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ABSTRACT. The concept of picture fuzzy sets, was introduced by Cuong and Kreinovich
in 2013, which is direct extensions of the fuzzy sets and the intuitionistic fuzzy sets.
In 2020, Yiarayong applied this concept to the algebraic structure of semigroups and
characterized different classes reqular and intra-reqular semigroups by picture fuzzy left
(right) ideals. In this paper, the concepts of picture fuzzy quasi-ideals and picture fuzzy
(generalized) bi-ideals are introduced. Then, picture fuzzy subsemigroups, picture fuzzy
left (right) ideals and picture fuzzy (generalized) bi-ideals are considered by picture fuzzy
products. Finally, some further characterizations of reqular and intra-regular semigroups
in terms of picture fuzzy left (right) ideals, picture fuzzy quasi-ideals and picture fuzzy
(generalized) bi-ideals are obtained.

Keywords: Picture fuzzy set, Picture fuzzy bi-ideal, Picture fuzzy generalized bi-ideal,
Regular semigroup, Intra-regular semigroup

1. Introduction. An algebraic structure consisting of a nonempty set S together with
an associative binary operation, namely, a semigroup [9], which is a generalization of
groups. The semigroup was assigned to research various aspects of mathematics, for ex-
ample, language theory, automata theory, combinatorics and other branches of applied
mathematics (see, e.g., [2, 24, 26, 30, 34]). Regularities are interesting and important
properties to study on semigroups. In 1968, Lajos [20] characterized the regular semi-
groups by means of left ideals and right ideals of semigroups. Next, he has shown that
a semigroup S is regular if and only if the relation BSB = B holds for each bi-ideal B
of S, see [22]. In [21, 23], Lajos and Szasz characterized some classes of semigroups, that
is, intra-regular semigroups in terms of left ideals and right ideals of semigroups. Also,
Kehayopulu et al. [13] characterized the intra-regular ordered semigroup using left ideals
and right ideals of ordered semigroups. Moreover, the intra-regular semigroup (with out
order) was characterized in terms of left ideals, right ideals, quasi-ideals and bi-ideals of
semigroups by Lee [25].

The concept of fuzzy sets was introduced by Zadeh [39] in 1965, as a function from a
nonempty set X to the unit interval [0, 1]. The theory of fuzzy sets has been shown to
be a useful method for describing situations where the data is imprecise or ambiguous,
for instance, Syafaruddin et al. [35] studied the adaptive neuro-fuzzy inference system
(ANFIS) method based optimal power point of PV modules. The concept of fuzzy groups,
introduced by Rosenfeld [31], was the first inspired application to many algebraic struc-
tures. Kuroki [15, 18] also proposed the notion of fuzzy subsemigroups. In addition,
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he characterized some classes of semigroups by means of fuzzy left ideals, fuzzy right
ideals and introduced the concept of fuzzy generalized bi-ideals in semigroups [16, 17].
In 2010, regular ordered semigroups and intra-regular ordered semigroups are character-
ized in terms of fuzzy left ideals, fuzzy right ideals and fuzzy (generalized) bi-ideals of
ordered semigroups by Xie and Tang [36]. Atanassov [3, 4] developed the concept of
intuitionistic fuzzy sets as a generalization of the concept of fuzzy sets. The degree of
membership of an element in a given set is determined by fuzzy sets, while intuitionistic
fuzzy sets provide both membership and non-membership degrees. Many mathematicians
have looked into this theory (see, e.g., [1, 11, 27, 28, 40]). In 2002, Kim and Jun [14]
considered the intuitionistic fuzzification of the concept of several ideals in semigroups
and investigated some properties of such ideals. After that Hong and Fang [10] discussed
some theorems which characterize intra-regular semigroups in terms of intuitionistic fuzzy
left ideals, intuitionistic fuzzy right ideals and intuitionistic fuzzy bi-ideals. Furthermore,
intra-regular ordered semigroups were characterized in terms of intuitionistic fuzzy inte-
rior ideals of ordered semigroups by Shabir and Khan [33]. Hur et al. [12] characterized
regular semigroups using intuitionistic fuzzy left, right, two-sided ideals and bi-ideals of
semigroups.

The concept of picture fuzzy sets was first introduced by Cuong and Kreinovich [6] in
2013, as direct extensions of the fuzzy sets and the intuitionistic fuzzy sets. Following that
there were a lot of studies into the concept of picture fuzzy sets (see, e.g., [5, 7, 8, 38]).
Recently, Yiarayong [37] applied the concept of picture fuzzy sets to semigroup theory and
characterized different classes regular semigroups and intra-regular semigroups by means
of picture fuzzy left ideals and picture fuzzy right ideals of semigroups. To more charac-
terize the classifications of regular and intra-regular semigroups by using the concept of
picture fuzzy sets. The purpose of this paper is to present some further characterizations
of regular and intra-regular semigroups in terms of picture fuzzy left (right) ideals, picture
fuzzy quasi-ideals and picture fuzzy (generalized) bi-ideals of semigroups.

2. Preliminaries. First of all, we will recall some types of ideals of semigroups, which
are necessary for the next section.

A semigroup is an algebraic system (S, -) consisting of a nonempty set S together with an
associative binary operation “-” on S. A nonempty subset A of S is called a subsemigroup
of S'if AA C A. A nonempty subset A of S is called a left (right) ideal of S if SA C A
(AS C A). A nonempty subset A of S is called an ideal of S if it is both a left ideal and
a right ideal of S. A nonempty subset @ of S is called a quasi-ideal of S if QSNSQ C Q.
A subsemigroup B of S is called a bi-ideal of S if BSB C B. A nonempty subset G of S
is called a generalized bi-ideal of S if GSG C G.

Now, we review the notion of fuzzy sets, defined by Zadeh [39]. Let X be a nonempty
set. A fuzzy set of X is a mapping p: X — [0,1]. The intersection and the union of any
two fuzzy sets p and A of a nonempty set X, denoted by N A and p U A, respectively,
are defined by letting x € X,

(1O A)(x) = min{pu(x), A(z)} and (p U N)(x) = max{p(z), AM(z)}.

Atanassov [3, 4] introduced the concept of intuitionistic fuzzy sets, which is an extension
of fuzzy sets. An intuitionistic fuzzy set A on a universe X is an object of the form

A={{z,ua(x),na(z)) |z € X}

where pa(xz) : X — [0,1] and na(z) : X — [0,1] denote the degree of membership
and the degree of non-membership, respectively, of each x € X to the set A and also
0 < palz)+nalr) <lforalzeX.
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The concept of picture fuzzy sets was first introduced by Cuong and Kreinovich [6], in
2013, as direct generalizations of the fuzzy sets and the intuitionistic fuzzy sets. A picture
fuzzy set A on a universe X is defined as the form

A= {{z, pax),na(x), vale)) | 2 € X}

where pa(x) : X — [0,1], na(z) : X — [0,1] and va(x) : X — [0,1] denote the degree
of positive membership, the degree of neutral membership and the degree of negative
membership, respectively, for each x € X to the set A such that p4, n4 and v4 satisfy the
following condition: 0 < pa(x)+na(x)+va(zr) < lforallz € X. For the sake of simplicity,
we shall use the symbol A instead of the picture fuzzy set A = {(z, pa(x),na(x),va(z)) |
re X}

Let A and B be any two picture fuzzy sets on a universe X [8]. We define

(i) ACBiff ua(x) < us(x), na(x) > nis(x) and wa(a) > () for all z € X,
(ii) A=Biff AC Band B C A,

(i) AN B = {{z, (114" s)(2), (114 Uni)(2), (va Uwis) () | 7 € X},
(iv) AUB = {(z, (pa U ps)(x), (na Nnp)(x), (vanvs)(z)) | v € X}.

Now, we denote by PFS(S) the collection of picture fuzzy sets on a semigroup S
with & = {(2,1,0,0) | z € S} and 0 = {(x,0,0,1) | =z € S} [37]. Let X be any
subset of a semigroup S. The picture characteristic function [37] of X is denoted by
C* = {(@, pex (), mex (2), vex (2)) | & € S}, where

(2) 1 ifzeX (z) 0 ifreX (z) 0 ifzeX
X)) = €T) = v, €T) =
fex 0 otherwise, flex 1 otherwise, e 1 otherwise.

We note that if X =5 (X =0), then C¥ =8 (CX =0).
A picture fuzzy set A on a semigroup S is called a picture fuzzy subsemigroup [37] of S
if it satisfies the following conditions:

(1) pa(ey) = mindpa(z), pay)};
(i) na(zy) < max{na(z),na(y)};
(131) va(zy) < max{vy(z),va(y)},
forall z,y € S.
A picture fuzzy set A on a semigroup S is called a picture fuzzy left (right) ideal [37] of
S if satisfying the following conditions:

(1) palzy) = pa(y) (palzy) = palz));
(1) na(zy) < naly) nalzy) < na(@));
(1ii) va(zy) < valy) (valzy) < va(z)),
for all z,y € S.

A picture fuzzy set A on a semigroup S is said to be a picture fuzzy ideal of S if it is
both a picture fuzzy left ideal and a picture fuzzy right ideal of S.

Next, we will introduce the notions of picture fuzzy bi-ideals and picture fuzzy gener-
alized bi-ideals of semigroups as follows.

Definition 2.1. A picture fuzzy subsemigroup A on a semigroup S is called a picture
fuzzy bi-ideal of S if it satisfies the following conditions:
(1) pa(ryz) > minfpa(z), pa(z)};
(i) na(ryz) < max{na(z),na(z)};
(ii) va(zyz) < max{va(z), va(2)},
forall x,y,z € S.
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Definition 2.2. A picture fuzzy set A on a semigroup S is called a picture fuzzy gener-
alized bi-ideal of S if it satisfies the following conditions:

(1) pa(ryz) > min{pa(r), pa(z)};
(i) na(ryz) < max{na(x),na(z)},
(#1) va(ryz) < max{va(z),va(2)},
for all x,y,z € S.

Obviously, every picture fuzzy left (right) ideal of a semigroup S is a picture fuzzy
bi-ideal, and every picture fuzzy bi-ideal of S is a picture fuzzy generalized bi-ideal. In
general, the converse of statements is not true. We can show it by the following examples.

Example 2.1. Let S = {a,b,c,d}. Define the binary operation - on S as follows:

-‘abcd
a a a
a a a
a a a
a a b

QU O TR
o SR Q2

Then, (S,-) is a semigroup [22]. Next, we define a picture fuzzy set A on S as follows:

pa(a) = 0.6, pa(b) =03, pa(c) =04, pa(d)=0.1;
UA(G) = 0.1, UA(b) =0.3, nA(C) =02, 77A(d> = 0.4;
vala) =0.1, va(b) =04, vu(c)=0.3, vu(d)=0.5.

By routine computations, we obtain that A is a picture fuzzy bi-ideal of S, but it is not a
picture fuzzy left ideal, because

palde) = pa(b) = 0.3 < 0.4 = pa(c),

na(de) = na(b) = 0.3 > 0.2 = na(c),

vu(de) =va(b) = 0.4 > 0.3 = vy(c).
Also, A is not a picture fuzzy right ideal of S, because

pra(ed) = pa(b) = 0.3 < 0.4 = pu(c),

naled) = na(b) = 0.3 > 0.2 = n4(c),

va(ed) = va(b) = 0.4 > 0.3 = vy(c).

Example 2.2. Let S = {a,b,c,d} and define the binary operation - on S by the following
table:

-‘abcd
ala a a a
bla a a a
cla a b a
dla a b b

Then, (S,-) is a semigroup [32]. Define a picture fuzzy set A as follows:

pa(a) =0.7, pa(b) =0.1, pa(c) =0.5, pa(d) =0.3;
UA(G) =0.2, UA(b) = 0.5, nA(C) =0.3, 77A(d> = 0.4;
vala) =0.1, va(b) =04, vu(c) =0.2, vy(d)=0.3.

By routine calculations, we have that A is a picture fuzzy generalized bi-ideal of S, but it
is not a picture fuzzy bi-ideal, because

pra(ce) = pa(b) = 0.1 < 0.5 = pa(c) = min{pa(c), palc)},
na(ce) =na(b) = 0.5> 0.3 = na(c) = max{na(c),na(c)},
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va(ce) =va(b) = 0.4 > 0.2 = vy(c) = max{vy(c),valc)}.
That is, A is not a picture fuzzy subsemigroup of S.

Let A and B be any two picture fuzzy sets on a semigroup S. The picture fuzzy product
[37] of A and B is defined by

AoB = {<‘r7 (:uA OMA)(I)7 (TIA © 77,4)(95)7 (VA © VA)(ZE» ’ LS S}

where

: (@) sup [min{p4(y), ps(2)}] if = is expressible z = yz,
pao pa)(r) = § =v2
0 otherwise,

inf [max{na(y),ns(z)}] if = is expressible z = yz,

(naona)(z) = {x‘yz

1 otherwise,

inf [max{va(y),vs(2)}] if = is expressible z = yz,

(vaova)(z) = {x:yz

1 otherwise.

Lemma 2.1. Let S be a semigroup and A, B, C and D be picture fuzzy sets on S. If
ACBandC C D, then AoC C BoD.

Proof: The proof is straightforward. U

Lemma 2.2. Let A be a picture fuzzy set on a semigroup S. Then, the following state-
ments are equivalent:

(1) A is a picture fuzzy subsemigroup of S;

(ii) Ao AC A

Proof: (i) = (ii) Let a € S. Obviously, Ao A C A for all z,y € S such that a # xy.
On the other hand, if there exist b,c € S such that a = be. Thus,

(14 0 pa)(a) = sup [min{gua(b), pa(c)}]

< asilﬁ pa(be)] = sup [jra(a))
= pa(a)

and
(a0 n4)(a) = inf [masc{na(8).na(c)}]

> inf [n(be)] = inf [na(a)]

= n4(a).
Also, we obtain that (v4 o v4)(a) > v4(a). Therefore, Ao A C A.

(i1) = (i) Let z,y € S. Take a = zy. By assumption, we have
palry) = pala) 2 (pao pa)(a)
= sup [min{p4(b), pa(c)}]

> in{ju4(2). a(0)}
and
7L4<xy) = 7’]A(CL) < (nA © TIA)(G)
= alilzfc [max{na(b),na(c)}]
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< max{na(z), na(y)}
Similarly, we can show that v(zy) < max{va(x),v4(y)}. Consequently, A is a picture
fuzzy subsemigroup of S. OJ

Lemma 2.3. Let A be a picture fuzzy set on a semigroup S. Then, the following condi-
tions are equivalent:

(1) A is a picture fuzzy left ideal of S;
(ii) So AC A.

Proof: (i) = (i) Let a € S. It is clear that So . A C A for all z,y € S such that
a # xy. Otherwise, there exist b, ¢ € S such that a = be. Then,

(15 0 pa)(a) = sup[min{ps(b), pralc)}]

a=bc

< sup[min{1, p4(bc)}]

a=bc

— supfmin{L, jia(a)}]

a=bc
= pa(a)
and
(ns 0 na)(a) = inf [max{ns(b), na(c)}]
> inf [mac{0, na(be)}]
— inf [max{0,n4(a))]
= na(a).
Similarly, we have that (vsowv4)(a) > v4(a). Hence, So A C A.
(17) = (i) Let =,y € S. Put a = xy. By hypothesis, we have
pa(@y) = pala) = (pao pa)(a)
= sup[min{us(b), pa(c)}]

a=bc

Vv

min{ps(z), pa(y)}
= min{1, pa(y)} = pa(y)
and
na(zy) = nala) < (maona)(a)
= aiglfc[maX{ns(b), na(c)}]
< max{ns(z),na(y)}
= max{0,m4(y)} = na(y).

Similarly, we can show that v4(xy) < va(y). Therefore, A is a picture fuzzy left ideal of
S. O
The proof of the following lemma is similar to that of Lemma 2.3.

Lemma 2.4. Let A be a picture fuzzy set on a semigroup S. Then, the following condi-
tions are equivalent:

(1) A is a picture fuzzy right ideal of S;

(i) AoS C A.
Lemma 2.5. Let A be a picture fuzzy set on a semigroup S. Then, the following state-
ments are equivalent:
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(1) A is a picture fuzzy generalized bi-ideal of S;
(i) AoSoAC A.

Proof: (i) = (i7) Assume that A is a picture fuzzy generalized bi-ideal of S. Let
a € S. If there is no a = bed for all b,c,d € S, then it is well done. Suppose that there
exist x,y, z € S such that a = zyz. Let k = xy. Thus,

(ta © ps © pra)(a) = sup min{(pa o ps)(k), pa(z)}]

and

and

a=kz

= sup

a=kz |

= Sup
a=kz

= sup
a=kz

< sup

a=kz

win { sup winiea(0), i)} (2

k=xy

sup [mm{mm,us(y),w)}@

Lk=zy

sgg[mmmw),maﬂ

::35 [MA(xyZ)]}

= sup [pa(kz)] = pala)

a=kz

(naonsona)e) = inf (max{(naons)(k),na(z)}]

a=kz

= inf

a=kz

= inf
a=kz

= inf
a=kz

> inf

a=kz

e { it {00,150}, 1a(2) |

it Imax{a(o) 0,142

- inf [max{n4(z), UA(Z)}]]

_k:zy

inf [WA(‘TyZ)]}

k=xy

= inf [na(k2)] = nala).

Similarly, we have that (v4 o vs ovy)(a) > v4(a). Therefore, AoSo AC A.
(17) = (i) Let z,y,z € S. Put a = xyz. By assumption, we have

pa(ryz) = pa(a)
> (pao

fis © fia)(a)

= sup [min{ (4 o ps)(p), 1a(q)}]

a=pq

> min{(p4 0 ps)(zy), pa(z)}

:min{

sup [minww),us<v>}1,m<z>}

TY=Uv

> min{min{u (), us(y)}, pa(z)}
= min{pa(v), pa(z)}
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na(zyz) = nala)
< (naonsona)a)
= C}g}ij[max{(nA o ns)(p), na(q)}]

< max{(n4 o ns)(zy), na(2)}
— max { inf [max{nA(u), ns (U)}]a nA(Z)}

< max{max{na(x),ns(y)},na(z)}
= max{na(z),n4(2)}.
(

Also, we have that v4(zyz) < max{vs(z),v4(2)}. Consequently, A is a picture fuzzy
generalized bi-ideal of S. 0J
By Lemma 2.2 and Lemma 2.5, we have the following corollary.

Corollary 2.1. Let A be a picture fuzzy set on a semigroup S. Then, the following
statements are equivalent:

(1) A is a picture fuzzy bi-ideal of S;
(1)) AcAC A and AoSo AC A.

Lemma 2.6. [37] Let A be a nonempty subset of a semigroup S. Then, the following
properties hold:

(i) A is a subsemigroup of S if and only if C* is a picture fuzzy subsemigroup of S;
(ii) A is a left ideal of S if and only if C4 is a picture fuzzy left ideal of S;
(iii) A is a right ideal of S if and only if C* is a picture fuzzy right ideal of S;
(iv) A is an ideal of S if and only if C* is a picture fuzzy ideal of S.

Lemma 2.7. Let A be a nonempty subset of a semigroup S. Then, A is a generalized
bi-ideal of S if and only if C* is a picture fuzzy generalized bi-ideal of S.

Proof: Assume that A is a generalized bi-ideal of S. Suppose that pea(abc) <
min{pea(a), pea(c)} for some a,b,c € S. Then, uea(abe) = 0 and min{pca(a), pea(c)} =
1. Also, pea(a) = 1 and pea(c) = 1. We obtain that abc ¢ A and a,c € A. Since
ASA C A, we have that abc € A, which is a contradiction. Thus,

pea(zyz) = min{pea(x), pea(z)}

for all z,y,z € S. If nea(abe) > max{nea(a),nea(c)} for some a,b,c € S, then nea(abc) =
1 and max{nea(a),nca(c)} = 0. This implies that nea(a) = 0 and nea(c) = 0. That is,
abc ¢ A and a,c € A. By assumption, we get that abc € A. This is a contradiction.
Hence,

Nea(zyz) < max{nea(z), nea(z)}

for all z,y,z € S. Similarly, we can show that vea(zyz) < max{vea(x),vea(2)} for all
z,y,z € S. Therefore, C4 is a picture fuzzy generalized bi-ideal of S.

Conversely, assume that C4 is a picture fuzzy generalized bi-ideal of S. Let x,y,2 € S
such that x,z € A. Then, pea(xyz) > min{uca(z), pea(z)} = min{l, 1} = 1. So,
xyz € A. Thus, ASA C A. Consequently, A is a generalized bi-ideal of S. O

By Lemma 2.6 (i) and Lemma 2.7, we have the following corollary.

Corollary 2.2. Let A be a nonempty subset of a semigroup S. Then, A is a bi-ideal of
S if and only if C* is a picture fuzzy bi-ideal of S.
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3. Characterizations of Regular Semigroups. In this section, we study some char-
acterizations of regular semigroups by the properties of picture fuzzy left ideals, picture
fuzzy right ideal and picture fuzzy (generalized) bi-ideals of semigroups.

A semigroup S is called regular [20] if for every element a of S, there exists an element
x in S such that a = aza.

Theorem 3.1. Every picture fuzzy generalized bi-ideal of a regular semigroup S is a
picture fuzzy bi-ideal of S.

Proof: Let A be a picture fuzzy generalized bi-ideal of S and a,b € S. Since S is
regular, there exists z € S such that b = bxb. Then,

paab) = paa(bzd)) = pala(br)b) = min{pa(a), pa(b)}
and
na(ab) = na(a(bxd)) = nala(br)b) < max{na(a), na(b)}.
In a same way, we have that v4(ab) < max{vs(a),v4(b)}. Hence, A is a picture fuzzy
subsemigroup of S. This shows that A is a picture fuzzy bi-ideal of S. 0
Now, we recall the characterization of regular semigroups by their picture fuzzy left
ideals and picture fuzzy right ideals which occurred in [37] as follows.
Lemma 3.1. [37] Let S be a semigroup. Then, the following conditions are equivalent:
(1) S is regular;
(11) RNL =TRoL, for every picture fuzzy left ideal L and every picture fuzzy right ideal
R of S.

Lemma 3.2. [22] Let S be a semigroup. Then, S is reqular if and only if B = BSB, for
every bi-ideal B of S.

Next, we give some more characterizations of regular semigroups by picture fuzzy bi-
ideals and picture fuzzy generalized bi-ideals of semigroups.
Theorem 3.2. Let S be a semigroup. Then, the following statements are equivalent:

(1) S is regular;

(ii) B=BoSoB, for every picture fuzzy bi-ideal B of S.

Proof: (i) = (ii) Let B be a picture fuzzy bi-ideal of S. By Corollary 2.1, BoSoBB3 C B.
Otherwise, let a € S. Since S is regular, there exists z € S such that a = axa. Then,

(115 0 ps © ps) (a) = sup [min{ (us o p1s)(y), p5(2)}]

a=yz

> min (g o 1s) (a), (@)
_ min{ sup [min{jas (), #s(@)}] uB<a>}

> min{mir;{ug(a), ps(x)}, us(a)}
= ps(a)

and

(n5 o ms o np)(a) = inf [max{(ns o ns)(y), ns(2)}]

a=yz

< max{(ng o ns)(ax),ns(a)}
= max{ inf [maX{nB(p>»77$(Q)}]v776(@)}

ar=pq

< max{max{ngs(a), ns(x)}, ns(a) }
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= ns(a).

Similarly, we can show that (15 o vs o vg)(a) < vg(a). Hence, B C Bo S o B. Therefore,
B=BoSoB.

(ii) = (i) Let B be a bi-ideal of S. By Corollary 2.2, C? is a picture fuzzy bi-ideal of
S. Let a € B. By assumption, we have

sup [min{ (puce © ps)(y), ez (2)}] = (pes © ps o pes)(a) = pes(a) = 1.

a=yz

This means that there exist b,¢ € S such that a = be, (ues o ps)(b) = 1 and pes(c) =

1. Then, ¢ € B and sup(min{ucs(p), ns(q)}] = (pes © pus)(b) = 1. That is, there exist
b=pq
u,v € S such that b = wv, pes(u) = 1 and ps(v) = 1. Thus, u € B. It follows that

a = bc = (uw)c € BSB. So, B C BSB. Since B is a bi-ideal of S, BSB C B. Hence,
B = BSB. Consequently, S is regular by Lemma 3.2. O
From Theorem 3.1 and Theorem 3.2, the following theorem can be proved.
Theorem 3.3. Let S be a semigroup. Then, the following statements are equivalent:
(1) S is regular;
(11) G =G oS oG, for every picture fuzzy generalized bi-ideal G of S.
Theorem 3.4. Let S be a semigroup. Then, the following statements are equivalent:
(i) S is regular;
(ii) BN A= BoAoB, for every picture fuzzy ideal A and every picture fuzzy bi-ideal B
of S.

Proof: (i) = (i) Let A and B be a picture fuzzy ideal and a picture fuzzy bi-ideal of
S, respectively. By Lemma 2.1 and Corollary 2.1, we have that Bo AoB C BoSoB C B.
Since A is a picture fuzzy ideal of S, A is both a picture fuzzy left ideal and a picture
fuzzy right ideal of S. Then, using Lemma 2.1, Lemma 2.3 and Lemma 2.4, we obtain
that BoAoBC (SoAd)oS C A0S C A It turns out that Bo Ao B C BN .A. Next,
let a € S. Since S is regular, there exists x € S such that a = axa = axaxa. Thus,

(1 0 pra 0 pp)(a) = sup [min{pup(y), (ra o pus)(2)}]

a=yz

> min{yup(a), (1ta o ps)(raza)}
— min {u3<a>, sup [in{pa(p), /m(qm}

> min{up(a), min{pa(zar), ps(a)}}
> min{yup(a), min{ua(a), ps(a)}}
= min{yus(a), pa(a)}
= (us N ps)(a)

and

(15 0 14 0 1p)(a) = nf [max{ns(y), (na o 1s)(2)}]

< max{ns(a), (14 0 15)(zaza)}

:max{ng(a), inf [maX{nA(p),nB(q)}]}

< max{ns(a), max{na(rar),ns(a)}}
< max{ng(a), max{na(a), ns(a)}}
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= max{ns(a),na(a)}

= (ns Uns)(a).
Similarly, we obtain that (vgovovg)(a) < (vgUvg)(a). This shows that BNA C BoAoB.
Therefore, BN A=Bo Ao B.

(1) = (i) Let B be a picture fuzzy bi-ideal of S. Since S itself is a picture fuzzy ideal
of S and by hypothesis, we get that B=BNS = BoSoB. By Theorem 3.2, S is regular.
0

The following result can be achieved by Theorem 3.1 and Theorem 3.4.

Theorem 3.5. Let S be a semigroup. Then, the following conditions are equivalent:
(1) S is regular;
(i) GNA=GoAoG, for every picture fuzzy ideal A and every picture fuzzy generalized
bi-ideal G of S.

In the following theorem, we give some characterization of regular semigroups in terms
of picture fuzzy left ideals, picture fuzzy right ideal and picture fuzzy (generalized) bi-
ideals of semigroups.

Theorem 3.6. Let S be a semigroup. Then, the following statements are equivalent:
(1) S is regular;
(i) GN L C Go L, for every picture fuzzy generalized bi-ideal G and every picture fuzzy
left ideal L of S;
(1ii) BN L C Bo L, for every picture fuzzy bi-ideal B and every picture fuzzy left ideal £
of S;
(iv) RNGNLCRoGoL, for every picture fuzzy generalized bi-ideal G, every picture
fuzzy left ideal L and every picture fuzzy right ideal R of S;
(v) RNBNL CRoBolL, for every picture fuzzy bi-ideal B, every picture fuzzy left
ideal L and every picture fuzzy right ideal R of S.

Proof: (i) = (i7) Let G and £ be a picture fuzzy generalized bi-ideal and a picture
fuzzy left ideal of S, respectively, and let a € S. Since S is regular, there exists x € S
such that @ = axa. Then,

(1g © pe)(a) = sup min{pg(y), pe(2)}]

> min{pug(a), pc(za)}
> min{pug(a), pc(a)}
= (ug M pc)(a)

and

(ng 0 11c)(a) = inf [max{ng(y), ne(2)}]

< max{ng(a),ne(va)}
< (a

max{ng(a), nc(a)}
= (ng Unc)(a).
From a similar proof of the case above, we have that (vg o vz)(a) < (vg Uvg)(a). This
shows that GN L C Go L.
(1) = (i4i) Since every picture fuzzy bi-ideal is a picture fuzzy generalized bi-ideal of
S, we obtain that (ii7) holds.

(131) = (i) Let £ and R be a picture fuzzy left ideal and a picture fuzzy right ideal of
S, respectively. Since every picture fuzzy right ideal of S is a picture fuzzy bi-ideal, it
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follows that R is also a picture fuzzy bi-ideal of S. By hypothesis, we have RNL C Ro L.
On the other hand, Ro L C RN L. Hence, RN L =R o L. By Lemma 3.1, S is regular.
(1) = (iv) Let G, £ and R be a picture fuzzy generalized bi-ideal, a picture fuzzy left
ideal and a picture fuzzy right ideal of S, respectively. Let a € S. Then, there exists
x € S such that a = axa. Thus,
(hm © pg o puc)(a) = sup[min{pur(y), (ug © pe)(2)}]

a=yz

> min{jum(az), (g 0 c)(a)}
> min {m(a), sup min{jig (p). m(qm}

a=pq

V

min{ i (a), min{ug (a), e (xa)}}
min{ i (a), min{jig(a), e (a)}}
minf i (a), g (a), pe(a)}

g

(R M pg N pg)(a)

v v

and
(1R ©11g © 1) (@) = inf [max{ng(y), (ng ©ne)(2)}]

< max{nr (az), (ng o nc)(a)}
< wax { (o). ut fmax{s(s). e}

< max{ng(a), max{ng(a), nc(za)}}

< max{nr(a), max{ng(a),nc(a)}}

= max{nr(a), ng(a), nc(a)}

= (nr Ung Unc)(a).
By a similar proof of the case above, we can show that (vgovgorv,)(a) < (vrUrgUr,)(a).
Therefore, RNGNLCRoGo L.

(iv) = (v) Since every picture fuzzy bi-ideal is a picture fuzzy generalized bi-ideal of
S, it follows that (v) holds.

(v) = (i) Let £ and R be a picture fuzzy left ideal and a picture fuzzy right ideal of
S, respectively. Since § itself is a picture fuzzy bi-ideal of S and by hypothesis, we get
that RNL=RNSNLC (RoS)oL C RolL. Otherwise, Ro L C RN L. Hence,
RNL=TRolL. Therefore, S is regular by Lemma 3.1. O

4. Characterizations of Regular and Intra-Regular Semigroups. In this section,
we study some characterizations of a semigroup, which is both regular and intra-regular,
using the concepts of picture fuzzy left (right) ideals, picture fuzzy quasi-ideals and picture
fuzzy bi-ideals of semigroups.

A semigroup S is called intra-regular [19] if for every element a of S, there exist z,y € S
such that a = za?y.

Lemma 4.1. [37] For a semigroup S, the following conditions are equivalent:
(i) S in intra-reqular;
(i) LAR C LoR, for every picture fuzzy left ideal L and every picture fuzzy right ideal
R of S.

Now, we give some characterizations of intra-regular semigroups by their picture fuzzy
left (right) ideals and picture fuzzy (generalized) bi-ideals.
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Theorem 4.1. Let S be a semigroup. Then, the following conditions are equivalent:
(1) S is intra-reqular;
(1) LNG C LoGoS, for every picture fuzzy generalized bi-ideal G and every picture
fuzzy left ideal L of S;
(1ii) LNB C LoBoS, for every picture fuzzy bi-ideal B and every picture fuzzy left ideal
L of S.

Proof: (i) = (ii) Let G and £ be a picture fuzzy generalized bi-ideal and a picture
fuzzy left ideal of S, respectively. Let a € S. Since S is intra-regular, there exist z,y € S
such that a = za’y. Also,

a = za’y =z (za’y) ay = (2%a) (ayay).
Then,
(e 0 pig © pis)(a) = sup [min{p(p), (g o pis)(q)}]

> min {,ug (:c2a) (g o ,us)(ayay)}

— min {M (z%a) ays;lfmn[min{ug(m), Ms(n)}]}
> min{ s (a), min{ug(aya), pus(y)}}

= min{uc(a), pg(aya)}

> min{ s (a), min{ug(a), pg(a)}}

= min{uc(a), pg(a)}

= (e N pg)(a)

and

(nz o mg ons)(a) = inf [max{nc(p), (ng o ns)(q)}]

< max {n, (z°a) , (ng o ns)(ayay) }

— max {nﬁ (z%a), inf [max{ng(m), ﬂs(n)}]}

ayay=mn
< max{(a), max{ng(aya), ns(y)}}
= max{nc(a), ng(aya)}
< max{n,(a), max{ng(a), ng(a)}}
= max{n,(a), ng(a)}
= (nz Ung)(a).
Similarly, we can show that (vzovgovs)(a) < (v.Uvg)(a). This shows that LNG C LoGoS.
(17) = (i77) Since every picture fuzzy bi-ideal of S is a picture fuzzy generalized bi-ideal,
it implies that (i7¢) holds.
(173) = (i) Let £ and R be a picture fuzzy left ideal and a picture fuzzy right ideal of .S,
respectively. Since every picture fuzzy right ideal of S is a picture fuzzy bi-ideal, we get

that R is also a picture fuzzy bi-ideal of S. By assumption, LNR C Lo (RoS) C LoR.
By Lemma 4.1, S is intra-regular. 0

Theorem 4.2. Let S be a semigroup. Then, the following conditions are equivalent:
(1) S is intra-reqular;
(1)) GNR C SoGoR, for every picture fuzzy generalized bi-ideal G and every picture
fuzzy right ideal R of S;
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(1i1) BNR C SoBoR, for every picture fuzzy bi-ideal B and every picture fuzzy right
ideal R of S.

Proof: (i) = (i) Let G and R be a picture fuzzy generalized bi-ideal and a picture
fuzzy right ideal of S, respectively. Let a € S. Since S is intra-regular, there exist z,y € S
such that a = za?y. Thus, we have

a = za’y = za (za’y) y = (vaza) (ay®) .

Then,
(ks © pg © pr)(a) = supmin{ (us o ug)(p), nr(q)}]

> min {(MS o ug)(xaxa), g (ayz)}
= min { sup [min{zus(k), ug(1)}], pr (ayz)}

zaxa=kl

> min{min{us(v), ug(ara)}, pr(a)}
= min{yug(aza), ur(a)}

> min{min{ug(a), ug(a)}, pr(a)}

= min{ug(a), pr(a)}

= (g N pr)(a)

and

(1s 0 ng o nr)(a) = inf [max{(ns o ng)(p), Nr(q)}]

a=pq

max {(773 ong)(razra),nr (ayQ) }
max { inf kl[max{ns(k?), ng(1)}, m= (G?JQ) }

rara=—

IN

< max{max{1s(z), ng(aza)}, nr(a)}
max{ng(aza), nr(a)}

< max{max{ng(a), ng(a)}, nr(a)}

= max{ng(a),nr(a)}

= (ng Unr)(a).
Also, we have that (vsovgovg)(a) < (vgUvg)(a). Hence, GN R CSoGoR.

(#7) = (i17) Since every picture fuzzy bi-ideal of S is a picture fuzzy generalized bi-ideal,
it implies that (zi¢) holds.

(i73) = (i) Let £ and R be a picture fuzzy left ideal and a picture fuzzy right ideal of
S, respectively. Since every picture fuzzy left ideal of S is a picture fuzzy bi-ideal, then
L is also a picture fuzzy bi-ideal of S. By assumption, LNR C (SoL)oR C Lo R.
Therefore, S is intra-regular by Lemma 4.1. O

In the following, we introduce the concept of picture fuzzy quasi-ideals of semigroups
and present some example of this concept.

Definition 4.1. A picture fuzzy set Q on a semigroup S is called a picture fuzzy quasi-

ideal of S if (Qo8)N (S0 Q) C Q.

By Lemma 2.1, Lemma 2.3 and Lemma 2.4, we note that every picture fuzzy left (right)
ideal of a semigroup S is a picture fuzzy quasi-ideal of S. In general, the converse is not
true as shown by the following example.
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Example 4.1. Let S = {a,b,c,d}. Define the binary operation - on S by the following

table:
. ‘ a b ¢ d
ala a a a
bla b b b
cla ¢ ¢ c¢
dla b b b

Then, (S,-) is a semigroup [29]. Define a picture fuzzy set A on S by

paa) =08, pa(b) =03, pa(c) =01, pa(d)=0.1;
UA(G) = 0.1, nA(b) =0.2, nA(C) = 0.4, UA(d) = 0.4;
vala) =0.1, va(b) =04, vu(c)=0.5, vu(d)=0.5.

We can see that A is a picture fuzzy quasi-ideal of S, but it is not a picture fuzzy left
1deal, because

pa(cb) = pa(c) = 0.1 < 0.3 = pa(b),

na(cb) =na(c) = 0.4> 0.2 = na(b),

va(eh) = va(c) = 0.5 > 0.4 = v4(b).
The following lemma can be proved similar to Lemma 2.7.

Lemma 4.2. Let ) be a nonempty subset of a semigroup S. Then, Q) is a quasi-ideal of
S if and only if C° is a picture fuzzy quasi-ideal of S.

Next, we obtain some interesting characterizations of intra-regular semigroups in terms
of picture fuzzy (generalized) bi-ideals and picture fuzzy quasi-ideals as follows.

Theorem 4.3. Let S be a semigroup. Then, the following statements are equivalent:
(1) S is intra-reqular;
(11)) GNQ C SoGoQoS, for any picture fuzzy generalized bi-ideal G and any picture
fuzzy quasi-ideal Q of S;
(171) BNQ C SoBoQoS, for any picture fuzzy bi-ideal B and any picture fuzzy quasi-ideal
Q of S.

Proof: (i) = (i7) Let G and Q be a picture fuzzy generalized bi-ideal and a picture
fuzzy quasi-ideal of S, respectively. Let a € S. Since S is intra-regular, there exist
x,y € S such that a = za?y. Thus,

a = za’y = za (:mQy) y = (razra) (ay2) .
It follows that
(s o pg o prg © pus) = sup [min{ (us o 11g)(p), (1o © ps)(q)}]

a=pq

> min {(Ms o ,ug)(xaxa), (MQ © NS) (ay2)}

:mm{ sup [min{us(m), pg(m)}, sup [min{ug(k),us(l)}]}

rara=mn ay?=kl

> min {min{us(z), pg(aza)}, min { po(a), us (v*) } }
= min{ug(aza), no(a)}

> min{min{ug(a), ug(a)}, pola)}

min{ug(a), po(a)}

(hg N po)(a)
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and

(s 011g 0 110 0 11s) = inf [max{(ns o ng)(p), (ne © ns)(9)}]
< max {(ns o ng)(vazxa), (ng o ns) (ay?) }
—max{ it max{ns(m) g(n))]. i, max{ro(0). )]}

rara=mmn

IA

max {max{ng(:z:), ng(aza)}, max {ng(a), ns (y2) }}
= max{ng(aza), no(a)}

< max{max{ng(a),ng(a)},no(a)}

= max{ng(a),no(a)}

= (ng Uno)(a).

Similar to proof of the case above, we have that (vsovgovgovs) < (vgUrg)(a). Therefore,
GNQCSoGoQoS.

(#7) = (i17) Since every picture fuzzy bi-ideal of S is a picture fuzzy generalized bi-ideal,
it implies that (zi¢) holds.

(i19) = (i) Let £ and R be a picture fuzzy left ideal and a picture fuzzy right ideals
of S, respectively. Then, L is also a picture fuzzy bi-ideal and R is also a picture fuzzy
quasi-ideal of S. By assumption, we have LNR C (SoL)o(RoS) C LoR. By Lemma
4.1, S is intra-regular. O

The following theorem can be proved similar to Theorem 4.3.

Theorem 4.4. Let S be a semigroup. Then, the following statements are equivalent:

(1) S is intra-regular;
(11)) GNQ C S0QoGoS, for any picture fuzzy generalized bi-ideal G and any picture
fuzzy quasi-ideal Q of S;
(171) BNQ C SoQoBoS, for any picture fuzzy bi-ideal B and any picture fuzzy quasi-ideal
Q of S.

Lemma 4.3. [36] Let S be a semigroup. Then S is reqular and intra-reqular if and only
if B = B2, for every bi-ideal B of S.

Lemma 4.4. [37] For a semigroup S, the following conditions are equivalent:

(i) S is regular and intra-reqular;
(171) RNL C (RoL)N(LoR), for every picture fuzzy left ideal L and every picture fuzzy
right ideal R of S.

Next, we give some new characterization of both regular and intra-regular semigroups
using their picture fuzzy left (right) ideals and picture fuzzy bi-ideals as follows.

Theorem 4.5. Let S be a semigroup. Then, the following statements are equivalent:

(i) S is regular and intra-regular;

(ii) B = Bo B, for every picture fuzzy bi-ideal B of S;

(1)) ANBC (AoB)N(BoA), for any picture fuzzy bi-ideals A and B of S;

() BNL C (BoL)N(LoB), for each picture fuzzy bi-ideal B and each picture fuzzy
left ideal L of S;

(v) RNBC (RoB)N(BoR), for each picture fuzzy bi-ideal B and each picture fuzzy
right ideal R of S.
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Proof: (i) = (iii) Let A and B be a picture fuzzy bi-ideals of S and a € S. Since S is
regular and intra-regular, there exist x,vy, z € S such that a = aza and a = ya®z. Thus,

a = ara = avara = az (ya’z) za = (azya)(azza).
It follows that
(1a e us)(a) = supmin{pa(p), ns(9)}]
> min{pu4(azya), pp(azza)}
> min{min{u4(a), pa(a)}, min{us(a), us(a)}}
= min{ua(a), ps(a)}
= (pa N pg)(a)
and
(naons)(a) = inf max{na(p), ns(¢)}]
< max{n4(azrya),ng(azza)}
< max{max{na(a),na(a)}, max{ns(a), ns(a)}}
= max{na(a),ns(a)}
= (na Uns)(a).

Similarly, we have that (v4 ovg)(a) < (v4Uwvg)(a). This means that ANB C Ao B. In
the same way, we can show that ANB C Bo A. Hence, ANB C (Ao B)N(Bo A).
Since every picture fuzzy left (right) ideal of S is a picture fuzzy bi-ideal and by Lemma
4.4, we have that (iii) = (i1), (i) = (iv), (iii) = (v), (iv) = (i) and (v) = (i) hold.
(i) = (i) Let B be a bi-ideal of S and a € B. By Corollary 2.2, C? is a picture fuzzy
bi-ideal of S. By assumption, (pcs o pes)(a) = pes(a) = 1. Then,
sup min{sics (1), res (2)}] = (e o pies)(a) = 1.
a=yz
Thus, there exist b, ¢ € S such that a = be, per(b) = 1 and pers(c) = 1. Also, a = be € BB.
So, B C BB. On the other hand, BB C B. Therefore, B = BB. By Lemma 4.3, S is

regular and intra-regular. U

Lemma 4.5. [15] Let S be a semigroup. Then, the following conditions are equivalent:

(1) S is reqular and intra-reqular;

(11) BNQ C BQB, for every bi-ideal B and every quasi-ideal Q of S;
(13i) BN L C BLB, for every bi-ideal B and every left ideal L of S;
(iv) BN R C BRB, for every bi-ideal B and every right ideal R of S;
(v) BNQ C QBQ, for every bi-ideal B and every quasi-ideal QQ of S;
(vi) LN Q C QLQ, for every left ideal L and every quasi-ideal Q) of S;
(vit) RNQ C QRQ, for every right ideal R and every quasi-ideal Q) of S.

Finally, we give some characterization of a semigroup, which is both regular and intra-
regular, by their picture fuzzy left (right) ideals, picture fuzzy quasi-ideals and picture
fuzzy bi-ideals as follows.

Theorem 4.6. Let S be a semigroup. Then, the following statements are equivalent:

(1) S is reqular and intra-reqular;
(1i) BNQ C BoQoB, for every picture fuzzy bi-ideal B and every picture fuzzy quasi-ideal
Q of 5;
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(1i1) BNL C Bo LoB, for each picture fuzzy bi-ideal B and each picture fuzzy left ideal
L of S;

(tv) BNR C BoRo B, for any picture fuzzy bi-ideal B and any picture fuzzy right ideal
R of S;

(v) BNQ C QoBoQ, for every picture fuzzy bi-ideal B and every picture fuzzy quasi-ideal

Q of 5;
(vi) LNQ C QoLoQ, for each picture fuzzy left ideal L and each picture fuzzy quasi-ideal

Q of 5;
(vit) RN Q C Qo R o Q, for any picture fuzzy right ideal R and any picture fuzzy
quasi-ideal Q of S.

Proof: (i) = (ii) Let B and Q be a picture fuzzy bi-ideal and a picture fuzzy quasi-
ideal of S, respectively. Let a € S. Since S is regular and intra-regular, there exist
2,1,z € S such that a = axa and a = ya?z. Then,

a = aza = (aza)z(aza) = ax (ya’z) x (ya’z) va = (azya)(azzya)(azza).
Consider
pro(azrya) > [(pg o ps) N (s © po)l(azrya)
— min{ (g o ps) (aya), (15 © po)(azzya)}

:mm{ sup [min{po(p) us(@)}],  sup [mm{usw),ugw)}]}

azrya=pq azrya=uv

> min{min{ug(a), us(zzya)}, min{us(azzy), pola)}}
= min{min{ug(a), 1}, min{1, pg(a)}}
= min{ug(a), po(a)}
= pola)
and
ne(azzya) < [(ng o ns) N (ns o no)l(azzya)
= max{(ng o ns)(azzya), (ns o no)(azzrya)}

=max{ inf [max{no(p).ns(@)}], inf [max{nsw),ng(v)}]}

< max{max{no(a), ns(zzya)}, max{ns(azzy),no(a)}}
= max{max{ng(a), 0}, max{0,no(a)}}

= max{no(a),no(a)}

= ng(a).

Proving it in the same way as in the previous case, we have that vg(azzya) < vgo(a).
Now, we obtain that

(15 0 pg o pi)(a) = sup [min{(us o po)(m), ps(n)}]

a=mn

> min{(ug o po)(axryaazrya), pg(azra)}

—min{ sup  fin{ua(s), o 0}, pa(azea) |

> min{min{ps(azye), polazeya)}, ps(azwa)}
> min{min{min{uz(a), ps(a)}, uo(a)}, min{us(a), us(a)}}
= min{yuz(a), pno(a)}
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= (s N po)(a)
and

(5 0 ng o ns)(a) = nf [max{(ns o no)(m), ns(n)}]

< max{(ns o ng)(aryaazrya), ns(azra)}

= max { inf max{nz(s),no(t)}, T]B(CLZI(I)}

axryaazrya=st

< max{max{nz(azya), no(azzya)}, ns(azza)}
< max{max{max{nz(a), ns(a)}, no(a)}, max{ns(a), nz(a)}}
= max{nz(a), no(a)}
(ns Uno)(a).
In the same way, we can show that (vz o vg ovg)(a) < (vsUwg)(a). This means that
BNQCBoQok.

Since every picture fuzzy left (right) ideal of S is a picture fuzzy quasi-ideal, it implies
that (i4) = (4i7) and (i7) = (iv) are true.

(73i) = (i) Let B and L be a bi-ideal and a left ideal of S, respectively. Let a € BN L.
By Corollary 2.2 and Lemma 2.6, we have that C? and C” are a picture fuzzy bi-ideal

and a picture fuzzy left ideal of S, respectively. By assumption, C® N CY C CP o C* o C5.
Thus,

(kes o pier o piee)(a) = (pes N per)(a) = min{pes(a), per(a)t = 1.
Since pier o per o per is a fuzzy set of S, we get (ues o per o per)(a) < 1. It turns out that
sup [min{ (uucz © per)(y), pes ()} = (pes o pier © pies)(a) =1
a=yz
which implies that there exist b, ¢ € S such that a = be, (uesoper)(b) = 1 and pes(c) = 1.
So,
sup[min{yics (p), pier (@)} = (pew © prer)(0) =1
=prq
that is, there exist d,e € S such that b = de, pes(d) = 1 and per(e) = 1. It follows
that a = bc = (de)c € BLB. Hence, BN L C BLB. By Lemma 4.5, S is regular and
intra-regular.
Using a similar proof of the previous case, we can show that (iv) = (i), (vi) = (¢) and
(vii) = (1) hold.
(i) = (v) The proof is similar to (i) = (i1).
Since every picture fuzzy left (right) ideal of S is a picture fuzzy bi-ideal, it follows that
(v) = (vi) and (v) = (vii) hold. This completes the proof. O

5. Conclusions. In this paper, we have introduced the concepts of picture fuzzy quasi-
ideals and picture fuzzy (generalized) bi-ideals and also discussed by using the notion of
picture fuzzy products. Moreover, we studied characterizations of regular semigroups and
intra-regular semigroups by their picture fuzzy left (right) ideals, picture fuzzy quasi-ideals
and picture fuzzy (generalized) bi-ideals. Finally, we characterized when a semigroup is a
both regular and intra-regular semigroup based on picture fuzzy left (right) ideals, picture
fuzzy quasi-ideals and picture fuzzy (generalized) bi-ideals. In our future study, we will
investigate the concepts of picture fuzzy (m,n)-ideals, picture fuzzy (m,0)-ideals and
picture fuzzy (0,n)-ideals of semigroups, where m and n are positive integers, which are
generalizations of picture fuzzy left (right) ideals and picture fuzzy (generalized) bi-ideals
of semigroups.
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