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ABSTRACT. This work is concerned with the robust Ho, filtering of two-dimensional (2-
D) discrete systems with state delays described by the Roesser state space model with
uncertain parameters of the polytopic type problem. By using the parameter-dependent
Lyapunov-Krasovski functional approach and by introducing some slack matriz variables,
new sufficient conditions for the H., performance analysis are developed in terms of lin-
ear matriz inequalities (LMIs). Based on those results, both types of parameter-dependent
and independent filters are designed by solving a convex optimization problem. Finally,
two numerical examples are introduced to illustrate the effectiveness, reduced conser-
vatism and potential of the developed theoretical results.

Keywords: 2-D discrete systems, Delays, Roesser model, Polytopic uncertainties, H.
performance, H, filter

1. Introduction. The two-dimensional (2-D) systems have widely attracted interest
with their theoretical importance such as linear repetitive control [1] and iterative learning
control [2, 3] and with a practical significance in image processing and process control [4].

It has been well known that time-delays are inevitable in practical systems, especially
in the 2-D class due to the finite speed of information processing and data transmission
among various parts of the system. The time-delay often degrades the system performance
and even causes the system instability. Therefore, the highlighting of stability of time-
delay systems plays an important role in applied models and has been greatly studied in
control theory and signal processing fields [5].

The H,, technique introduced in [6] has attracted the attention of many researchers,
for example, [7, 8,9, 10]. It is a technique well known in literature to minimize the im-
pact of perturbations on systems. Over the past decades, considerable attention has been
devoted to the problem of state estimation. When a priori information on the external
noises is not incisively known, although the famed Kalman filtering provides an optimal
state estimation approach in the sense of error variance, it has been acknowledged that
the traditional Kalman filter is considerably sensitive to system parameters [5] but not ro-
bust enough against large uncertainties. Therefore, many attempts have been established
toward other more robust filtering arrangements, among which, H, filtering is the most
concerned one [11, 12, 13], in which the input signal is assumed to be energy bounded
and the prime aim is to minimize the H,, norm of the filtering error system.
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In this paper, by constructing a Lyapunov-Krasovski functional [14] on a 2-D system
described by Rosser model [15], a delay-dependant H,, performance analysis is established
for error systems by retaining some useful terms from the difference of Lyapunov-Krasovski
functions. As a result, the H,, filter is designed in terms of linear matrix inequalities
(LMIs).

Many useful results on the problem of H, filtering for various dynamic 2-D systems
have appeared [16]. In contrast, the problem of H, filtering for uncertain 2-D discrete
systems described by the Roesser model with delays has not been fully investigated yet
and deserves more attention, the increase in computational complexity due to the addition
of more decision variables in our case constant delays, motivates the present study.

This paper is adjusted to six sections. In Section 2, the problem under study is for-
mulated. In Section 3, new criterion is obtained in terms of LMI, which ensures the H
performance of the 2-D discrete system described by the Rosser model and the filtering
design is thus established in Section 4. Numerical examples are given to highlight the
results in Section 5. Finally, some conclusions are provided in Section 6.

Notations. Throughout the paper, R? denotes the p-dimensional real Euclidean space,
and RP*? denotes the set of all p x ¢ matrices. 0 and I represent zero matrix and iden-
tity matrix respectively. diag{...} denotes a block-diagonal matrix in symmetric block
matrices or long matrix expressions. X7 stand for the transpose of the matrix X. Q > 0
(Q < 0) means that @ is real symmetric and positive (negative) definite matrix. The
notation ||z|| stands for the Euclidean norm of the vector x.

2. Problem Formulation. Consider the 2-D systems with polytopic uncertainties and
constant delays described as such:

a"(i+1,5) ] N [ 2", 5) ] N 2"(i — dy, 7)
[ (i, + 1) ] = A g gy | T A [ (i, — dy) }
+B(a_)w(i,j) _
Wiiod) = €@ | 2 |+ D)
20,7 = Bo) | %5 | 4 Flayu(i,g) 0

L 2%(i,J) |
where 2V (i, j) € R™, 2"(i, j) € R™ are vertical and horizontal state vectors, respectively,
w(i,j) € RY disturbance input, z(i,j) € R® signal to be estimated, y(i,j) € R™ is
the measured output, d; and dy are positive integers representing constant delays along
horizontal and vertical directions, respectively. The matrices

= [ 28] <[ 0] 1= L 0

o Agi(a) Agz()
Ad(a) B { Ad21(04) Ad22(Oé)

F(«) and D(«) are presumed to belong to a known convex bounded polyhedral domain
D described as:

Q(Oz)é [An(Oé), A12(06), A21(Oé)7 A22(OZ), Adn(a), Ade(a); Ad21(a), Ad22(04)7
Bi(@), By(a), Ci(a), Cy(a), D(a), Ei(a), Ex(a), F(a)]eD

] , Cla)=[ Ci(a) Cs(e) ]

where
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N N
D2 [Q@)\Qa) =) o Y o =10, >0
n=1 n=1

with
Qn é [ Alln; A12n> Aan; A22n> Ad11n7 Ad12n7 Ad21n7 Ad22n7 Bln7 B2n7
CI’VM CQna Dna Elna EQna Fn }

denoting the n-th vortex of the polyhedral domain.
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The purpose of this work is to estimate the signal z(, j) with ensured H,, performance.

To achieve that the following full-order 2-D discrete filter will be observed:

(i +1,7) (i, 5)
=A;| _ 70 |+ Byy(i,j
) | =4 Gy ]
269
A Z, ) = C ~v ., . +D 7/7
( j) f 7 (Z,j) fy( .7)
(i) = 2(6,5) =0, i,j=12,
The matrices Ay, By and C have the following form:

A Ao }

Ay = B, — c=[Ccn C
d {Aﬁl Apao d {Bﬁ] r=l¢n ]

From (1) and (3), the filtering error system is obtained as follows:

[iiﬁii | =) | Gy | + v | iE; "

1 Bla)u(i.))
(i) = Ca) [ 229 ] 1 Dy )
’ | #00,) ’

where

6(17]) - Z(la.]) - 2(27])

~h _ mh(zaj)

#69= | 2 |

T R ()

#69= 503
and

A (a) 0 A () 0
A AH(Oé) Alg(a) . BflCl(a) Afn Bfng(a) Af12
Ay () 12122(04) B Aoy () 0 Ago(a) 0
Bf201<04) Af21 BfQCQ(Oé) Af22

Agii(a) 0 Agie(a) 0

A (a) _ Adll(a) Adlg(Oé) . 0 0 0 0
¢ I Agor(a)  Agaa(a) Agpr(a) 0 Agoa(a) 0
0 0 0 0
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D(a) = F(a) = DyD(«)
To get the main results of this paper, the following remark and lemma are needed.

Lemma 2.1. [17] For given symmetric matrices

Sll 512 :|

* 522

S—ST—{

where S11 and Se are square matrices, the following conditions are equivalent
1) S <0y

2) S < 0, Sog — 517‘231—11312 < 0y
3) 522 < 0, 811 — 5552_21312 < 0.

Remark 2.1. The Hy, filtering problem is important due to its theoretical and practical
value in control engineering and signal processing. In this work, we consider the problem
of robust Hy, filtering for a class of uncertain 2-D discrete systems with polytopic uncer-
tainties and constant delays. The model used in this paper can find many applications,
for example, the thermal processes in chemical reactors [18] and the stationary random
field in image processing [19].

3. Main Results. In this section, we solve the robust H, filtering problem.

3.1. Hy performance analysis.

Theorem 3.1. Consider the uncertain 2-D system with delays (1) and given a positive
scalar v, an admissible full-order filter of the form (4) assuring a prescribed Ho, perfor-
mance and the robust stability of the filtering error system exists if there exist matrices
Gh(Oé) > 0 and GU(OC) >0,L,J, 721 >0, 7Z,>0,Q, >0, Qs >0, N, Ny, Xy, X, such
that the following LMIs are feasible

[ Ei(o) Vdig}Zy VdoolZ, Ef(a) Ej(a) Ef(a) ]
* -7 0 0 0 0
* * — 7 0 0 0
Efa) = * * * ~G"(a) 0 0 <0 (6
% * % % —-GY(a) 0
| * * * * * -1 ]
X, N
f— >
o [ - } >0



H,, PERFORMANCE AND FILTERING 319

with
[ én, — sym(L) 0 (%)T + G () 0 or2 0 0 |
* Gv, — sym(J) 0 (%)T +G7T(a) 0 ¢ 0
* * —2G" () 0 0 0 0
Ei(a) = * * * —2G"(a) 0 0 0
* * * * on3 0 0
* * * * *  Pp3 0
i * * * * * x =2 |
sym(L) = L+ L
sym(J) = J + J*
¢ =E"T (N + N+ Q1 +di x Xp1) E
bp2 = BT (—Nu + Ngy + dy X Xh12)
On3 = —Nop — szi — Q1+ di X Xpao
¢o1 = ET (N2 + N3+ Q2+ do x Xy11) E
do2 = ET (—N12 + Ngy + dp X Xv12)
Gvg = —Nog — NS; — Q2+ dy X Xy
E=][I 0
and R
A1T1<04)LT 1 /}2T1(CV>JT
A1T2(Q)LT Agz(a)JT
0 0
E3 () = 0 , Bs(@)T=1] 0
AdTll(O‘)LT Adel(a)JT
Adle(Oé)LT AdeQ(O‘NT
BY(a)LT | | BY(a)J7
[ CT(a) T 'ET(AITI a)—I)'
() ET Al
0 0
E4(a)T = O ) Qﬁ; = TO
0 A (@)
. 0 Agm(a)
| D' () | i Bi (a)
[ ETAle(O‘) i
ET (AgQ(oc) — I)
0
by = 0
AdT21(a)
A522<04)
i Bj (a)

Proof: Suppose the parameter-dependent matrices G¥(«) and G"(«) have the following
form:
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N
=) Gl Gh>0;

N
=Y @G, G,>0; n=1,... N

The Lyapunov-Krasovski function of our system is

V(i,j) = V", j) + V(i)

where
V™", j) = VI"(i, 5) + Vi, ) + V3' (i, )
VUi, 7) = Vi’ (i,5) + V5 (4,5) + V5'(i,
and
Vi, j) = " (i, 5) L G"(a) " La" (i, j)
V(i 5) = &7 (i, )T G"(a) " T30 (i, )
1—1
‘/2}1(@7]) = th(laj)leh(laj)
l=i—d1
i—1
V(i g) = Y 2", 1)Qua" (i,1)
I=j—d>
0 1—1

Vi'(i, j) = Z pL(i,0) Zapy (i, 1)

Q1,Q2, Z1, Z5 > 0 matrices with appropriate dimensions.
Let us find the increment of the function V (3, j).

AV (i, j) = [AV(i,5) + AVS (i, §) + AVS (i, 5)]
+ AV (i, 5) + AVS (i, §) + AV (i, j)]
AV, §) = 2" (i 4+ 1, ) LT G" (@) La"(i + 1, 7)
— 2" (4, j)LTG"(a) " L (i, j)

and
—1+1
AV ) = > 2" (15 Q" (1, 5) — Vi, §)
l=i—di1+1
= &"(i, /) ET Q1 E2" (i, j) — 2" (i — dy, ))Q12" (i — dy, j)
and

1—141

AVY(i,j) = Z Y D) Zipn(lg) = V(i)

0=1—d; l=i—14+60+1

i—1
AV (i, ) = diph (i, 5) Zrpn(i, 5) = D pr (i, 1) Zapn(i, 1)
l=i—d1
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same for the vertical direction:
AVP(i,5) = 27 (i, 5 + 1)J G (o) 2% (1,5 + 1)
— 2" (i, 5)J"GY ()" T2V (i, §)
AVY (i, 5) = 27 (, ) ET Qo E3(i, j) — 2" (i, § — d2)Qaa" (4, j — do)

j—1
AV (i, §) = dapy (i, 1) Zapui ) = D oo (i,1) Zapi, 1)
l=j—ds
Denote
pu(i, ) = 2"(i+1,5) — 2"(i, 5)
ph(laj) = gbhgsys(iuj)
with

Sas(ing) = [ "7 (0,5) @7 (i,5) 2" (i, j)LTG (o) 27 (i,5)J G (o)
DT —di,j) w05 —da) wT(ij) ]
and
th = [ (AH(CY) — I)E Alg(Oz)E 00 Adu(O[) Adlg(a) Bl(Oé> ]
the same goes for the vertical direction:
Pv(iaj) = ¢v£sy8<ivj>
with
gbv = [ AQlE (Alg(a) —I)E 0 0 Adzl(a) AdQQ(a) Bg(Oé) }
The addition and substraction of the same terms in the next equations are true:
m =2 (2" (5, j)LTGT (@) Li" (i, ) + &7 (5, ))Gi(@) Gy (@)L (i, )
— " (i, J) LT G () Gr(a) Gy () Lt (i, ) — a7 (i, j) La" (i, 7))

e}

i— i—1 i—1

PG =D a1, = ) 2"l ))

1 l=i—d1 l=i—dq

= q;h<7,,]) — :L‘h(l — dl,j) - Z ph(laj)

l=i—dy

U

l=i—

the same for the vertical direction:
j—1
0=2a"(i,j) —a(i,j —do) — > _ p°(i.1)
I=j—ds
we have
0 =2 [2" (i, j)E" Ni1 + 2" (i — di, j) Nou |
i1
X E‘%h(%]) - xh(l - dlaj) - Z ph(l7])
l=i—d;
0 =2[2""(i,5)E" Nia + 2" (4, j — do) Noo]

321
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j—1

Ei‘v(%]) _xv<i7j - d2) - Z Pv(%U

l=j—d2

for Ny = [ %ﬂ } and Ny = [ %12 } with appropriate dimensions.
21 22

For X, = X} > 0, X, = X! > 0 the following equations are true:
i1

0= &l (6, ) Xnba(1,5) = Y &7 (0, 5)Xn&ali, )

l=i—dy

0 = dofy (i, )Xo, ) — Y & (i, 5)Xu&a(i, )

I=j—ds

with
&(i,5) = [ "7(i,j) (i —dy,j) "
&(i.g) = [ 276, 5) 7@, j—do) ]

and

X X
X, = { A1l Ah12 }

* Xh2o

lel le2
X, =
! { * X2 }

If we add AV (4,7) to all previous equations we will find that
AV(, ) + € (i, je(i, ) — v*w" (i, ))w(i, 5)
< Loel6:9) [0+ 01 GM @) o1 + 6167 (@)7' 62 + 6365 + ShrZah,

+¢ d222¢v} fsys { j Z gh l j ¢1§h(l .7)

l=i—d1
- Z &0 (1, Dbty (i, 1)
l=j—d2
with
al.g) = [ 6.35) pf.5)]"
Sv(ial) = [Sg(l, ) Py 7l) ]T
X, N;
Y = [ . 7 } >0
X, Ny
o = [ . 7 } >0
with

¢ =FEi(a), ¢ =Eya), ¢2=FEs(a), ¢3=Esa)
thus, if ¢; > 0,7=1,2, and
0,5(0,9) [0+ 01 G" ()01 + &5 G () o + b3 03 + Gy dy Zign + by daZady] Eays (i, )
<0
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then

AV(i,j) + e (i, 5)e(i, §) = y*w" (i, fw(i, j) <0
which mean: AV(i,j) < 0, which ensures stability under zero-conditions for all nonzero
w(i, j) € Ly {[0,00),[0,00)}. This completes the proof.

4. H,, Filter Design.
4.1. Filter design.

Theorem 4.1. Taking into consideration the uncertain 2-D system with constant delays
(1) and given a positive scalar vy, an admissible full-order filter of the form (4) assuring
an established Ho, performance and the robust stability of the filtering error system exists
if there exist matrices G" > 0 and G¥ > 0 withn € 1,...,N, L, J, Ap1, Apa, Apon,
Ayao, By1, By, Cr1, Cpo and Dy such that the following LMI is feasible forn € 1,..., N

én1 — sym(L) 0 (%)T + G 0 Or2 0 0
* Gp1 — sym(J) 0 (%)T +GT 0 de O
* * —2GZ 0 0 0 0
% * * —2G7 0 0 0
* * * * ons 0 0
LMI = * * * * * (O3 0
* * * * % *  —2I
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
T m W3 My 5 |
e Tr7 UL g T10
0 0 0 0 0
11 12 13 T14 0
15 T16 17 18 0
0 0 0 0 0
<0
19 20 T21 T2  T23
—Z1 0 0 0 0
x =y 0 0 0
* x  —Gh 0 0
* * x =Gy 0
* * * * —1I |
with
" * Gg‘n ’ " x Gy,
L:[LH le}’ J:{Jn J12]
Loy Ly Jor Ji2
Xnt Xpi2 Nnp Xoi1 Xpiz Nig
Y = *  Xjpoo Ny | 20, = *  Xyo Ny | 20

* * Z1 * * Lo
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where
[ VAL Z, — Va2, _ [ Vda A3 Z
Ty — [ ALY+ ClTnB% Al L + C;‘FnB% }
I Affy Affy
o= ATl + CLL B, AjnJs + OB, }
L A?m A?m
. [ E, - CT DY o Vi AL, Z,
L _C}—’l ’ 0
[ @Az - Tz,
T 0
o | A L1y + C3, By Aly, Ly + C3,Bf }
L A?n A?n
= [ A Thr CLE ATl L)
L A;ACH A?n
[ B3, — C3,D} ] { VdiAi 2, }
Ti0 = T y Tl =
[ —Cp 0
Mg = [ %A521ZQ T3 = AgllLﬂ
L O 7 O
[ AT LT AL L Al 7,
S d1(1) 21]’ 7r15:{ d2(1] 11}’ 77'16:|: d2(1] 21}
M7 = [ \/d_lAdTle Tis = \/d_2A§2222
I 0 ’ 0
[ AT LT AL LT
o = _ d1(2) 11 ] - { d1(2J 21 ]
r AT JT AT JT
- _ d2(2) 11 } - { d2(2) 21 ]
T23 = [ \/d_131TZ1 }
An appropriate filter in the form of (3) is given:
filfll filfu ?fl Ly 0 0 Apn Api Bp
4f21 AAJQQ B7f2 = 0 J1721 0 Af21 Af22 Bf2
Cfl Cfg Df 0 0 I C(fl C(f2 Dy

Proof: Let
[ — liy o j= Ju Ji2
loy g |7 Jo1 J22
- Ghi(a) Ghi(a) ~ GY(a) G5(a)
h _ 1 72 v _ 1 72
= Y Gy | e@=[ N G ]
Suppose that l15, lo2 and ji, joo are nonsingular, and determining the following matrices:

K" = diag {1,152}
K* = diag {I,j3' j12}
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K = diag {K", K", K", K", K" K", I, K" K" K" K" I}

Pre- and post-multiply E(«) in (6) by K7 and K respectively, and consider the following
variables change:

TG @i = ) = | O G ]

Loy Ly Jor Ji2
and

|:Af11 Ao } _ [ lip 0O } |:Af11 Af12 } {12_21512 0 } (7)

Apr Apa | | 0 i Apo Ao 0 Jjy iz
|:Bf11:[l12 0 }{Bﬂ} (8)

By 0 Ji2 By
A A Iyl 0
[Cn Cr]=[Cn Cpn] { 0 il } (9)
Joz2 J12

Then, we assure that the filtering error system (3) is robustly asymptotically stable with
an H,, disturbance attenuation level ~ if the following inequality holds

N
S(a) = KTE(a)K = Zansn <0
1

This completes the proof.

4.2. Parameter-dependant H,, filter design. In this subsection we will try the de-
sign of robust parameter-dependant H,, filter where the parameter matrices and the
parameter « jointly vary. We consider a parameter-dependant full-order filter in the
following form:

i‘h(Z + 1,]) _ N ih(l,]) . .
[ (1,7 + 1) ] = Ay(a) [ (i, §) ] + By(a)y(i, j)
Hi) = Cla)(e) { ﬁgﬁ ] + Dy(@)y(i, ) (10)

i, 5) =2(i,7) =0, 4,j=1,2,...

Theorem 4.2. Considering the uncertain 2-D system with constant delays (1) and given
a positive scalar vy, the precedent parameter-dependant filter exists, such as assuring a
prescribed Ho, performance and the robust stability of the filtering error system if there
exist matrices G" > 0 and G2, > 0 withn € 1,...,N, L, J, Api1n, Apion, Apoin, Agaon,
Bfin, Byon, Crin, Cran and Dy such that the following LMI is feasible forn € 1,... N
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[ dn1 — sym(L) 0 (%)T + G 0 Gra 0 0
* bo1 — sym(J) 0 (%)T +GT 0 ¢ O
* * —2G" () 0 0 0 0
* * * —2GY (o) 0 0 0
* * * * ons 0 0
* * * * * ¢v3 0
* * * * * *  —2I
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
| * * * * * * *
1 T2 3 Ty 5 T
T 7 T8 T9  To
0 0 0 0 0
11 T12 13 T14 0
T15  Tie  Tm17 mig 0
0 0 0 0 0
19 20 T21 T2 T23 <0
—Z1 0 0 0 0
* —Zs 0 0 0
* x =G0 0
* * x =Gy 0
* * * Y
[ V&AL, 2 - Vi Zy } B { Vs A}, Zs }
m = 5 T =
I 0 0
o — At Liy + LB, Al Ly + CLB, ]
L A?lln A?lln
. A ! ClBlan Alndn ! Cl Bl }
L Alen Af21n
o= [P GROR ] gy [ VA
. T, ’ 0
T = [ \/d_2AanZ2 - \/d_222 :|
i 0
. Al Ly + C3, B, Alyn Ly + C3,B], ]
L A?lln Aifnn
o — Ady, Il + C3, By, A%, 5y + O3, By, }
L A?lln A?lln
o = | Eon = CanDj, } ™ = { VAL, 7 }
%, 7 0
e — | \/d_2A§21nZ2 ] _ { AdTnnL1T1 }
12 — 0 y T3 = 0
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[ AT LT AL JL
T = d1161 21 . Tis = { d210n 11 }
o [ AdTan;fl _ leAdTlanl
T16 = 0 ,  Ti7 = 0
_ [ Vd2A§22nZ2 _ Aganﬂ
T8 = 0 ,  T19 = 0

:AT L AL JL
o — d12(1)1 21 } gy = { d220n i1 }

0

: AL JT
Moo = d22n 21 1 , T3 = [\/ dlBiFnzl]

Furthermore, a suitable filter in the form of (3) is given by

z‘:lfnn z‘:lfun ?fln Ly 0 0 Ariin Apon Brin
4 f21n 4 f22n 5 fon | = 0 J 131 0 Aforn Apron Byon
Ciin Cran Dy 0 0 I Ciin Cran Dy

Proof: By considering the uncertain 2-D discrete system in (1) and the parameter-
dependent filter (3), similar to the proof of Theorem 4.1, the corresponding filtering error
system is robustly asymptotically stable and has a prescribed H,, disturbance attenuation
performance level v, if the following inequality holds

o1 — sym(L) 0 (%)T + GM () 0 Or2 0 0
* bu1 — sym(J) 0 ()" +G7(@) 0 ¢ 0
* * —2G" () 0 0 0 0
* * * —2G" () 0 0 0
* * * * on3 0 0
* * * * * (O3 0
* * * % * x  —~2
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *

1 T2 T3 Ty s 1

Te 7 T8 9 T10

11 12 13 14 0
Ti5 T w7 mig 0
0

<0
19 720 21 T2  T23

-7 0 0 0 0

L N
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with
= [ VA AL ()2 = Vi Z, } o [ Vdy A3y () Zy }
1 _ 0 ) 2 = 0
] Al (@)L} + CT(a)Bfy (o) Afi(a)L3; + Cf (@) B (a) ]
| Afi(a) At (@)
__ [ An(@)Ji + Ol (@) Bpy(a) - Az (@) s + C (@) ﬁ(@)}
! L A?Ql( ) A?Ql(a)
__ [ Bl(@) = () Dy (@) ] o { VdiAly(a) Zy }
’ L _0%1(0‘) 7 ‘ 0
T — i \/d_2A§2(a)Z2 — 2 Z, }
T 0
e = [ Afy(a)Li; + G5 (@) By (o) Aly(@) L, + C5 (a) B (@) }
L A?n A?ll
o — [ Agz( )Jn +OT(O‘)B]:52(04) A2T2( )Jl +OT< )B}FQ(O‘) }
? fll(a) A?n( )

o = [ B~ @)
10 ()

)|
: MAd61<a> ). [ VA2

T =

0

T — [ Al (@) LT, ] _ { A (@) Ly, ]
13 O 14 O

T — [ Al (@)1, ] P — [ Ao (@) I3 ]
15 O ) 16 0

P — [ \/d_1A312<O‘)Z1 } _ { \/d_2A§22(O‘)Z2 }
17 = 0 , T8 = 0

P [ AdT12(a)L1T1 } _ { Agm( )Lgl 1
19 = 0 ,  T20 = 0

ot — [ Al () 1, } Ton — [ Al (@) T35, }
21 O 3 22 O

Tog = :_\/d_lBlT(oz)Zl]

Remark 4.1. Compared to 1-D systems, the analyses of 2-D systems are not easy due
to their complex structures for which the dynamics depend on two independent variables.
Theorem 3.1 gives a sufficient condition for H., performance of uncertain 2-D discrete
systems described by the Roesser model. Note that if system (1) reduces to a 1-D system
with polytopic uncertainty, Theorem 3.1 coincides with H., performance for 1-D systems.
Thus, Theorem 3.1 can be viewed as an extension of existing results on the H., perfor-
mance and filtering for 1-D systems to the 2-D case.

Remark 4.2. The study of the uncertain 2-D discrete systems has shown a powerful
ability to represent plenty of real systems. In the numerical examples section, we will
consider a real process (thermal processes) to clarify the importance of our results.
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5. Numerical Example. In this section, two numerical examples are considered to show
the less conservatism and the efficiency of the proposed approaches. Example 5.1 will
be presented to consider the H, filtering problem of a system without uncertainty. And
Example 5.2 will be provided to consider the H, filtering problem of the thermal processes
in the presence of uncertainty.

Example 5.1. Let us consider a Roesser state system with the following matrices:

0 1 0 0
A= {0.25 0.75 1 Aa = { —0.003  —0.004

B:H 8} C=[005 1], D=[0 1]

E=[01], F=[0 1]

Given dy = 1, do = 1 by solving the LMIs, the minimun H. norm bound for this
example 1s v = 0.07 and filter matrices are as follows:

Apy Aps Bp —0.0017  0.0113  —0.0032
Apy Apy By | =] 00049  0.0030  —0.009
Cp Cp Dy 0.8187 —0.0091 0.9978

The transfer function of the filtering system is shown as Figure 1.

N
\ \\\\\\\\\‘ \“\\‘\\\\\\\

\ \\\\\\\\\
\\\\\\\\\ \\\\\\

Magnitude

FIGURE 1. Transfer function

As shown in the example upward the solution of the method is feasible with mild results.

Example 5.2. Consider the thermal processes [20, 21] in chemical reactors, heat exchang-
ers, and pipe furnaces shown in Figure 2, which can be expressed in the partial differential
equation with uncertainty and time delays:

Al _ ED (o 4+ 10T (2.1) — arlo + DOT(r — 24,1

—ag(o+ 1)0T(x,t — 1) + b(o + u(x,t) (11)
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where T'(x,t) is usually the temperature at x (space) € [0, x¢] and t (time) € [0, 00], u(x,t)
1s a gwen force function, ag, a1 and as, b are real coefficients, o is unknown real time
invariant parameter satisfying |o| < @, T and x4 representing the time delay and the space
delay respectively.

pipe
fluid T(.x-.x(;,r)é T(.r,.')é T(x+Ax,1) _ >
d Il Pl / T
Xd =
x Ax
steam (or water)

FIGURE 2. Exchanger

Denote x(i,7) = T(i—1,7), 2°(i, ) = T(i, ), di = int(zq/Az) and dy = int(r/At+1)
(where int(.) is the integer function) and define

cla) =0 =a10 — a0

It is easy to verify that Equation (11) can be converted into the Roesser model (1) with
parameter matrices:

0 1
Ala) = | At At

0 0
Adla) = [ —ay(1+4c(a))At —ay(1 + c(a))At }

Let At =02, Ax =04, a9 =1, a; = 0.3, ag = 0.4, b= 1. By considering the problem of
H., disturbance attenuation, the thermal process is modeled in the form (1) with

B(a):[(l) 8}, Cla)=[005 1], D(a)=[0 1]

E(a):[O 1], F:[O 1}
Now, assume that @ = 0.9, the system can be modeled as a polytope with two vertices:

0 1 0 1
A= {0.5 0.12}’ A2_{0.5 0.48]

0 0 0 0
An = { —0.114 —0.152 } o A= { —0.006 —0.0081
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B:[O 0}7 C=[005 1], D=[0 1]
E=[025], F=[0 1]

Applying Theorem 4.2, we can obtain the minimum attenuation level Yy, = 1.5109 with
d1 == d2 - 3

The filter matrices for the first vertex are as follows:

A Api2 Bp —0.0084 0.0648 —0.3718

Apor Apag Bpg | = | 03420  0.0053 —0.1861

Cp Cp Dy 0.0792 —0.1253 2.2333
and for the second vertex

A Apis Bp 0.0023 0.0295 —0.2978

Apyr Ajpye Byo | = | 01042 0.0126 —0.1904

Cn Cp Dy 0.0204 —0.1270 2.2633

Based on Theorem 4.2, the actual Hy performances obtained at the vertices is shown
wmn Figure 3, which s below the guaranteed value 1.5109.

Magnitude
S
N B~

[

o
©

10

F1GURE 3. Transfer function example 2

6. Conclusion. The problem of robust H,, filtering has been considered in this paper
for 2-D state delay systems described by the Roesser model with polytopic parameter
uncertainty. The robust filters have been designed in terms of a feasible LMI, which
guarantees the filtering error system to be asymptotically stable with a prescribed H
performance for all admissible parameter uncertainties. An optimal filter design problem
is also provided by optimizing the filtering performances. Numerical examples are given
to illustrate the effectiveness of the proposed results.

Acknowledgment. The authors would like to thank the editor and anonymous reviewers
for their many helpful comments and suggestions to improve the quality of this paper.
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