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Abstract. There are few studies on overall evaluating the effectiveness of a control
method when the feedforward controller, the parameters fluctuations, and the states in-
terference are considered, especially when the trajectory following model is changed. For
this, this paper proposes an improved trajectory following model considering the com-
putation efficiency, designs a feedforward controller with the linear quadratic regulator
(LQR) according to the characteristics of dynamic equations for the trajectory follow-
ing control, and studies their influence by the comparisons. Furthermore, the trajectory
following control is performed by developing the program based on MATLAB language,
and the performance by the typical desired trajectory is evaluated using the feedforward
controller and the improved trajectory following model. The reliability of the proposed
control method is verified from the comparisons of having or not the feedforward con-
troller and of the computational time, and from anti-interference ability and robustness,
and simulation results show its superiority.
Keywords: Trajectory following, Autonomous vehicle, Feedforward control, Improved
trajectory following model, LQR

1. Introduction. The autonomous vehicle, a highly integrated electromechanical cou-
pling system, is integrated with many vital technologies, one of which is the trajectory
following control for tracking the desired trajectory in a continuous and smooth way with
the best possible precision [1-4].

Many studies on trajectory following for autonomous vehicles have been carried out
in past decades. They mainly focus on applying advanced control algorithms or propos-
ing novel control algorithms including the linear quadratic regulator (LQR) control [5,6],
sliding mode control [7-9], neural network control [10-12], and model predictive control
(MPC) [13-16], to ensure driving safety and achieve better control effects under the sit-
uations that a vehicle model cannot be established accurately and that the uncertain
external disturbances exist inevitably. Many of them are to demonstrate the superiority
of the proposed method by comparing the response from the different control methods.
However, there are few studies on overall evaluating the effectiveness of a control method
when the feedforward controller, the parameters fluctuations, and the states interference
are considered, especially when the trajectory following model is changed. A large amount
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of literature [13,14,17,18] does not consider feedforward control for reducing the steady-
state error; actually, their control effects can be further improved by introducing the
feedforward controller.
Therefore, this paper proposes an improved trajectory following model considering the

computation efficiency, designs a feedforward controller with the LQR according to the
characteristics of dynamic equations for the trajectory following control, and studies their
influence by the comparisons. After selecting the typical desired trajectory for simulation
control, the performance of the trajectory following control is comprehensively evaluated
by considering the feedforward controller, the computational cost, anti-interference ability
and robustness.

2. Vehicle Modeling for Trajectory Following Control.

2.1. Vehicle trajectory following model. The vehicle trajectory following model is
shown in Figure 1 where Cd is the desired position and C is the real position of vehicle
center-of-mass. Point Cd is on the desired trajectory, and vector CCd and the tangent
of Cd are perpendicular. OXYZ is the global coordinate system, Cxyz is the vehicle
coordinate system, and Cdxdydzd is the desired coordinate system in which the tangent
of Cd is as the x-axis and the vector CdC is as the y-axis. In Figure 1, dX and dY

are the deviations between points C and Cd in the global coordinate system, ϕdes and
ϕ̇des represent, respectively, the desired yaw angle and yaw rate, Vxdes represents the
desired longitudinal velocity, and Vx, ẏ, ÿ, ϕ, ϕ̇ and ϕ̈ represent, respectively, the actual
longitudinal velocity, lateral velocity, lateral acceleration, yaw angle, yaw rate, and angular
acceleration. It is noted that, the magnitude of Vxdes and Vx is equal, but their direction
is different.

Figure 1. Trajectory following model

According to the trajectory following model, the control equation of trajectory following
with error form can be obtained as [8]

ė = Ae+Bδf +Cϕ̇des (1)
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In these expressions, m is the total vehicle mass, Iz represents the vehicle inertia around
the axis Cz, y and ydes are, respectively, lateral displacements of the vehicle at the actual
and desired point, δf is the front steering angle, lf and lr denote, respectively, the distances
between the front and rear wheel axles with point C, and Cαf and Cαr respectively
represent the front and rear cornering stiffness, and the rest parameters are the same as
Figure 1.

If the trajectory following model is performed strictly, it is necessary to solve the non-
linear algebraic equation for calculating the desired point Cd. According to the vertical
relationship of tangent of Cd and straight line CdC for determining point Cd, the nonlinear
algebraic equation can be obtained as

(YC − f (XCd
)) f ′ (XCd

) +XC −XCd
= 0 (2)

where XC , YC , XCd
, and YCd

are the coordinates of points C and Cd, respectively, and
y = f(x) denotes the desired trajectory function. However, this equation needs to be
solved at each time step, which will reduce the simulation efficiency.

2.2. Improved trajectory following model. As shown in Figure 2, an improved tra-
jectory following model is proposed for avoiding solving the nonlinear algebraic Equation
(2). This model does not track Cd, but approximates desired point C ′

d at next moment.
According to the current vehicle states and the planned trajectory, the desired point C ′

d at
next moment is determined for the error calculation. This handling ensures the steering
smoother which is similar to the foresight control.

Figure 2. Improved trajectory following model
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Considering time step h, the next point in the global coordinate system can be approx-
imated as

XC′

d
= XC + Vxh+

1

2
ax(t)h

2 (3)

where ax(t) is the longitudinal acceleration at moment t.

2.3. Dynamical equation under the global coordinate system. When performing
trajectory following control on the actual road, an autonomous vehicle needs to accurately
measure and estimate the current vehicle states such as the yaw rate, longitudinal velocity,
and lateral velocity by a GPS/INS navigation system [14]. Similarly, when performing
simulation control for trajectory following, an autonomous vehicle needs to obtain these
states by the dynamical equation on the global coordinate system.
This paper mainly focuses on the calculation method of the error for the trajectory fol-

lowing. Therefore, a 3DOF dynamical model for computing the vehicle states is employed,
as shown in Figure 3. In this figure, ϕ represents the attitude of the Cxyz with respect
to the OXYZ (i.e., yaw angle of the vehicle), Ffy and Fry respectively denote the y-axis
component of the front and rear lateral tire forces with respect to the Cxyz, and others are
the same as Figure 1. The main assumptions are the following: (i) ignore the difference
of tire cornering properties between the left and right wheel due to the load variation,
and approximate the tire model as linearity; (ii) assume that the vehicle only performs
the front-wheel steering; (iii) assume the longitudinal velocity as a constant value. The
vehicle dynamic model is shown in Figure 3 where the origin of Cxyz is vehicle centroid
and its x-axis is the driving direction.

Figure 3. Vehicle dynamic model

According to the momentum and moment of momentum theorem under the assumption
of longitudinal velocity constant, the dynamical equation under the global coordinate
system can be obtained, and its matrix form can be written as
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mŸ

Izϕ̈






= 2







− sin(ϕ) cos(ϕ) 0

cos(ϕ) sin(ϕ) 0

lf 0 −lr















Ffy + Fry

0

lf

lr
Ffy + Fry









(4)

where X and Y represent vehicle center-of-mass coordinate with respect to the OXYZ.
The transformation relationship between Cxyz and OXYZ is given by

[
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(5)
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Ffy and Fry are calculated by the tire side-slip characteristics as [4,19]

Ffy = Cfα

(

δf −
ẏ + lf ϕ̇

Vx

)

(6)

Fry = Crα

(

−
ẏ − lrϕ̇

Vx

)

(7)

By substituting Equations (5)-(7) into (4), the dynamical equations under the global
coordinate system can be obtained. In the trajectory following control, the steering angle
obtained by the controller is used for input of the dynamic equation to obtain the vehicle
states at various moments.

It is noted that a large amount of literature [13,14,17,18] does not consider the feed-
forward control for further improving the control performance. In next section, we will
design the LQR control method with the feedforward controller to eliminate the steady
lateral error according to the characteristics of the dynamic equation.

3. LQR Control with the Feedforward Controller. Assume that the errors ey(t),
ėy(t), eϕ(t) and ėϕ(t) have been calculated by the following models mentioned in Sections
2.1 and 2.2 according to the desired and actual vehicle states. According to Equation (1)
and the LQR control method, the control input δf1(t) is obtained by

δf1(t) = −K
[

ey(t) ėy(t) eϕ(t) ėϕ(t)
]T

(8)

In Equation (8), K is feedback gain matrix of the optimal control and can be expressed
as

K = R−1BTP (9)

where P can be obtained by Riccati equation which has the following form

PA+ATP −PBR−1BTP +Q = 0 (10)

Since the variation of the desired angular velocity results from the different curvatures
of the desired trajectory at different times, a feedforward controller is adopted to minimize
tracking errors and ensure zero steady-state errors. The autonomous vehicle with only
front-wheel steering, belonging to the under-actuated control system, cannot completely
eliminate both the steady-state errors from the two states. Nevertheless, it can be ensured
that lateral steady-state error is zero, which is more important than angular steady-state
error. Next, the feedforward controller – used for completely eliminating the lateral
steady-state error – will be introduced in detail, but there still exists angular steady-state
error to the under-actuated control system.

According to feedback gain matrix K, the closed-loop matrix Ab can be expressed as

Ab = A−BK (11)

Because the first and third rows of B are zero, regardless of the value of K, Ab always
satisfies

Ab(1, 1) = Ab(1, 3) = Ab(1, 4) = 0, Ab(1, 2) = 1 (12)

Ab(3, 1) = Ab(3, 2) = Ab(3, 3) = 0, Ab(3, 4) = 1 (13)

To ensure ėys(t) = ėϕs(t) = 0 in Equation (1), the relationship between steady-state
error and feedforward control can be written as a matrix equation

[

Ab(2, 1) Ab(2, 3)

Ab(4, 1) Ab(4, 3)

] [

eys(t)

eϕs(t)

]

+

[

B(2)δf2(t) +C(2)ϕ̇des(t)

B(4)δf2(t) +C(4)ϕ̇des(t)

]

=

[

0
0

]

(14)

where eys(t) and eϕs(t) denote the lateral and angular steady-state errors at moment t,
respectively.
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After ensuring eys(t) = 0, the steady-state angular error and feedforward control input
at moment t can be expressed as the matrix equation

[

eϕs(t)

δf2(t)

]

= −

[

Ab(2, 3) B(2)

Ab(4, 3) B(4)

]−1 [

C(2)

C(4)

]

ϕ̇des(t) (15)

By combining the LQR with feedforward control, the total control input can be calcu-
lated as

δf (t) = δf1(t) + δf2(t) (16)

The control input is not completely determined by Equation (16), and its range should
be considered due to the demand for vehicle safety and physical implementation. Here,
the ranges of the front steering angle and front steering angle velocity are given by

δmin ≤ δf(t) ≤ δmax (17)

δ̇min ≤
δf (t)− δf (t−∆t)

∆t
≤ δ̇max (18)

where δmin and δmax represent the minimum and maximum values of front steering angle,
and δ̇min and δ̇max represent the minimum and maximum values of front steering angle
velocity, respectively.

4. Simulation and Performance for the Trajectory Following Control. To
evaluate the feasibility and effectiveness of the trajectory following control, a program
is independently developed based on MATLAB language. It is used for implementing
trajectory following control, and the simulation results can be shown through solving.

4.1. Desired trajectory. Before the trajectory following control, a desired trajectory
needs to be planned. Currently, several geometric forms could be used for planning the
following trajectory. Among them, polynomial trajectories are the commonest form in
autonomous driving [20-22]. Therefore, in this paper the cubic polynomial is adopted to
express the desired trajectory

Y = f(X) = a3X
3 + a2X

2 + a1X
1 + a0 (19)

where a0-a3 are the fit coefficients of the cubic polynomial, respectively.
[14] provides a desired trajectory with four radii of curvature which are 180, 100, 150,

and 400 m, respectively, as shown in Figure 4. This trajectory has certain representative-
ness, and this paper will use it to simulate and analyze the trajectory following control.

Figure 4. Desired trajectory curve planned in advance
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Table 1. Simulation parameters of the vehicle model

Parameter Notation Value

Vehicle mass m 1800 (kg)

Vehicle yaw moment Iz 2500 (kg·m2)

Front-CG distance lf 1.03 (m)

Rear-CG distance lr 1.49 (m)

Cornering stiffness of front tires Cf 40000 (N/rad)

Cornering stiffness of rear tires Cr 40000 (N/rad)

Maximum steering angle δmax 0.5236 (rad)

Minimum steering angle δmin −0.5236 (rad)

Maximum steering angle velocity δ̇max 0.2618 (rad/s)

Minimum steering angle velocity δ̇min −0.2618 (rad/s)

Longitudinal velocity Vx 25 (km/h)

4.2. Vehicle simulation parameters and its initial states. The simulation param-
eters of the vehicle model are shown in Table 1.

The initial states are defined as follows. The yaw angle of the vehicle relative to the
global coordinate system is −0.2 rad, the yaw rate is 0 rad/s, the lateral and longitudinal
velocities are 0 and 25 km/h, respectively. The global coordinate of vehicle center-of-mass
is (0 m, 0.2 m).

In the initial states, simulation time is set to 45 s, and the simulation results of trajectory
following control can be obtained by using the calculated control input in Section 3.

4.3. Comparison of simulation results with and without the feedforward con-

troller. Figure 5 shows the tracking process from the actual vehicle position to the desired
trajectory position, and an enlarged partial view is included in it. It shows a good per-
formance for the trajectory following, and the actual vehicle position fluctuates around
the desired trajectory at a small scale level.

Figure 5. The desired trajectory and actual trajectory

Figures 6 and 7 show the responses of lateral and angular errors, respectively. It can be
seen from the two figures that by controlling the front steering angle, the lateral and angu-
lar errors are gradually reduced, and the desired control effect is achieved. Obviously, the
control performance with the feedforward controller is superior to that without feedfor-
ward controller, and the steady-states errors with the feedforward controller are smaller.
When the vehicle tracks this desired trajectory, the maximum lateral steady-states errors
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Figure 6. Response of lateral error

Figure 7. Response of angular error

are 0.0636 and 0.0093 m for the control methods without and with feedforward controller,
respectively. They are both produced in the position of least radius of curvature. It is
noted from Figure 6 that the steady-states error is not completely eliminated, although
the feedforward controller is used. The phenomenon can be foreseeable, because the de-
sign of the feedforward control is based on the linear dynamical Equation (1), but the
simulation model is the nonlinear dynamical Equation (4) under the global coordinate
system.
As illustrated in Figure 6, the lateral steady-state error can be greatly reduced, al-

though trajectory curvature is not zero. The simulation results also reveal that when the
vehicle passes through the position with small radius of curvature, although the feedfor-
ward control has been introduced, its tracking effect will deteriorate to a certain extent.
This indicates that the radius of curvature should be enlarged as much as possible when
planning the desired trajectory.
Figure 8 shows the response of the front steering angle with and without the feedfor-

ward control during the trajectory following simulation. It can be seen that the front
steering angle is limited to the given range, which meets the requirements of the vehicle’s
physical implementability. In addition, the front steering angle is much smaller than the
given boundary value (30 deg), and the variation range of the angle with the feedforward
controller is smaller than the counterpart without the feedforward controller, which can
improve the vehicle’s smoothness for tracking the trajectory.
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Figure 8. Response of front steering angle

It can be seen from Figures 6-8 that, the control performance with the feedforward
controller is superior to that without the feedforward controller, and the steady-states
errors with the feedforward controller are smaller.

4.4. Comparison of simulation results from the two trajectory following mod-

els. As we all know, the computation cost is a crucial factor that decides whether the
algorithm proposed in this paper can be used in the practice. Accordingly, it is necessary
to evaluate the computational cost, and the computer configurations for simulation are
as follows.

Operating system: windows 10 with 64 bit
CPU: AMD Ryzen 7 4800H with Radeon Graphics
RAM: 16GB with 3200 MHz
MATLAB version: MATLAB R2018a
In the computing environment, the computation time can be obtained by using timer.

When the simulation time is set to 45 s, it is about 0.0441 s for the improved trajectory
following model, and 0.8362 s for the trajectory following model. It is noted that the
computation time is the average time by repeatedly performing 20 times. Figures 9 and
10 show the called number and time of each function by using the two models for the
trajectory following. Because the total time also includes the display time of the interface,
it is not the same as the above computation time. It can be seen that the computational
cost using the trajectory following model mainly depends on the “fsolve” (i.e., the solution
of algebraic Equation (2)), while using the improved trajectory following model does not
have this computation cost.

The response of lateral error obtained by the two models is shown in Figure 11. Obvi-
ously, the control performance of the improved trajectory following model is superior to
that of the trajectory following model, whether it is the lateral error or the calculation
time.

4.5. Anti-interference performance and robustness. In view of the obvious advan-
tages of using the feedforward controller and improved trajectory following model for
the simulation control, the anti-interference performance and robustness are evaluated by
using them in this section.

In actual driving, as we all know, due to the uncertain factors such as wind, road condi-
tion, and delayed effect from the actuator, the actual vehicle states cannot be consistent
with the states calculated by vehicle dynamic model. In addition, the simulation param-
eters for vehicle dynamic model are not completely accurate under different situations.
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Figure 9. Evaluation of the computation time by the trajectory following model

Figure 10. Evaluation of the computation time by the improved trajec-
tory following model

Therefore, to illustrate the anti-interference performance and robustness of vehicle trajec-
tory following control, Gaussian noises are added in the calculated states by considering
the sensor accuracy, and the parameter fluctuations satisfying the uniform distribution is
considered in the dynamic equation under the global coordinate system. Here, the front
and rear cornering stiffness of the tire and the moment of inertia vary with the uniform
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Figure 11. Response of lateral error by the two trajectory following models

Figure 12. Response of lateral error with the uncertainty

Figure 13. Response of angular error with the uncertainty

random distribution, and the range of variation is ±0.3 times the value shown in Table 1.
The robustness of the control can be verified by considering the parameter fluctuations.

The simulation results are shown in Figures 12-14. In the three figures, the solid line
represents the response with the parameters fluctuations, the dotted line represents the
response with Gaussian noises, and the fine dotted line represents the response with both
Gaussian noises and the parameter fluctuations.
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Figure 14. Response of front steering angle with the uncertainty

It can be seen that these curves will gradually stabilize to target states under the
uncertain disturbance, which demonstrates the good anti-interference performance and
robustness of the control method. They also reveal that the influence of control per-
formance from the uncertainty in the given variation range of parameters are not very
large. It is noted that the trend of the simulation results considering the uncertainty is
the same as that not considering the uncertainty, but they fluctuate along the curves not
considering the uncertainty to some extent, which satisfies the actual condition in driving.
The good control performance shows the feasibility and effectiveness of the control

method for the trajectory following control, even if the states and the dynamics model
of the vehicle have certain uncertainties. Through the above series of evaluations, this
control method can be applied in practice.

5. Conclusions. This paper proposes the trajectory following control method for au-
tonomous vehicles using the feedforward controller and the improved trajectory following
model, on the basis of considering the computation efficiency and the characteristic of
dynamic equations for the trajectory following control. The performance of the trajecto-
ry following control based on the typical desired trajectory is overall evaluated from the
comparisons of having or not the feedforward controller and of the computational time,
and from anti-interference ability and robustness. The superiority is verified by the results
of the simulation in which a lot of actual situations have been added to demonstrate its
strong practicability. It is suggested that the control performance for the trajectory fol-
lowing control should be overall evaluated in other literature to demonstrate the reliability
of simulation control method.
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