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ABSTRACT. Actuator faults and state constraints are the main factors that degrade the
performance of quadrotor unmanned aerial vehicle (UAV). In this paper, a robust non-
linear active fault tolerant control algorithm based on nmonsingular fast terminal sliding
mode control (NFTSMC) and asymmetric barrier Lyapunov function is designed for a
quadrotor UAV system with actuator fault and unknown external disturbance while specif-
ically considering state constraints. Firstly, since the uncertainty of fault magnitudes,
an adaptive estimator is applied to estimating the severity of actuator faults. Then, a
novel NFTSMC is proposed. In virtue of the proposed method, the system can not only
own strong robustness but also reach the original value in a short finite-time. In ad-
dition, aiming at the phenomenon of state constraints in the actual flight of quadrotor
aircraft, the asymmetric barrier Lyapunov function (BLF) is introduced to guarantee the
constraints not to be violated. Finally, the effectiveness and superiority of the proposed
control scheme are verified by contrast simulation and comparison experiments.
Keywords: Quadrotor UAV, Fault tolerant control, State constraints, Sliding mode
control, Barrier Lyapunov function

1. Introduction. In recent years, unmanned aerial vehicles (UAVs) have attracted tre-
mendous attention from both military and civil fields. Quadrotor is one of the most
popular kinds of rotating wings UAVs. Compared with other kinds of UAVs, quadrotor
has many advantages such as vertical take-off and landing, hovering, low cost, lightweight,
high agility and maneuverability [1]. Based on these properties, quadrotor is employed in
various environments to accomplish complex missions, such as fire fighting, surveillance,
mapping and aerial photography [2,3]. However, some special applications and environ-
ments may threaten the safety and stability of quadrotor [4]. Even in a component level,
any failure may influence the whole system and damage the quadrotor itself [5]. There-
fore, the design of fault-tolerant control (FTC) scheme which can deal with faults and
disturbances is vital and has significant research value.

In essence, the fault is that the system’s parameters or eigenvalues deviate from the
standard value. Over the last decades, lots of classical fault-tolerant control strategies have
been proposed for the flight control problem of quadrotor helicopters [6-8]. In general,
the FTC methods can be classified into two types, known as active FTC (AFTC) and
passive FTC (PFTC). Early research of fault-tolerant is about PFTC, which is essentially
an extension of robust control. The PFTC methods are designed to be robust to deal with
presumed faults without online detection of faults [9], such as sliding mode control and
quantitative feedback theory [10-13]. In [14] an SMC is presented to cope with actuator
effectiveness fault of a class of uncertainty systems with time delay. Considering the
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change of structural parameters caused by failure, an adaptive sliding mode controller
was designed in [15] to increase the robustness of satellite attitude system. PFTC has
no diagnosis module and no additional hardware, so it has the advantages of low cost,
simple design process and easy implementation. However, it has limited fault-tolerance
capability and may sacrifice nominal performance [16].

In contrast with PF'TC, AFTC is based on reconfiguring the controllers with the help of
fault detection and diagnosis (FDD) scheme that provides the fault data online [17,18]. In
terms of a nonlinear multiple-input multiple-output (MIMO) system, an adaptive actuator
failure compensation scheme is given in [19] including multiple estimators and controllers.
In [20], a parallel bank of recurrent neural networks is designed to precisely estimate the
faults of quadrotor helicopter. In order to address external disturbance and actuator faults
of a UAV, [21] proposed a fixed-time observer-based fixed-time fault-tolerant controller
using the integral-type SMC.

In practice, state constraints are inevitable for quadrotor during many practical flight
missions. For example, when transporting goods, large attitude angle changes may lead to
sloshing. The ignorance of constraints may degrade the control performance or even lead
to a catastrophic crash. Thus, the state constraint consideration is crucial for quadrotor
control system design. In recent years, some achievements about state constraints have
been proposed, such as mode predict control [22], reference governors [23], and constraint-
handling methods based on set invariance [24]. Moreover, [25] proposed barrier Lyapunov
function (BLF) which grows to infinite when its arguments approach the limit, so that
the constraints are guaranteed to be obeyed. In [26], a BLF-based backstepping con-
troller is proposed for single-input single-output (SISO) nonlinear systems to prevent
constraint violation. On this basis, [21] designed a control scheme based on asymmet-
ric time-varying BLF and backstepping control for a multi-rotor UAV with time-varying
output constraints. The combination of BLF and backstepping control is common, but
the backstepping-based control schemes will suffer from the explosion of complexity for
high-order nonlinear systems.

Inspired by the challenges mentioned above, this study investigates the fault-tolerant
control problem of quadrotor in the presence of state constraints. A novel SMC associated
with BLF is developed to guarantee the stability of UAV with state constraints and prevent
the main drawback of explosion of complexity. The main contributions of this paper are
as follows.

1) An active FTC approach is addressed to deal with actuator faults and external
disturbance. The fault information can be obtained by applying the proposed observer.

2) A novel nonsingular fast terminal sliding mode based control law is developed to
come true high precision tracking performance and fixed-time convergence.

3) Barrier Lyapunov function is introduced to keep the sliding mode surface within a
certain range to ensure the constraints not to be transgressed.

The remainder of this paper is organized as follows. The dynamic mode of the quadrotor
is briefly described in Section 2. Section 3 proposed an estimator and the nonsingular
fast terminal sliding mode controller in conjunction with BLF. The relative experiments
are followed in Section 4 to show the excellent performance of this method. Finally, the
conclusions of this work are presented in Section 5.

2. Preliminaries and Problem Formulation.

2.1. The model description. The plant considered in this paper is quadrotor UAV,
whose model is shown in Figure 1. The quadrotor UAV is a strongly coupled and un-
derdriven system with four motors and propellers as inputs to provide thrust force for it.
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FIGURE 1. Model of quadrotor UAV

The propellers are driven through the rotation of the brushless DC motors. The attitude
and position of the aircraft can be controlled by adjusting the speed of the motor.

As shown in the figure, the motors are represented as m; (i = 1,2,3,4) and forces
generated by them are F; (i = 1,2,3,4). © = [¢,0,9]T represents the Euler angle (roll,
pitch, yaw), m and g represent the mass of UAV and gravity respectively. The adjacent
propellers rotate in opposite directions, and such rotation in opposite directions can offset
the counter-torque generated by the propeller (motor) rotation, so as to ensure a stable
forward direction of the aircraft. The yaw movement is obtained by a rotation differ-
ence between two adjacent propellers and the rotation difference between two opposite
propellers generates pitch and roll movement.

2.2. Quadrotor kinematics. To describe the quadrotor attitude dynamics, two coor-
dinate systems need to be considered. As shown in Figure 1, the inertia frame E, =
{Oyx4y,2,} is fixed with respect to the ground and the body-fixed frame Ej, = {Opxpyp2s
is located at the center mass of quadrotor. P = [z, v, 2]T represents the absolute position
(inertia frame); Q = [p, ¢, 7|7 and V = [u, v, w]|T represent Euler’s angular velocity and the
linear velocity of the body in the ground coordinate system. Translation matrix describes
the angular velocity relationship between the body and the inertial frame. The matrix R
describes the transformation relationship between the two coordinate systems.

The rotation matrix from the inertial frame to the body frame is denoted as RZ. The
rotation matrix from the body frame to the inertial frame is, RE then [27]:

cosfcosyy cosysinfsiny —siny cos¢ cospsin b cos ¢ + sin sin ¢
Rg = (Rg)il = | cosfsiny sinysinfsing + cosycosd sin)sinbcosd — cospsin @ (1)
—sinf sin ¢ cos 6 cos ¢ cos 0

Define Uy, Uy, Uy, U, as the control input of the four independent control channels of
the quadrotor, and the control input of the system is

Uy = U(Fs — Fy)
Ug = U(F, — Fy)
Uy=Ti+To—T3—"
U.=F+F+F+F
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where [ is the distance between the centre mass of the aircraft and the centre of the
propeller, F; (i = 1,2,3,4) is the force produced by the propeller and 7; (i = 1,2,3,4) is
the counter-torque produced by the propeller.

The relationship between the force F;, the counter-torque 7; and the motor speed wj is

F, = bw;?
{ 7, = dw;? )
where b and d are corresponding coefficients. According to Newton’s second law [28]:
) u . 0 0
P=1|9|= — RE|l O |—1] 0
W U. mg
(cos 1 sin b cos ¢ + sin ¢ sin @)U,
(sine sin b cos ¢ — cos 1 sin p)U, (4)
(cospcos @)U, — mg

According to Newton-euler formula, the resultant moment can be expressed in two
forms:

1
m

Y M =70+6xJQ=U—K (5)
where Ug = [Us, U, Ud,}T, Jp is the inertia matrix in body frame, J, = diag {J;, Jy, J.},
and K is air friction, K = [kd,pz,kng,kwrﬂT, where kg, ko, k, are drag coefficients.
Calculating the two expressions in Equation (5) separately, we can obtain that
[ J. 0 0] [» » J. 00
JO+O0x Q=0 J, 0 igl+|qglx]| 0 J, 0
i 0O 0 J, P r 0 0 J,
[ J.p qr(J. —Jy)
= | i |+ | ol — ) | =) M (6)
A qap(Jy = Jz)
[ Uy — kgp®
Up—K = | Uy—kog® | => M (7)
| Uy — kyr?
Combining Equations (4), (6) and (7), we can obtain that

( .
u =

=

<
=

<

(cos ¢ sinf cos ) + sin ¢ sin)U,

@.
SIHSIH

(cos ¢ sin O sin) — sin ¢ cosP)U,

g.

(cospcosO)U, — g
p=—(qr(Jy = J) + Us = kop?)
G == (rp(J. = Jo) + Up — koq?®)

(pqg(Jy — Jy) + Uy — kyr?)
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2.3. Problem formulation. The dynamic model is described by state space expression,
and Equation (8) can be rewritten into the following form:

Ti1 = T
Tip = fi(x) +b;(1 —o))U; +d;  (i=1,2,3,4,5,6) 9)
Yi = Tia

where z;; = (2,9, 2, ¢, 0, V)T, 250 = (u,v,w, p,q,7)T, f; and b; are determined by Equation

(8), d; is external dlsturbance and U, is Vlrtual control quantity:

( Uy = (cos ¢sinf cos ) + sin ¢ sin))U,
Uy = (cos ¢sinfsinyh — sin ¢ cos 1)U,
Us = (cos ¢ cos0)U,

10

S (10)
Us = Uy
\ Us = U¢

0 < 0; < 1 shows the failure rate of ith control chunnel. State x;;(t) needs to satisfy
following constraints:

Eci < ZL‘Zl(t) < Ecia vt > to (11)
where k,; < ke, k,; and k,; are constants.

This paper aims to design an appropriate estimator and sliding mode controller against
actuator faults and external disturbance, so that the desired trajectories can track the
task of UAV system with strong robustness, simultaneously, the output states within the
constraints sets during operation. In order to achieve the target, the following assumptions
and lemmas are used in this paper [29].

Assumption 2.1. Function b;(z;), i =1,2,...,6 are knoiun and there is a positive con-
stant, by satisfying 0 < by < |bi(x;)| for any k., < y;(t) < ke;. Without loss of generality,
suppose that all b;(x;) are positive.

_Assumption 2.2. There are constants Y g, Yio,Yii, ..., Y, satisfying k<Y, < Yi <
k1, and for the expected output y;q(t) and their derivative satisfying Y,, < vyia(t) <

Vo lial < Yiu, i < Yoo [yl < Yo Ve 210 (6= 1,2...6),

Assumption 2.3. The external disturbance d; is usually unknown and assumed to be
bounded and its upper limit is known: |d;| < §, where § is a positive constant.

Lemma 2.1. For any positive constants ki, k., let Z ={z € R: —k <z <k.} C R and
N :=R!' x Z C R™! be open sets. The following system can be concerned:

7= h(t,n) (12)
where n = [w,z]" € N,h: R, x N — R™" is piecewise continuous in t and locally Lips-

chitz. Suppose that there exist functions P := Z — R* and Q := R' — R* continuously
differentiable and positive definite in their respective domains, such that

N([lw]]) < P(w) < 7a2([wl]) (13)

Q(z) » 00 as z — —k; or z — k, (14)

where v1, 2 are Ko class functions, let V(n) = P(w) + Q(z), z2(0) € Z, if the inequality
holds: 5V

= h<
1% 8nh 0 (15)
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then z € Z, ¥t € [ty, 00).

Lemma 2.2. For any |§| < 1, the inequality lnﬁ < % holds.

3. Fault-tolerant Control Laws Design. In this section, an active FTC is presented
to simultaneously deal with actuator faults and output constraints for a UAV. We first
design an adaptive estimator to estimate the failure values for all failure patterns. Then
an NFTSMC is designed against disturbances and model uncertainties to achieve null
steady-state error tracking in a short finite-time. Subsequently, an asymmetric barrier
Lyapunov function is developed to guarantee that the output constraints are not violated

at any time, including the transient phase adaptation.

3.1. Estimator design. The mathematical model is manipulated into a state space form:

X(t) = AX(t) + BU + F(x) + Dd — BEU (16)
Y(t)=CX(t)
where X (t) represents the state variables, Y (¢) is the output vector, U is the control input
vector and B is the control effectiveness matrix. F = diag {01, 09,...,06} represents the

failure rate of actuator. The estimator is obtained by using some assumptions as follows.

Assumption 3.1. (A, C) is observable, AK denote Ay = A — KC, which satisfies that
all eigenvalues of Ay have negative real parts.

Assumption 3.2. There exist a positive Lipschitz constant vy, such that |F(z1) — F ()|
<[l — 22|

Assumption 3.3. For any positive definite symmetric matrix @), there exists a unique
positive definite symmetric matriz P satisfying ATP + PA; = —Q.

Assumption 3.4. There exists a matriz R satisfying PD = (RC)T.

According to Equation (16) the corresponding estimator is designed as

X(t) = AX(t) + BU + F(&) + Dv — BEU + K [Y(t) - Y(z)} -
Y(t) = CX(t)
where X (t), E and Y (t) denote the estimated values of X (¢), E and Y (t) respectively.

RY (1)

—0———, Y(t) #0
o= RV (18)
0, Y(t) =0
The parameter matrix is amended by the adaptive law:
E=-TLY(UT (19)

where T is a positive definite symmetric matrix, Y (t) = Y (t) — Y (t), L satisfies PB =
CTLT. According to [30], tlim E—-FE=0.
—00
3.2. Fault tolerant controller design. The error tracking is designed as
{ €i1 = Yi — Yid = Ti1 — Yid

€2 = €j1 = T2 — Yid
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Denote the sliding surface for the system can be designed as
S; =ep + k¢1|€¢1|ai8ign(€i1) + ki2‘ez’2’6i3i9n(ei2) (21)

where k;; and k;» are positive constants, 1 < 3; < 2 and 3; < «;. The time derivative of
sliding surface can be given as

Si= e+ Oéikil’@il’ai_leﬁ + Bikiz|ei Pt (22)
In order to meet the control requirements, the control law is given as
Ui - Ueq + Usw
2-B;
U, = - —fi(x) + 4q — leal <1 + Oéiki1|€i1|ai_1>5i9”(ei2> (23)
(1 - o) Bikiz

1

Usw = 7——— |—piSi — dsign(S;
e S sian(S)

where p; > 0 is the switching gain and J is upper limit of the disturbance.

Lemma 3.1. When the initial error e;(to) satisfies

kai < €ir(to) < ku; (24)
and the system is stable, the inequality k., < x;1(t) < ke, Vt > to holds if
kai < Si < kp;i (25)
kai = Ecz‘ - Y,
N (26)
kvi = kei — Yo

Proof: First, Equation (21) can be written as

SZ' = (1 -+ ki1|ez‘1

ai_l)eﬂ + ki2|€i2|5i_1ei2 = hjein + hién (27)

where h;1, h;s are constants h;; > 1, hjs > 0. According to Assumption 3.3 and Equation
(20), we know that e;;(t) is continuous differentiable, which means é;; = 0 or t = ¢, or
t — 00 as €;1(t) = €1 max O €;1(t) = €i1 min-

Considering the system is stable, we obtain e;;(t) — 0 as ¢ — oo, so that

ko < 61‘1(00) < ky; (28)

Suppose that e;5 = é;1(t) has m zeros, when t = t;,i = 1,2,...,m, é;(t;) = 0, Equation
(27) can be written as

Si = hireq (t;) (29)

According to Equation (26) and Assumption 2.2, we know that k,; < 0 < kp;. Then
from Equations (25) and (29), we conclude that
kai kbi
ko < — < en(ty) < — < ky,; 30
i~ ) S < 30
Combining (24), (29) and (30), we obtain ks < e;1(t) < ky; for any ¢ > to, which is
equal to k,; < z;1(t) < ke, VE > 1.
Theorem 3.1. Consider the closed loop system (9) with asymmetric constraints (11).
Under Assumptions 2.1, 2.2 and 2.3, control law designed as (23), if the initial state
satisfies k., < x;1(0) < ke, then the following properties hold.
1) The asymmetric state constraints are never transgressed.
2) The system states converge to the sliding surface in a finite time.
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Proof: Consider the following barrier Lyapunov function:

. 2 _ ) 2,
q(Sl) In kbz 1 q(Sl) In kaz

V =
2 k-5 T k2, — S

(31)

where ¢(S5;) = 1 when S; > 0 and ¢(S;) = 0 when S; < 0. For simplicity, we abbreviate
q(S;) by ¢, throughout this paper. The time derivative of V is

V= e 39
(kzi—si”k;—sf) (52)

By substituting Equations (20)-(22) into Equation (31), the dynamic of V' can be
written as

O diS; — pSi® — 8154 (33)

- q l—¢
V= <ng = + K2 Sig) Bikial€iz

According to Assumption 2.3, it is easy to verify that

: q I—gq

Bi—1 q 1—g¢q 2
<k2i = + K2 522) S <0 (34)
1) According to the definitions of k,; and kj; in Equation (26), the initial condition
requirement is set as k,; < ;1 (ty) < k. This is equal to ky; < Si(to) < kyi, then Lemma
2.1 ensures that k. < Si(t) < ky;, YVt > to. Since Lemma 3.1, we can conclude that
Eci < le(t> < Ecia Vit > ty.
2) According to Lemma 2.2 and Equation (34), we can infer that

Bi—1 q 1—gq g2
(kgz - Si2 " kgz - Siz) '

1 (4 ki 1—q k2
< _2pﬂiki2’ei2|ﬁ ! (5111 12 b o + 5 In ERE
bi i ai — M

bty (35)

S =pS® = (d; — 6) |Si]]

< —pBikislein

V< —pBikialein

= —2pfikiseir

By defining h = 2pﬂikig|ei2|5i_1, Equation (35) can be written as

av
— < —hV 36
dt — (36)
After some simple calculation, we can obtain that
av
dt < —— 37
< 37)

Suppose that the reaching time from the initial state error e;;(tg) # 0 to e;1(t) = 01is ¢,.
Now, taking integral of both sides of Equation (36) from e; (o) to e;1(¢,), one can obtain

1
tr<to+ 40V (38)

This completes the proof above.



SLIDING MODE FAULT TOLERANT CONTROL OF QUADROTOR UAV 647

4. Simulation. In this scenario, numerical simulations are performed to validate the per-
formance of the proposed NFTSMC based fault-tolerant flight controller in conjunction
with ABLF. In order to show the superiority of the proposed approach, contrast exper-
iments with two other traditional controllers are implemented. One is a sliding mode
based active fault-tolerant controller similar to [31], marked as method 1, and the other
is backstepping algorithm based on BLF marked as method 2. The algorithm proposed
in this paper is marked as method 3.

The main physical parameters of the quadrotor are shown as follows. The inertia matrix
of UAV is J = diag{0.04,0.04,0.08} (kg-m?), the mass is m = 1.7 kg and the air drag
coefficients are k, = kg = ks = 6 x 107>, Without loss of generality, the initial Euler
angle is set as O(0) = [—0.2,—0.2,0.5]" (rad) and the initial angular velocity is chosen
as Q(0) = [0,0,0]" (rad/s). The initial position and speed are P(0) = [0,1,0.3]" (m),
V(0) =[0,0,0]" (m/s).

Remark 4.1. According to Equation (8), the changes of physical parameters can only

influence the values of f; and b;, so the results of this simulation can represent the effects
of this method with different settings.

4.1. Simulation 1. Considering the uncertainty of external disturbance, we set white
noise with upper bound § = 0.5 as the disturbance. And the the fault model is

0.3, t€6,12]
09 =
0, tel[0,6)U(12,20]
0.4, € [4,14]
Or =
0, ¢el0,4)U (14,20]
0'120'320'4:0'6:0

(39)

The fault information obtained form estimators proposed in method 1 and method
3 is illustrated in Figure 2 and Figure 3 separately. Figure 2 and Figure 3 show that
both methods can get correct fault information when dealing with actuator failures. The
proposed estimator can detect the faults in about 0.5 seconds, and the estimator in method
1 needs about 1.5 seconds. By comparing Figure 2 and Figure 3, we can conclude that
method 3 converges more rapidly and steadily than method 1.

4.2. Simulation 2. For FTC described in 3.2, the parameters of the controller are chosen
as o; = 2, B; = 1.67, kg = 1, ko = 1, p = 5. Consider the actual flight characteristics of
UAV, the desired trajectory of the attitude and the position are set as

[y4d,y5d,y6d]T = [0.4sin(¢),0.3 cos(t),0.3]T (rad) (40)
[Y1d> Yoa, Ysa) = [0.5,0.5,0.8]" (m) (41)
And the constraints are set as
(et kogs Fiess ks, ey ko] = [0.6,—0.6,0.5,—0.5,0.7,0.2]" (rad) (42)
et kors oz Koy e, g = [0.9,—0.2,1.3,0.1,1.2,0)7 (m) (43)

The disturbance has up bound ¢ = 0.5 and 30% failure acts on the fourth channel
after 5 s. The simulation results of method 1, 2, 3 are shown in Figures 4-9. Figures 4-6
are tracking results of attitude channels, and Figures 7-9 are tracking results of position
channels.

From Figures 4-9, it can be seen that in the beginning, each method can finally track
the desired trajectory after a few seconds of adjustment. The curves fluctuated after 5
seconds, which means that the faults have occurred.
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F1GURE 3. FDD results of method 3

By comparing 3 curves in Figures 4-9, we can see that method 1 and method 3 can
converge again. Compared with method 3, the adjust time of method 1 is very long, and
the overshoot is too large to meet the constraints for all channels without BLF. As for
traditional backstepping method based on BLF (method 2), the overshoot is much smaller
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than method 1, and the constraints are never transgressed because of the introduction
of BLF. Meanwhile, from Figures 4-9, we can see that method 2 is less sensitive to
disturbance. However, as shown in the curves, tracking errors exist in the presence of
fault due to the loss of FDD module. Both methods 1 and 2 are not able to meet the
mission.

For method 3, Figures 4-6 show that attitude curves converge in about 5 seconds and
from Figutrs 7-9 we obtain that the position trajectories can eliminate in about 3 seconds.
Simultaneously, the state constraints are never transgressed. To sum up, the conjunction
of BLF and NFTSMC makes the tracking trajectory convergent faster and have higher
steady precision than methods 1 and 2 without violation of constraints. Furthermore, the
control input is also suitable for a quadrotor UAV.

A complete fault-tolerant control system is proposed in this paper, which copes with
not only fault detection and isolation but also fault-tolerant control. And the simulation
results show strong robustness of the proposed method, which has lots of practical value in
engineering application since some practical engineering problems have been considered
in this paper. To sum up, the proposed algorithm can deal with constraints well and
shows strong robustness to the actuator faults.

5. Conclusion. In this subject, a novel FTC method is developed for quadotor with state
constraints based on fast nonsingular terminal sliding mode in conjunction with ABLF.
The proposed algorithm is a finite-time tracking method with strong robustness. First,
an adaptive estimator is presented to detect the accurate unknown actuator fault. Then
an FTC law based on NFTDMC is designed to cope with the influence of disturbance
and actuator faults. The introduction of ABLF ensures that the sliding mode surface
is bounded in a range, and the constraints of the states will never be transgressed. In
the simulation, a sliding mode based active fault-tolerant controller and a traditional
backstepping algorithm based on ABLF are utilized for contrast and verify the advantages
of the proposed method. In future work, more practical flight missions such as time-
varying constraints and load will be taken into consideration.
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