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ABSTRACT. It is well known that the study of many processes of the natural sciences
can be reduced to solve integro-differential equations with variable boundaries. Recently,
studies on certain problems of the environment, such as the corona virus, the emergence
of new diseases, and diseases associated with mutations of viruses, have become relevant.
A solution to such problems is associated with finding solutions of integro-differential
equations. For the last few years, researchers have been paying attention to the newly
discovered fractional operators involving nonsingular kernels. The Caputo fractional de-
rivative is the one of these operators which has captured the interest of scientists the
most because of the many interesting results reported when this derivative is used in
modelling some real-world phenomena. However, the theory of these operators is still
to be addressed. In this paper, we establish some new conditions for the existence and
uniqueness of solutions for a class of nonlinear Caputo fractional Volterra-Fredholm
integro-differential equations with nonlocal conditions. The desired results are proved by
using theory of fractional calculus aid of fized point theorems due to Banach and Kras-
noselskii in Banach spaces.

Keywords: Volterra-Fredholm integro-differential equation, Caputo fractional deriva-
tive, Fixed point method

1. Introduction. Fractional calculus is predominately description of the fractional order
of integral and derivative operator. It has a lengthy history in mathematics as much as
old as differential calculus [1, 2]. Several researchers described that the fractional integral
and derivative are suitable for modelling to define the memory and hereditary properties
of different substances or system and other real world problem. Many types of fractional
operators and definition are obtained. This fact enables the researches to pick up the
most convenient fractional derivative for the sake of achieving better results in modeling
the real world problem under consideration. Integro-differential equations with nonlocal
conditions have attracted the attention of many researchers in the last decades as seen
in [1, 2, 3, 4, 5, 6], because of their applications in numerous fields of science, engineer-
ing, physics, economy and so on. In the last years, with the development of theorems
of fractional integro-differential equations, many authors investigated the existence of so-
lutions of abstract fractional integro-differential equations with nonlocal conditions by
using semigroups theorems, solution operator theorems and the relation between solution
operators and semigroups constructing by probability density functions as well as fixed
point techniques [7, 8, 9, 10, 11, 12, 13].
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Recently, Baleanu et al. [14], by using fixed-point methods, studied the existence and
uniqueness of a solution for the nonlinear fractional boundary value problem given by

DYa(t) = f(ta(t)), t €T =[0,T], 0<v <1,
.1'(0) = $(T)7 33(0) = 51$(77)> :U(T) = ﬁ2x(77)7 0<n<T, 0<p <fa<l

Devi and Sreedhar [15] used the monotone iterative technique to the Caputo fractional
integro-differential equation of the type

‘D'x(t) = f(t,z(t), ["z(t)), te J=1[0,T], 0<v <1,
x(0) = xo.

Wang and Zhou [16] studied the Ulam stability and data dependence for a Caputo
fractional differential given by

‘D’x(t) = f(t,xz(t)), t € J=[a,+0), 0 <v <1,
z(a) = &.

Dong et al. [17] established the existence and uniqueness of solutions via Banach and
Schaude fixed point techniques for the problem given by

“Dyrx(t) = f(t,x(t)) + /tG(t,s,x(s))ds, teJ=10,T], 0<v <1,
z(0) = &.

Benchohra and Bouriahi [18] investigated existence and stability of solutions for a class
of boundary value problem for implicit Caputo fractional differential equations of the type

DYa(t) = f(t,z(t),°D’x(t)), t€ J:=[0,T), T>0,0<v<1,
2(0) + g(z) = zo.

In this paper, we extend the results in [16, 17] by proving the existence and unique-
ness of solutions for the following nonlinear Caputo fractional Volterra-Fredholm integro-
differential equations

Da(t) = f (t,x(t),/otk:(t, s)x(s)ds,/OTh(t, s)x(s)ds), te =07, (1)

z(0) + g(z) = o, (2)

where D" is the Caputo fractional derivative of order v, 0 < v <1, f:J x X x X X
X — X is a continuous function, k,h : J x J — X is a continuous function, and
kr = sup{lk(t,s)] : 0 < s <t < T}, hy = sup{|h(t,s)] : 0 < s <t < T}, g(z) :
C(J,X) — X, and zg € X. To prove the existence and uniqueness of solutions, we
transform (1) into an equivalent integral equation and then use the Krasnoselskii and
Banach fixed point theorems.

The paper is organized as follows. Section 2 presents, as preliminaries, the definition
of the fractional derivative, the fractional integral of Riemann-Liouville with respect to
another function, and some important results, given as theorems, as well as the spaces
in which such operators and theorems are defined. In Section 3, we use the fixed point
theorems due to Banach and Krasnoselskii to prove the existence and uniqueness results
for the problem (1)-(2). In the special case, when & = h = g = 0 in the problem (1)-(2)
then the results of [16] appear as a special case of our results and when h = g = 0 in the
problem (1)-(2) then the results of [17] appear as a special case of our results. Then, the
results presented in this paper extend the main results in [16, 17]. The application of our
main results is established in Section 4. Concluding remarks close the paper in Section 5.
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2. Preliminaries. The mathematical definitions of fractional derivative and fractional
integration are the subject of several different approaches. The most frequently used
definitions of the fractional calculus involve the Riemann-Liouville fractional derivative
and Caputo derivative [9, 10, 13].

Definition 2.1. [13] (Riemann-Liouville fractional integral). The Riemann-Liouville frac-
tional integral of order v > 0 of a function u € C([0,T)) is defined as
1 t
JYu(t) = /t—s”lusds,
(0=t [ (t= 9 ut)

where I' denotes the Gamma function.

Definition 2.2. [9] (Caputo fractional derivative). The fractional derivative of u(t) in
the Caputo sense is defined by

1 ! "
) / (t — s)m_”_lmds, m—1<v<m,
0

I'(m—v Os™
0™ u(t)

otm 7
where the parameter v is the order of the derivative and is allowed to be real or even
complex. In this paper, only real and positive v will be considered.

Hence, we have the following properties:
1) J*J%u = J""u, v,v > 0.

v _ _Is+1) v
8) I = e

v _ _D(B+1) —v
3) DYuf = I‘(ﬁ(—u+1)u6 ,v>0,0>—1.
4) J'DYu(t) = u(t) —u(a), 0 <v < 1.

—a)k
5) J' D u(t) = u(t) — gy u®(0+) 2 ¢ > 0.
Definition 2.3. [10] The Riemann Liouwville fractional derivative of order v > 0 is nor-
mally defined as

“D"u(t) = J""D"u(t) =

v=m, mé&N,

1 dm t U(S)
LDV _ / _1 < |
ult) FW—VMW/OQ—QH%m%’m <v<m, meN

Definition 2.4. [10] The Caputo derivative of order v for a function u : [0,00) — R

can be written as
C 14 — t
D u(t) = [ =D ]
k=0

Theorem 2.1. [19] Suppose v > 0, a(t) is a nonnegative function locally integrable on J
and §(t) is a nonnegative, nondecreasing continuous function defined on g(t) < M, t € J,
and suppose u(t) is nonnegative and locally integrable on J with

u(t) < a(t) + §](t)/0 (t —s)"tu(s)ds, t € J.

u(t) < alt /

Then

m=1

(t—s)™'a ()]ds ted
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Remark 2.1. Under the hypothesis of Theorem 2.1, let a(t) be a nondecreasing function
on J. Then we have

u(t) < a(t)Ea(g(t)r(a)t?), (3)
where E,, is the Mittag-Leffler function defined by
oo ta
Eo(t) = ; Tma £ 1) (4)

Lemma 2.1. [13] (Bochner theorem). A measurable function f :J — X is a Bochner
integral if || f|| is lebegue integrable.

Lemma 2.2. [13] (Mazur lemma). If A is a compact subset of X, then its convex closure
convA 1s compact.

Lemma 2.3. [10] (Ascoli-Arzela theorem). Let S = {s(t)} be a function family of con-
tinuous mappings s : J — X. If S is uniformly bounded and equicontinuous, and for
any t* € J, the set {s(t*)} is relatively compact, then there exists a uniformly convergent
function sequence {s,(t)} (n=1,2,...,t€ J)inS.

Theorem 2.2. [13] (Banach). Let (X,d) be a nonempty complete metric space with T :
X — X as a contraction mapping. Then map T has a fized point x* € X such that
Tx* =x*.

Theorem 2.3. [10] (Krasnoselskii). Let M be a closed convex and nonempty subset of a

Banach space X. Let A, B be two operators such that

1) Az + By € M whenever x,y € M.
2) A is compact and continuous.
3) B is a contraction mapping.

Then there exists z € M such that z = Az + Bz.

3. Existence and Uniqueness of Solutions. In this section, we shall give existence
and uniqueness results of Equation (1), with the conditions (2). Before starting and prov-
ing the main results, we introduce the following hypotheses.
(A1) For each z,y € X, f(t,z,y, 2) is strongly measurable w.r.t. ¢ on J.
(A2) For each t € J, f(t,x,y,z) is continuous w.r.t. x and y on X.
(A3) There exist constants ay > 0, a, € (0, 1) for arbitrary u,v,y € X such that
1w, 0, 9) || < ap[L+ [Jull + [lo]] + [lyl]]-
lg(u)ll < ag[1 + [lullc].
(A4) There exist constants Ls(p) > 0, L, € (0,1) for arbitrary w;,v;,y; € X, i = 1,2,
satistying [lusl, o1, [[yal; [[uall, lval, lly2ll < p such that
1 (8 ur, vn,91) = f (s u,v2,92) | < Ly(p)[llur — uall + [lor — o2l + llyr — w2ll],
lg(u) = g()|| < Lyg[lu —vllc, u,v e X.
(A5) For any t € J, the set

K= {(t - s)”lf(s,x(s),/os k(s, )z (7)dr, /OT h<s,7)x(7)d7) Lz e C(,X),s € [O,t]}

is relatively compact.
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Lemma 3.1. Let 0 < v < 1. Assume that f € C[J, X]. If v € C[J, X] then x satisfies
the problem (1)-(2) if and only if x satisfies the mized type integral equation

z(t) = o — g(x)

+ﬁ/0t(t—s)”_1f (s,x<s),/OSk(s,f)x(f)dﬂ/OTh(s,T)x(T)dT) ds. (5)

Proof: Define B, = {z € C(J, X) : ||z||c < r}, for any r > 0. Making use of hypotheses
(A1)-(A2), we have f is measurable function on J. Now for x € B, and t € J, we obtain

/Ot(t —s)" | f <8,£C(5)7/05k(3,7')x(7)d7, /OT h(577)1’<7)d7)‘

Tl/
<af(l+r+rTkp+rThr) [—] :
v

ds

Thus T
gy (s,m@), [ ws ey, [ h(s,ﬂx(T)dT) '

is Lebegue integrable with respect to s € [0,¢], for all ¢ € J and x € B,. Then from
Bochner’s theorem it follows that

(t—s)'f (s, x(s), /08 k(s,7)x(T)dr, /OT h(s, T)x(T)dT)

is Bochner integrable with respect to s € [0,t] for all t € J. Let G(1,s) = (t — 7)7"|T —
s|”~1. Since G(7,s) is a nonnegative measurable function on D = [0,¢] x [0,¢] for t € J,
we have

/DG(T,s)dT - /Ot(t—T)—V (/OT(T—S)V—lds) d7+/0t(t—7)_” (/Tt(s—T)”_lds) dr

< 2T
~v(l—-v)’
and using hypothesis (A3), we obtain

(t—7)"(r—s)"" f (5, z(s), /OS k(s,T)x(T)dr, /OT h(s, T)x(T)dT)

is a Lebesgue integrable function and hence we get
t T
Lpr [[”f (t,av(t),/ k(t, s)x(s)ds,/ h(t, s)x(s)ds)]
0 0
t T
_ <t,x(t), / k(t, 5)2(s)ds, / W, s)x(s)ds).
0 0

We claim that x(t) is absolutely continuous on J. For any disjoint family of open intervals
{(a;,b;)} on J with Y " | (b; — a;) — 0, we have

a ap(1+7+1Tky +rThr) o= [" b
S lt) = afay)| < LIRS [ syt
=1 i=1 7@

1 Tk Thy) e [%
i ap(1+r +1:’(V>T +rThr) Z/ ((a; — 5)" ™" = (b — 5)""Y) ds
=1 0

N

n

26Lf(1 +7r+ TTkT -+ ?"ThT)

= NOESY > (b= a)”

i=1
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— 0.
Thus z(t) is differential for almost all ¢t € J. According to Definition 2.2, we have

“D¥a(t) = D [I” f (s,x(s), /0 (s, ) (r)dr, /O : h(s,T)x(T)dTH

=LtD” [I”f (t,x(t),/otk‘(t,T)w(T)dT, /OT h(t,T)I(T)dT)]

_F(f;_”y) {zv f (t,:r;(t), /O k() (r)dr, /0 ' h(t,T):L'(T)ah')L_O.

Since (t—s)""'f (s, x(s), [ k( 7)dr, fo (s,7 x( )dT) is Lebesgue integrable w.r.t.
s € [0,1], for all t € J, we know that I”f (t z(t fo T)dT, fo (T )dT) =0
which implies that D"z (t) = f (t,x o K s)ds fo )z (s )ds) a.e. fort € J.

Moreover, z(0) + g(x) = . Thus, = € C’(J, X) is a solutlon of the problem (1)-(2).
On the other hand, if x € C(J, X) is a solution of the problem (1)-(2), then x satisfies
Equation (5). O

Theorem 3.1. Suppose the problem (1)-(2) has a solution x on J. If hypothesis (A3)
holds, then there exists a constant p > 0 such that ||z(t)|| < p, Vt € J.

Proof: By Lemma 3.1, the solution of the problem (1)-(2) is equivalent to the solution
of integral Equation (5). Using hypothesis (A3), we have

o) < llzol +a,+ aylelle + s + 555 | (€= 9 alo)lds
w525 [ patnlar+ 32 [ pa(lar
afT”
< Jlwoll + ag + agl|z]lc + OS]
af ]CTT hTT r _ v—1 (7 -
TG | 1+ Ty, € o

Hence
(v + 1) (llzoll + ag) + afT”
lz(t)]lc < T a0 )
- brt | et : — ) x|l edr
(1 —ag)l'(v) {1 + ['(v) T F(y):| /0 (t )zl edr.

Applying the singular Gronwall inequality stated in Theorem 2.1, we obtain

_|_

0 v krT | hyT
DO+ 1)(lloll + ag) + a7 [ (a7 [L+ 585+ 45])"
(1—a,)T(v+1) (1 —ay)"I'(nv +1) ’

lz(®)llc <
n=0

oo (oLt ])”
where Zn:O (1—ag)"T'(nv+1)
exists a constant p > 0 such that ||z(¢)|| < p, for ¢t € J. O

is the well known Mittag-Leffler function. Thus there
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Theorem 3.2. Assume that hypotheses (A1)-(A4) are fulfilled. If
afT”(l + ]CTT + hTT)

1
ag + T+ 1) <1, (6)
TvLs(p)(1 + kyT + hy'T)
i+ LT 1) ®

then there exists a unique solution for the problem (1)-(2).
Proof: Consider the operator T : C, — C, defined by
(Tz)(t) = zo — g(x)

+ ﬁ/o (t—s)"1f <s,x(s)7/os k(S,T)J;(T)dT,/O h(S,T)]J(T)dT) ds, (8)
where C, :={z € C(J, X) : ||z(t)|| < p,t € J}, and

afTV? krT+htT
o]l + a + (Tt br)

asT¥[1+kp T+hrT)
1 - <a9+ ! r(uJTrl) - )

By Theorem 3.1, it is obvious that T is well defined on C, in the sense of Bochner
integrable. First we prove that Tz € C,, for x € C,,. For every x € C,, we have

|(Ta)(t +8) - (Ya)(0)]
_ (Lt [f2(s)]| + pkeT + phaT

<.

) /0 [(t—s)" = (t+0—3s)"""]ds

N I'(v)
1 kT + phyT) [0
U T4 g T) [
I'(v) 0

af(1+p+ pkeT + pheT) [tV (t+6)7 O ag(1+ p+ pkeT + phyT) [6”

< — - |+ -
L(v) v v v L(v) v

< 26Lf(1 +p+ kaT + phTT) 5
- I'(v+1)

—0asd — 0.

This shows that Yz € C(J, X).
Now, for all t € J and x € C,, we have

as(1+ p+ pkrT + pheT) /t(t — 5)""ds
I'(v) 0
ap(1+ kT + hTT)TV:| (9)
I'(v+1)
Making use of condition (6) in Equation (9), we obtain ||(Yz)(t)|] < p, which implies that
Tz € C,. Making hypothesis (A4) for any =,y € C,, we have

I(T2) DN < llzoll + ag(L + p) +

sn%w+u+m[%+

L (P) ! v—1
[(Cz)(#) = (Yy) @) < Lgllr —yllc + ﬁ/o (t—5)"""[lz(s) —y(s)lds
Ly(p)T(kr + hr)

e KD HORCIE

TLi(p)[1 + T(kr + hr)]
Fv+1)

IN

Ly +

Lm—mw

< Yrupllz —ylle.
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Since vr,, < 1, T is a contraction map on C, and by applying Banach’s contraction
mapping principle the operator T has a unique fixed point on C,. Hence the problem
(1)-(2) has a unique solution, and the proof is completed. O

Theorem 3.3. Assume that (A1), (A3), (A4) and (A5) hold, and let the condition (6)
hold, then the problem (1)-(2) has at least one solution.

Proof: Consider the operator T defined by Theorem 3.2. We assume that the operator
T=P+QonC,

o)) = 15 [ 6= (ssato), [ bsmmyin, [ hisiretoyir) s,

(Q)(t) = w0 — g(x), t € J,

where C), is given in Theorem 3.2. Therefore, to prove the existence of a solution of the
problem (1)-(2) is equivalent to proving that the operator P + () has a fixed point on C,.
The proof is divided into several steps.

Step 1. Pz + Qy € C,. For every pair z,y € C,, we have

af(1+p)(1 + krT + hyT)T"
I'(v+1)
as(1 + keT + heT)T"
I'(v+1)
Making use of condition (6) in above equation, we obtain ||(Px)(t) + (Qy)(t)|| < p, which

implies that Pz + Qy € C,,.
Step 2. () is a contraction mapping on C,. For every y;,y2 € C,,,

1(Px)(t) + (Qy)D < lzoll + ag(L + p) +

< llzoll + (1 + p) |ag +

1Qy1 — Quall = 1l9(y1) — 9(1)|l < Lglltn — 12lc-

From hypothesis (A4), L, € (0,1) and hence @ is a contraction mapping.
Step 3. P is a continuous operator. Let {z,} be a sequence of C, such that z, — =
in C,. Then by hypotheses (A2) and (A3), for all t € J, we have

I(Pza)(t) = (Px) D)

1 ' v—1 ’
< 555 [ = 7L [lnlo) = 2+ b [ L) = et

T

—i—hT/ |z, (7) — :L‘(T)HdT:| ds
0

—> 0 asn — oo.

Thus, Px,, — Px as n — oo which implies that P is continuous.
Step 4. P is a compact operator. Let {z,} be a sequence of C,,.

t
I(Paay) < LEELELTLEOD) [ gyt
I'(v) 0
< @+ p+ pkrT + pha T)T”
- I'(v+1)
Thus {z,} is uniformly bounded.
Now we prove that {Pz,} is equicontinuous. For 0 <t} <ty < T, we get

[(P,)(t1) = (Pay)(t2)]| < F(J; ) /O [(tr =)™ = (ta = )" | (1 + p + pkoT + phrT)ds



FRACTIONAL INTEGRO-DIFFERENTIAL EQUATIONS 1037

to
4+ / (ta — 8)" " (1 + p+ pkrT + phrT)ds
F(V) t1

< 205(1L+p+ pkrT + pheT)
- Fv+1)
—> 0 as ty — t1.

(t2 —t1)”

Therefore, {Px,} is equicontinuous. In view of the condition (A5) and Lemma 2.2, we
know that conv is compact. For any t* € J, we have

(Px,)(t") = r(l,/) /Ot* (t —s) 7 f (s,xn(s), /Os k(s, T)x,(T)dr, /OT h(s,T)xn(T)dT> ds

k . v—1
1 t* it*
= — i — (==
T(v) klnoo; K < k )

o . % - % T . gk
x f <%,wn (%) ,/0 k (%,7) xn(T)dT,/O h <%,7’> a:n(T)dT>

t*
=T

where
Cp = limy oo Zf:o% (tr— %)V_l f <Z§€, z, (1) ,foitT k (2, 7) @, (7)dr, fOT h(27) CL‘n(T)dT) )

Since conv is convex and compact, we know that (, € conv. Hence, for any t* € J,
the set {Px,} (n = 1,2,...) is relatively compact. From Ascoli-Arzela theorem every
{Px,(t)} contains a uniformly convergent subsequence {Px,.(t)} (k = 1,2,3,...) on J.
Thus, the set {Pz : z € C,} is relatively compact. Therefore, the continuity of P and
relatively compactness of the set {Pz : z € C,} imply that P is a completely continuous
operator. By Krasnoselskii’s fixed point theorem, we get that P + () has a fixed point on
C,. Hence the problem (1)-(2) has at least one solution. This completes the proof. O

4. Application. The solution of integro-differential equations has a major role in the
fields of science and engineering. When a physical system is modeled under the differential
sense, it finally gives an integral equation or an integro-differential equation [20, 21, 22, 23].
In this section, we give the application of our main results established in previous sec-
tion. We consider the nonlinear Caputo fractional Volterra-Fredholm integro-differential
equations (1)-(2), with

e ta(t)| 1/ 1
ft,x(t), Ka(t), Hx(t)) = BT+ o)) +§/0 mx(s)ds
I

+§/0 (2+t)$(8)d8.

- 1
g(x):Zij(tj), =0, v=", A>0,0<t <ty <-or <tp <1
=0

For z,y € X and t € J = [0, 1],
||f(t,.l’(t), Kl’(t), H:L’(t)) - f(tvy(t)’ Ky<t>7Hy(t))H

et 1 1
< o —yll+ 21w — Kyl + 2H2 — )
(5+¢€t) 9 9
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1
< Ll — il +1Kx — Kyl + | e — Hy), (10
Similarly, for all x € X and each t € J,
1 |z(t)
K H < - ||l—— —||Kzx —|H
16t 2(0) Kolo) Holo)] < g | 0] + gl +
< Sllel + ||Ka:|| +l1Hal) (1)
Also .
lote) ~ o)l < ZA J2() ~u)l < Y Npaslett) ~o(e)l (1)
]:
and

m

lg(x)]l < Z (£ < llz(t) =yl < Z%Ilfv ) < Z/\ max [zt (13)

Jj=

From (10)-(13), we observe that the assumptions of Theorem 3.2 and Theorem 3.3 can
be satisfied by choosing a sufficiently small value of \;, and hence the given problem has
a solution and this solution is unique.

5. Conclusions. In this paper, we establish some new conditions for the existence,
uniqueness and boundedness of solutions to the nonlocal Caputo fractional Volterra-
Fredholm integro-differential equations in Banach spaces. The desired results are proved
by using Ascoli-Arzela theorem, aid of fixed point theorems due to Banach and Krasnosel-
skii in Banach space. Our results extend and unify many existing results in the literature.
This paper contributes to the growth of the fractional calculus, especially in the case frac-
tional differential equations involving a general formulation of Caputo fractional derivative
with respect to another function.

The problem considered in this paper can be generalized to a higher dimension involving
a general formulation of Hilfer fractional derivative with respect to another function. Also,
to study nonlinear fractional systems of Volterra-Fredholm integro-differential equations
with nonlocal conditions is a direction which we are working on.
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