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Abstract. For discrete-time linear stochastic systems with unknown disturbances, we
consider the Riccati equation of the error covariance matrices of the optimal filter with
disturbance decoupling property. In this paper, when the stochastic processes have con-
stant coefficients, we prove the geometric rate of convergence of the error covariance
matrices and the gain matrices of the optimal filter under some simple conditions simi-
lar to those for the Kalman filter. We also prove that the difference between the optimal
state estimate and the approximated estimate which utilizes the constant gain matrix in-
stead of the optimal gain matrix converges to zero at a geometric rate.
Keywords: Stochastic systems, Optimal filter, Unknown inputs, Riccati equation

1. Introduction. For discrete-time linear stochastic systems, we consider the Riccati
equation of the error covariance matrices of the optimal filter. Since most of modeled sys-
tems are not very accurate representations of real systems and are not free from modeling
errors, we often need to consider systems with unknown inputs. Thus, we consider the
optimal filter with disturbance decoupling property for stochastic systems with unknown
disturbances in this paper.

The problem of investigating optimal (or sub-optimal) filters for systems with noise and
modeling uncertainty (including unknown disturbances and modelling errors) became to
attract research attention in 1990’s and then remarkable progress has been made in de-
signing optimal filters (or observers) for stochastic systems with unknown disturbances.
Darouach et al. [6, 7] proposed optimal observers with unknown input decoupling property
by transforming a standard (time-invariant) system with unknown inputs into a descriptor
(singular) system without unknown inputs. Optimal observers (or filters) with unknown
input decoupling property were also studied by Chang and Hsu [2] and by Hou and Müller
[9]. In 1996, Chen and Patton [3] proposed ODDO (Optimal Disturbance Decoupling Ob-
server) for time varying systems with both noise and unknown disturbances. Their ODDO
is more straightforward than other works given above and was easily implemented to ro-
bust fault diagnosis problem for jet engine systems. Hou and Patton [11] also derived a
new optimal filtering formula for a linear discrete-time stochastic system with unknown
inputs which is slightly different from the stochastic system in this paper. This paper is
closely related to the paper by Chen and Patton [3]. In our papers [24, 25], the recursive
procedure ODDO was modified by the author and his colleagues as the optimal filter
with disturbance decoupling property. That optimal filter was utilized to derive the op-
timal smoothers with disturbance decoupling property in [18, 19]. These unknown input
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decoupled filtering techniques were applied to some specific problems (see e.g., [1, 13]).
In [20, 21], the optimal filter with disturbance decoupling property was modified so as
to be applicable to nonlinear stochastic systems with unknown disturbances recently. In
[22, 23], when the stochastic processes have constant coefficients, we proved convergence
of the Riccati equation of the optimal filter with disturbance decoupling property and
derived the algebraic Riccati equation (ARE) under some simple conditions similar to
those for the Kalman filter.
In this paper, we consider the rate of convergence of the error covariance matrices of

the optimal filter. The main motivation of discussing the geometric rate of convergence
of these matrices is to show the reason of effectiveness of the optimal filter proposed in
[24, 25]. Actually, we observed very quick adjustment of the optimal filter to the change of
the system dynamics in the simulations in [24, 25]. The second motivation comes from our
expectation of geometric convergence by observing that the limit P of the error covariance
matrix is a stabilizing solution of ARE (see Theorem 3.2 in [22]). In Sections 2 and 3, we
review preliminary results and give new formulas which play important roles in Section 4.
Assuming that the stochastic processes have constant coefficients, we prove the geometric
rate of convergence of the error covarience matrices and the gain matrices of the optimal
filter in Section 4. We also prove that the difference between the optimal state estimate
and the approximated estimate which utilizes the constant gain matrix instead of the
optimal gain matrix converges to zero at a geometric rate. Finally, we conclude the paper
and present future problem in Section 5.

2. Preliminary Results (1). Consider the following discrete-time linear stochastic sys-
tem for t = 0, 1, 2, . . .

xt+1 = Atxt +Btut + Etdt + Stζt, (1)

yt = Ctxt + ηt, (2)

where
xt ∈ Rn is the state vector,
yt ∈ Rm is the output vector,
ut ∈ Rr is the known input vector,
dt ∈ Rq is the unknown input vector.
Let At, Bt, Ct and Et be known matrices with appropriate dimensions. We suppose that

ζt and ηt are independent zero mean white noise sequences with covariance matrices I (the
identity matrix) and Rt respectively. We are concerned with the optimal filtering problem
which investigates the optimal estimate x̂t of state xt at time t with minimum variance
based on the observation Yt of the outputs {y0, y1, . . . , yt}, i.e., Yt = σ{ys, s = 0, 1, . . . , t}
(the smallest σ-field generated by {y0, y1, . . . , yt} (see e.g., [12], Chapter 4)).
In [25], we considered the optimal estimate x̂t+1 of the state xt+1 with the following

structure which was originally proposed by Chen and Patton ([3, 4]):

zt+1 = Ft+1zt + Tt+1Btut +Kt+1yt, (3)

x̂t+1 = zt+1 +Ht+1yt+1, (4)

for t = 0, 1, 2, . . .. Here, x̂0 is chosen to be z0 for a fixed z0. We use the notations et := xt−x̂t

and Pt := E
{
etet

T
}
respectively for the state estimation error and its covariance matrix.

Here, E denotes expectation and T denotes transposition of a matrix. We assume that
random variables e0, {ηt}, {ζt} are independent. As in [3, 4, 25], we consider state estimate
of the form (3) and (4) where the matrices Ft+1, Tt+1, Ht+1 and Kt+1 have the forms
respectively

Kt+1 = K1
t+1 +K2

t+1, (5)
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Et = Ht+1Ct+1Et, (6)

Tt+1 = I −Ht+1Ct+1, (7)

Ft+1 = At −Ht+1Ct+1At −K1
t+1Ct, (8)

K2
t+1 = Ft+1Ht. (9)

The next lemma on Equation (6) was obtained and used by Chen and Patton [3, 4].
As in [3, 4], we adopt the standard condition that Ek is a full column rank matrix.

Lemma 2.1. Equation (6) holds if and only if

rank (Ct+1Et) = rank (Et) . (10)

When this condition holds, the matrix Ht+1 satisfying (6) must have the form

Ht+1 = Et

{
(Ct+1Et)

T (Ct+1Et)
}−1

(Ct+1Et)
T . (11)

Hence, we have

Ct+1Ht+1 = Ct+1Et

{
(Ct+1Et)

T (Ct+1Et)
}−1

(Ct+1Et)
T (12)

which is a non-negative definite symmetric matrix.

When the matrix K1
t+1 has the form

K1
t+1 = A1

t+1

(
PtCt

T −HtRt

) (
CtPtCt

T +Rt

)−1
, (13)

A1
t+1 = At −Ht+1Ct+1At, (14)

which is slightly different from the form in [3, 4], we obtained the following proposition
in [24] on the optimal filtering algorithm under the next condition which is also assumed
in this paper.

Condition 1. The matrices CtHt and Rt are commutative, i.e.,

CtHtRt = RtCtHt. (15)

Proposition 2.2. (Theorem 2.7 in [24]) The optimal gain matrix K1
t+1 which makes the

variance of the state estimation error et+1 minimum is determined by (13). Hence, we
obtain the optimal filtering algorithm:

x̂t+1 = A1
t+1 {x̂t +Gt (yt − Ctx̂t)}+Ht+1yt+1 + Tt+1Btut, (16)

Pt+1 = A1
t+1MtA

1
t+1

T
+ Tt+1StSt

TTt+1
T +Ht+1Rt+1Ht+1

T , (17)

where

Gt =
(
PtCt

T −HtRt

) (
CtPtCt

T +Rt

)−1
, (18)

and

Mt = Pt −Gt

(
CtPt −RtHt

T
)
. (19)

Here, we note that H0 = O and that Equation (17) is called the Riccati equation.

Remark 2.3. If the matrix Rt has the form

Rt = rtI

with some positive number rt for each t = 1, 2, . . ., then it is obvious to see that Equation
(15) holds.

In [22], we obtained the following simplified form of the Riccati equation (17).

Proposition 2.4. (Proposition 2.3 in [22]) For t = 0, 1, 2, . . ., we have
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Mt = (I −GtCt)Pt (I −GtCt)
T +GtRtGt

T , (20)

and the Riccati equation

Pt+1 = A1
t+1MtA

1
t+1

T
+ Tt+1StSt

TTt+1
T +Ht+1Rt+1Ht+1

T

= A1
t+1 (I −GtCt)Pt (I −GtCt)

T A1
t+1

T
+ A1

t+1GtRtGt
TA1

t+1
T

+Tt+1StSt
TTt+1

T +Ht+1Rt+1Ht+1
T . (21)

3. Preliminary Results (2). From now on, we consider the case where all coefficient
matrices of the system (1) and (2) are independent of time. Thus, we consider the following
discrete-time linear stochastic system with constant coefficients for t = 0, 1, 2, . . .

xt+1 = Axt +Bu+ Ed+ Sζt, (22)

yt = Cxt + ηt. (23)

Namely, the matrices At, Bt, Ct, Et, St, Rt and the vectors ut and dt do not depend on t
and so the suffix t is dropped. We also drop the suffix t from Ht, Tt and A1

t . ζt and ηt are
supposed to be independent zero mean white noise sequences with covariance matrices I
(the identity matrix) and R (an invertible matrix) respectively. However, Pt, Kt, Ft, Gt

and Mt still depend on t.
In this case, we proved convergence of the sequence of matrices {Pt} to a matrix P as

t → ∞ in the previous paper [22] (see Proposition 3.1 and Proposition 3.2 in this section).
The main purpose of this paper is to show the geometric rate of convergence of {Pt} and
{Mt}. The following proofs in this section and the next section were inspired by those for
the Kalman filter by Chui and Chen [5].
In order to discuss convergence of {Pt}, we give two definitions. (A1, S) is said to be

stabilizable iff there is a matrix L such that A1 + SL is asymptotically stable (i.e., the
absolute value of the eigenvalues of A1+SL < 1). (C,A1) is said to be detectable iff there
is a matrix L such that A1 + LC is asymptotically stable.
We now cite two propositions from [22].

Proposition 3.1. (Theorem 3.1 in [22]) Suppose that (C,A1) is detectable and that P0 =
O. Then, the solution Pt of (17) converges to the non-negative definite matrix P as t → ∞
and P satisfies the equation

P = A1
{
P −

(
PCT − HR

) (
CPC T +R

)−1 (
CP −RHT

)} (
A1

)T
+TSSTT T + HRH T (24)

which is called algebraic Riccati equation (ARE). Moreover, using the definitions

G :=
(
PCT − HR

) (
CPCT +R

)−1
, (25)

M := P −G
(
CP −RHT

)
, (26)

we also have
Gt −→ G, Mt −→ M (as t −→ ∞),

where Gt and Mt are defined in Proposition 2.2.

We can show the following equation similarly to Proof of Lemma 6.4 in Chui and Chen
[5], which plays an important role for proving the geomertic convergence of the sequence
{Pt}.

Lemma 3.2. Suppose that (C,A1) is detectable and that P0 = O. Then, P can be defined
by P = limt→∞ Pt as in Proposition 3.1. Moreover, we have
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P − Pt+1 = A1 (I −GC) (P − Pt) (I −GtC)T
(
A1

)T
. (27)

Remark 3.3. When we suppose that (A1, S) is stabilizable and (C,A1) is detectable, we
obtain the same conclusions as in Lemma 3.2 for any initial matrix P0 ≥ 0.

Lemma 3.4. Let the matrix Q defined by

Q =
[
S A1S

(
A1

)2
S . . .

(
A1

)n−1
S
]

(28)

have full rank (i.e., rank[Q] = n). Then, for any initial matrix P0 ≥ 0, we have Pt > 0
for t ≥ n+ 1. Consequently, we have P > 0.

Proof: Using (21) t times, we have

Pt =
[
A1 (I −Gt−1C) A1 (I −Gt−2C) . . . A1 (I −G0C)

]
P0

[
A1 (I −Gt−1C) A1(I

− Gt−2C) . . . A1 (I −G0C)
]T

+
[
A1 (I −Gt−1C) A1 (I −Gt−2C) . . . A1 (I −G1C)

] {
A1G0RG0

T
(
A1

)T
+TSSTT T + HRH T

} [
A1 (I −Gt−1C) A1 (I −Gt−2C) . . . A1 (I −G1C)

]T
+ · · ·
+

[
A1 (I −Gt−1C)

] {
A1Gt−2RGt−2

T
(
A1

)T
+ TSSTT T + HRH T

} [
A1(I

− Gt−1C)]T + A1Gt−1RGt−1
T
(
A1

)T
+ TSSTT T + HRH T . (29)

We now suppose yTPty = 0. Then, from the last row of (29), we have

yTTSSTT Ty = 0 and so yTTS = 0, (30)

yTHRH Ty = 0 and so yTH = 0, (31)

yTA1Gt−1RGt−1
T
(
A1

)T
y = 0 and so yTA1Gt−1 = 0. (32)

It then follows from (30) and (31) that

0 = yTTS = yT (I −HC)S = yTS − yTHCS = yTS. (33)

Namely, the equation

yTS = 0 (34)

holds. Similarly, from the second last row of (29), we have

yTA1 (I −Gt−1C)TS = 0, (35)

yTA1 (I −Gt−1C)H = 0, (36)

yTA1 (I −Gt−1C)A1Gt−2 = 0. (37)

It then follows from Equations (35) and (36) that

0 = yTA1 (I −Gt−1C) (I −HC)S = yTA1 (I −Gt−1C)S.

Substituting (32) into this, we have

yTA1S = 0. (38)

Repeating this procedure as in Proof of Lemma 6.6 in Chui and Chen [5], we have

yT
(
A1

)j
S = 0 (j = 0, 1, . . . , t− 1), (39)

and so

yT
(
A1

)j
Sy = 0 (j = 0, 1, . . . , t− 1). (40)
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Letting t ≥ n, we obtain y = 0 since the matrix Q has full rank. Thus, we have Pt > 0
for t ≥ n+ 1 and so P > 0.

Remark 3.5. When the matrix Q has full rank, the system (22) and (23) is said to
satisfy reachability. If the system satisfies reachability, then it is stabilizable (see page 237
of [12]).

Let the matrix Bt be defined by

Bt =
[
A1 (I −Gt−1C)

] [
A1 (I −Gt−2C)

]
. . .

[
A1 (I −Gn+1C)

]
for t = n+ 2, n+ 3, . . . with Bn+1 := I. Then, using (27) repeatedly, we have

P − Pt =
[
A1 (I −GC)

]t−n−1
(P − Pn+1)Bt

T (41)

for t = n+ 1, n+ 2, . . .. We can easily prove boundedness of {Bt} as follows.

Lemma 3.6. Suppose that the system (22) and (23) satisfies reachability (i.e., rank[Q] =
n) and detectability. Then, for any initial matrix P0 ≥ O, we have

BtBt
T ≤ U, for t ≥ n+ 1

for some constant matrix U . Consequently, if Bt =
(
bij

(t)
)
, then∣∣∣bij(t)∣∣∣ ≤ ũ

for some constant ũ (> 0) and for all i, j and t (≥ n+ 1).

Proof: By Lemma 3.2 in [22], there exists a matrix W > O such that Pt ≤ W . Using
(21) in Proposition 2.4 repeatedly, we have

W ≥ Pt ≥
[
A1 (I −Gt−1C)

]
Pt−1

[
A1 (I −Gt−1C)

]T
≥

[
A1 (I −Gt−1C)

] [
A1 (I −Gt−2C)

]
Pt−2

[
A1 (I −Gt−2C)

]T [
A1 (I −Gt−1C)

]T
≥ · · ·
≥ BtPn+1Bt

T .

Let λmin be the smallest eigenvalue of Pn+1. Noting that Pn+1 ≥ λminI, we have

W ≥ BtλminIBt
T = λminBtBt

T .

Thus, we have proved the lemma.

4. Geometric Convergence. In this section, we will prove the geometric rate of con-
vergence of the error covariance matrices {Pt} and the gain matrices {Gt} of the optimal
filter with disturbance decoupling property under some simple conditions similar to those
for the Kalman filter. We will also prove that the difference between the optimal state
estimate and the approximated estimate which utilizes the constant gain matrix instead
of the optimal gain matrix converges to zero at a geometric rate. These results explain
the reason why we observe excellent simulation results of the optimal filter (16) [22].

Theorem 4.1. Suppose that (A1, S) is reachable and (C,A1) is detectable. Then, for
any P0 ≥ 0, the sequence {Pt} given by (17) converges to P (the solution of ARE (i.e.,
Equation (24))) as t → ∞, where P > 0. Moreover, the rate of convergence is geometric,
i.e.,

tr
[
(Pt − P )(Pt − P )T

]
≤ Crt, (42)

for some r with 0 < r < 1 and C > 0. Consequently,

tr
[
(Gt −G)(Gt −G)T

]
≤ C ′rt, (43)

for some C ′ > 0.
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Proof: Let F be defined by A1 (I −GC). Using (41), Lemma 3.6 and boundedness of
{Pt}, we have

(Pt − P ) (Pt − P )T = F t−n−1 (Pn+1 − P )Bt
TBt (Pn+1 − P )

(
F t−n−1

)T
≤ F t−n−1Ω

(
F t−n−1

)T
for some non-negative definite symmetric constant matrix Ω. Hence, by applying the
simple inequality

tr
[
(MN)(MN)T

]
≤ tr

[
MMT

]
tr
[
NNT

]
(44)

for matrices M and N (see Lemma 1.7 in [5]), we obtain

tr
[
(Pt − P ) (Pt − P )T

]
≤ tr

[
F t−n−1Ω1/2

(
F t−n−1Ω1/2

)T]
≤ tr

[
F t−n−1

(
F t−n−1

)T]
tr
[
Ω1/2

(
Ω1/2

)T]
≤ Crt (45)

for some r with 0 < r < 1 and C > 0, where we applied Lemma 1.10 in [5] to the
last inequality above since the absolute value of eigenvalues of F is smaller than 1 (see
Theorem 3.2 in [22]).

For proving (43), we write

(Gt −G) =
(
PtC

T − HR
) (

CPtC
T +R

)−1 −
(
PCT − HR

) (
CPCT +R

)−1

= (Pt − P )CT
(
CPtC

T +R
)−1

+
(
PCT − HR

) (
CPtC

T +R
)−1

C(P

−Pt)C
T
(
CPCT +R

)−1
.

Using the inequality

(U + V )(U + V )T ≤ 2
(
UUT + V V T

)
for matrices U and V (see Exercise 6.5 in [5]), we obtain

(Gt −G) (Gt −G)T ≤ 2 (Pt − P )CT
(
CPtC

T +R
)−1 (

CPtC
T +R

)−1
C (Pt − P )

+ 2
(
PCT − HR

) (
CPtC

T +R
)−1

C (P − Pt)C
T
(
CPCT

+R
)−1 (

CPCT +R
)−1

C (P − Pt)C
T
(
CPtC

T

+R
)−1 (

CP −RHT
)
.

Moreover, due to P0 ≤ Pt (see Lemma 3.1 in [22]), we have
(
CP0C

T +R
)
≤

(
CPtC

T +R
)

and so (
CPtC

T +R
)−1 ≤

(
CP0C

T +R
)−1

.

Hence, we obtain

tr
[(
CPtC

T +R
)−1 (

CPtC
T +R

)−1
]
≤

(
tr
[(
CP0C

T +R
)−1

])2

(see Lemma 1.9 in [5]). Then, by (44), we have

tr
[
(Gt −G)(Gt −G)T

]
≤ 2tr

[
(Pt − P )(Pt − P )T

]
tr
[
CCT

] (
tr
[(
CP0C

T +R
)−1

])2

+2tr
[(
PCT − HR

) (
PCT − HR

)T] (
tr
[ (

CP0C
T

+R
)−1

])2

tr
[
CCT

]
tr [(Pt − P )(Pt

− P )T
]
tr
[
CCT

]
tr
[(
CPCT +R

)−1 (
CPCT +R

)−1
]
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≤ C1tr
[
(Pt − P )(Pt − P )T

]
≤ C2r

t,

where C1 (> 0) and C2 (> 0) are constants independent of t and we used (45) at the last
inequality.
We now discuss the last problem: How much will be the error of the state estimate from

the optimal estimate x̂t when we use the gain matrix G instead of Gt? Thus, noting that
{x̂t} is defined iteratively by (16) with the optimal gain matrix, we define the modified
one {x⃗t} by

x⃗t+1 = A1 {x⃗t +G (yt − Cx⃗t)}+Hyt+1 + TBu, (46)

where Gt in (16) was replaced by G. Then, in view of (46), we can easily obtain the
following simple iterative formula on x⃗t − xt.

Lemma 4.2. For t = 0, 1, 2, . . ., we have

x⃗t+1 − xt+1 = A1(I −GC) (x⃗t − xt) + A1Gηt − TSζt +Hηt+1. (47)

Now, we can prove that the difference between the optimal state estimate x̂t and the
approximated estimate x⃗t tends to zero at a geometric rate.

Theorem 4.3. Suppose that (A1, S) is reachable and (C,A1) is detectable. Then, there
exist a real number r (0 < r < 1) and a positive constant C such that

tr
[
E
{
ϵtϵt

T
}]

≤ Crt, (48)

where ϵt := x̂t − x⃗t.

Proof: Denote ϵt := x̂t − x⃗t and δt := xt − x̂t. Noting that

x̂t = A1x̂t−1 + A1Gt−1 (yt−1 − Cx̂t−1) +Hyt + TBu

= A1x̂t−1 + A1G (yt−1 − Cx̂t−1) +Hyt + TBu+ A1 (Gt−1 −G) (yt−1 − Cx̂t−1)

and
x⃗t = A1x⃗t−1 + A1G (yt−1 − Cx⃗t−1) +Hyt + TBu,

we have

ϵt = A1 (x̂t−1 − x⃗t−1)− A1GC (x̂t−1 − x⃗t−1) + A1 (Gt−1 −G) (Cxt−1 + ηt−1 − Cx̂t−1)

= A1 (I −GC) ϵt−1 + A1 (Gt−1 −G) (Cδt−1 + ηt−1)

= A1 (I −GC) ϵt−1 + A1 (Gt−1 −G)Cδt−1 + A1 (Gt−1 −G) ηt−1.

Then, similarly to Proof of Theorem 6.3 in Chui and Chen [5], we have

E
{
ϵtϵt

T
}
≤ C4r1

t,

for some positive constant C4.

Remark 4.4. Reachability of (A1, S) is equivalent to the condition that

rank
[
A1 − λI S

]
= n (49)

holds for any λ ∈ C. Detectability of (C,A1) is equivalent to the condition that

rank

[
A1 − λI

C

]
= n (50)

holds for any λ ∈ C with |λ| ≥ 1 (see [12] for the details of those equivalences). We can
easily see that the system (22) and (23) with

rank[S] = rank[C] = n (51)

satisfies reachability and detectability.
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As a practical example, Chen and Patton considered the linearized discrete-time model
of a simplified longitudinal flight control system (22) and (23) where the state variables

x = [ηy ωz δz]
T are pitch angle δz, pitch rate ωz and normal velocity ηy, the control input

is elevator control signal, and the actual system parameter matrices are given in [3, 4].
This flight control system satisfies the condition (51). They showed the simulation results
which indicate the effectiveness of their method ODDO over the standard Kalman filter.
We also had the simulation results which compared our method in Proposition 2.2 and
the Kalman filter and showed the effectiveness of our method over the Kalman filter in
[22]. This is one of the motivations for considering the rate of convergence of the error
covariance matrices in this paper.

5. Conclusion. We consider discrete-time linear stochastic systems with unknown inputs
(or disturbances) and investigate the Riccati equation of the error covariance matrices of
the optimal filter with disturbance decoupling property. In this paper, when the stochastic
processes have constant coefficients, we proved the geometric rate of convergence of the
error covariance matrices and the gain matrices of the optimal filter under some simple
conditions similar to those for the Kalman filter. We also proved that the difference
between the optimal state estimate and the approximated estimate which utilizes the
constant gain matrix G instead of the optimal gain matrix Gt converges to zero at a
geometric rate. Finally, the assumptions of the theorems in Section 4 are slightly strong,
and weakening them will be the future problem.
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