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ABSTRACT. The paper deals with the problem of proportional-integral (PI) decentralized
controller design for continuous-time invariant positive systems. The proposed method is
based on the notion of the equivalent subsystem in the time domain. Using the decentral-
ized controller design procedure for the subsystem level, the complex system’s closed-loop
stability and the Metzler matriz properties are guaranteed (after some iteration). Two
examples, state-feedback and PI output-feedback with Lo-gain illustrate the effectiveness
of the proposed method.
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1. Introduction. Designing a control system to control the positive uncertain dynamic
large-scale system is one of the most significant control theory challenges. Such systems
to be controlled are too large and too complex for a centralized controller. This is why a
complex system is divided into many small interconnected subsystems with interconnec-
tions and controlled by a controller with information constraints-decentralized controller
[1]. Overview of decentralized controller designs and their evolution is given in [2]. Two
large groups of methods were developed to design decentralized controllers for linear time-
invariant large-scale systems. First is controller design in the frequency domain [3, 4, 5]
and references therein. The second is in the time domain using the vector Lyapunov
function [6]. Much progress has been made by using linear-bilinear matrix inequalities
(LMI-BMI) [2]. Decentralized controllability, observability and decentralized stabilization
of complex systems are given in [7]. For all methods, instead of analyzing stability [5] and
decentralized controller design of each of the resulting smaller subsystems separately, i.e.,
by neglecting interconnections is tractable, but in results, it gives a highly conservative
approach [1].

Positive systems were first introduced in 1979 [8, 9]. A linear system is positive if its
state and output are non-negative for any non-negative input and initial state. Many sys-
tems, such as temperature control, concentration control, liquid level control, bioprocesses
belong to the class of positive systems [10, 11, 12]. It was reported in [13] that for positive
systems, the £4-gain/L..-gain as performance is suitably employed. Explicit formulation
of the L-gain with distributed delays is presented in [14]. The state-feedback stabiliza-
tion for positive linear systems is described in [10]. Static output-feedback stabilization
for linear time-invariant (LTT) positive systems is given in [15] and state stabilization of
discrete-time positive systems is introduced in [16].
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The decentralized control of positive systems can be found in [17, 18, 19] and references
therein where the authors of the proposed methods try to reduce the conservativeness of
existing methods. As an example, the use of bounded real lemma [17] can be used to
propose a static structure of the state feedback decentralized controller. In this contri-
bution, the size of interaction (strong, weak) does not charge from the direction of the
decentralized controller design for a positive system; therefore, the method proposed in
this paper provides conservativeness reduction. This paper aims to develop a new design
procedure for the LTI positive system based on the above-mentioned short survey, the
PI decentralized controller design with output-feedback and L,-gain performance. The
decentralized control design procedure is based on the equivalent subsystem approach
developed in this paper.

The paper is organized as follows. Section 2 presents the preliminaries. Section 3 brings
the results of obtaining equivalent subsystem and ensuring stability in the complex plane.
Section 4 describes the PI controller design for positive systems. Section 5 shows the ef-
fectiveness of the proposed method using two examples. The decentralized state-feedback
is proposed for the first example, and PI decentralized controller design using the £, gain
approach is presented for the second one. The paper is closed by concluding remarks in
Section 6.

Notation: The set of real numbers is R, R™ denotes the n-column real vector, R™*" is
the set of all n x n dimensional real matrices, R’ | represents the n dimensional vectors
with positive entries, P > 0 denotes the positive definiteness of the matrix, A denotes
the matrix transpose, A € M" is n x n dimensional Metzler matrix, and P € D% is the
diagonal positive definite matrix.

2. Preliminaries. Let us introduce the following definitions and propositions [9, 20].

Definition 2.1. A linear system is said to be positive (internally positive) if its state and
output are non-negative for all non-negative initial state and input.

Definition 2.2. A linear matriz A € M" is said to be Metzler if its off-diagonal entries
are all non-negative, i.e., a;; > 0 (i # j).
Proposition 2.1. Let us consider the continuous-time LTI system as follows
T = Ax + By,w
z=C,x

(1)

Then the system (1) is positive if and only if A € M™ (A is Metzler matriz of the size
nxmn), By, >0 and C, > 0.

Proposition 2.2. [21] For the given A € M, the following conditions are equivalent.

1) The matriz A is Hurwitz stable.

2) There is the vector g € R" such that Ag < 0.

3) There exists P € D', such that ATP+ PA < 0.

4) There exists W € R™™ such that W +W7T >0 and ATW + WTA < 0.

Notation R} | defines R"} | := {z € R",z > 0}.

The other stability conditions for positive systems with the partition of the matrix A
and two lower-order matrices of the model can be found in [13].

3. Equivalent Subsystem Approach. Consider the following positive continuous time
system described as

&(t) = Az(t) + Bu(t) + Byw(t)



POSITIVE SYSTEM CONTROL: DECENTRALIZED CONTROL APPROACH 1551
2(t) = Cua(t) )
y(t) = Cx(t)
where x(t), u(t), y(t), w(t), z(t) are the state, control input, controlled output, disturbance
input and measured output of system, respectively.
Let us assume that the matrix A € M" and other matrices B, B,, C., C' are known

constant block diagonal (blkdiag) matrices with non-negative entries in the decentralized
structure

An ... A
A=| ¢+ .. 1 | eR™
At oo Ay
B = blkdiag[By, . .., B,,] € R™*
By, = blkdiag[Buy:, . . ., Bum) (3)

C = blkdiag[Cy, ..., Cp] € R*™
C, = blkdiag[C, ..., Cuyl
Division of the above matrices into submatrices results from inherent properties of the
Metzler system (2).

The main goal of this paper is to design a PI decentralized controller for the ith,
1=1,2,...,m subsystem with the following algorithm

t
u; = kpiyri + k?n/ yi(T)dr (4)
to

The algorithm (4) should guarantee the closed-loop stability of a complex plant (2). Due
to (3) the plant can be rewritten to this form

A=A+ An
Ad = blkdmg[An, c. ,Amm] (5)
Let us introduce the following lemmas.

Lemma 3.1. If A € R™"™ with {\,...,\,} eigenvalues, then for matriz A+ al, o > 0
the eigenvalues are {\; + «, ..., A\, + a}.

Lemma 3.2. Every eigenvalue of matriz A lies in a complex plane within at least one of
the Gershgorin discs:

N—au| SR =) lay|, j=12,....n (6)
J#i
Now, a new equivalent subsystem will be introduced. Let us denote
po = max(real(eig(An))) (7)

Furthermore, p = po + 9, (0 > 0) denotes the demanded closed-loop complex system
degree of stability. Due to Lemma 3.1, all eigenvalues of matrix A, (8) lie in the left half
complex plane (matrix A,, is stable).

A, = A, —pl e R™" (8)
On the basis of (8) for the equivalent subsystem, the following formula is obtained
A, = Ay + pl = blkdiag[Ae, . . ., Aem) 9)

It follows that if complex plant A. + A,, can be stabilized by the decentralized control
(4), there exists such value of § which gives the closed-loop complex system stability with
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the PI decentralized controllers [22, 23]. To check the Metzler plant stability with the
decentralized controller, we define the Lyapunov function (Proposition 2.2). For this case,
the following inequality is obtained

(Ap+ Ace) P+ P (A, + AL +Q <0 (10)
where A.. is the matrix of the closed-loop equivalent diagonal subsystem and

Qe R™"™ >0,
Aee = blkdiag[Ace, - - - 5 Aeeml),
Aeei = Aei + Bi(P1 controller)

The obtained results are summarized in the next theorem.

Theorem 3.1. Let the ith decentralized PI control (4) guarantees the closed-loop stability
of the ith equivalent Metzler subsystem for i = 1,2,...,m. Then the decentralized PI
control guarantees the closed-loop stability of the positive system (2).

Proof: Equations (8) and (9) imply if A, + A, is a stable Metzler matrix be-
cause A.. + A,, = Ay + A,,, the complex plant will be stable and Metzler, A,z =
Aq+ B(PI controller).

4. PI Controller Design. Consider the equivalent subsystem that is defined (e is omit-
ted)

&; = Auxi + Biu; + Byiw;
yi = Ciz;

wherei =1,2,...,m, &; € R%, y; € Rl u; € R™, z; € R%, w; € R™ are state, controlled
output, controller output, measured output and disturbance input of the ith subsystem,
respectively. We assume that Y ", m; =k, Y ;" n; = n.

Let us assume that A;; is equivalent to subsystem (9) Metzler matrix and entries to all
matrices B;, B, C;, C,;, which are non-negative.

This paper aims to design a PI controller for the subsystem (11) such that close system
matrix A. is Metzler using an equivalent subsystem approach. Let us consider the control
algorithm for the ith subsystem as follows

w; = kpiyi + krie; (12)

The control algorithm (12) includes the proportional part P and approximate integral
part. For the sake of achieving the stable Metzler matrix, the following auxiliary system
will be applied
éi =Y, — e = CzIZ — ey (13)
where o > 0 is the small tuning parameter. The design control procedure requires the
addition of the system (13) into the real plant. Considering the above results, let us
introduce the following formula
Tpi = Acilng (14)

X
Tpi =
nt |:€Z:|7

A — Aii + BikpiC;  Bikr;
“ C; —al;

where
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Note that from (14), the following condition will be obtained: if & = 0 and A.; requires
having the Metzler properties, the stability of A.; with k;; > 0 is not possible to guarantee.
The proposed approach ensures the stability and Metzler properties for a > 0.

For the guaranty of the Metzler properties for matrices A.; (where i = 1,2,...,m), the
PI controller designer should ensure the following conditions:

e diagonal entries of the matrix A;; + B;kp;C; are negative;

e diagonal off part of matrix A;; + B;kp;C; is not negative;

e in the case where all entries of the matrix B; are non-negative, the I part of the ith
controller gain requires to be positive (positive feedback).

Note that the dimension of the matrix A.; is not too large for LMI (BMI) controller

calculation. The three above conditions are easily implemented in the corresponding
script.

5. Examples. The following academic example has been considered to show each step of
the PI controller design procedure. The Metzler matrix A, positive matrices B, B,, = B,
C and C, = C are as follows

[ 035 03 028 0.1
A | 005 =071 01 025
— | 012 0.05 —065 0.31 |°
| 027 013 007 —07
(1 0
0 0
B=1¢ 11"
00
1000
¢= {0 01 0}

Two second-order subsystems are considered. Using (9) (in the case when 6 = 0.01 and
p = 0.3211), the following equivalent subsystem is obtained

Ae{j} = Ad{]}+pla ]: ]-72

The first equivalent subsystem is unstable.

Example 5.1. The aim s to design a state-feedback decentralized controller in the form

u; = —K x;. The numerical solution for each subsystem has been carried out by standard
MATLAB script (with R{j} =1, Q{j} =1):

[Kj7 S? E] = qu’(Ae{j}, B{]}a Q{j}a R{j})
The obtained results are as follows: the gain matriz for the first equivalent subsystem

Ky =1[0.9845 0.2605 | and for the second equivalent subsystem Ky = [ 0.7583 0.2234 |.
The control law gain matriz K € R*** is

K 0.9845 0.2605 0 0
N 0 0 0.7583 0.2234 |~

The closed-loop real plant with the proposed decentralized state-feedback controller is
stable and Metzler:

—1.33458 0.0395  0.28 0.1
0.05 —0.71 0.1 0.25
0.12 0.06 —1.4841 0.0643
0.27 0.13 0.07 -0.7

Acl = c M4
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with closed-loop eigenvalues (EV)
EV ={—-1.6063; —1.2695; —0.4767; —0.8761}.

Simulation results using the state-feedback decentralized controller are shown in Figures
1-3. In the simulations x, r, y, u are the state variable, reference signal, measured output
and controller output, respectively. The state variables vector x(t) as well as the output
variables vector y(t) are positive when the input in the closed-loop system is positive vector
vl =[1.1326 0.5223 | and u(i) = —Kxz(i) +v. The control law gain matriz K, (with
R{j} =1, Q{j} = 1, where j = 1,2) implies stable positive matriz of the closed-loop
system matrix Ay.

1
—X1(t)
08} _-.xz(t) 1
— |X3(t)
% 06 ll--|X4(t) J
2
3 — = - -—_“_—“.'r..rl-.--.-.
E 04r ‘o"'---
, ‘0" - — - —
o —"---—
0.2 &S
.0 ,O
B
-
0 .
0 2 4 6 8 10 12

t(s)

FIGURE 1. State variables response x(t) using state-feedback decentralized
controller (Example 5.1)

1
......... r1{t)
08 —l
% 0.6 — 'yz(t) |
=]
a — S —
Soatf .~
/
0.2 /
0 1
0 2 4 6 8 10 12
t(s)

FIGURE 2. Simulation results r(t), y(¢) using state-feedback decentralized
controller (Example 5.1)

Example 5.2. This example aims to design a decentralized PI controller for each subsys-
tem with output-feedback by using the Lo-gain (Ho ) approach. The control algorithm is
in the form (12). The Ly-gain robust PI controller design procedure for equivalent subsys-
tem can be obtained by using the standard approach presented in [24]. These results are
summarized in Lemma 5.1 [24].
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FIGURE 3. Controller output u(t) using state-feedback decentralized con-
troller (Example 5.1)

Lemma 5.1. Let us control the ith equivalent subsystem (11) with a PI control algorithm
(12). The closed-loop subsystem is stable if there exists Lyapunov function with P; > 0,

_ =l

matrices N1, No, N3 and Lo-gain p; = m such that it holds
B = v;(t)" Wwi(t) < 0 (15)
where i =1,2,...,m, vl = [ il 2l w! ], Wi = {wpii }3xs3
Wiy = NlT + Ny
wig = P — NlTAci + Ny
wiz; = =Ny Byi + N3
Wao; = C,Z;Czi - NQTACZ' - AﬁNz
Wa3; = —NQTBM - AZ;N:s
waz; = —pil; — Ng,Tsz’ - BgiN:a
and Ae; = Ay + BiK;, K; = [ kpiCi  kri }
If Inequality (15) holds, the equivalent subsystem is stable with Lo-gain p; < 1. The

obtained following results for the above example are (o = 0.37) as follows.
For the first subsystem

4.9834
Ry(s) = =T2.9005 + ———==,  p; = 0.5086

for the second subsystem
4.9843
RQ(S) = —72.876 + T, P2 = 0.5097

The closed-loop real Metzler system with the proposed decentralized controllers (Ri(s)
and Ry(s)) is

T —73.2505 0.3 49834 028 0.1 0 1
005 —0.71 0 0.1 025 0
1 0 —0.37 0 0 0 6
Aa = 012 005 0 —808136 031 54827 | €M
027 013 0 007 —07 0
L0 0 0 1 0 —0.37 |
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with closed-loop eigenvalues (EV)
EV ={—73.3135; —80.8864; — 0.8858; —0.5237; — 0.3012; —0.3020}.

Considering the above results, we can conclude that designed PI decentralized controllers
5.2 gquarantee the closed-loop stability of complex plant, and the closed-loop system matrix
is Metzler. The maximal value of closed-loop transfer function norm (Ly-gain) is p =
0.5097. The closed-loop system matriz satisfies the properties of the Metzler matriz.

Simulation results using the decentralized PI controller for each subsystem with output-
feedback by using the Lo-gain (He) approach are shown in Figures 4-6. In the simulations
x, T, Yy, u are the state variable, reference signal, measured output and controller output,
respectively. In smaller box (Figure 6), a zoom in the time range [0.1-12]s is shown
to highlight the detail of controller output. The numerical solution has been carried out
by MATLAB using YALMIP [25]. The simulations have been done using Simulink (in
MATLAB). Simulation results illustrate the effectiveness of the proposed method and show
that PI controller design for a positive system can still be considered as partially open
problem.

/ X (1)
—-.xz(t) i

— lXa(t)

bt
©

IIIIIX4(t) 1

o
2]

Amplitude
o
B

o
(]
.0
\

FIGURE 4. State variables response z(t) using decentralized PI controller
for each subsystem with output-feedback by using the Lo-gain (H..) ap-
proach (Example 5.2)

6. Conclusion. This paper deals with the novel method for the decentralized controller
designs for the large-scale Metzler plants using the equivalent subsystem approach in the
time-domain. The decentralized control design procedure is carried out on the subsystem
level in such a way that the closed-loop real plant is stable and Metzler.

The obtained results show the decentralized control’s effectiveness of feedback state and
output using the L£o-gain approach. There is no need to use the iteration process to check
the stability of a closed-loop complex system, which is illustrated by the above described
two examples. The obtained results for the subsystem level Lo-gain are for p = 0.5097.

For the sake of achieving the required Metzler properties of the closed-loop system,
only a state P controller has to be designed for positive systems. In this paper, the
control algorithm includes the proportional part P and the approximate integral part. The
obtained results, illustrated in this paper, show the applicability of the designed controller.
The proposed approach guarantees Metzler properties of the closed-loop system.
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FIGURE 5. Simulation results r(¢), y(t) using decentralized PI controller for
each subsystem with output-feedback by using the L£,-gain (H.,) approach
(Example 5.2)

Amplitude

FIGURE 6. Controller output u(t) (zoom in the time range [0.1-12]s) us-
ing decentralized PI controller for each subsystem with output-feedback by

using the Lo-gain (Ho,) approach (Example 5.2)

Future research will focus on methods, further reducing the conservativeness and look
for the mathematical processing between the equivalent subsystem design of a decentral-
ized controller and ensure the stability and quality control of the complex system.
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