02870 |, 23(T) = | —0.0646
—1.3796 —0.0021 0.0222
77.6392  —235.9072 170.4309
Stota(T) = | —235.9072 825.5392 —619.2593

170.4309 —619.2593 —619.2593
Capacity = 1.9071nat

Example 8.2. Consider the control system in (1) is defined in a given time interval
[0,T], assume that T > 0 with the following constant matrices

SR N I e Y AT

30 10 0.75 0.75 10
D:lo 1}’ “Flo 1}’ Hl:[0.75]’ H22[0.75]’ Cwo:lo 2}

Hence,n =2, p=1.

As seen in Figure 1, the graphs of capacity of control C},(M;, My = 1,T = 1) become
more similar to each other when the time delay A decreases. In contrast working when
the time delay h increases the capacity of control Cy(Ms, My = 1,T = 1) becomes more
similar to each other. Also, we observe that the capacity of control Cy(My, My = 1,T = 1)
tends approximate to be constant for any My when h converges to zero.

As shown in Figure 2, for any 7', the capacity of control C,(M; = 1,My = 1,T)
converges to the finite value, for decreasing h. This behavior is qualitatively similar for
different power constraints M; and M, of dynamical system. Also, we observe that,
there is a relationship between the value of capacity of control and the values of 7" and
h, Ch(My = 1, My = 1,T) converges to 0.9118 for h converges to zero this is true when
T = 0.6300 on the other hand, as always the entropy of observe state H(y(7)) is increasing
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FIGURE 1. (color online) The relationship between the different power con-
straints M, M5 and the capacity of control. Here the delay times are chosen

arbitrary in an interval [0, T'].
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FIGURE 2. (color online) The relationship between the capacity of control
and entropy for observing state of stochastic control system with the con-
stant time 7. Also, here the delay times are chosen arbitrary in an interval

[0,7].
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when 7' increasing. Mathematically, the ratio of the noise matrix to the controllability
matrix in Equation (94) converges to a constant for 7" converges to zero.

9. Conclusion. The information channel between the control process to output state
for stochastic control systems driven by mixed fractional Brownian motion is explored.
The efficient method is derived for computing the capacity of control of these systems.
The effective contribution of time delay to determination of capacity of control is shown
explicitly. We demonstrate that the capacity of control does not grow without limiting
the length of the control process and the value of delay time. An expression of optimal
control is found which maximizes the mutual information of the control process and the
system future output.
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