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Abstract. In this paper, we discuss the relationships between capacity of control in
entropy theory and intrinsic properties in control theory for a class of finite dimension-
al stochastic dynamical systems described by the linear stochastic differential equations
driven by mixed fractional Brownian motion with delay in control. Stochastic dynamical
systems can be described as an information channel between the space of control signals
and the state space. We study this control to state information capacity of this channel
in continuous time. We turned out that, the capacity of control depends on a time of
final state in dynamical systems. By using the analysis and representation of fractional
Gaussian process, the mathematical derivation of a closed form continuous optimal con-
trol law is derived. The reached optimal control law maximizes the mutual information
between control signals and future state over a finite time horizon. The results obtained
here are motivated by control to state information capacity for linear systems in both
types, deterministic and stochastic models that are widely used to understand informa-
tion flows in wireless network information theory. We discover some new relationships
between control theory and entropy theoretic properties of stochastic dynamical systems
with delay in control. Finally, we present two examples that serve to illustrate the rela-
tionships between capacity of control and intrinsic properties in control theory.
Keywords: Controllability, Mutual information, Capacity of control, Stable, Optimal
control, Stochastic control systems, Delay in control

1. Introduction. One of the fundamental results in the entropy theory is the capacity
of control for communication system channels. The capacity of control or empowerment
plays an important role in many applied fields in engineering, computer science, economy,
physics, chemistry and other sciences.

Since Shannon in 1948 [1], information theoretic limits of capacity of channels have
been studied extensively. The capacity of channels of single or multi input signals was
introduced by the authors in [1-3] respectively. In [4], a limiting expression for the capacity
regions of multi-access channels with memoryis was obtained.

In this work, we introduce an alternative view of some concepts in control theory such as
reachability, stability and controllability by studying the relationship between the control
process and the result states in terms of information theory.

Therefore, the stochastic control systems perturbed by mixed fractional Brownian mo-
tion with delay in control are considered as information channels between the random
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vectors (control and future output state). There are several definitions of capacity of con-
trol and some of them differ in formulation. Capacity of control or empowerment means
the maximization of mutual information between the control process and output state
over all input probability distributions of the channel of the control system. In a series
of theoretical and practical studies such as [5-9], the suitability of capacity of control to
implement a style controller was explored.
The researchers in [10] characterized the capacity region of a Gaussian multiple access

channel with vector inputs and a vector output with or without inter symbol interference.
Ranade and Sahai in [11] discussed the relationship between the stability and capacity
of control for discrete linear dynamical system perturbed by Gaussian process and devel-
oped a notation of capacity of control that gives such a fundamental limit on the rate
at which a controller can dissipate the uncertainty from a system. In [12], an optimal
Gaussian controller is obtained for unstable dynamical systems by using the analysis of
Gaussian process. In a recent important work Tiomkin et al. in [13] studied the problem
of the control to state information capacity of stochastic dynamic systems driven by a
Gaussian process with a single control in continuous time, when the states are observed
only partially and also they derived an efficient solution for computing the control to state
information channel. Our work focuses on studying a new relationship between capacity
of control in entropy theory and intrinsic properties in control theory for linear systems
with delay in control.
The contributions of this paper are as follows. We derive an efficient method for comput-

ing the information capacity between control process and final state of stochastic control
systems driven by mixed fractional Brownian motion, and discover some properties which
related between control theory and information theory. In particular, we demonstrate
that the capacity of the control does not grow without limiting the length of control pro-
cess. We show that the time delay contributes effectively to determination of capacity
of control for stochastic control systems. Also, we indicate that the information capacity
between control-state processes depends upon both final times and delay of this system.
The paper is organized as follows. Section 2 contains the mathematical model of sto-

chastic control system which is described as an information channel between the space of
the control process and the state space. In Section 3 the explicit formula for the mutual
information between the resulting state and the control process is derived. We represent
and analyze the control process in Section 4. In Section 5 the controllability is studied.
In Section 6, we formulate the optimality conditions for control process. The relationship
between capacity of control and final time is discussed in Section 7. In Section 8, two
examples are presented to illustrate the relationship between capacity of control and the
intrinsic properties of stochastic dynamic systems. Conclusion of this paper is shown in
Section 9.

2. System Description. In this paper, we use the following notations: Let (Ω,It, P )
be a complete probability space with probability measure P on a simple space Ω defined
on a filtration tIt, t P r0, T su. It is the σ-algebra generated by the random variables
!

WH
psq,Wpsq, s P r0, ts

)

and the P -null sets. Let L2 pΩ,It, R
nq denote the Hilbert space of

all It measurable square integrable random variables with values in Rn.

Definition 2.1. [14]: Let h be a constant belonging to p0, 1q. A one-dimensional fractional

Brownian motion W h “

!

W h
ptq, t ě 0

)

of the Hurst index h is a continuous and centered

Gaussian process with covariance function

E
`

W h
ptqW

h
psq

˘

“
1

2

`

t2h ` s2h ´ |t ´ s|2h
˘

, for t, s ě 0.
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- If h “ 1
2
, then the increments of W h are non-correlated, and consequently independent.

So W h is a Wiener process which we denote further by W .
- If h P

`

1
2
, 1
˘

then the increments are positively correlated.

- If h P
`

0, 1
2

˘

then the increments are negatively correlated.

The integral representation of W h appears as:

W h
ptq “

ż t

0

Khpt, sqdWpsq

where W is a Wiener process and the kernel Khpt, sq defined as

Khpt, sq “ ch s
1
2

´h

ż t

s

pu ´ sqh´ 3
2uh´ 1

2du

BK

Bt
pt, sq “ ch

ˆ

t

s

˙h´ 1
2

pt ´ sqh´ 3
2

where ch “

„

hp2h´1q

βp2´2h,h´ 1
2q

ȷ
1
2

, t ą s and β is a beta function.

In this section, we consider the description of a channel for a linear communication
system in the following form:

d

dt
xptq “ Axptq ` B1uptq ` B2upt ´ hq ` G

d

dt
W ptq ` σ1

d

dt
WH1

ptq

yptq “ Dxptq ` σ2W
H2

ptq, t P r0, T s

xp0q “ x0

uptq “ 0, t P r´h, 0s

,

/

/

/

/

.

/

/

/

/

-

(1)

where xptq P C pr0, T s;L2 pΩ, It, R
nqq represents the state of stochastic control system with

the dynamics matrix A P Rnˆn and x0 is a centered Gaussian random variable defined on a
probability space pΩ, I0, P q. The control process up.q is p-dimensional centered Gaussian
process over times t P r0, T s distributed according to the density function ppuptqq, which
is restricted to the space of Gaussian distributions and B1, B2 are constant matrices
belonging to Rnˆp. W ptq, t P r0, T s is an n-dimensional standard Brownian motion
(Wiener process) defined on pΩ,I, tItutě0, P q with scaling matrix G P Rnˆn. The gain

matrix σ1 P Rnˆn scaling the white n-multivariate fractional Brownian motion WH1
ptq,

t P r0, T s with Hurst parameter H1 P p0, 1qn defined in a complete probability space

pΩ,I, tItutě0, P q. WH2
ptq, t P r0, T s is a p-multivariate fractional Brownian motion with

Hurst parameter H2 P p0, 1qp defined in a complete probability space pΩ,I, tItutě0, P q

and the matrices D and σ2 belong to Rpˆn.
Assume that the following conditions are satisfied

1) For any t P r0, T s the components wk, k “ 1, 2, . . . , n of process W ptq are independent

one to another and in the same condition with reference to the processes WH1
ptq and

WH2
ptq.

2) The control processes uptq, t ď T ´ h and uptq, t ą T ´ h are independent where h is
the time of delay.

Remark 2.1. An information channel which is given by the conditional probability dis-
tribution ppypT q|uptq, t P r0, T sq is induced by the stochastic dynamical system in (1) such
that system input is perturbed by the noise which results from mixed fractional Brownian
motion and the system output is perturbed by the noise of fractional Brownian motion.
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The linear stochastic dynamical system with initial conditions in (1) has the unique
solution xptq P L2 pΩ,It, R

nq for any t P r0, T s see [2], which can be represented in the
following integral equation:

xptq “ eAtx0 `

ż t

0

eApt´sq rB1upsq ` B2ups ´ hqs ds `

ż t

0

eApt´sqGdW psq

`

ż t

0

eApt´sqσ1dW
H1

psq

(2)

For any t P r0, hs, the solution of Equation (2) has the following form:

xptq “ eAtx0 `

ż t

0

eApt´sqB1upsqds `

ż t

0

eApt´sqGdW psq `

ż t

0

eApt´sqσ1dW
H1

ptq (3)

If we take t ą h, then Equation (2) can be written as:

xptq “ eAtx0 `

ż t

0

eApt´sqB1upsqds `

ż t´h

0

eApt´s´hqB2upsqds `

ż t

0

eApt´sqGdW psq

`

ż t

0

eApt´sqσ1dW
H1

psq

(4)

Assuming that T ą h then Equation (4) is equivalent to the integral equation:

xptq “ eAtx0 `

ż t´h

0

“

eApt´sqB1 ` eApt´s´hqB2

‰

upsqds `

ż t

t´h

eApt´sqB1upsqds

`

ż t

0

eApt´sqGdW psq `

ż t

0

eApt´sqσ1dW
H1

psq

(5)

3. Mutual Information. In this section, we formulate and show the explicit formula
for the mutual information between the resulting state signal at the final time T and
the control signals over time t P r0, T s, by using some properties of entropy theory and
fractional stochastic analysis theory. The mutual information between any two continuous
random variables x and y is defined by the difference between the differential entropy of x
and the conditional differential entropy of x with respect to y. In other words the mutual
information between x and y is defined as:

Ipx; yq “ Hpxq ´ Hpx|yq

Mathematically, the mutual information between the stochastic processes ypT q and
uptq, t ě 0 is defined as:

IpypT q;uptqq “ HpypT qq ´ HpypT q|uptqq, t P r0, T s (6)

Because the processes uptq, W ptq and WH1
ptq are independent for any t P r0, T s by

assumptions and for any one of these processes is Gaussian, then Equation (5) shows that
if the initial condition in (1) is the multivariate Gaussian random variable or deterministic
vector then xptq is also multivariate Gaussian for any t P r0, T s. The random vector
X P Rn „ Np0, Sxq with zero mean and covariance matrix S have the differential entropy
of X in the following form [15]: Hpxq “ 1

2
lnp2πeqndetpSxq. Therefore, the differential

entropy of multivariate Gaussian random vector depends only on its covariance matrix.
Hence, the differential entropy of future observed state ypT q at terminal time T is also
depending on its covariance matrix SypT q.

HpypT qq “
1

2
lnp2πeqndetpSypT qq (7)
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Consequently, under the independence assumptions of processes uptq,W ptq,WH1
ptq and

WH2
ptq then the final state xpT q is independent with multivariate fractional Brownian

motionWH2
at time T . Furthermore, from the control system in (1) the covariance matrix

of ypT q appears as:

SypT q “ DSxpT qD1 ` σ2SWH2 pT qσ1
2 (8)

Therefore, from Equation (5) and the independence assumptions of processes uptq, W ptq

and WH1
ptq we get that, for every t P r0, T s with initial condition x0 the covariance matrix

of final state xpT q is given in the following form:

SxpT q “ Sx0pT q ` SupT ´ hq ` SupT q ` SdW pT q ` SdWH1 pT q (9)

where

Sx0pT q “ eATCx0e
A1T

SupT ´ hq “

ż T´h

0

ż T´h

0

”

eApT´t1qB1 ` eApT´t1´hqB2

ı

Cupt1, t2q
”

eApT´t2qB1

` eApT´t2´hqB2

ı1

dt1dt2

SupT q “

ż T

T´h

ż T

T´h

”

eApT´t1qB1

ı

Cupt1, t2q
”

eApT´t2qB1

ı1

dt1dt2

SdW pT q “

ż T

0

ż T

0

eApT´t1qGCdW pt1, t2qG
1eA

1pT´t2qdt1dt2

SdWH1 pT q “

ż T

0

ż T

0

eApT´t1qσ1CdWH1 pt1, t2qσ1
1e

A1pT´t2qdt1dt2

wherein CXpt1, t2q represents the covariance matrix for any two states xpt1q and xpt2q.

Lemma 3.1. [16]: Let V r0, T s be the class of functions such that f : r0, T s ˆ Ω Ñ R, f

is measurable, It-adapted and E

„
ż T

0

pfpt, ωqq2dt

ȷ

ď 8. Then for every f P V r0, T s

E

„
ż T

0

fpt, ωqdwptq

ȷ2

“ E

„
ż T

0

pfpt, ωqq2dt

ȷ

(10)

where wptq is a standard Wiener process. Consequently, the covariance matrix SdW pT q

can be written as

SdW pT q “

ż T

0

ż T

0

eApT´t1qGG1eA
1pT´t2qdt1dt2 (11)

Lemma 3.2. [14]: Let 1
2

ă h ď 1 then for any functions Φ, φ P L2r0, T s X L1r0, T s, we
have

(i) E

ˆ
ż T

0

Φptqdwh
ptq

ż T

0

φpsqdwh
psq

˙

“ hp2h ´ 1q

ż T

0

¨

ż T

0

Φptqφpsq|t ´ s|2h´2dsdt

(ii) E
´

dwh
ptqdw

h
psq

¯

“ hp2h ´ 1q|t ´ s|2h´2dsdt

Therefore, by using above lemma and the independence assumptions of processes whk

H1ptq,
k “ 1, 2, . . . , n for any t P r0, T s, we obtain:

SdWH1 pT q “

ż T

0

ż T

0

eApT´t1qσ1Rpt1, t2qσ1
1e

A1pT´t2qdt1dt2 (12)
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where Rpt1, t2q is an nˆn diagonal matrix whose kk-th entry is specified by the parameter
hk

rkrpt1, t2q “

"

hkp2hk ´ 1q|t1 ´ t2|
2hk´2, for r “ k

0, for r ‰ k

The covariance function of the input signal is defined as Cupt1, t2q “ E rupt1qu
1pt2qs.

Now, to find an explicit formula of the covariance matrix of WH2
pT q. By the indepen-

dence assumptions of the components wh̃k

H2ptq, k “ 1, 2, . . . , p for any t P r0, T s then the

covariance matrix SWH2 pT q of WH2
pT q is diagonal, whose kk-th entry is specified by the

parameters h̃k of the multivariate fractional process WH2
at final time T appearing as

follows
“

SWH2 pT q
‰

kk
“ T 2h̃k , k “ 1, 2, . . . , p (13)

Consequently, the covariance matrix of output state ypT q is given as

SypT q “ DSx0pT qD1 ` DSupT ´ hqD1 ` DSupT qD1 ` DSdW pT qD1

`DSdWH1 pT qD1 ` σ2

»

—

–

T 2h̃1 0
. . .

0 T 2h̃P

fi

ffi

fl

PˆP

σ1
2

(14)

By using the independence assumption of control process uptq, t ď T ´ h with the last
h of time, we study the mutual information between ypT q and the following control signal
tuptq, t ď T u.
Firstly, we need to compute the differential entropy of a random vector ypT q conditional

on the control process uptq, t P r0, T s. Denote the total covariance of uncontrolled noise
which it comes from the power of mixed fractional Brownian motion by STotal . Under the
independence assumption of W ptq, WH1

ptq, WH2
ptq and the initial condition x0 then the

total covariance is the following form:

STotalpT q “ DSx0pT qD1 ` DSdW pT qD1 ` DSdWH1 pT qD1

` σ2

»

—

–

T 2h̃1 0
. . .

0 T 2h̃P

fi

ffi

fl

PˆP

σ1
2

(15)

The covariance of the future observed state ypT q given the control process uptq, t P r0, T s

is also the total covariance of uncontrolled noise with initial random vector x0

STotalpT q “ Spy|uptq,tPr0,T sqpT q (16)

Hence,

HpypT q|uptq, t P r0, T sq “
1

2
lnp2πeqndetpSTotalpT qq (17)

Therefore, the mutual information between ypT q and the control signal uptq, t ď T can
be written as

IpypT q;uptq, t P r0, T sq “
1

2
ln
␣

det
`

Inˆn ` S´1
TotalpT qpSupT ´ hq ` SupT qq

˘(

(18)

4. Representation and Analysis of Control Process. In this section we represent
and analyze the control process by using orthonormal expansion of Gaussian process.

Lemma 4.1. (Karhunen-Loeve Theorem) [17]: Let xptq, t P ra, bs be a central square
integrable stochastic process defined over a probability space pΩ,I, P q with continuous co-
variance function Cx then xptq “

ř8

j“1 zjejptq, where ej, j “ 1, 2, . . . is a set of orthonor-

mal basis on L2pra, bsq and the random variables zj, j “ 1, 2, . . . are independent and have
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zero mean. From this above lemma for any component ukptq, k “ 1, 2, . . . , p of the con-
trol signal uptq P L2

`

Ω,It, L
2
`

0, T ´ h,RP
˘˘

may be represented by appropriate choice
of tej,kptqu8

j“1, such that the set of functions tej,kptqu8
j“1 is countable of real orthonormal

functions in L2 pr0, T ´ hsq and uj,k, j “ 1, 2, . . . is a sequence of independent Gaussian
random variables as the following

ukptq “

8
ÿ

j“1

uj,kej,kptq (19)

Also, for any component ukptq, k “ 1, 2, . . . , p of the control signal uptq P L2
`

Ω,It, L
2
`

T

´h, T,RP
˘˘

can be written as:

ukptq “

8
ÿ

j“1

ûj,kθj,kptq (20)

wherein tθj,kptqu8
j“1 is countable of real orthonormal functions in L2pT ´ h, T,RP q and

ûj,k, j “ 1, 2, . . . is a sequence of independent Gaussian random variables. Now, for any
t P r0, T ´ hs the p-dimensional control process can be represented as follows:

uptq “

»

—

—

—

—

—

—

—

—

—

—

—

–

8
ÿ

j“1

uj,1ej,1ptq

8
ÿ

j“1

uj,2ej,2ptq

...
8
ÿ

j“1

uj,pej,pptq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(21)

where tej,kptqu8
j“1 is countable of real orthonormal functions in L2p0, T ´ h,RP q. By in-

dependence assumption of components of control process uptq then its covariance function
is diagonal, whose kk-th entry is specified by the parameters σjk of the control process as
follows

rCupt1, t2qskk “

8
ÿ

j“1

σjkej,kpt1qej,kpt2q, k “ 1, 2, . . . (22)

Also, for any t P rT ´ h, T s the p-dimensional control process can be represented as:

uptq “

»

—

—

—

—

—

—

—

—

—

—

—

–

8
ÿ

j“1

ûj,1θj,1ptq

8
ÿ

j“1

ûj,2θj,2ptq

...
8
ÿ

j“1

ûj,pθj,pptq

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(23)

and

rCupt1, t2qskk “

8
ÿ

j“1

ωjkθj,kpt1qθj,kpt2q, k “ 1, 2, . . .

Assume that B “ B1 ` e´AhB2 then the covariance of uptq, t ď T ´h can be written as
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SupT ´ hq “

ż T´h

0

ż T´h

0

eApT´t1q

p
ÿ

k“1

8
ÿ

j“1

bkσjkej,kpt1qej,kpt2qb
1
ke

A1pT´t2qdt1dt2 (24)

where bk “ Br
..., ks is a k-th column of a matrix B.

Similarity,

SupT q “

ż T

T´h

ż T

T´h

eApT´t1q

p
ÿ

k“1

8
ÿ

j“1

b1kωjkθj,kpt1qθj,kpt2qb1
1ke

A1pT´t2qdt1dt2 (25)

where b1k “ B1r
..., ks is a k-th column of matrix B1. By using the assumption that

uptq P L2
`

Ω, It, L
2
`

0, T, RP
˘˘

, then the power constraints give
ż T´h

0

||uptq||2L2pΩ,It,L2p0,T,RP qqdt ď M1 (26)

ż T

T´h

||uptq||2L2pΩ,It,L2p0,T,RP qqdt ď M2 (27)

such that M1 and M2 are constants. This impels

Tr

"
ż T´h

0

Cupt, tqdt

*

“

p
ÿ

k“1

8
ÿ

j“1

ż T´h

0

σjkej,kptqej,kptqdt “

p
ÿ

k“1

8
ÿ

j“1

σjk ď M1 (28)

Tr

"
ż T

T´h

Cupt, tqdt

*

“

p
ÿ

k“1

8
ÿ

j“1

ż T

T´h

ωjkθj,kptqθj,kptqdt “

p
ÿ

k“1

8
ÿ

j“1

ωjk ď M2 (29)

5. Controllability. In this section, we study the concept of controllability of the dy-
namical system in (1) by using the properties of deterministic linear system with delay
in control and controllable matrix. Consider the deterministic linear system with delay
control as

d

dt
xptq “ Axptq ` B1uptq ` B2upt ´ hq, t P r0, T s

xp0q “ x0

uptq “ 0, t P r´h, 0s

,

/

.

/

-

(30)

Define the linear control operator LT
0 u: L2

`

Ω,It, L
2
`

0, T, RP
˘˘

Ñ L2
`

Ω,It, L
2
`

0, T,

Rn
˘˘

as

LT
0 u “

ż T´h

0

“

eApT´sqB1 ` eApT´s´hqB2

‰

upsqds `

ż T

T´h

eApT´sqB1upsqds

It is clear that LT
0 u is bounded. The adjoint operator

`

LT
0 u

˘˚
: L2 pΩ, It, L

2 p0, T, Rnqq

Ñ L2 pΩ,It, L
2 p0, T, Rpqq is defined by

`

LT
0

˘˚
z “

" `

eApT´tqB
˘1
Epzq, t P r0, T ´ hs

`

eApt´tqB1

˘1
Epzq, t P rT ´ h, T s

Also, to define the controllability operator GT associated with control operator LT
0 in

the deterministic case of Equation (30) as [18]

GT “ LT
0

`

LT
0

˘˚
“

ż T´h

0

eApT´tqBB1eA
1pT´tqdt `

ż T

T´h

eApT´tqB1B
1
1e

A1pT´tqdt (31)

Lemma 5.1. [19-21]: The following conditions are equivalent

i) The deterministic control system in (30) is controllable on r0, T s.
ii) The stochastic control system in (1) is controllable on r0, T s.
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iii) The controllability matrix GT in (31) is nonsingular.
iv) The matrix rB1, B2, AB1, AB2, . . . , A

n´1B1, A
n´1B2s is full rank.

Suppose that the following notations are used in this paper

gA,bkptq “ eApT´tqbk P Rn (32)

gA,b
1k

ptq “ eApT´tqb1k P Rn (33)

vikpT q “

ż T´h

0

pgA,bkptqej,kptqq dt (34)

zikpT q “

ż T

T´h

gA,b
1k

ptqθj,kptqdt (35)

Hence, the covariance matrices SupT q, SupT ´ hq and controllability matrix can be
written as

SupT q “

p
ÿ

k“1

8
ÿ

j“1

ωjkzikpT qz1
ikpT q (36)

SupT ´ hq “

p
ÿ

k“1

8
ÿ

j“1

σjkvikpT qv1
ikpT q (37)

GT pbk, b1kq “

ż T´h

0

gA,bkptqg1
A,bk

ptqdt `

ż T

T´h

gA,b
1k

ptqg1
A,b

1k
ptqdt P Rnˆn (38)

Assume that the deterministic linear control system corresponding to stochastic control
system in (1) is controllable. This means that the matrix GT pbk, b1kq is positive definite
for any k “ 1, 2, . . . , p.

In the next section we shall formulate and prove the conditions for optimal control in
other word we find the expression of control signal which maximizes the mutual informa-
tion between control signals and future observe stat for the stochastic dynamic system in
(1).

6. Optimality. Consider the following constraint optimization problem as

max
ppuptq,tPr0,T sq

IpypT q;uptq, t P r0, T sq

subject to
d

dt
xptq “ Axptq ` B1uptq ` B2upt ´ hq ` G

d

dt
W ptq ` σ1

d

dt
WH1

ptq

yptq “ Dxptq ` σ2W
H2

ptq, t P r0, T s

xp0q “ x0

uptq “ 0, t P r´h, 0s

,

/

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

/

-

(39)

By using the representation of control process in Section 4, Equation (18) can be written
in the following form:

IpypT q;uptq, t P r0, T sq

“
1

2
ln

¨

˚

˚

˚

˚

˝

det

¨

˚

˚

˚

˚

˝

Inˆn ` S´1
TotalpT q

$

’

’

’

’

&

’

’

’

’

%

p
ÿ

k“1

8
ÿ

j“1

σjkDvikpT qv1
ikpT qD1

`

p
ÿ

k“1

8
ÿ

j“1

ωjkDzikpT qz1
ikpT qD1

,

/

/

/

/

.

/

/

/

/

-

˛

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‚

(40)
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The constraint conditions (28) and (29) with orthonormality conditions imply to a new
expression of optimization problem in (39), which gives

max
σ,ω,tθj,kptqu

jk
,tej,kptqu

jk

1

2
ln

¨

˚

˚

˚

˝

det

¨

˚

˚

˚

˝

Inˆn

` S´1
TotalpT q

$

’

’

’

’

&

’

’

’

’

%

p
ÿ

k“1

8
ÿ

j“1

σjkDvikpT qv1
ikpT qD1

`

p
ÿ

k“1

8
ÿ

j“1

ωjkDzikpT qz1
ikpT qD1

,

/

/

/

/

.

/

/

/

/

-

˛

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‚

subject to
p
ÿ

k“1

8
ÿ

j“1

σjk “ M1

p
ÿ

k“1

8
ÿ

j“1

ωjk “ M2

σjk ě 0

ωjk ě 0
ż T´h

0

ej,kptqei,kptqdt “ δji
ż T

T´h

θj,kptqθi,kptqdt “ δji

,

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

-

(41)

where,

δji “

"

0, if i “ j
1, if i ‰ j

, σ “ tσjkujk and ω “ tωjkujk

Therefore, the Lagrange function can be written as

L “
1

2
ln

¨

˚

˚

˚

˚

˝

det

¨

˚

˚

˚

˚

˝

Inˆn ` S´1
TotalpT q

$

’

’

’

’

&

’

’

’

’

%

p
ÿ

k“1

8
ÿ

j“1

σjkDvikpT qv1
ikpT qD1

`

p
ÿ

k“1

8
ÿ

j“1

ωjkDzikpT qz1
ikpT qD1

,

/

/

/

/

.

/

/

/

/

-

˛

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‚

´ γ1

˜

p
ÿ

k“1

8
ÿ

j“1

σjk ´ M1

¸

´ γ2

˜

p
ÿ

k“1

8
ÿ

j“1

ωjk ´ M2

¸

´

p
ÿ

k“1

8
ÿ

j“1

λjkσjk

´

p
ÿ

k“1

8
ÿ

j“1

µjkωjk ´

p
ÿ

k“1

8
ÿ

j,i“1

βk,j,i

ˆ
ż T´h

0

ej,kptqei,kptqdt ´ δji

˙

´

p
ÿ

k“1

8
ÿ

j,i“1

αk,j,i

ˆ
ż T

T´h

θj,kptqθi,kptqdt ´ δji

˙

(42)

where γ1, γ2, λjk, µjk, βk,j,i and αk,j,i are the Lagrange multipliers.
Consequently, the corresponding KKT optimality conditions of optimization problem

in (41) are in the following form, for any t P r0, T s, k “ 1, 2, . . . , p and j, i “ 1, 2, . . .
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(i)

δL

δej,k
ptq “ 0

δL

δθj,k
ptq “ 0

BL

Bσjk

“ 0

BL

Bωjk

“ 0

,

/

/

/

/

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

/

/

/

/

-

(43)

(ii)

p
ÿ

k“1

8
ÿ

j“1

σjk ´ M1 “ 0

p
ÿ

k“1

8
ÿ

j“1

ωjk ´ M2 “ 0

σjk ě 0

ωjk ě 0
ż T

0

ej,kptqei,kptqdt ´ δji “ 0

ż T

T´h

θj,kptqθi,kptqdt ´ δji “ 0

,

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

-

(44)

(iii)
λjkσjk “ 0
µjkωjk “ 0

*

(45)

(iv)
λjk ě 0
µjk ě 0

*

(46)

Clearly, the nonlinear optimization problem in (41) is a convex with respect to tσjkujk
and tωjkujk for a given set of the expansion functions tej,kptqujk and tθj,kptqujk. The partial
control signal without the rm-th control component for Gaussian process representation
in Equations (19) and (20) is defined as

u
}rmptq “

ÿ

jk‰rm

uj,kej,kptq, t P r0, T ´ hs

u
}rmptq “

ÿ

jk‰rm

ûj,kθj,kptq, t P pT ´ h, T s

,

/

/

.

/

/

-

(47)

Therefore, the covariance matrices of control signals in (24) and (25) can be written as

SupT ´ hq “
ÿ

jk‰rm

σjkvjkpT qv1
jkpT q ` σrmvrmpT qv1

rmpT q

SupT q “
ÿ

jk‰rm

ωjkzjkpT qz1
jkpT q ` ωrmzrmpT qz1

rmpT q

,

/

/

.

/

/

-

(48)

Consequently, the covariance matrix of partial control signal u
}rmptq appears as

Su
}rm

pT ´ hq “ SupT ´ hq ´ σrmvrmpT qv1
rmpT q

Su
}rm

pT q “ SupT q ´ ωrmzrmpT qz1
rmpT q

+

(49)

The covariance matrix of a final observable state conditional by rm-th control process
component can be written as
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Spy|urmqpT q “ DSu
}rm

pT ´ hqD1 ` DSu
}rm

pT qD1 ` STotalpT q (50)

Substituting STotalpT q in Lagrange function (42), we get

L “
1

2
ln det

#

Spy|urmqpT q ´ DSu
}rm

pT ´ hqD1

´DSu
}rm

pT qD1

p
ÿ

k“1

8
ÿ

j“1

σjkDvikpT qv1
ikpT qD1

`

p
ÿ

k“1

8
ÿ

j“1

ωjkDzikpT qz1
ikpT qD1

+

´
1

2
ln detpSTotalpT qq

´ γ1

˜

p
ÿ

k“1

8
ÿ

j“1

σjk ´ M1

¸

´ γ2

˜

p
ÿ

k“1

8
ÿ

j“1

ωjk ´ M2

¸

´

p
ÿ

k“1

8
ÿ

j“1

λjkσjk ´

p
ÿ

k“1

8
ÿ

j“1

µjkωjk

´

p
ÿ

k“1

8
ÿ

j,i“1

βk,j,i

ˆ
ż T´h

0

ej,kptqei,kptqdt ´ δji

˙

´

p
ÿ

k“1

8
ÿ

j,i“1

αk,j,i

ˆ
ż T

T´h

θj,kptqθi,kptqdt ´ δji

˙

(51)

Using equations in (49), we get

L “
1

2
ln det

␣

Spy|urmqpT q ` σrmDvrmpT qv1
rmpT qD1 ` ωrmDzrmpT qz1

rmpT qD1
(

´
1

2
ln detpSTotalpT qq ´ γ1

˜

p
ÿ

k“1

8
ÿ

j“1

σjk ´ M1

¸

´ γ2

˜

p
ÿ

k“1

8
ÿ

j“1

ωjk ´ M2

¸

´

p
ÿ

k“1

8
ÿ

j“1

λjkσjk ´

p
ÿ

k“1

8
ÿ

j“1

µjkωjk ´

p
ÿ

k“1

8
ÿ

j,i“1

βk,j,i

ˆ
ż T´h

0

ej,kptqei,kptqdt ´ δji

˙

´

p
ÿ

k“1

8
ÿ

j,i“1

αk,j,i

ˆ
ż T

T´h

θj,kptqθi,kptqdt ´ δji

˙

(52)

Now, to compute the ordinary derivative of a Lagrange function with respect to σrm

for each r “ 1, 2, . . . and m “ 1, 2, . . . , p

BL

Bσrm

“
v1
rmpT qD1S´1

py|urmq
pT qDvrmpT q

1 ` σrmv1
rmpT qD1S´1

py|urmq
pT qDvrmpT q ` ωrmz1

rmpT qD1S´1
py|urmq

DzrmpT q

´ γ1 ´ λrm

(53)

Equating the ordinary derivative of Lagrange function to zero for each r “ 1, 2, . . .,
m “ 1, 2, . . . , p, and by using the KKT conditions (44)-(46), we have σrm “ 0 leads to

v1
rmpT qD1S´1

py|urmq
pT qDvrmpT q

1 ` ωrmz1
rmpT qD1S´1

py|urmq
DzrmpT q

´ γ1 ´ λrm “ 0 (54)

Or σrm ą 0 leads to

v1
rmpT qD1S´1

py|urmq
pT qDvrmpT q

1 ` σrmDvrmpT qS´1
py|urmq

v1
rmpT qD1 ` ωrmz1

rmpT qD1S´1
py|urmq

DzrmpT q
´ γ1 “ 0 (55)
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Hence, for any k “ 1, 2, . . . , p and j, i “ 1, 2, . . ., we get

σjk “ max

#

0,
1

γ1
´

1

v1
jkpT qD1S´1

py|ujkq
pT qDvjkpT q

´
ωjkz

1
jkpT qD1S´1

py|ujkq
pT qDzjkpT q

v1
jkpT qD1S´1

py|ujkq
pT qDvjkpT q

+

(56)

From KKT condition in (44), we have

p
ÿ

k“1

8
ÿ

j“1

max

#

0,
1

γ1
´

1

v1
jkpT qD1S´1

py|ujkq
pT qDvjkpT q

´
ωjkz

1
jkpT qD1S´1

py|ujkq
pT qDzjkpT q

v1
jkpT qD1S´1

py|ujkq
pT qDvjkpT q

+

“ M1

(57)

Similarity, the ordinary derivative of a Lagrange function with respect to ωrm for each
r “ 1, 2, . . . and m “ 1, 2, . . . , p appears as:

BL

Bωrm

“
z1
rmpT qD1S´1

py|urmq
pT qDzrmpT q

1 ` σrmv1
rmpT qD1S´1

py|urmq
pT qDvrmpT q ` ωrmz1

rmpT qD1S´1
py|urmq

DzrmpT q

´ γ2 ´ µrm

(58)

If we choose ωrm “ 0 this gives

z1
rmpT qD1S´1

py|urmq
pT qDzrmpT q

1 ` σrmv1
rmpT qD1S´1

py|urmq
pT qDvrmpT q

´ γ2 ´ µrm “ 0 (59)

And if ωrm ą 0 this gives

z1
rmpT qD1S´1

py|urmq
pT qDzrmpT q

1 ` σrmDvrmpT qS´1
py|urmq

v1
rmpT qD1 ` ωrmz1

rmpT qD1S´1
py|urmq

DzrmpT q
´ γ2 “ 0 (60)

Therefore, for any k “ 1, 2, . . . , p and j, i “ 1, 2, . . ., we get

ωjk “ max

#

0,
1

γ2
´

1

z1
jkpT qD1S´1

py|ujkq
pT qDzjkpT q

´
σjkDvjkpT qS´1

py|ujkq
v1
jkpT qD1

z1
jkpT qD1S´1

py|ujkq
pT qDzjkpT q

+

(61)

and
p
ÿ

k“1

8
ÿ

j“1

max

#

0,
1

γ2
´

1

z1
jkpT qD1S´1

py|ujkq
pT qDzjkpT q

+

´
σjkDvjkpT qS´1

py|ujkq
v1
jkpT qD1

z1
jkpT qD1S´1

py|ujkq
pT qDzjkpT q

“ M2

(62)

Now, we derive the optimality conditions for the expansion functions tej,kptqu by com-
puting the derivative of the Lagrange function in (42). A variation of any function g can
be represented as δgptq “ εφptq, the quantity ε is an infinitesimal number and φ is a test
function. The ordinary or partial derivative of functional Gpgq can be defined via the
variation δG which results from the variation of g by δG

δG “ Gpg ` δgq ´ Gpgq
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Using the Taylor expansion of Gpg ` δgq “ Gpg ` εφq, we get

Gpg ` εφq “ Gpgq `
d

dε
Gpg ` εφq

ˇ

ˇ

ˇ

ˇ

ε“0

ε `
1

2

d2

dε2
Gpg ` εφq

ˇ

ˇ

ˇ

ˇ

ε“0

ε2 ` ¨ ¨ ¨

The functional derivative Gpgq with respect to g is defined as

d

dε
Gpg ` εφq

ˇ

ˇ

ˇ

ˇ

ε“0

“

ż

δGpgq

δgptq
φptqdt

Hence,

δL

δer,m
“ Tr

␣

S´1
y pT qσrmD

`

gA,bmptqv1
rmpT q ` vrmpT qg1

A,bmptq
˘

D1
(

`2
8
ÿ

i“1

βm,r,iei,mptq (63)

The optimality condition in (43) implies to the following equation:

σrmTr
␣

S´1
y pT qDgA,bmptqv1

rmpT qD1
(

` σrmTr
␣

S´1
y pT qDvrmpT qg1

A,bm
ptqD1

(

` 2
8
ÿ

i“1

βm,r,iei,mptq “ 0
(64)

Using the property that the trace of matrices is symmetric and the symmetry of S´1
y pT q,

we obtain

σrmTr
␣

S´1
y pT qDvrmpT qg1

A,bmptqD1
(

“ ´

8
ÿ

i“1

βm,r,iei,mptq (65)

This equation is true for any k “ 1, 2, . . . , p, j “ 1, 2, . . . and t P r0, T ´ hs; therefore,

σjkTr
␣

S´1
y pT qDvjkpT qg1

A,bk
ptqD1

(

“ ´

8
ÿ

i“1

βk,j,iei,kptq (66)

Multiplying both sides by eτ,kptq, τ “ 1, 2, . . . and taking an integral over t P r0, T ´hs,
we have

σjkTr

ˆ

S´1
y pT qDvjkpT q

ż T´h

0

eτ,kptqg1
A,bk

ptqdtD1

˙

“ ´

8
ÿ

i“1

βk,j,i

ż T´h

0

eτ,kptqei,kptqdt (67)

Using orthonormality of a set of the functions tej,kptqu, we have

σjkTr
`

S´1
y pT qDvjkpT qv1

τkpT qD1
˘

“ ´βk,j,τ (68)

Substituting βk,j,τ in Equation (67), we get

σjkTr
␣

S´1
y pT qDvjkpT qg1

A,bk
ptqD1

(

“

8
ÿ

i“1

σjkTr
`

S´1
y pT qDvjkpT qv1

ikpT qD1
˘

ei,kptq (69)

Multiplying above equation by gA,bkptq and taking an integral over t P r0, T ´ hs, we
have

σjk

ż T´h

0

gA,bkptqg1
A,bk

ptqdtD1S´1
y pT qDvjkpT q “ σjk

8
ÿ

i“1

vikpT qv1
ikpT qD1S´1

y pT qDvjkpT q

Therefore, the above equation can be written as

σjk

«

ż T´h

0

gA,bkptqg1
A,bk

ptqdt ´

8
ÿ

i“1

vikpT qv1
ikpT q

ff

D1S´1
y pT qDvjkpT q “ 0 (70)

Assume that

pG1 “ G1pT q ´

8
ÿ

i“1

vikpT qv1
ikpT q (71)
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where G1pbkq “

ż T´h

0

gA,bkptqg1
A,bk

ptqdt.

Equation (70) is satisfied if at least one of the following cases is held

i) σjk “ 0
ii) vjkpT q “ 0

iii) pG1 “ 0

iv) D1S´1
y pT qDvjkpT q belong to null

´

pG1

¯

.

Lemma 6.1. Assume that the matrix D is nonsingular and there exist r, m such that
σrm ą 0, but vrmpT q “ 0. Then

I pypT q|uptq, t P pT ´ h, T s;uptq, t P r0, T ´ hsq “ 0

Proof: Suppose that there exist r, m such that σrm ą 0 and vrmpT q “ 0. Since
S´1

py|urmq
pT q is positive definite and vrmpT q “ 0 then

v1
rmpT qD1S´1

py|urmq
pT qDvrmpT q “ 0

However, σrm ą 0 by assumption of this lemma, then from equation in (55), we get
γ1 “ 0.

Consequently, for all j, k

v1
jkpT qD1S´1

py|ujkq
pT qDvjkpT q “ 0

This means that vjkpT q “ 0, in other words,
ÿ

j,k:σjką0

σjkDvjkpT qv1
jkpT qD1 “ 0 (72)

If σjk “ 0, then
ÿ

j,k:σjk“0

σjkDvjkpT qv1
jkpT qD1 “ 0 (73)

Adding Equation (72) to Equation (73), we get
ÿ

j,k

σjkDvjkpT qv1
jkpT qD1 “ 0

This completes the proof.
Now, since there exists at least one of a set tσjkujk which is greater than zero. Therefore,

if σrm ą 0 for some r, m then from lemma above, the mutual information between ypT q

conditional by uptq, t P pT ´ h, T s and the control signal uptq, t P r0, T ´ hs becomes zero
and vjkpT q “ 0, for any j, k when vrmpT q “ 0. Therefore, vrmpT q ‰ 0. Since S´1

y pT q is

positive definite, then D1S´1
y pT qDvjkpT q ‰ 0. In third case the solution of an equation in

(70) is a decomposition of the matrix G1pbkq into the sum of one rank matrices

G1pbkq “

8
ÿ

i“1

vikpT qv1
ikpT q (74)

Similarity,

G2pb1kq “

8
ÿ

i“1

zikpT qz1
ikpT q (75)

where,

G2pb1kq “

ż T

T´h

gA,b
1k

ptqg1
A,b

1k
ptqdt (76)
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Theorem 6.1. Assume that both matrices G1pbkq and G2pb1kq are positive definite, then
the optimal sets tσjkujk and tωjkujk satisfy the following equations

σjk “
a ´ cb

1 ´ db
(77)

ωjk “
c ´ ad

1 ´ bd
(78)

where,

a “
1

γ1
´

1

gjkpT qs1
jkpT qD1S´1

py|ujkq
pT qDsjkpT q

(79)

b “
djkpT qr1

jkpT qD1S´1
py|ujkq

pT qDrjkpT q

gjkpT qs1
jkpT qD1S´1

py|ujkq
pT qDsjkpT q

(80)

c “
1

γ2
´

1

djkpT qr1
jkpT qD1S´1

py|ujkq
pT qDrjkpT q

(81)

d “
gjkpT qDsjkpT qS´1

py|ujkq
s1
jkpT qD1

djkpT qr1
jkpT qD1S´1

py|ujkq
pT qDrjkpT q

(82)

Proof: Since the matrices G1pbkq and G2pb1kq are positive definite, then the matrix
GT pbk, b1kq is also positive definite for any k. Therefore, the controllability matrix GT is
nonsingular. This implies that the system in (1) is controllable from Lemma 5.1. Also,
since the decomposition of any positive definite matrix to a sum of one rank matrices is
not unique, if we take the eigenvalues decomposition of G1pbkq, we have

G1pbkq “ SkpT qOkpT qS 1
kpT q

such that, OkpT q is a diagonal matrix of eigenvalues gjkpT q, j “ 1, 2, . . . , n of G1pbkq and
SkpT qS1

kpT q “ Inˆn. Then,

G1pbkq “

n
ÿ

j“1

gjkpT qsjkpT qS 1
kpT q

sjkpT q, j “ 1, 2, . . . , n are the columns of a matrix SkpT q. The matrix G1pbkq is positive
definite by assumption, then gjkpT q ą 0 for any j. If we choose vjkpT q as eigenvectors of
the controllability matrix G1pbkq then

vjkpT q “

b

gjkpT qsjkpT q, for every j P t1, 2, . . . , nu

vjkpT q “ 0, for every j P tn ` 1, n ` 2, . . .u

In the similar method, we take the eigenvalue decomposition of G2pb1kq, we have

G2pb1kq “ RkpT qDkpT qR1
kpT q

where DkpT q is a diagonal matrix of eigenvalues djkpT q, j “ 1, 2, . . . , n of G2pb1kq and
RkpT qR1

kpT q “ Inˆn. Then,

G2pb1kq “

n
ÿ

j“1

djkpT qrjkpT qr1
kpT q

rjkpT q, j “ 1, 2, . . . , n are the columns of a matrix RkpT q. However, the matrix G2pb1kq

is positive definite by assumption, then djkpT q ą 0 for any j. We choose zjkpT q as
eigenvectors of the controllability matrix G2pb1kq then

zjkpT q “

b

djkpT qrjkpT q, for every j P t1, 2, . . . , nu
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zjkpT q “ 0, for every j P tn ` 1, n ` 2, . . .u

From this, we obtain that for every j “ 1, 2, . . . , n and k “ 1, 2, . . . , p, the expansion
variances can be written as

σjk “ max

#

0,
1

γ1
´

1

gjkpT qs1
jkpT qD1S´1

py|ujkq
pT qDsjkpT q

´
ωjkdjkpT qr1

jkpT qD1S´1
py|ujkq

pT qDrjkpT q

gjkpT qs1
jkpT qD1S´1

py|ujkq
pT qDsjkpT q

+ (83)

and σjk satisfies the power constraint in (41). Also, Equation (61) can be written as

ωjk “ max

#

0,
1

γ2
´

1

djkpT qr1
jkpT qD1S´1

py|ujkq
pT qDrjkpT q

´
σjkgjkpT qDsjkpT qS´1

py|ujkq
s1
jkpT qD1

djkpT qr1
jkpT qD1S´1

py|ujkq
pT qDrjkpT q

+ (84)

ωjk satisfy the constraint in Equation (44).
From assumption notations in this theorem, the proof is completed.

7. Relationship between Capacity of Control and Final Time. In this section, we
show that in general the capacity of control depends on the final time T . Precisely, we
show that the capacity of the control is bounded by the value of T in the following cases.

First case: infinite final time
The total covariance of uncontrolled noise matrix with the resulting matrix from initial

random vector x0, STotalpT q diverges for T Ñ 8 the unlimited growth appears from the

covariance matrix of noise WH2
with time T , which means that the capacity of control

would go to zero as T Ñ 8. We found that the capacity of the control is finite both
in asymptotically stable systems and in an unstable system (all the eigenvalues of A are
positive real part).

1) Stable systems:
The stochastic control system in (1) is stable, when the total covariance of uncontrolled

noise matrix STotalpT q and controllability matrix GT are finite for T Ñ 8 [22]. By solving
the following Lyapunov equations for any k “ 1, 2, . . . , p

AG1pbk,8q ` G1pbk,8qA1 “ ´bkb
1
k (85)

ASdW p8q ` SdW p8qA1 “ GG1 (86)

ASdWH1 ` SdWH1A1 “ σ1σ
1
1 (87)

we obtain

σjk “ max

#

0,
1

γ1
´

1

gjkp8qs1
jkp8qD1S´1

py|ujkq
p8qDsjkp8q

´
ωjkdjkp8qr1

jkp8qD1S´1
py|ujkq

p8qDrjkp8q

gjkp8qs1
jkp8qD1S´1

py|ujkq
p8qDsjkp8q

+ (88)

ωjk “ max

#

0,
1

γ2
´

1

djkp8qr1
jkp8qD1S´1

py|ujkq
p8qDrjkp8q

´
σjkgjkp8qDsjkp8qS´1

py|ujkq
s1
jkp8qD1

djkp8qr1
jkp8qD1S´1

py|ujkq
p8qDrjkp8q

+ (89)
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This provides implies that the capacity of control Cp8q is finite for any power con-
straints M1 and M2, where the total covariance matrix and the controllability matrix GT

completely defines the capacity of control.
2) Unstable systems:
In this case we show that capacity of control is finite as well, if all eigenvalues of a

matrix A are positive real part.

Lemma 7.1. The following controllability matrices and process noise variance matrix

rG1pbkq “

ż T´h

0

e´Atbkb
1
ke

´A1tdt (90)

rG2pb1kq “

ż T

T´h

e´Atb1kb
1
1ke

´A1tdt (91)

rSTotalpT q “ DCx0D
1 ` D

ż T

0

e´AtGG1e´A1tdtD1 ` DHp2H ´ 1q

¨

ż T

0

e´Atσ1|T ´ t|2H´2σ1
1e´A1tdtD1 ` σ2

»

—

–

T 2rh1 0
. . .

0 T 2rhP

fi

ffi

fl

PˆP

σ1
2

(92)
Define the same mutual information objective function in (41), as the original matrices,

G1pbkq, G2pb1kq and STotalpT q.

Proof: From the optimal sets of tvjkpT qu and tzjkpT qu, the objective function in (41)
can be written as

IpypT q;uptq, t P r0, T sq

“ ln

#

det

«

Inˆn ` S´1
TotalpT q

p
ÿ

k“1

DG1pbKqD1 ` S´1
TotalpT q

p
ÿ

k“1

DG2pb1kqD1

ff+

(93)

where S´1
TotalpT q, G1pbKq and G2pb1kq can be represented by

S´1
TotalpT q “

”

eA
1T
ı´1 ´

rSTotalpT q

¯´1 ”

eAT
ı´1

G1pbKq “

”

eAT
ı

rG1pbkq

”

eA
1T
ı

G2pb1kq “

”

eAT
ı

rG2pb1kq

”

eA
1T
ı

Therefore, the expression in (93) is equivalent to:

I pypT q;uptq, t P r0, T sq “ ln

#

det

«

Inˆn `

´

rSTotalpT q

¯´1
p
ÿ

k“1

D rG1pbKqD1

`

´

rSTotalpT q

¯´1
p
ÿ

k“1

D rG2pb1kqD1

ff+ (94)

when all eigenvalues of A are positive (the system is unstable) then the following equations
are held

ArSdW p8q ` rSdW p8qA1 “ GG1

ArSdWH1 ` rSdWH1A1 “ σ1σ
1
1

A rG1pbk,8q ` rG1pbk,8qA1 “ ´bkb
1
k

A rG2pb1k ,8q ` rG2pb1k ,8qA1 “ ´b1kb
1
1k
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By solving the corresponding Lyapunov equations above to get the solution by replacing

G1pbk,8q “ rG1pbk,8q

STotalpT q “ rSTotalpT q

Second case: infinitesimal final time
In this case, we show that the capacity of control becomes a linear function of final time

T , when T goes to zero with constant coefficient that depends on its parameters of the
system. In particular the capacity of control is vanished for T Ñ 0. By approximating
integral in Equation (15) for T Ñ 0, we get

STotalpT q “ pDGG1D1 ` Dσ1σ
1
1D

1 ` σ2σ
1
2qT (95)

Similarity, for T takes values approaching to zero, the effect of h is not almost existent,
so it can be assumed zero. Then the control process covariance matrix SupT q can be
written as

SupT q “

p
ÿ

k“1

n
ÿ

j“1

σjkbkej,kp0qb1
kej,kp0qT 2 (96)

Therefore, the capacity of control for T near to zero appears as

CpT q “ ln

#

det

«

Inˆn ` S´1
TotalpT q

p
ÿ

k“1

DG1pbKqD1 ` S´1
TotalpT q

p
ÿ

k“1

DG2pb1kqD1

ff+

(97)

Substituting (95) and (96) in Equation (97), we get

CpT q “ lntdetrInˆn ` QnˆnT su (98)

Hence,
CpT q “ TrtQnˆnuT (99)

where Qnˆn “ pDGG1D1 ` Dσ1σ
1
1D

1 ` σ2σ
1
2q

´1řp
k“1

řn
j“1 σjkbkej,kp0qb1

kej,kp0q is constant
matrix.

8. Illustrative Examples. As the simple illustrative examples, explain the relationship
between capacity of control and the intrinsic properties of stochastic dynamic systems
perturbed by mixed fractional Brownian motion with delay in control. Consider the
stochastic control system in the form (1) defined in a given time interval [0, T ], assume
that T ą h.

Example 8.1. Consider the following constant matrices

A “

»

–

´1 0 1
0 ´2 0
0 0 ´1

fi

fl , B1 “

»

–

0 1
1 1
1 ´1

fi

fl , B2 “

»

–

0 0
1 0
0 1

fi

fl , G “

»

–

1 0 0
0 1 0
0 0 1

fi

fl

σ1 “

»

–

1 1 0
´1 1 0
2 0 1

fi

fl , D “

»

–

1 ´1 0
´3 1 0
2 0 1

fi

fl , σ2 “

»

–

1 0 0
0 1 0
0 0 1

fi

fl , H1 “

»

–

0.75
0.75
0.75

fi

fl

H2 “

»

–

0.75
0.75
0.75

fi

fl , Cx0 “

»

–

1 0 0
0 2 0
0 0 1

fi

fl

Here, n “ 3, p “ 2 and assume that T “ 2 with constant point delay h “ 1. Moreover,

B “ B1 ` e´AhB2 “

»

–

1 1.3679
8.389056 2.0000

2 1.7183

fi

fl
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If M1 ` M2 ď 1 then

G1pb1q “

»

–

329.4882 62.0411 176.6757
62.0411 12.2614 34.4356
176.6757 34.4356 97.1219

fi

fl , G1pb2q “

»

–

111.8777 32.9990 38.7258
32.9990 10.2647 12.0753
38.7258 12.0753 14.2068

fi

fl

G2pb11q “

»

–

7.6311 3.7827 4.3504
3.7827 2.1101 2.3812
4.3504 2.3812 2.6966

fi

fl , G2pb12q “

»

–

0.4545 0.1169 ´0.2368
0.1169 0.2454 0.5479

´0.2368 0.5479 1.9039

fi

fl

Note that the matrices G1pb1q, G1pb2q, G2pb11q and G2pb12q are positive definite then the
controllability matrix GT is nonsingular. Hence, by Lemma 5.1 the system is controllable
and this mean that the capacity of control is not equal to zero. The optimal vectors are

v11pT q “

»

–

18.1368
3.4458
9.7879

fi

fl , v21pT q “

»

–

0.7370
´0.6188
´1.1478

fi

fl , v31pT q “

»

–

0.0051
0.0683

´0.0335

fi

fl

v12pT q “

»

–

10.5681
3.1473
3.6952

fi

fl , v22pT q “

»

–

0.4383
´0.5991
´0.7431

fi

fl , v32pT q “

»

–

0.0000122
´0.0009262
0.0007539

fi

fl

z11pT q “

»

–

2.7430
1.4170
1.6188

fi

fl , z21pT q “

»

–

0.3271
´0.3189
´0.2750

fi

fl , z31pT q “

»

–

0.0020
0.0200

´0.0208

fi

fl

z12pT q “

»

–

0.1711
´0.3986
´1.3796

fi

fl , z22pT q “

»

–

0.6515
0.2870

´0.0021

fi

fl , z32pT q “

»

–

0.0285
´0.0646
0.0222

fi

fl

STotalpT q “

»

–

77.6392 ´235.9072 170.4309
´235.9072 825.5392 ´619.2593
170.4309 ´619.2593 ´619.2593

fi

fl

Capacity “ 1.9071nat

Example 8.2. Consider the control system in (1) is defined in a given time interval
r0, T s, assume that T ą 0 with the following constant matrices

A “

„

´1 0
0 ´2

ȷ

, B1 “

„

1
0

ȷ

, B2 “

„

0
1

ȷ

, G “

„

1 0
0 1

ȷ

, σ1 “

„

1 0
1 ´1

ȷ

D “

„

3 0
0 1

ȷ

, σ2 “

„

1 0
0 1

ȷ

, H1 “

„

0.75
0.75

ȷ

, H2 “

„

0.75
0.75

ȷ

, Cx0 “

„

1 0
0 2

ȷ

Hence, n “ 2, p “ 1.

As seen in Figure 1, the graphs of capacity of control ChpM1,M2 “ 1, T “ 1q become
more similar to each other when the time delay h decreases. In contrast working when
the time delay h increases the capacity of control ChpM2,M1 “ 1, T “ 1q becomes more
similar to each other. Also, we observe that the capacity of control ChpM2,M1 “ 1, T “ 1q

tends approximate to be constant for any M2 when h converges to zero.
As shown in Figure 2, for any T , the capacity of control ChpM1 “ 1,M2 “ 1, T q

converges to the finite value, for decreasing h. This behavior is qualitatively similar for
different power constraints M1 and M2 of dynamical system. Also, we observe that,
there is a relationship between the value of capacity of control and the values of T and
h, ChpM1 “ 1,M2 “ 1, T q converges to 0.9118 for h converges to zero this is true when
T “ 0.6300 on the other hand, as always the entropy of observe stateHpypT qq is increasing
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Figure 1. (color online) The relationship between the different power con-
straintsM1, M2 and the capacity of control. Here the delay times are chosen
arbitrary in an interval r0, T s.

Figure 2. (color online) The relationship between the capacity of control
and entropy for observing state of stochastic control system with the con-
stant time T . Also, here the delay times are chosen arbitrary in an interval
r0, T s.
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when T increasing. Mathematically, the ratio of the noise matrix to the controllability
matrix in Equation (94) converges to a constant for T converges to zero.

9. Conclusion. The information channel between the control process to output state
for stochastic control systems driven by mixed fractional Brownian motion is explored.
The efficient method is derived for computing the capacity of control of these systems.
The effective contribution of time delay to determination of capacity of control is shown
explicitly. We demonstrate that the capacity of control does not grow without limiting
the length of the control process and the value of delay time. An expression of optimal
control is found which maximizes the mutual information of the control process and the
system future output.
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