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Abstract. A novel fault-tolerant control method for sliding mode prediction based on
whale optimization algorithm is designed for fault-tolerant control of quad-rotor aircraft
system with discrete time-delay uncertainties. The whole process sliding surface is used
as the prediction model to ensure the global robustness, and a power function reference
trajectory with fault compensation is designed to suppress the influence of chattering and
suppress the uncertainty and fault. In the process of rolling optimization, considering
the high-precision and fast response of the optimization process, the whale optimization
algorithm is adopted, which has strong optimization performance, less parameter setting,
fast convergence and high precision. The simulation shows that the algorithm has good
effects in terms of robustness, weakening of chattering, and convergence speed.
Keywords: Fault tolerant control, Time varying delay, Whale optimization algorithm,
Power function approach rate, Quad-rotor helicopter

1. Introduction. With the development of science and technology, today’s society has
largely become a society driven by various smart devices. In the long-term operation of
smart devices, a series of faults often occurs under the influence of external factors. In
order to enable the agent to operate safely under fault conditions, fault-tolerant control
technology for dealing with fault problems is booming and has some results in dealing with
practical problems. Fault-tolerant control has been developed into two directions: active
fault tolerance and passive fault tolerance [1-4]. Many strategies have been proposed in
dealing with actuators and sensor faults [5,6].

In fact, the four-rotor drone has entered daily life and has demonstrated its indispens-
able value in agriculture, military, transportation, and tracing. In recent years, the field
of automatic control has proposed quite a number of practical control strategies for the
formation flight of UAVs [7], tracking and obstacle avoidance, such as sliding mode con-
trol, predictive control, adaptive control, and sliding mode predictive control. Of course,
various challenges have emerged during the research process. First of all, when studying
the four-rotor discrete system, the control difficulty and the complexity of the control
algorithm are greatly aggravated due to the interference during flight and the error of
system modeling. Secondly, the faults that exist during the flight, the time lag [8] in the
system make the control more difficult.

Research on discrete control systems has become an important component of the con-
trol field. It has great exploration value for fault diagnosis and fault-tolerant control of
discrete systems. The algorithm proposed in [9] robustly controls the single-input single-
output system and solves the control problem of uncertain systems that do not satisfy
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the matching condition. Paper [10] has been improved for paper [11], although it can be
applied to a multiple input multiple output system, but does not consider external in-
terference, and has certain limitations. Paper [11] proposes an adaptive tracking control
method based on reinforcement learning for a class of unknown multi-input multi-output
nonlinear discrete systems with few learning parameters. The remarkable feature of this
method is that it reduces the cost of fault-tolerant process, reduces the number of learn-
ing parameters, and thus reduces the amount of calculation. However, this method only
considers a simple MIMO model, which is difficult to be applied in practice. In paper [12],
for the uncertain discrete nonlinear system, an explicit high-order sliding mode predictive
control algorithm is adopted. The method has good stability and converges faster than
the traditional sliding mode prediction algorithm. However, this paper does not consider
the time lag that is common in practical systems. Regrettably, the existence of time lag
often exacerbates the complexity of the system, but many control algorithms do not take
it into account when designing the design.
Since the time lag affects the control performance in real systems, many researchers

now consider the effects of time lag in the process of algorithm design. A sliding mode
prediction algorithm [13] is adopted for systems with time delay and parameter perturba-
tion. This method has strong anti-interference ability and stability, and it is also effective
in dealing with time lag. This paper only considers the effect of time-invariant delay on
the system, but does not analyze and research time-varying delay. For the time-delay
constraint system [14], the model predictive control method is designed to deal with the
time-delay problem. The neural dynamic optimization is adopted to improve the opti-
mization precision and optimization speed, and strengthen the online optimization ability
of model predictive control, but the same problem is that only fixed time lags are consid-
ered. Aiming at the state time lag and input time lag in aero-engine [15], a sliding mode
prediction algorithm based on time-delay compensator is designed. This method provides
a new idea for how to deal with the time lag problem. However, the external interference
encountered by the aero-engine has not been dealt with. The model of the system only
considers the influence of time lag. The more common system parameter perturbation is
not processed, and it is difficult for the actual system to have no disturbance. In paper
[16], the linear sliding surface is designed as the sliding mode prediction model, and it is
difficult to avoid the instability phenomenon that may occur in the approaching process.
In the process of rolling optimization, only the extreme value necessary condition is used
to find the control law. This method is computationally intensive and the accuracy is
not satisfactory. Paper [17] comprehensively considers time lag, faults and disturbances.
A discrete sliding mode prediction fault-tolerant control method based on multi-agent
particle swarm optimization is designed. The sliding mode chattering is effectively sup-
pressed, and the particle swarm optimization algorithm is also adopted in the optimization
problem.
In paper [17], the linear sliding mode surface is designed as a prediction model because

the global stability cannot be guaranteed by the sliding mode approach process. The
reference trajectory is not particularly ideal in dealing with chattering. In the optimization
process, the particle swarm optimization algorithm is adopted. The algorithm has complex
operation flow and is easy to fall into local minimum values, and the effect is not good in
convergence speed and convergence precision. Aiming at the above problems, this paper
makes improvement, designs a new control algorithm and compares with it. Compared
with [17], this paper designs a fault-tolerant algorithm to deal with uncertain systems with
time-varying state delays, and designs the global sliding mode switching function [18] as
a sliding mode prediction model to avoid the instability of the approach process. The
global robustness is guaranteed, the reference trajectory of power function with fault and
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uncertainty compensation is designed, the buffeting is weakened to a greater extent, and
the whale optimization algorithm [19] is designed to optimize on the rolling optimization
problem. Compared with Particle Swarm Optimization (PSO), this algorithm has faster
convergence speed and more accurate solution accuracy.

The rest of this article is organized as follows. In Section 2, the model of the design
object is proposed, and some reasonable assumptions are made which are consistent with
the actual object. In Section 3, an effective new control algorithm is designed, the con-
troller is designed, and the control law is solved. Then, in Section 4, the stability analysis
is given and the rationality of the algorithm is proved. Finally, in Section 5, we use four-
rotor aircraft model to verify the effectiveness of the algorithm and add the comparison
of simulation curves to highlight the advantages of the algorithm designed in this paper.
In Section 6, the work of this paper is summarized and some prospects for future work
are presented.

2. Problem Statement and Preliminaries. In this paper, the mathematical model
of Qball-X4 four-rotor helicopter developed by Quanser Company of Canada is adopted
[20]. Considering the model of the X/Y direction channel of the quadrotor system, due
to the geometric symmetry of the quadrotor, the motion in the Y direction can be called
a symmetrical X-direction motion, so generally only the motion in the X direction is
considered for analysis and modeling. When the quadrotor is moving in the X direction,
it is affected by the total lift and pitch angle, and assuming the yaw angle is 0, the model
can be obtained (1):

F = Kg
ω

s+ ω
u

ν =
ω

s+ ω
u

v̇ = −ων + ωu

MgẌ = 4F sin(θ) Ẋ

Ẍ
ν̇

 =


0 1 0

0 0
4Kg

Mg

θ

0 0 −ω


 X

Ẋ
ν

+

 0
0
ω

 u

(1)

where, F is lift, Kg is positive gain, ω is the actuator bandwidth, u is the actuator input,
Mg is the quad-rotor mass, θ is pitch angle, ν is the new state variable introduced. Let
sin(θ) = θ, and the above model can be obtained. The above is an ideal model for the
direction of the four-rotor. After discretizing this model, consider system perturbation,
external disturbances, faults, time lags, etc. We can build the following model (2): x(k + 1) = (A+∆A)x(k) + (B +∆B)u(k) + (Ad +∆Ad)x(k − τ(k))

+w(k) + Ef(k)
y(k) = Cx(k)

(2)

∆A, ∆B, ∆Ad are the internal perturbation of the system, x(k) ∈ Rn, u(k) ∈ Rp, y(k) ∈
Rq, are the state, input and output of the system. w(k) ∈ Rn is external disturbance of
the system, f(k) is fault function, τ(k) is the time varying delay of the systemupper and
lower bound of it is [0, τu], A, B, C, E, Ad are the constant matrices.

Let

d(k) = ∆Ax(k) + ∆Bu(k) + ∆Adx(k − τ(k)) + w(k) + Ef(k) (3)
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d(k) is the uncertainty and failure of the system, and unknown. So one-step delay esti-

mation method is used to obtain d̂(k) approximately as follows:

d(k) = d(k − 1) = x(k)− Ax(k − 1)− Adx(k − 1− τ(k − 1))−Bu(k − 1) (4)

System (2) can be rewritten as follows:{
x(k) = Ax(k) +Bu(k) + Adx(k − τ(k)) + d(k)
y(k) = Cx(k)

(5)

This paper considers the additive fault of the actuator. For the quadrotor, its actuator is
its drive system, namely, four small motors. Therefore, according to the actual situation,
the fault of the four small motors must be within a reasonable range, and the rate of
change of the fault is also bounded. Now make the following reasonable assumptions for
d(k):
Assumption 1: The fault and uncertainty of the system have an upper and lower

bound. dL ≤ |d(k)| ≤ dU ;
Assumption 2: The rate of change of the fault and uncertainty of the system is

bounded. |d(k)− d(k − 1)| ≤ d0.

3. Algorithm Design.

3.1. Sliding mode prediction model design. Different from paper [17], a new global
sliding mode switching function is designed in this paper to eliminate the approaching
process, which will have better robustness and stability. The global sliding mode switching
function is designed, so that the initial state of the system state trajectory is located on the
switching surface, eliminating the linear sliding mode approaching process and ensuring
the global robustness of the system.

s(k) = σy(k)− αkσy0 = σCx(k)− αkσCx0 (6)

where y(k) is actual output, σ is designed by pole assignment [21], x0 is the initial state
of the system, y0 is the output when the system is in the initial state. It can be known
from (6) that s(0) = 0, the system state trajectory at the initial moment is located at
the switching plane. α ∈ (0, 1), and it is a constant. The sliding mode prediction model
based on the state of the system is (7).

s(k + 1) = σCx(k + 1)− αk+1σCx0 (7)

The nominal system of system (5) is as follows:

x(k) = Ax(k) +Bu(k) + Adx(k − τ(k)) (8)

The predicted output of the prediction model at the moment (k + P ) can be obtained
according to systems (7), and (8).

s(k + p) = σCx(k + p)− αk+pσCx0

= σC

[
APx(k) +

P∑
i=1

Ai−1Adx(k + p− i− τ(k + p− i))

+
M−1∑
i=1

AP−iBu(k + i− 1) +
P−M∑
i=1

AiBu(k +M − 1)

]
− αk+pσCx0

(9)

where P is the prediction time domain, and M is the control time domain, and M ≤ P ,
u(k + j) = u(k +M − 1) (j = M − 1, . . . , P ). The vector form of (9) is:

SPM (k) = ΩX(k) + ΞU(k) + ΨXd(k)− ΓX0 (10)
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where

SPM (k) = [s(k + 1), . . . , s(k + p)]T

X(k) = [x(k + 1), . . . , x(k + p)]T

X0 = [x0, . . . , x0]
T

U(k) = [u(k), u(k + 1), . . . , u(k +M − 1)]T

Ω =
[
(σCA)T , . . . ,

(
σCAP

)T]T

Ξ =



σCB 0 · · · · · · 0
σCAB σCB 0 · · · 0

...
... · · · · · · ...

σCAM−1B σCAM−2B · · · σCAB σCB
σCAMB σCAM−1B · · · σCA2B σCAB + σCB

...
... · · · ...

...

σCAP−1B σCAP−2B · · · σCAP−M+1B
P−M∑
i=0

σCAiB


Γ =

[
αk, αk+1, . . . , αk+P

]T

Ψ =


σCAd 0 · · · · · · 0
σCAAd σCAd 0

...
...

. . .
...

...
...

. . .
...

σCAP−1Ad σCAP−2Ad · · · · · · σCAd


3.2. Feedback correction design. Due to some uncertain factors such as external in-
terference in the actual quad-rotor system, model predictive control is usually only used
to implement the control quantity at the current moment. At the next moment, according
to the actual output or state information of the controlled object, the feedback strate-
gy should be adopted to modify or compensate the prediction model, and then the new
optimization should be performed. It is not difficult to see that without the feedback
strategy of predictive control, the predictive control system can be regarded as an open
loop control system, which leads to a large prediction error and seriously affects the con-
trol accuracy. Therefore, the design of feedback strategy is particularly important to form
an overall closed-loop optimal control loop. Therefore, according to Equation (9), we can
deduce the prediction output of (k − P ) moment k to moment, that is, to predict the
output of k moment by p-step prediction from (k− P ) moment. The output value of the
sliding mode prediction model for k moment from (k − P ) moment can be deduced:

s(k|k − P ) = σC

[
APx(k − P ) +

P∑
i=1

Ai−1Adx(k − i− τ(k − i))

+
M−1∑
i=1

AP−1Bu(k − P + i− 1) +
P−M∑
i=1

AiBu(k − P +M − 1)

]
− αkσCx0

(11)

Then, the error between the actual output and the predicted output at moment k is as
follows, and add the error as a correction to the prediction model:

e(k) = s(k)− s(k|k − P )
s̃(k + P ) = s(k + P ) + jpe(k)

(12)
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The vector form of (12) is as follows:

S̃PM(k) = SPM(k) + JpE(k) (13)

where,

Jp =


j1

j2
. . .

jp


jp is the correction coefficient, as the prediction step increases, jp decreases in turn,
j1 = 1, j1 > j2 > · · · > jp > 0.

3.3. Reference trajectory design. In the sliding mode predictive control, the selec-
tion of the reference trajectory can be constructed according to the sliding mode approach
rate, so how to reduce the influence of chattering becomes a problem that needs careful
consideration when selecting. Because of the good effect of the power function in weaken-
ing the chattering, this paper uses the power function as the reference trajectory. At the
same time, considering the influence of faults and uncertainties, the design of the reference
trajectory is embedded with the suppression method to maximize the compensation for
faults and uncertainties.

sref (k + 1) = (1− ς)sref (k)− εf(sref (k), β, δ)− ξ(k) + ξ1
sref (k) = s(k)

(14)

where, f(sref (k), β, δ) =

{ |sref (k)|βsgn(sref (k)), |sref (k)| ≥ δ
sref (k)

δ1−β
, |sref (k)| < δ

, sgn() is sign function.

The range of values of each parameter is as follows, 0 < β < 1, 0 < δ < 1, δ >
(

ε
1−ς

) 1
1−β ,

0 <
(

ε
1−ς

)
< 1. ξ(k) is the influence of system uncertainty and fault on the output value

of sliding mode, is compensation for system uncertainty and fault:

ξ(k) = σCd(k) = σC[∆Ax(k) + ∆Bu(k) + ∆Adx(k − τ(k)) + w(k) + Ef(k)]

ξ1 =
ξU + ξL

2
=

σCdU + σCdL
2

(15)

The vector form of system (14) is:

Sref (k) = [Sref (k + 1), Sref (k + 2), . . . , Sref (k + P )]T (16)

3.4. Rolling optimization design. The selection of optimization performance index is
the most important part of rolling optimization, which involves the future behavior of the
system and future control strategy. The control strategy designed in this paper requires
the future output to closely follow the expected reference trajectory, so the designed
performance index minimizes the variance between the output value and the expected
value. The optimization cost function is defined as:

j(k) =
P∑
i=1

λi [sref (k + i)− s̃(k + 1)]2 +
M∑
l=1

γl[u(k + l − 1)]2 (17)

where, λi and γl are weight coefficients.
The vector form of Equation (17) can be written as:

J(k) =
[
Sref (k)− S̃PM(k)

]T
Q
[
Sref (k)− S̃PM(k)

]
+
[
UTRU

]
(18)
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where, Q =


λ1

λ2

. . .
λP

, R =


γ1

γ2
. . .

γM

. Q and R are weighted

diagonal matrices.

3.5. Optimization algorithm design. In recent years, various novel intelligent op-
timization algorithms have been proposed, and bio-optimization algorithms have been
widely used and applied in many fields. The Whale Optimization Algorithm (WOA) is
a new type of optimization algorithm proposed by Mirjalili of Griffith University in Aus-
tralia, which is proposed in 2016. The algorithm has many advantages such as simple
principle, less parameter setting and strong optimization performance. Comparing whale
optimization algorithm and particle swarm optimization algorithm [17], WOA algorithm
is superior to particle swarm optimization algorithm in solving accuracy and convergence
speed. Therefore, the whale optimization algorithm is designed for rolling optimization.

The purpose of rolling optimization is to obtain U(k) that makes J(k) take a minimum
value. Therefore, Equation (18) is taken as the objective function, that is, the optimization
performance index J(k) is taken as the fitness function.

The whale optimization algorithm is divided into three stages, whale-enveloped pre-
dation, whale bubble predation (local search phase), and whale random search for prey
(global search phase).

1) Encircling prey
The whale identifies the prey location and surrounds it. The WOA assumes that the

current optimal candidate solution is the target prey, and updates the location of the
candidate solution according to the following mathematical model:{

D⃗ =
∣∣∣C⃗X⃗∗ − X⃗(t)

∣∣∣
X⃗(t+ 1) = X⃗∗(t)− A⃗D⃗

(19)

where, D⃗ is the distance between the individual and the target prey, t indicates the
current iteration, X⃗∗(t) is the position vector of the best solution obtained so far, X⃗(t) is

the position vector, C⃗ and A⃗ are the coefficient vectors.
The vectors C⃗ and A⃗ are calculated as follows:{

C⃗ = 2r⃗

A⃗ = 2a⃗r⃗ − a⃗
(20)

In Equation (20), r⃗ is a random vector in [0, 1], a⃗ is linearly decreased from 2 to 0 over
the course of iterations.

2) Bubble-net hunting method
The whale moves around the prey along the spiral path, spitting out bubble traps and

preying. Shrinking encircling mechanism: This behavior is achieved by decreasing the
value of a⃗ from 2 to 0 in Equation (20) over the course of iterations. It can be obtained

from Equation (20) that when A⃗ is located between [1, 1], the next position of the whale
can randomly appear at the current position or optimal position, that is, the position at
t+ 1 can be the position at time t, or the global optimal position at time t.{

D⃗′ =
∣∣∣X⃗∗(t)− X⃗(t)

∣∣∣
X⃗(t+ 1) = D⃗′ebl cos(2πl) + X⃗∗(t)

(21)

Equation (21) simulates the spiral hunting of humpback whales, where, b is constant
for defining the shape of the logarithmic spiral, l is a random number in [−1, 1]. On the
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account of the humpback whale swims in a shrinking circle during the predation and along
the spiral-shaped path simultaneously. Therefore, in order to simulate this behavior, we
assume that the probability 50 percent can choose to reduce the surrounding method or
spiral model to update the position of the whale. The mathematical model is described
as follows:

X⃗(t+ 1) =

{
X⃗∗(t)− A⃗D⃗ if ρ < 0.5

D⃗′ebl cos(2πl) + X⃗∗(t) if ρ ≥ 0.5
(22)

where, ρ is a random number in [0, 1].
3) Random search for prey

When
∣∣∣A⃗∣∣∣ > 1, it means that the whale swims outside the shrinking circle. At this time,

the whale individual performs a random search. The mathematical model is as follows:{
D⃗ =

∣∣∣C⃗Xrand(t)−X(t)
∣∣∣

X⃗(t+ 1) = X⃗rand − A⃗D⃗
(23)

where X⃗rand(t) is a random position vector (a random whale) chosen from the current
population.
The main parameters of WOA are coefficient vectors A⃗ and C⃗, among them, parameter

A⃗ plays an important role in global search and local search. The convergence factor
a⃗ determines the value of A⃗, larger convergence factors can obtain better global search
ability and avoid falling into local optimum, smaller convergence factors are beneficial to
local optimization and accelerate the convergence of the algorithm.

4. Stability Analysis. From the above rolling optimization process, the control law
U(k) that makes J(k) a minimum value can be obtained. The necessary condition for the

extreme value of J(k) is ∂J(k)
∂U(k)

= 0, so the control law calculated through the WOA must

meet it. Therefore, U(k) must meet (24).

U(k) =
[
R + ΞTQΞ

]−1
ΞTQ [Sref (k)− ΩX(k)−ΨXd(k) + ΓX0 − JPE(k)] (24)

Generally, when considering stability, it can be assumed that R = 0, and Q is an
identity matrix:

U(k) = Ξ−1 [Sref (k)− ΩX(k)−ΨXd(k) + ΓX0 − JPE(k)] (25)

For an actual system with faults and uncertainties, the sliding mode predicted output
value at time k + P is as follows:

SPM(k) = ΩX(k) + ΞU(k) + ΨXd(k) + ΘD(k)− ΓX0 (26)

where,

Θ =


σC 0 · · · 0
σCA σC · · · 0
...

...
. . .

...
σCAP−1 σCAP−2 · · · σC

 , D(k) = [d(k), d(k + 1), . . . , d(k + P − 1)]T

Then, substituting (25) into (26), gives:

SPM (k) = Sref (k)− JPE(k) + ΘD(k) (27)

In the process of scroll optimization, only the current control input signal acts on the
controlled object. So take the first element of the vector expression (27):

s(k + 1) = sref (k + 1)− j1(s(k)− s(k|k − 1)) + σCd(k) (28)
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where,
s(k)− s(k|k − 1)

= σC[x(k)− Ax(k − 1)− Adx(k − 1− τ(k − 1))−Bu(k − 1)]
= σCd(k − 1)

(29)

Let j1 = 1, so Equation (28) becomes (30):

s(k + 1) = sref (k + 1) + σC[d(k)− d(k − 1)] (30)

From Assumption 2, it gives:{
|d(k)− d(k − 1)| ≤ d0
s(k + 1) = sref (k + 1) + σC[d(k)− d(k − 1)] ≤ sref (k + 1) + σCd0

(31)

Thereby, substituting (14) into (31), gives:

s(k+1) ≤ sref (k+1)+ σCd0 = (1− ς)sref (k)− εf(sref (k), β, δ)− ξ(k) + ξ1 + σCd0 (32)

Since ξ(k) = σCd(k) and Assumption 1: dL < |d(k)| < dU , we can get σCdL < ξ(k) <
σCdU . Then:

s(k + 1) ≤ (1− ς)sref (k)− εf(sref (k), β, δ)− σCdL + ξ1 + σCd0 (33)

And ξ1 =
σCdU+σCdL

2
, then:

s(k + 1) ≤ (1− ς)sref (k)− εf(sref (k), β, δ)− σCdL +
σCdU + σCdL

2
+ σCd0 (34)

Let ξ2 =
σCdU−σCdL

2
,

Λ =
σCdU − σCdL

2
+ σCd0 = ξ2 + σCd0

then:
s(k + 1) ≤ (1− ς)sref (k)− εf(sref (k), β, δ) + Λ (35)

Let:
spo(k + 1) = (1− ς)spo(k)− εf(spo(k), β, δ) (36)

So:
s(k + 1) ≤ spo(k + 1) + Λ (37)

In summary, we perform stability analysis on spo(k + 1).
Proof:
1) When spo(k) ≥ δ, then (36) turns to (38).

spo(k + 1) = (1− ς)spo(k)− εspo
β(k) =

[
(1− ς)− εspo

(β−1)(k)
]
spo(k) (38)

Let ∆spo(k) = spo(k + 1) − spo(k) = −ςspo(k) − εspo
β(k), there exists ∂∆spo(k)

∂spo(k)
= −ς −

εβspo
(β−1) < 0. That is, ∆spo(k) is the decreasing function of spo(k). When spo ≥ δ, we

can deduce ∆spo(k) = −ςspo(k)− εspo
β(k) ≤ 0. Obviously, for (38), spo(k) is a decreasing

function that converges to 0 ≤ spo(k) < δ. Then, spo(k + 1) ≤ ϑ.
2) When 0 ≤ spo(k) < δ, (36) turns to (39).

spo(k + 1) = (1− ς)spo(k)−
εspo(k)

δ1−β
(39)

Similarly, it is easy to prove ∆spo(k) = spo(k + 1) − spo(k) ≤ 0, so that, spo(k) is a
decreasing function, monotonously tends to 0 and does not cross. Then, spo(k + 1) ≤ ϑ.

3) When −δ < spo(k) < 0, (36) turns to (40).

spo(k + 1) = (1− ς)spo(k)−
εspo(k)

δ1−β
(40)
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In case of (40), ∆spo(k) = spo(k + 1)− spo(k) > 0, so spo(k) is an incremental function
that continues to increase until spo(k) ≥ 0. It can be seen from 2) that once it reaches
the range of spo(k) ≥ 0, spo(k) will converge to 0. Then, spot(k + 1) ≤ ϑ.
4) When spo(k) ≤ −δ, (36) turns to (41).

spo(k + 1) = (1− ς)spo(k)− ε(−spo(k))
β (41)

Let ∆spo(k) = spo(k + 1) − spo(k) = −ςspo(k) − ε(−spo(k))
β, then ∂∆spo(k)

∂spo(k)
< 0,

∆spo(k) = spo(k + 1) − spo(k) > 0. That is, ∆spo(k) is the decreasing function of spo(k).
When spo(k) ≤ −δ, ∆spo(k) > 0. So spo(k) is an incremental function that converges to
0 ≤ spo(k) < δ. Then, spo(k + 1) ≤ ϑ.
In summary, we can conclude that there is kn < ∞, for any k > kn, spo(k + 1) ≤ ϑ

is true. So we can obtain |s(k + 1)| ≤ Λ + ϑ. Therefore, the controller designed in this
paper is robust stable.

5. Experimental Results and Discussions.

5.1. Simulation model. This paper selects Q-ball produced by Quanser company as
the simulation object. Its mathematical model has been given by system (1). In the case
of small pitch angle, X axis direction model by linearization without external disturbance,
parameter perturbation and time varying delay is obtained as follows: Ẋ

Ẍ
ν̇

 =


0 1 0

0 0
4Kg

Mg

θ

0 0 −ω


 X

Ẋ
ν

+

 0
0
ω

u (42)

When the time delay, parameter perturbation and external disturbance in system (42)
are considered, the system model is marked as system (2). Now, each matrix of system
(2) is represented as follows:

A =

 0 1 0
0 0 12
0 0 −10

 , Ad =

 0 0 0
0 0 4
0 0 −5

 , B =

 0
0
15

 , E =

 0.1
0.1
0.2

 , C = [ 1 0 0 ]

The parameter perturbation matrix of the system takes the value ∆A = 0.1A, ∆B =
0.1B, ∆Ad = 0.1Ad. The element in the external disturbance w(k) takes a Gaussian
white noise with a mean of zero, f(k) = 1.5 + [ 0.3 sin(6k) 0 0.2 sin(2k) ]x(k) is fault
function. Time-varying delay τ(k) is a random integer between [0, 5], σ = [ 1 1 1 ]
is sliding model coefficient matrix, x(0) = [ 1 1 1 ]T is the initial state of the whole
system. This paper chooses the prediction horizon P = 4 and chooses control horizon
M = 2, which takes account of both the fast and the stability of the system. Sampling
time k = 0.02 and simulation time domain k = 500.

5.2. Optimization algorithm comparison.
Pseudo-code of the WOA algorithm
Initialize the whales population Xi (i = 1, 2, . . . , n)
Calculate the fitness of each search agent
X⃗∗ = the best search agent
While (t < maximum number of iterations)
For each search agent
Update a⃗, A⃗, C⃗, l, ρ
For i = 1 to n do
If (ρ < 0.5) then
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If
(∣∣∣A⃗ < 1

∣∣∣)
D⃗ =

∣∣∣C⃗X⃗∗ − X⃗i

∣∣∣
X⃗i(j) = X⃗∗(j)− A⃗D⃗

Else if
(∣∣∣A⃗∣∣∣ ≥ 1

)
Select a random individual X⃗rand

D⃗ =
∣∣∣C⃗X⃗rand − X⃗i

∣∣∣
X⃗i(j) = X⃗rand(j)− A⃗D⃗
End if

Else if (ρ ≥ 0.5) then

D⃗′ =
∣∣∣X⃗∗ − X⃗i

∣∣∣
X⃗i(j) = D⃗′ebl cos(2πl) + X⃗∗

End if
End for

Evaluate the fitness for X⃗i

End for
End while
Above, is the pseudo-code of the WOA. Now, this section selects four sets of benchmark

functions to compare the particle swarm optimization algorithm with the whale optimiza-
tion algorithm. The basic information of the four benchmark functions is shown in Table
1 (where, F1, F2 are unimodal functions, F3, F4 are multimodal functions).

Table 1. Information of benchmark functions

Function expression Variable interval

F1 =
N∑
i=1

ixi
2 [−10, 10]10

F2 =
N∑
i=1

10(6(i−1)/N−1)xi
2 [−100, 100]10

F3 =
N−1∑
i=1

(
0.5 +

sin2(
√

100x2
i+x2

i+1)−0.5

1+0.001(x2
i−2xixi+1+x2

i+1)
2

)2

[−100, 100]10

F4 = 1− cos

(
2π

√
N∑
i=1

x2
i + 0.12π

√
N∑
i=1

x2
i

)
[−100, 100]10

The experiments were carried out independently for 30 times, and the average values,
standard deviation, maximum, and minimum of the optimal target values of 30 experi-
ments were used as the basis for performance evaluation. The number of search individuals
and the maximum number of iterations for WOA and PSO are set to 10 and 50. WOA
parameter setting: logarithmic spiral shape constant b = 1. PSO parameter setting: at-
tenuation coefficient ϖ = 1, local learning factor, global learning factor c1 = c2 = 2.0.
The experimental results are shown in Table 2.

5.3. Comparison of two sliding mode prediction algorithms. For the quad-rotor
helicopter system with time delay, uncertainty and fault, the control algorithm of this
paper and the control algorithm of the paper [17] are used for experiments. The experi-
mental results are shown in Figure 1 to Figure 4. It can be obtained from the experimental
results that the control method designed in this paper is superior to the control algorithm
proposed in [17] in terms of convergence speed, control precision and stability.
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Table 2. Comparison on experimental results based on WOA and PSO

Function Evaluation index PSO WOA

F1

mean 1.00× 101 8.79× 10−46

std 5.48× 101 4.79× 10−45

max 3.00× 102 2.62× 10−44

min 9.60× 10−3 1.15× 10−57

F2

mean 2.01× 107 4.05× 10−42

std 8.62× 107 1.59× 10−41

max 4.66× 108 7.72× 10−41

min 1.39× 105 3.86× 10−52

F3

mean 1.18× 100 0.8361× 100

std 2.53× 10−1 0.4866× 100

max 1.75× 100 1.5066× 100

min 7.11× 10−1 0.00× 100

F4

mean 4.47× 10−7 4.05× 10−9

std 6.77× 10−7 1.69× 10−8

max 3.40× 10−6 9.10× 10−8

min 5.56× 10−10 1.88× 10−15
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Figure 1. The position trajectories of X-axis

The position trajectory in Figure 1 indicates that the control method in this paper
makes the quad-rotor helicopter more stable and smooth in the event of a fault.
Comparing the control rate trajectories in Figure 3 and Figure 4, we can clearly conclude

that the convergence speed and accuracy are significantly improved due to the design of
the whale optimization algorithm in the process of rolling optimization. And because the
power function reference trajectory is designed, the method designed in this paper has
excellent effect on the reduction of chattering.
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Figure 2. The actuator dynamics trajectories of X-axis
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Figure 3. The trajectories of control law (1)

Therefore, by comprehensive comparison of the above simulation waveform, we can
make the following summary and analysis. Firstly, compared with the paper [17], the
method designed in this paper has obvious advantages in robustness and stability. The
reason for this advantage is that a new global sliding mode switching function is designed
in this paper, which eliminates the sliding mode approach process and avoids the insta-
bility of the approach process. Secondly, there are obvious differences between the two
algorithms in convergence speed. In the process of rolling optimization, this paper de-
signed a new optimization method to replace the particle swarm optimization algorithm.
The whale optimization algorithm has the advantages of simple design, fast convergence
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Figure 4. The trajectories of control law (2)

speed and high convergence accuracy, which have been reflected in the above simulation
waveform. Finally, the chattering of the control law obtained in this paper is significantly
reduced. Chattering was cut by nearly 50%. This is because a new type of reference
trajectory is designed, which is used to compensate for the negative effects of faults and
uncertainties. At the same time, the power function part of the reference track also has
a good chattering suppression effect.

6. Conclusion. Combining the advantages of two control algorithms, sliding mode con-
trol and predictive control, this paper designs a sliding mode predictive control method
based on whale optimization algorithm. And it solves the problem of fault-tolerant con-
trol of discrete uncertain systems with time-varying delays and disturbances, and achieves
good control effects. The simulation results show that the proposed method has faster con-
vergence speed and better robustness than paper [17]. In view of the instability phenom-
enon of the sliding mode approaching process and the sliding mode chattering problem,
the general control method has not been deeply considered. In this paper, the problem
is analyzed and processed, and a solution with better processing effect is designed. Of
course, this article does not take into account the input time lag, and we will discuss this
issue in future research.
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