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ABSTRACT. This paper investigates the robust three-dimensional integrated guidance and
control law for the missile with the constraint of the input saturation and impact an-
gle. Based on the dynamic equation of the relative motion of missile-target in three-
dimensional plane, the integrated guidance and control law with the constraint of the
impact angle can deal with the external disturbances with unknown bounds by using the
adaptive control. To deal with the problem of the input saturation, an auxiliary system
1s introduced to the integrated guidance and control. Finally, the effectiveness of the de-
signed law is verified through the Lyapunov theory and numerical simulations.
Keywords: Integrated guidance and control, Input saturation, Sliding mode control,
Adaptive control, Robust control

1. Introduction. In the traditional missile guidance and control methods, the guidance
and control systems are regarded as two different processes. The guidance system is
designed as an outer loop that generates an acceleration tracked by the inner loop autopilot
which is usually designed without considering the position and speed information between
the missile and target [1,2]. However, the relative distance between the missile and target
becoming smaller and the rapid change of the relative geometry may lead to the system
performance degradation, and even the failure of the separation design method. In order to
avoid these shortcomings, the integrated guidance and control design has been investigated
by domestic and international scholars [3,4]. The 6-D method [5], sliding mode control
6,7], second-order sliding mode control [8], and dynamic surface control [9] have been
widely used in the design of the integrated guidance and control algorithm. To make the
missile achieve the all-round attack ability, Wang et al. [10] gave an integrated guidance
and control method with the impact angle constrained. To improve the damage ability to
the target, He et al. [11] designed an integrated guidance and control law with the impact
angle constraint to deal with the problem of intercepting unknown maneuvering targets.
To deal with actuator saturation constraints in real systems, Ma et al. [9] investigated an
integrated guidance and control law by using the dynamic surface control, backstepping
control and adaptive neural network.

The approaches mentioned above are to decouple the missile-target engagement dy-
namics into two mutually perpendicular planes, and then design the integrated guidance
and control law for the two planes respectively. However, the cross-coupling effects be-
tween the two planes are neglected in this simplified method, which will make the system
precision reduce. Therefore, in order to improve the performance of the missile system,
various integrated guidance and control techniques in three-dimensional space have been
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investigated, such as the dynamic surface control [12], back-stepping control [13], sliding
mode control [14], and high-order sliding mode control [15]. In modern war, it not only
requires the missile to hit the target with high accuracy, but also requires the missile
achieving the all-round attack ability to the target from different angles to improve the
damage ability to the target. To solve the problem, the three-dimensional integrated guid-
ance and control law with the impact angle constraint has been studied for the missile
system by numerous scholars [16-18]. Wang and Wang [16] designed a partial integrat-
ed guidance and control law for an interception with terminal impact angle constraints
and aerodynamic uncertainties. Liu et al. [17] proposed a three-dimensional integrated
guidance and control law for a class of bank-to-turn aircraft with fixed target and con-
strained terminal flight angles by using the dynamic surface control and back-stepping
method. Lai et al. [18] gave an adaptive finite-time dynamic surface control law with the
impact angle constrained for a surface-to-air skid-to-turn missile intercepting a head-on
maneuvering target.

It is obvious that the missile usually suffers from the input saturation problem which
may cause unacceptable performance degradation of the missile system [19-21]. In order
to deal with the physical constraints of actuators, anti-saturation integrated guidance and
control laws have been studied for the missile by numerous scholars. Liu et al. [22] de-
signed an integrated guidance and control law for missiles attacking manoeuvring target,
in which an auxiliary system was introduced to handle the input saturation. Zhou and
Xu [23] investigated an anti-saturation guidance law with autopilot dynamics by using
the block dynamic surface control. Wang et al. [24,25] gave an anti-saturation integrated
guidance and control law with the impact angle constraint by using the Nussbaum func-
tion and dynamic surface control. Liu et al. [26] proposed an anti-saturation integrated
guidance and control approach by using the dynamic surface control and barrier Lyapunov
function.

Though some integrated guidance and control laws can deal with the problem of input
saturation, it is still one of challenging problems to design the robust anti-saturation
three-dimensional integrated guidance and control laws for the missile system with the
impact angle constraint. To deal with the problem, this paper designs a robust anti-
saturation three-dimensional integrated guidance and control law by using the adaptive
control, sliding mode control and auxiliary system. The exact contributions of current
paper are concluded as follows.

i) The three-dimensional integrated guidance and control law can deal with the external
disturbances with unknown bounds by using the adaptive control.

ii) By using the auxiliary system, the three-dimensional integrated guidance and control
law can deal with the input saturation.

iii) The robust three-dimensional integrated guidance and control law is designed for
the missile system which can deal with the impact angle constraint and input saturation
simultaneously.

The rest of this paper is divided into the following sections. The integrated guidance
and control system model is given in Section 2. In Section 3, the robust integrated
guidance and control law and stability analysis are given. In Section 4, simulation results
are presented to validate the effectiveness of the law. Finally, it comes to the conclusions
of this paper.

2. Preliminaries. The relative motion between the missile and target in a three-dimen-
sional plane is shown in Figure 1 and Figure 2. The coordinate system Mxyz is parallel to
the reference inertial coordinate system. Mx4y,24 is the line of sight coordinate system.
M and T represent the center of mass for the missile and target, respectively. The dynamic
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A

FiGURE 1. Geometry in a 3D space

A
y

FIGURE 2. Three-dimensional geometry of missile velocity relative to iner-
tial coordinate system

equation of the relative motion of missile-target in three-dimensional plane is given as

R— RG% — Rqﬁ% cos?0; = aip — app (1)

RO + 2RO, + Rgﬁ% sin 6, cos 0, = awg — amp (2)

—Rg'iiL cosf; — QRQISL cos Oy + 2R9L¢L sinfr, = awy — Ay (3)

where R is the distance between the missile and target, #; and ¢; denote the line-of-

. . . . . . T
sight elevation angle and line-of-sight azimuth angle, respectively, ar = [aig, aw, Gip)

and ay = [amR, Ame, am¢]T are the target acceleration and missile acceleration along the
line of sight coordinate system, respectively.

Since the acceleration of the missile is usually provided by the aerodynamic force in
the terminal guidance segment, the relationship between the acceleration of the missile
and the aerodynamic force should be further considered. The aerodynamic force on the

missile in the velocity coordinate system can be obtained

A
S 4
(mz m (4)
Y
Umy = (5)
Y =qS (o + cgﬁ + cff(Sz) (6)
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Z =qS (Ca+cB+cé,) (7)

where a,,, and a,,, are the missile acceleration along the velocity coordinate system, m
denotes the mass of the missile, p is the air density, Y and Z are lift and side forces, V, is
the velocity of the missile, ¢ = % pV?2 denotes the dynamic pressure, S is the reference area
of the missile, a, 3, d,, 0y, 0. are the angle of attack, angle of sideslip, aileron, rudder, and
elevator deflections, respectively, ¢y, 05 , cgz are the partial derivatives of lift coefficient,
and ¢, ¢, ¢ are the partial derivatives of the side force coefficient.

Combined with (2), (3), (6) and (7), it can get

3y . 2R0
0 = —¢% sin 6, cos 0, — R, + Mymgcos€ — M, (Y cos (yv) — Zsin (y))

_ sinfysin(¢r — @) (Y sin (1) — Z cos (7)) + dor (8)

mR
- 2R, oo .
b = — =t 20,¢1 tan 8y, + Momg cosf — My (Y cos (yv) — Zsin (7))
qSc? cos (¢, — @) . B

4 R cos O (Ysin (yv) — Z cos (y)) + dyr 9)

M, — cos 0 cos Oy, + sin fsin 0, cos (¢, — @) (10)
mR
_ sin@sin (¢ — @)

M = mR cos b, (1

where dyr, and dg, are the interferences of the system, 7y is the velocity bank angle, and
¢, is the heading angle.

Kinematics equations of the flight path angle ¢ and heading angle ¢. are shown as
follows:

. Y cosyy — Zsinyy —mgcost

0= 12
i (12)

. —Y sinyy — Z cosyy
.= 13
¢ mV,, cosf (13)

Next, the attitude kinematics equation of missile can be obtained as follows:

. . g
= —w,t t . — 0 14
a w, tan B cos o + wy tan fsin o + w meCOSB+VmCOSBCOS cosyy  (14)
. 7 g
= w,sina + w, cosa + —— + —— cos f sin 15
B v mVy Vi W (15)
, ) cos # cos vy tan 8
v = cos asec PBw, — sin arsec Bw, — v
Y (tanfsinyy + tan 3) + Z tan 6 cos
+ ( 4% B) 1% (16)

mV,,

where ¢ is the gravity acceleration, w,, wy, w, are the velocities of roll, yaw and pitch
angle.
The attitude dynamics equation of missile can be obtained as follows:

= M,

(,Z.Jx = Jx Wy + J_:C (17)
— M,
Wy = J: wamwz + =2 (18)
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—Jx_Jyww +%
I A e

where J;, J,, J. are the inertia moments in the direction of roll, yaw and pitch, respec-
tively. M,, M, and M, can be obtained as follows:

Wy

(19)

M, = qSL (mZa +mfB +mlé,) (20)
M, =qSL (mgﬁ + mzycsy) (21)
M, = gSL (mZa + m?:6.,) (22)

0x

where L is the length of the reference. m¢®, m?, m’

x

are partial derivatives of rolling
. s . N . .
moment coefficient, mg , my’ are partial derivatives of yawing moment coefficient, and

mg, mY are partial derivatives of pitching moment coefficient.
Combined with (8) and (9) and (14)-(22), a three-dimensional guidance and control
integration model can be given as [27]

z,=fi +biza+d; (23)
Ty = fo 4+ boxs + dy (24)
m'g = f3 + bgsat(u) + d3 (25)

. . T _
where w1 = [0, ¢, ], @=[a 8wl @s=[w w w ], &@=[a 8],
u = [ 0y Oy 0, ]T, dy, dy, d3 are the total interferences of the system. by, by, bz, fi,
f2 and f5 can be obtained as follows:

_ _qSCg sin QL Sin<¢L - ¢c)

—M,qScy "
b = B 20
MygSee qSc’ cos(opr — ¢c)
Y mR cos b,

[ —tanfBcosa tanfsina 1

by, = sin « cos & 0 (27)
cosasecf —sinasec 0
" qSLm: i
—r 0 0
P
SLmd
by = o B (28)
Jy
qSLm?
0 0
I
[ oR. :

_EQL — ¢% sin 6, cos 01, + Mymg cos 0
= (29)

2R .
—E% + 201,61 tan 0y, + Mymg cos
[ aS(Gateif) g 1T
-~ mVcosf V cos B cos f cos v
fo= M 9 (30)

e + v cos 0sin vy

_cochos Vv tan,@g n (qS (cZ‘a + cfﬂ)) (tan @ sinyv + tan 8) + (qS (c?a + cfﬁ)) tan 6 cos yv
L 14 mV _
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C o, — SL (mea+mP8) T
Sy JZszy + 2 (mga + miB)
I Ju
- SLmpB
s = L I astmy,f (31)
Jy Jy

Jo — Jy n gSLmSa
L J, Y J, _

Remark 2.1. Due to the limitation of the missile seeker itself and the size of the target
itself, R is not equal to zero when the missile hits its target. R satisfies Ry < R < R(0),
in which Ry is the minimum operating distance of the seeker and R(0) is the initial value
of R. In addition, 0, = &5 is a singular point, which can be avoided by selecting an
appropriate reference coordinate system in the terminal guidance segment. So, by, by and
bs are invertible matriz.

Control objective: This paper is working on integrated guidance and control for the
system (23)-(25). Assuming that 6;,f and ¢ are the desired line-of-sight elevation angle
and line-of-sight azimuth angle, the design goals of this paper are 6, — 0, ¢, — 0,
0, — 0r¢, o1 — ¢y when the system has actuator saturation and external disturbances.

3. Main Results. In this section, STT control is adopted, which means to maintain
the velocity inclination angle during the interception process vy, = 0. To facilitate the
integrated guidance and control law design, the following assumption is given.

Assumption 3.1. The total interferences of the system dy, do, d3 are satisfied ||d;| <
dlmax; ||d2|| S d2rnax7 ||d3|| S d3max7 where dlmax; d2rnax7 d3max are unknown pOSitiU@
constants.

To illustrate the robust control procedures, the design of the integrated guidance and
control law is elaborated in detail.

Step 1: Designing the virtual controller for the system (23)

The system errors are defined as

T

e=[00 ¢ ] — [0 ors] (32)
x, =é (33)
The sliding mode surface S is designed as
S, =x1 + koe (34)
Taking the derivative of (34) with respect to time, it can get
Sy = fi + bi&y + dy + koxy (35)

Ignoring the system disturbance d; which is dealt with below, the virtual controller is
given as

Zy=b' (—fi — k151 — koz1) (36)
where k; is a positive constant. If Zy = &9, substituting (36) into Equation (35) it can
get

Sl = —k151 + d1 (37)

Then it can get S; — 0.
Step 2: Designing the virtual controller for the system (24)
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In order to realize Z, tracking @&, the sliding mode surface is defined

521
Z
Sy = | S22 :w2_|: 02] (38)

5923

Take the derivative of (38) with respect to time and get

52:f2+b2w3+d2—|:z()2:| (39)

Ignoring the system disturbance dy which is dealt with below, the virtual controller is

given as
bl S
Z3=b21<—f2—{ ' 1}—k252+ ) (40)

0
where ks is a positive constant. If Z3 = a3, substituting (40) into Equation (39) it can
get

Z,

2 0

As §7 — 0, it can get that Sy — 0.
Step 3: Designing the virtual controller for the system (25)
In order to realize Z3 tracking of x3, the sliding mode surface is defined

Sg = I3 — Z3 (42)

1—@&+@ (41)

Take the derivative of (42) with respect to time and get
S; = f3+ bssat(u) + ds — Z, (43)
In order to deal with the input saturation, the saturation error is defined as
Au = sat(u) — u (44)
The system (43) can be rearranged as
Ss = fs + bs(Au+u) + ds — Z; (45)

Combining the sliding mode control, adaptive control, and auxiliary system, the anti-
saturation controller is designed as (46)-(51), where 7y, ro, r3, k3 and ks are positive
numbers. Dy, Dy and D3 are the estimated values of di nay domax and dspax.

. S ) R
u = by (—f3 — b1 Sy — k3 (S —m) + Zy — —s <D1 |S1]| + D2 ||52||>

1551
— DgSgn(Sg)) (46)
. =—(1/7)xc + Au (47)
e ko o 1SS0 Bsl 2] + Aw? "
. ” + (=)
Dy =r||Si] (19)
A (50)

Dy =1y ||Ss]| (51)
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Substituting (46) into Equation (45) it can get
. S R . R
Sg = b3A'U,+d3 — b;FSQ — ]{33 (Sg — ZB6> — ﬁ (Dl ”Sl” + D2 ||Sgl|> — DgSgIl (Sg) (52)
3

If Au=0, Sy — 0, it can get that S3 — 0.
In conclusion, for the cascade system (23)-(25), the law (46) can be adopted to make
the system meet the tracking requirements ; — x4 = 0.

Theorem 3.1. Considering the system (23)-(25) satisfying Assumption 3.1, if the ro-
bust three-dimensional saturated integrated guidance and control law is given as (46), the
system is asymptotically stable and 0, — 0, ¢r, — 0, 0 — Or¢, o — Or5.

Remark 3.1. As the virtual control law (46) has one drawback that when ||Ss|| — 0,
u — 00, to deal with the problem, we improve the law (46) to be
u = bgl <—f3 — ngQ — k‘g (Sg — :1:6) — Dgsgn(53) + Z3>
Ss
Bl
Ss
0.001

Remark 3.2. If the robust three-dimensional integrated guidance and control law is given
as (53), it can deal with the impact angle constraint and input saturation simultaneously.

([)1 1S4l + Dy |!52H> . 1185 > 0.001

—b;! (53)

(D181 + Do ISal) 1S5l < 0.001

Remark 3.3. When e = 0, it can get [ 0, o1 ]T = [ O oLf }T. It means that the
robust three-dimensional saturated integrated guidance and control system implements the
impact angle constraint.

4. Numerical Examples. In this section, simulation results are presented to illustrate
the effectiveness and applicability of the proposed robust integrated guidance and control
law. In order to verify the robustness of the designed integrated guidance and control
law, the target maneuvering is given as a; = 3sin(10t) m/s?, a;y = 3 cos(10¢) m/s*. The
parameters in the guidance and control integration model are given in Table 1 [28]. The
initial scenario parameters of missile interception maneuver target are selected as shown

in Table 2 [28].

TABLE 1. Initial parameters of the missile

Variable Variable Variable Variable Variable Variable

name value name value name value
S 0.42 m? me —28.16 < 57.16
L 0.68 m mo: —27.92 cg 0.08
m 1200 kg mp —27.31 e 5.74
p 1.1558 kg/m?®  m —26.57 o —56.31
y 100 kg - m? me 0.46 o —5.62
J, 5700 kg - m? m? —0.37 o 0.09
J, 5600 kg - m? md= 2.12
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TABLE 2. Initial engagement parameters for the missile and target

Variable name Variable value Variable name Variable value

6(0) 457 /180 rad Zm(0) 0m
¢c(0) 0 rad Vin 1000 m/s

Wy 0.1 rad/s x(0) 11136 m

Wy 0.1 rad/s y:(0) 8603 m

W, 0.2 rad/s 2:(0) 5192.8 m
2, (0) 0m Vi 800 m/s
Ym (0) 0m

For the system (23)-(25), the initial system parameters are selected as the above tables.
The integrated guidance and control law is given as (53) where its parameters are selected
as follows kg =1, k1 =1, kg =2, ks =2, ky =2, r; = 0.01, 5, = 0.01 and r3 = 0.01. The
expected line-of-sight angles are given as 1y = 30° and ¢y = —20°. The upper limit of
the control input is w,, = 30°.

The simulation results are shown in Figures 3-7. The distance between the missile and
target R is depicted in Figure 3, from which one can deduce that the missile can hit the
target with high accuracy. Figure 4 gives curves of «, 8, and vy, from which it can get
that they can converge to a very small range of zero. Figure 5 presents curves of w,, wy,
and w,. Figure 6 presents curves of ; and ¢, from which one can deduce that the line
of sight angle can converge to the desired value. Figure 7 gives curves of o, d,, and ¢..
Clearly, the boundary of the control input is less than 30°.

15000 <

10000

R/m

5000

FIGURE 3. Curves of R

5. Conclusions. In this paper, the integrated guidance and control law for the missile
has been investigated. An auxiliary system is proposed to deal with the input saturation
for the missile. By using the adaptive control, the robust law can deal with the external
disturbances with unknown bounds. The Lyapunov stability theory is employed to show
the stability of the guidance laws. Finally, numerical simulations have been given to
demonstrate the effectiveness of the proposed integrated guidance and control law. In
the future, we will focus on the robust guidance law design considering the impact angle
constraint, input saturation and state constraints.
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ZSTS +—D2 2T2D§+2—73D§+§m;fme (54)

Taking the time derlvatlve of V' yields

V =

. . . 1 ~ =« 1 ~ =« 1 ~ =
SlTSl + S2TSQ + S3TSg — T‘_DlDl — T_DQDQ — T‘_D3D3 + CU;Fite
1 2 3

= Sy (fi + iy + di + howy) + S, (f2+b2333+d2_ [ Z02 })

. 1 ~ = 1 ~ = 1 ~ =z
S§ (fs+ bosat(w) + dy = Zs) = —DiDy = —DyDy = —DuDy + @,
™ T9 T3

= S1T <f1+b1 (Z2+ [ iz; ]) +d1+/€0$‘1)

+Sg(f2+b2(53+z3>+d2_|:Z02:|)

T . 1 ~ A 1 ~ A 1 ~ A T .

+S3 <f3 + bg(A’U, + ’U,) + d3 — Z3> — T_DlDl — T_D2D2 — T_D3D3 + T, Te
1 2 3
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= ST (dy — k18)) + 87 (0285 + dy — kpS,) + S5 (bgAu +ds — by Sy — k3(Ss — x,)

S F a ~ 1~ = 1~ 2 1 ~ =
— —32 <D1 ||Sl|| + DQ ||SQ||> — DgsgIl(S3) — —D1D1 — —D2D2 — —D3D3
I|Ss]| r1 To T3
+xla,

- /ﬁSlTS'l - kQSQTSQ — ]{353T53 + S3Tb3A’U, + k353T£Ue -+ wgie
— k18] 81 — k285 S — k3 S5 S3 + ||Ss|| |bs || Au|| + ks [|Ss] ||| + @l .

IA

IN

k
—k1 ST S — koS3 Sa — k35 S5 + ||Ss|| 1|bs|| | Awl| + Zg 18517 + k3 ||z |
S| [|A Aul)?
ot (_ (m IS5 1B [|Au] + [|Au| )m Au)

le||* + 7 ()

k

< —kySTS| — kyST Sy — k3 ST S + f 1S5)” + ks ||z ||” — ksxl e, — | Al + zF Au
k

< —k1S{ 81 — k285 Sy — k3 S5 S5 + f 1851 + ks [|ze | * — ka [|lze|” — || Au]®

1
5 lell? + | A
T T 3k3 o 1 2
S —k’lsl Sl —kQSQ Sg — ng Sg— k4—/{33— 4_1 ||136|| (55)

So, when V > 0, there is V < 0, and according to Lyapunov’s stability theory .S;, D,

(i = 1,2,3) is bound, and then D; (i = 1,2,3) is bound.
Define k = min {k’l, ko, %}

. 1

V<K (ISF 4 ISal? + 1)~ (b~ ko = ) el (56)
oo 2 2 2 1 2

[ RS+ 1 4 1007) + (k= ko = ) ()l e

< /+OO —V(r)dr = V(0) — V(400) < +00 (57)

According to Barbalat invariance principle S; — 0 and . — 0.
Now, Theorem 3.1 has been proven.



