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Abstract. A class of model-intersection problems (MI problems) and computation by
equivalent transformation (ET) rules have been introduced. ET computation is a new con-
cept of logical computation and overcomes the incompleteness of conventional inference-
based methods. We take a query-answering problem that cannot be solved by unfolding
alone. To overcome the difficulty, we introduce a class of specialized rewriting rules, and
generate several ET rules, consisting of one-head rules and a multi-head rule. We prove
the correctness of these rules. The basic idea behind construction of many one-head rules
is restricted unfolding, i.e., the unfolding rule is restricted by specializing the head atom
to be replaced. The basic idea behind construction of the two-head rule is inductive ac-
cumulation of restricted rules. ET computation with rule generation extends the most
basic concepts of conventional logic and computation. Rule generation is invoked in the
ET computation of solving a given problem. ET transformation and rule generation are
combined in one computation. This is an important extension of the concept of logical
computation.
Keywords: Model-intersection problem, Equivalent transformation, Rewriting rule, ET
rule, Single-head rule, Multi-head rule, Rule generation, Correctness

1. Introduction.

1.1. Inference as computation. Proof problems have long been the main target for
logical problem solving. A problem in this class is a “yes/no” problem concerning with
checking whether one logical formula is a logical consequence of another logical formula.
A resolution-based proof procedure for logical formulas was invented [1, 2, 3, 4], based
on which automated theorem proving has been extensively investigated [5, 6, 7, 8, 9].
Meanwhile, the importance of another class of problems, called query-answering problems
(QA problems), has been increasingly recognized [10, 11, 12, 13]. A QA problem is an
“all-answers finding” problem concerning with finding all ground instances of a query
atomic formula that are logical consequences of a given logical formula. Success of the
research on proof problems and QA problems has motivated the integration of logical
or symbolic reasoning into neural network architectures in the deep learning community
[14, 15, 16, 17, 18, 19, 20, 21, 22, 23].
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SLD resolution has been a main method for solving proof problems and QA problems.
SLD resolution for proof problems was constructed on the resolution principle [2], and
was proved to be sound and complete for the class of conventional clauses. Being inspired
by the resolution proof method, SLD resolution for solving QA problems was invented
[10, 11, 12, 13]. Soundness and completeness theorems were established [24, 25]. Logical
computation has been regarded as inference in the conventional clause space. In the name
of inference by resolution, SLD resolution integrates solution methods for proof problems
and QA problems.
However, integration of solution methods for proof problems and QA problems by SLD

resolution is not successful. Many logical problems, e.g., pal-pal proof/QA problems [26]
and Agatha proof/QA problems [27], cannot be solved by SLD resolution. The complete-
ness theorem developed for SLD resolution is useless for these problems. SLD resolution
is incomplete both for the class of all proof problems that are defined by using first-order
formulas, and for the class of all QA problems that are defined by using first-order formu-
las. The conventional computation theory based on SLD resolution has such a theoretical
limitation.

1.2. Equivalent transformation as computation. To overcome the limitation of con-
ventional methods based on inference within the first-order formula space, we introduced a
class of model-intersection problems (MI problems) and computation by equivalent trans-
formation rules (ET rules) [28]. The main advantages of the method are the extension of
a class of logical problems and computation by many ET rules.

• Formalization: MI problems in this paper form a superset of proof problems and QA
problems on first-order logic.
• Computation: Various ET rules can be used, which can solve more problems.

Formalization as MI problems is of fundamental importance to establish a general solution
method to solve all deductive problems on first-order formulas. With the power of more
ET rules, the ET-based theory can be successfully applied to more proof problems and
QA problems [27, 29, 30, 31, 32].

1.3. Rule generation as computation. Assuming that we formalize problems as MI
problems, the set of all problems that can be solved successfully by using a set R of ET
rules with some control is called a finitely solvable area with respect to R, and is denoted by
FSA(R). Since FSA is monotonic with R, increasing R by rule generation is of fundamen-
tal importance in logical problem solving. We show in Section 3 that there is some problem
prob and a rule r such that prob ̸∈ FSA({unfolding}) and prob ∈ FSA({unfolding}∪{r}),
which shows that (1) conventional resolution-based methods are incomplete, and (2) by
rule generation, there is a chance to solve more problems.
It follows that in order to solve an MI problem ⟨Cs, φ⟩, we generate many useful rules

one by one (i = 1, 2, . . . , n) starting with an initial rule set R0, and we have an increasing
sequence of rule sets

R0 ⊂ R1 ⊂ R2 ⊂ · · · ⊂ Rn,

at the end of which, we may solve the given problem successfully:

⟨Cs, φ⟩ ∈ FSA(Rn).

Together with equivalent transformation, rule generation is regarded as computation.

1.4. Extending rule generation on definite clauses. Introduction of rewriting rules
and methods of rule generation were discussed in the context of ET computation with the
minimal model semantics of definite clauses [33]. The main purpose of rule generation
in the research is to develop a theory of program synthesis, where a program is a set of
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ET rules. This is a sharp contrast to logic programs in the context of logic programming
[34, 35]. A typical program synthesis method is called the squeeze method [26], where
program transformation and rule generation are combined into one computation. ET
rule generation from a logical formula, called a logical equivalence, has been introduced
[36, 37], and a correctness proof for a class of logical equivalences by ET-based bidirectional
search was developed for rule generation [38]. The underlying semantics of these theories
is the minimal models of definite clauses, and knowledge representation is restricted to
definite clauses. It is important future work to bridge the gap between the minimal model
semantics and the all-model semantics in this paper, and to extend the previous theory
of rule generation to the one on the all-model semantics with arbitrary (non-definite)
clauses.

1.5. Organization. The rest of the paper is organized as follows. Section 2 defines rewrit-
ing rules and a syntax of a class of rewriting rules. Section 3 takes a QA problem, formal-
izes it as an MI problem, shows a solution of the problem by ET rules, and introduces the
concept of computation based on rule generation. Section 4 discusses a class of restricted
unfolding rules, and explains rule generation of single-head rules based on restricted un-
folding. Section 5 explains rule generation of a two-head rule by proving the correctness
of a group of two-head rules inductively. Section 6 provides conclusions.

2. Rewriting Rules. We define rewriting rules and a syntax of a class of rewriting rules
that is useful for generation of various ET rules.

2.1. Model-intersection problems on clauses. A model-intersection problem (for
short, MI problem) is a pair ⟨Cs, φ⟩, where Cs is a clause set and φ is a mapping from
pow(Gu) to some set W , where Gu is the set of all ground user-defined atoms [28]. The
mapping φ is called an extraction mapping . The answer to this problem, denoted by
ansMI(Cs, φ), is defined by

ansMI(Cs, φ) = φ
(∩

Models(Cs)
)
,

where
∩
Models(Cs) is the intersection of all models of Cs. Intuitively, this MI problem

is to find some element w ∈ W that is determined by the intersection of all models of Cs.
The set W is arbitrarily chosen as the co-domain of φ. Note that when Models(Cs) is the
empty set,

∩
Models(Cs) = Gu.

2.2. Rewriting rules. A rewriting rule r is a partial mapping to transform clause sets.

Definition 2.1. A rewriting rule r is model-preserving iff if (Cs,Cs′) ∈ r, then Models(Cs)
= Models(Cs′).

Definition 2.2. A rewriting rule r is model-intersection preserving iff if (Cs,Cs′) ∈ r,
then

∩
Models(Cs) =

∩
Models(Cs′).

Obviously, if r is model-preserving, then r is model-intersection preserving.

Proposition 2.1. Assume that a rule r is model-intersection preserving. If (Cs,Cs′) ∈ r,
then for any extraction mapping φ,

1) φ(
∩
Models(Cs)) = φ(

∩
Models(Cs′)), and

2) ansMI(Cs, φ) = ansMI(Cs
′, φ).

Proof: Assume that (Cs,Cs′) ∈ r. Since r is model-intersection preserving,
∩
Models(Cs)

=
∩
Models(Cs′). Hence ansMI(Cs, φ) = φ(

∩
Models(Cs)) = φ(

∩
Models(Cs′)) = ansMI(Cs

′,
φ). �
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2.3. A class of rewriting rules. The syntax of rewriting rules used in this paper will
now be described. The class of rewriting rules that can be represented by this syntax
is an important subclass of rewriting rules defined in Section 2.2. Examples of rewriting
rules are shown in Figure 1.

rpal: pal(X)⇒ rev(X,X).

rrev1 : rev([A|X], Y )⇒ rev(X,V ), app(V, [A], Y ).

rrev2 : rev(X,Y ), rev(X,Z)⇒ {=(Y, Z)}, rev(X, Y ).

rapp1 : app(X, Y, [A|Z]) ⇒ {=(X, [ ]),=(Y, [A|Z])};
⇒ {=(X, [A|V ])}, app(V, Y, Z).

rrev3 : rev(X, [A|Y ])⇒ {=(X, [U |V ])}, rev(V,W ), app(W, [U ], [A|Y ]).

rapp2 : app(X, [A], [B,C|Y ])⇒ {=(X, [B|V ])}, app(V, [A], [C|Y ]).

rapp3 : app(X, [A], [B])⇒ {=(X, [ ]),=(A,B)}.
rrev4 : rev([ ], X)⇒ {=(X, [ ])}.

Figure 1. Examples of rewriting rules

Usual atoms are used in a rule to specify patterns of user-defined atoms that appear
in definite clauses. A user-defined atom eq gives the equality relation. In addition, atoms
of a special kind, called executable atoms , are used to represent built-in operations. Ar-
bitrary built-in deterministic operations, e.g., unification, arithmetic functions, and false
operation, can be used as executable atoms. An executable atom false simply gives fail-
ure. An executable atom pvar(t) outputs true if t is a usual variable. An executable
atom =(t, t′) denotes the operation to find the most general unifier of terms t and t′.
An executable atom is evaluated by some predetermined evaluator, and if the evaluation
succeeds, it yields a substitution as the result; e.g., the evaluation of =([1|X], [Y, 2, Z])
yields {X/[2, Z], Y/1}.
A rewriting rule r in this paper takes the form

Hs, {Cs} ⇒ {Es1},Bs1;
. . .
⇒ {Esn},Bsn,

where n ≥ 1, Hs is a nonempty sequence of user-defined atoms, the Cs and Esi are
sequences of executable atoms, and the Bsi are sequences of user-defined atoms. Note
that a rule with n = 0 is not admitted. However, to denote a rule with n = 0 rule, we
can use the false atom in a rule with n = 1 rule as follows:

Hs ⇒ {false}.
For each i (1 ≤ i ≤ n), the pair ⟨{Esi},Bsi⟩ is called a body of r, {Cs} is called the
condition part , and {Esi} and Bsi are called the execution part and the replacement part,
respectively. The condition part and each of the execution parts are optional. When Hs
contains more than one atom, r is called a multi-head rule. It is called a single-head rule
otherwise.
Given a definite clause C containing atoms b1, . . . , bm, where m ≥ 1, in its body, the

rule r is applicable to C at b1, . . . , bm iff Hs matches these atoms by a substitution θ (i.e.,
Hsθ is the sequence b1, . . . , bm), and the execution of the condition part succeeds. We
assume that no specialization occurs in the execution of the condition part. To apply r to
the clause C, the pattern-matching substitution θ is additionally required to instantiate
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all variables that occur in r but not in Hs into distinct usual variables that do not occur
in C. The application then replaces C with the clauses that are obtained as follows: for
each i (1 ≤ i ≤ n), if the evaluation of Esiθ succeeds and yields a substitution σ, then a
clause obtained from Cσ by replacing b1σ, . . . , bmσ with Bsiθσ is constructed.

3. Computing with Rule Generation. A QA problem is taken and is formalized as
an MI problem. We solve QA problems by using rewriting rules whose syntax is given in
Section 2. We also introduce rule generation, which is included into computation together
with usual computation of repeated application of ET rules.

3.1. Pal-pal problem. Let Gt be the set of all ground terms. Assume as background
knowledge a set D0 consisting of the five definite clauses in Figure 2, where pal, rev, and
app stand for “palindrome”, “reverse”, and “append”, respectively. Let C be a definite
clause:

ans(X)← pal([1|X]), pal([2|X]),

which is intended to mean that “X is an answer if both [1|X] and [2|X] satisfy the
definition of pal”. Consider the problem “find all ground terms t such that [1|t] and [2|t]
are palindromes”, which is called a pal-pal QA problem, and is given by the set D0∪{C}.
The pal-pal QA problem is formalized as an MI problem to find

φ1

(∩
Models(D0 ∪ {C})

)
,

where φ1 is a mapping from pow(Gu) to W = Gt that is defined by

φ1(G) = {t | ans(t) ∈ G}.

1) pal(X)← rev(X,X)
2) rev([ ], [ ])←
3) rev([A|X], Y )← rev(X,R), app(R, [A], Y )
4) app([ ], X,X)←
5) app([A|X], Y, [A|Z])← app(X,Y, Z)

Figure 2. Definite clauses defining the predicates pal, rev, and app

3.2. Computation. Let Cs = D0∪Q, where D0 is the set of definite clauses in Figure 2,
and Q is a set of definite clauses with the predicate ans in the head. A clause in Q is
called a goal clause. For example, the pal-pal problem is represented by D0 ∪ Q, where
Q = {C1}. By unfolding, C1 is sequentially changed as follows:

C1 = (ans(X)← pal([1|X]), pal([2|X]))
C2 = (ans(X)← rev([1|X], [1|X]), pal([2|X]))
C3 = (ans(X)← rev([1|X], [1|X]), rev([2|X], [2|X]))
C4 = (ans(X)← rev(X,R1), app(R1, [1], [1|X]), rev([2|X], [2|X]))
C5 = (ans(X)← rev(X,R1), app(R1, [1], [1|X]), rev(X,R2), app(R2, [2], [2|X]))

3.3. Unsuccessful result without multi-head rules. Consider the set of all problems
that can be solved successfully by formalizing them as MI problems, and by using a set
R of ET rules with some control, which is denoted by FSA(R) and is called a finitely
solvable area with respect to R.

One typical improvement is obtained by creation and accumulation of ET rules. Let R
be a set of ET rules. We try to maximize FSA(R) by increasing R.

The goal of computation

D0 ∪Q1, D0 ∪Q2, . . . , D0 ∪Qn
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is to reach final states where Qn is a set of unit clauses. Qn can be an empty set. If Qn

contains a definite clause, its body needs to be empty.
If we use only unfolding with respect to D0, Q never reaches a goal, i.e.,

Pal-pal QA problem ̸∈ FSA({unfolding}).
Is the resolution rule useful to overcome this limitation? The answer is negative. Even
with the help of resolution, we cannot reach a goal:

Pal-pal QA problem ̸∈ FSA({unfolding, resolution}).
Unfolding and resolution replace only one body atom in Qi, and they cannot detect
inconsistency among atoms in the bodies in Qi. Is the factoring rule useful to overcome
this limitation? The answer is also negative. Even with the help of factoring, we cannot
reach a goal:

Pal-pal QA problem ̸∈ FSA({unfolding, resolution, factoring}).
Compared with unfolding and resolution, factoring deals with two atoms in a body of
a clause in Qi, and it can solve constraints among the atoms. However, factoring never
removes an input clause to be transformed, which is a common disadvantage of inference
rules such as resolution and factoring.

3.4. Successful result with a two-head rule. To solve the pal-pal QA problem, we
used one-head rules and a two-head rule. The details of the solution are explained in
Table 1, Table 2, and Figure 1. Let Rules1 be the set of all rewriting rules in Figure 1.
By experiment, we found that Rules1 can solve the pal-pal QA problem, i.e.,

Pal-pal QA problem ∈ FSA(Rules1).

Since the ET rules in Rules1 except rrev2 are unfolding-based rules, we know

Pal-pal QA problem ∈ FSA({unfolding} ∪ {rrev2}).
We define a mapping ans0 by

ans0(Cs) = φ1

(∩
Models(Cs)

)
.

Then, ans0(Cs) = {t | t = sθ ∈ Gt, ans(s) = head(C), C ∈ Cs, θ ∈ S} if all ans-clauses in
Cs are facts (positive unit clauses), i.e., |head(C)| = 1 and body(C) = ∅ for any C ∈ Cs;
and otherwise undefined. By ans0, the answer will be obtained by

ans0(Cs11) = [ ],

where Cs11 is the last set of clauses corresponding to prb11 in Table 1.

3.5. Rule generation in computation. In Table 2, ET rules are generated in the
order of the list [rpal, rrev1 , rrev2 , rapp1 , rrev3 , rapp2 , rapp3 , rrev4 ]. Let R0 be an empty set. For
i = 1, 2, . . ., let Ri be the set of all ET rules consisting of the first one to the i-th one in
the list. Ri (i = 1, 2, . . .) are monotonically increasing.
More generally, we generate many useful rules one by one (i = 1, 2, . . . , n), starting

with an initial rule set R0. Then we have an increasing sequence of rule sets

R0 ⊂ R1 ⊂ R2 ⊂ · · ·
until we can solve the given problem ⟨Cs, φ⟩ successfully by Rn:

⟨Cs, φ⟩ ∈ FSA(Rn).

We regard rule generation as computation. Rule generation is invoked in ET compu-
tation for solving a given problem. We try to increase the rule set to solve the problem.
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Table 1. Transformation of problems

Problem Problem representation
Rule

applied

prb1 {ans(X)← pal([1|X]), pal([2|X])} rpal

prb2 {ans(X)← rev([1|X], [1|X]), pal([2|X])} rpal

prb3 {ans(X)← rev([1|X], [1|X]), rev([2|X], [2|X])} rrev1
prb4 {ans(X)← rev(X,A1), app(A1, [1], [1|X]), rev([2|X], [2|X])} rrev1
prb5 {ans(X)← rev(X,A1), app(A1, [1], [1|X]), rev(X,A2), rrev2

app(A2, [2], [2|X])}
prb6 {ans(X)← rev(X,A1), app(A1, [1], [1|X]), app(A1, [2], [2|X])} rapp1
prb7 {ans([ ])← rev([ ], [ ]), app([ ], [2], [2]),

ans(X)← rev(X, [1|A3]), app(A3, [1], X), app([1|A3], [2], [2|X])} rrev3
prb8 {ans([ ])← rev([ ], [ ]), app([ ], [2], [2]),

ans([A4|A5])← rev(A5, A6), app(A6, [A4], [1|A3]),
app(A3, [1], [A4|A5]), app([1|A3], [2], [2, A4|A5])} rapp2

prb9 {ans([ ])← rev([ ], [ ]), app([ ], [2], [2])} rapp3
prb10 {ans([ ])← rev([ ], [ ])} rrev4
prb11 {ans([ ])←} –

Table 2. An example of rule generation

Iter- Pro-
Atom(s) selected Atom(s) pattern

Rule Priority

ation blem obtained assigned

1st prb1 pal([1|X]) pal(X) rpal PR-1

2nd prb3 rev([1|X], [1|X]) rev([A|X], Y ) rrev1 PR-1

3rd prb5 rev(X,A1), rev(X,A2) rev(X, Y ), rev(X,Z) rrev2 PR-1

4th prb6 app(A1, [1], [1|X]) app(X,Y, [A|Z]) rapp1 PR-2

5th prb7 rev(X, [1|A3]) rev(X, [A|Y ]) rrev3 PR-1

6th prb8 app([1|A3], [2], [2, A4|A5]) app(X, [A], [B,C|Y ]) rapp2 PR-1

7th prb9 app([ ], [2], [2]) app(X, [A], [B]) rapp3 PR-1

8th prb10 rev([ ], [ ]) rev([ ], X) rrev4 PR-1

9th prb11 – – – –

ET transformation and rule generation are combined in one computation. This is an
important extension of the concept of logical computation.

3.6. Rule generation and correctness of rules.

3.6.1. ET theory. In the ET theory, a set of clauses is transformed by ET rules preserving
models and/or model-intersection. The ET framework considers a set, Cs = Q ∪ D, of
arbitrary clauses, and a set R of ET rules. Q is called a set of query clauses and D is
called a knowledge base. Rule generation is to generate a new rule r to be stored in a rule
set, by which R is changed into R ∪ {r}. D is a declarative knowledge base (formulas),
while R is a procedural knowledge base (rules). Rule generation is basically defined as
making procedural knowledge (rules) from declarative knowledge (formulas).
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3.6.2. Proof theory. In the conventional logic (e.g., [1, 2, 4, 39]), a set of clauses is trans-
formed by inference rules such as the resolution rule preserving satisfiability. Computation
in logic is defined as repeated application of inference rules. One specific class of trans-
formation rules, i.e., resolution, was used. Utility of inventing and using various rules has
not been recognized. The main research direction is to control generation of redundant
clauses, not to invent new inference rules. Semantic resolution, lock resolution, and linear
resolution were proposed to prevent large numbers of useless clauses from being generated
[1].

3.6.3. SLD resolution for QA problems. Based on the proof theory, SLD resolution for
solution of a class of QA problems was introduced [10, 12]. SLD resolution for QA problems
considers two sets, Q and D, of definite clauses. Q is called a set of query clauses and D
is called a knowledge base. A set Q of query clauses is transformed into another set Q′ of
query clauses by a definite clause in D using resolution. Assuming only one inference rule
(resolution), each definite clause in D is given a procedural meaning. D is regarded as a
logic program. By the slogan “What = How” of the declarative programming paradigm,
D is a declarative knowledge base and a procedural knowledge base at the same time.
More precisely, D is a declarative knowledge base (formulas), and D is associated with a
procedure (a rule). Only very small part of rules correspond to D (formulas). We need to
be aware that “What = How” gives a “degenerated” view of logical computation, where
utility of inventing and using various rules has not been well recognized. Since the full
concept of rules is not established, logic programming fails to produce the concept of (full
power of) rule generation.

3.6.4. Rule-based systems. Rule-based systems are also known as production systems or
expert systems [40, 41, 42, 43, 44]. Instead of representing knowledge as a set of true
ground atoms, a rule-based system represents knowledge in terms of a set of rules that
tells what to do in different situations. Rules are written by mimicing the reasoning of a
human expert in solving a knowledge intensive problem. There is no theoretical framework
(correctness) to discuss rule generation formally.

3.6.5. Model-intersection preservation. A rewriting rule r is model-intersection preserv-
ing iff

∩
Models(Cs) =

∩
Models(Cs′) for any Cs and Cs′ that satisfy (Cs,Cs′) ∈ r. All

model-preserving rules are also model-intersection preserving rules. In this sense, model-
intersection preservation is weaker than model preservation, and more rules can be used
than logically-equivalent rules in usual logic. All model-intersection problems can be
equivalently transformed by rewriting rules that preserve model-intersection, without con-
sidering their extraction mappings. We will prove in Section 4 and Section 5 that five
rules in Figure 1 are model-intersection preserving. Among them, the correctness of the
two-head rule is inductively proved, which clearly suggests inductive construction of the
rule.

3.6.6. Rule generation for increasing solvability. Rule generation is fundamental for solv-
ing problems since it produces programs from the problems. SLD resolution for QA prob-
lems can be regarded as a solver that uses only the general unfolding rules. By generating
various rules that are less general and more efficient, we can solve more problems in a
shorter time. One of the basic techniques is (1) to generate specialized ET rules, and (2)
to control computation flexibly based on the applicability and priority of rules [31].

4. Making One-Head Rewriting Rules. We introduce a class of restricted unfolding
rules, and explain rule generation of single-head rules based on restricted unfolding.
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4.1. Unfolding operation on CLSB. Let CLSB be the set of all clauses that possibly
have built-in constraint atoms in their right-hand sides. Given a clause C, let lhs(C) and
rhs(C) denote the set of all atoms in the left-hand side of C and the set of all atoms in
the right-hand side of C, respectively. The unfolding operation on CLSB is formulated
below. Assume that Cs is a set of clauses in CLSB, D is a set of definite clauses in CLSB,
and occ is an occurrence of an atom b in the right-hand side of a clause C in Cs. By
unfolding Cs using D at occ, Cs is transformed into

(Cs− {C}) ∪
(∪
{resolvent(C,C ′, b) | C ′ ∈ D}

)
,

where for each C ′ ∈ D, resolvent(C,C ′, b) is defined as follows, assuming that ρ is a
renaming substitution for usual variables such that C and C ′ρ have no usual variable in
common:

1) If b and head(C ′ρ) are not unifiable, then resolvent(C,C ′, b) = ∅.
2) If they are unifiable, then resolvent(C,C ′, b) = {C ′′}, where C ′′ is the clause obtained

from C and C ′ρ as follows, assuming that θ is the most general unifier of b and
head(C ′ρ):
(a) lhs(C ′′) = lhs(Cθ).
(b) rhs(C ′′) = (rhs(Cθ)− {bθ}) ∪ body(C ′ρθ).

The resulting clause set is denoted by Resol(Cs, D,C, occ, b).

rule1 : app([ ], Y, Z)⇒ eq(Y, Z).
rule2 : app([A|X], Y, Z)⇒ eq(Z, [A|M ]), app(X, Y,M).
rule3 : app(X,Y, Z)

⇒ eq(X, [ ]), eq(Y, Z);
⇒ eq(X, [A|P ]), eq(Z, [A|Q]), app(P, Y,Q).

rule4 : app(X, [D], Y ), app(X, [D], Z)⇒ eq(Y, Z), app(X, [D], Y ).
rule5 : app(X, [D], Z), app(Y, [D], Z)⇒ eq(X,Y ), app(X, [D], Z).
rule6 : rev([ ], Y )⇒ eq(Y, [ ]).
rule7 : rev([A|X], Y )⇒ rev(X,M), app(M, [A], Y ).
rule8 : rev(P,Q)

⇒ eq(P, [ ]), eq(Q, [ ]);
⇒ eq(P, [A|X]), rev(X,Y ), app(Y, [A], Q).

rule9 : eq(P,Q), {pvar(P )} ⇒ {=(P,Q)}.
rule10 : eq(P,Q), {pvar(Q)} ⇒ {=(P,Q)}.
rule11 : eq([ ], [A|Y ]) ⇒ {false}.
rule12 : eq([A|Y ], [ ]) ⇒ {false}.
rule13 : eq([A|X], [B|Y ]) ⇒ eq(A,B), eq(X, Y ).

Figure 3. Transformation rules Rbase

4.2. Restricted unfolding. Let B be an atom. Restricted unfolding (or specialized
unfolding) with respect to B is denoted by Unfold(B), and is defined as the rewriting
rule that is obtained from the unfolding rule by restricting each selected body atom to be
an instance of B. More precisely, Unfold(B) transforms ⟨Cs, φ⟩ into ⟨Cs′, φ⟩ as follows:

1) Let ⟨Cs, φ⟩ be an MI problem on CLSB.
2) Take D, C, occ, and b such that

(a) D is a subset of definite clauses in Cs,
(b) C is a clause in Cs−D,
(c) occ is an occurrence of a body atom b in C,
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(d) b is an instance of B, i.e., there is a substitution θ such that b = Bθ.
3) Cs′ = (Cs− {C}) ∪Resol(Cs, D, C, occ, b).

The rule rule3 in Figure 3 is a restricted rule with respect to app(X, Y, Z). The rule rule1
in Figure 3 is a restricted rule with respect to app([ ], Y, Z). All rules in Figure 1 except
the rule rrev2 are restricted rules of this type.

4.3. A rule for pal(X). Consider Unfold(pal(X)). For the predicate pal, we have
one definite clause:

pal(X)← rev(X,X).

Since an atom pal(tX) in the body of a goal clause is replaced with rev(tX , tX), we name
the rule rpal and represent it as

pal(X)⇒ rev(X,X).

In the following we use a simplified notation of a definite clause as follows. Let C1 and C2

be definite clauses. Let H and Ai be atoms. Let B be a set of atoms. Then the following
description

C1 : H ← A1, B,
C2 : H ← A1, A2, B,

denotes the following two conditions, respectively.

• C1 is a definite clause with the head H and the body {A1} ∪B.
• C2 is a definite clause with the head H and the body {A1, A2} ∪B.

Theorem 4.1. The rule rpal is model-intersection preserving.

Proof: Let C1 and C2 be

C1 : H ← pal(tx), B,
C2 : H ← rev(tx, tx), B,

where H is an atom, B is a set of atoms, and tx is a term. Since we know that
∀X : (pal(X) ↔ rev(X,X)), pal(tx) in C1 can be replaced with rev(tx, tx) preserving
models to obtain C2. Hence, rpal preserves model-intersection, i.e.,

∩
Models(Cs∪{C1}) =∩

Models(Cs ∪ {C2}). �

4.4. A rule for rev([ ],X). ConsiderUnfold(rev([ ], X)). The following definite clause
in D0 is used at unfolding:

rev([ ], [ ])← .

Assume that there is an atom rev([ ], tX) in the body of a goal clause. Then, by unfolding,
if the unification of tX and [ ] is successful, rev([ ], tX) is removed from the goal (with spe-
cialization by unification being applied), and otherwise, the goal clause itself is removed.
We name the rule rrev4 and represent it as

rev([ ], X)⇒ {=(X, [ ])}.

Theorem 4.2. The rule rrev4 is model-intersection preserving.

Proof: Let C1 and C2 be

C1 : H ← rev([ ], tX), B,
C2 : H ← eq(tX , [ ]), B.

Since ∀X : (rev([ ], X) ↔ eq(X, [ ])), the atom rev([ ], tX) in C1 can be replaced with the
atom eq(tX , [ ]). Hence,

∩
Models(Cs∪ {C1}) =

∩
Models(Cs∪ {C2}), which implies that

rev([ ], X) ⇒ eq(X, [ ]) is an ET rule. Hence we know that rrev4 is model-intersection
preserving, and is an ET rule. �
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4.5. A rule for rev(X, [B|Y ]). Consider Unfold(rev(X, [B|Y ])). The following def-
inite clause in D0 is used at unfolding:

rev([A|R], V )← rev(R,W ), app(W, [A], V ).

Assume that there is an atom rev(tX , [tB|tY ]) in the body of a goal clause. Then by
unfolding, if tX is unifiable with [A|R], and a most general unifier is {A/tA, R/tR}, then
rev(tX , [tB|tY ]) is replaced with the conjunction of rev(tR, tW ) and app(tW , [tA], [tB|tY ]).
We call the rule rrev3 and represent it as

rev(X, [B|Y ])⇒ {=(X, [A|R])}, rev(R,W ), app(W, [A], [B|Y ]).

Theorem 4.3. The rule rrev3 is model-intersection preserving, and is an ET rule.

Proof: Since

∀ : (rev(X, [B|Y ])↔ eq(X, [A|R]), rev(R,W ), app(W, [A], [B|Y ])),

the atom rev(tX , [tB|tY ]) can be replaced with the atom set

{eq(tX , [tA|tR]), rev(tR, tW ), app(tW , [tA], [tB|tY ])}
in a clause body. Hence, rrev3 is model-intersection preserving, and is an ET rule. �
4.6. A two-body rule for app(X,Y, [A|Z]). Consider Unfold(app(X, Y, [A|Z])).
The following definite clauses in D0 are used at unfolding:

app([ ], Y, Y ) ←.
app([A|V ], Y, [A|Z]) ← app(V, Y, Z).

Assume that there is an atom app(tX , tY , [tA|tZ ]) in the body of a goal clause. Then, by
unfolding,

1) if tX is unifiable with [ ], tY is unifiable with [tA|tZ ], and a most general unifier
is θ, then a clause is produced by removing the atom app(tX , tY , [tA|tZ ]) and by
specializing by θ.

2) if tX is unifiable with [A|V ], tY is unifiable with Y , [tA|tZ ] is unifiable with [A|Z], and
a most general unifier is θ = {A/tA, V/tV , Y/tY , Z/tZ}, then a clause is produced
by replacing the atom app(tX , tY , [tA|tZ ]) with a new atom app(tV , tY , tZ) and by
specializing by θ.

We obtain a rule named rapp1 , which is represented by

app(X,Y, [A|Z])
⇒ {=(X, [ ]),=(Y, [A|Z])};
⇒ {=(X, [A|V ])}, app(V, Y, Z).

Theorem 4.4. The rule rapp1 is model-intersection preserving and is an ET rule.

Proof: Since

∀x, y, z, a : app(x, y, [a|z])↔
(eq(x, [ ]) ∧ eq(y, [a|z])) ∨ ∃v : (eq(x, [a|v]) ∧ app(v, y, z)),

the rule rapp1 preserves model-intersection and is an ET rule. �

5. Making Two-Head Rewriting Rules. We explain rule generation of a two-head
rule by proving the correctness of a group of two-head rules inductively.

5.1. Prepared ET rules. Let Rbase be the set of all rules in Figure 3. Rules in Rbase

will be used for generation of ET rules in this section. Among the one-head rules in Rbase,
all rules with app or rev as head predicates, i.e., rule1, rule2, rule3, rule6, rule7, rule8,
are restricted rules. The rules rule4 and rule5 can be constructed inductively in the same
way explained in this section.
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5.2. Correctness of the two-head rule rrev2. Recall the two-head rule rrev2 :

rev(X,Y ), rev(X,Z)⇒ {=(Y, Z)}, rev(X, Y ).

To prove that rrev2 is model-intersection preserving, it suffices to prove that the following
rule, named rr, is model-intersection preserving.

rev(X, Y ), rev(X,Z)⇒ eq(Y, Z), rev(X, Y ).

Consider two clauses, Ca and Cb:

Ca : H ← rev(tx, ty), rev(tx, tz), B, and
Cb : H ← rev(tx, ty), eq(ty, tz), B,

where H is an ans-atom and B represents the rest body atoms. Ca is transformed by
rr into Cb. A necessary and sufficient condition for the correctness (model-intersection
preservation) of rr with respect to D0 is∩

Models(D0 ∪Q ∪ {Ca}) =
∩

Models(D0 ∪Q ∪ {Cb})

for any set Q of ans-clauses. We prove this condition by finding a clause set Cs that
satisfies∩

Models(D0 ∪Q ∪ {Ca}) =
∩

Models(D0 ∪Q ∪ Cs) =
∩

Models(D0 ∪Q ∪ {Cb}).

Finding such a clause set at the confluent position is called a confluent search. Assume
that each rule in R is model-intersection preserving. The result of a confluent search

of Ca and Cb is denoted by Ca
R−→ Cs and Cb

R−→ Cs. Consider a more general case:

Ca
R−→ Cs and Cb

R−→ Cs′. We also call it a confluent search if
∩

Models(D0 ∪Q∪Cs) =∩
Models(D0 ∪Q ∪ Cs′).

5.3. Stratification. Let ri be a rule

rev(X,Y ), rev(X,Z), {length(X, i)} ⇒ eq(Y, Z), rev(X,Y ),

where length(X, i) is an atom stating that X is a list of length i. Let R∞ be the set of
rules such that

R∞ = {ri | i = 0, 1, 2, . . .}.
Based on the fact that each rule in Rbase is model-intersection preserving, we will show
that each rule in R∞ is model-intersection preserving.

5.4. Base case (k = 0). Assuming that each rule in Rbase is model-intersection preserv-
ing, we prove that r0 is model-intersection preserving. Let

Ca0 : H ← rev([ ], ty), rev([ ], tz), B,
Cb0 : H ← rev([ ], ty), eq(ty, tz), B.

Ca0 is transformed as follows:

Ca0 : H ← rev([ ], ty), rev([ ], tz), B
by rule6 (rev-[ ] rule) in Rbase

Cc0 : H ← eq([ ], ty), eq([ ], tz), B

Cb0 is transformed as follows:

Cb0 : H ← rev([ ], ty), eq(ty, tz), B
by rule6 (rev-[ ] rule) in Rbase

Cd0 : H ← eq([ ], ty), eq(ty, tz), B

We have Ca0
Rbase−→ Cc0 and Cb0

Rbase−→ Cd0. The following two equalities hold.∩
Models(D0 ∪Q ∪ {Ca0}) =

∩
Models(D0 ∪Q ∪ {Cc0}).∩

Models(D0 ∪Q ∪ {Cb0}) =
∩

Models(D0 ∪Q ∪ {Cd0}).
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Since
∩
Models(D0 ∪Q ∪ {Cc0}) =

∩
Models(D0 ∪Q ∪ {Cd0}), we have∩

Models(D0 ∪Q ∪ {Ca0}) =
∩

Models(D0 ∪Q ∪ {Cb0}),

which means that r0 is model-intersection preserving.

5.5. Inductive case (k ≥ 1). Assume that each rule in Rbase is model-intersection
preserving. Assuming that rk is model-intersection preserving, we prove that rk+1 is
model-intersection preserving. In the following, tx is a list of length k. M and N are new
variables that do not appear in the other part of the clauses. They satisfy H{M/N} = H,
and B{M/N} = B.

We try a confluent search for Ca
k+1 and Cb

k+1, where

Ca
k+1 : H ← rev([ta|tx], ty), rev([ta|tx], tz), B,

Cb
k+1 : H ← rev([ta|tx], ty), eq(ty, tz), B.

Ca
k+1 is transformed into Cc

k+1 as follows:

Ca
k+1 : H ← rev([ta|tx], ty), rev([ta|tx], tz), B

by rule7 (rev-unfold rule) in Rbase

H ← rev(tx,M), app(M, [ta], ty), rev(tx, N), app(N, [ta], tz), B
by rk (rule for the inductive assumption)

H ← rev(tx,M), app(M, [ta], ty), eq(M,N), app(N, [ta], tz), B
by rule9 (equality constraint solving) in Rbase

H ← rev(tx,M), app(M, [ta], ty), app(M, [ta], tz), B
by rule4 (app-eq rule) in Rbase

Cc
k+1 : H ← rev(tx,M), app(M, [ta], ty), eq(ty, tz), B

Cb
k+1 is transformed into Cd

k+1 as follows:

Cb
k+1 : H ← rev([ta|tx], ty), eq(ty, tz), B

by rule7 (rev-unfold rule) in Rbase

Cd
k+1 : H ← rev(tx,M), app(M, [ta], ty), eq(ty, tz), B

Hence we have Ca
k+1

R′
k−→ Cc

k+1 and Cb
k+1

R′
k−→ Cd

k+1, where

R′
k = Rbase ∪ {ri | i = 0, 1, 2, . . . , k}.

It follows that∩
Models(D0 ∪Q ∪ {Ca

k+1}) =
∩

Models(D0 ∪Q ∪ {Cc
k+1}),∩

Models(D0 ∪Q ∪ {Cb
k+1}) =

∩
Models(D0 ∪Q ∪ {Cd

k+1}).
Since Cc

k+1 = Cd
k+1, we have∩
Models(D0 ∪Q ∪ {Ca

k+1}) =
∩

Models(D0 ∪Q ∪ {Cb
k+1}),

which means that rk+1 is model-intersection preserving.

5.6. Correctness of the rule rrev2. Assume that each rule in Rbase is model-intersection
preserving.

Theorem 5.1. Each rule in R∞ is model-intersection preserving.

Proof: We prove this theorem by induction.

• (Base case) By the result in Section 5.4, r0 is model-intersection preserving.
• (Inductive case) Assume that each rule in rk is model-intersection preserving. By
the result in Section 5.5, the rule rk+1 is model-intersection preserving. �

Theorem 5.2. The rule rrev2 is model-intersection preserving and is an ET rule.
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Proof: By Theorem 5.1, each rule in R∞ is model-intersection preserving. Hence rrev2
is model-intersection preserving, and is an ET rule. �

6. Conclusions. ET computation is a new concept of logical computation and overcomes
the incompleteness of conventional inference-based methods. One of the most important
characteristics of the ET-based computation theory is the existence of the concept of
rewriting rule, which is a sharp contrast to the conventional logical computation, where
a program is given by procedural reading of specific logical formulas, e.g., definite clauses
[10].
Since rewriting rules have rich expressive power, ET computation enables us to consider

rule generation to the full extent. When new rules are generated, the power of computation
increases monotonically and more problems can be solved. Rule generation is the key point
of solving logical problems. Rule generation is invoked in ET computation for solving a
given problem. ET transformation and rule generation are combined in one computation.
This is an important extension of the concept of logical computation.
We defined the concept of rewriting rule and a syntax of a class of rewriting rules. A

query-answering problem that cannot be solved by unfolding alone was taken to explain
the new concept of computation. We introduced a class of specialized rewriting rules, and
generated several ET rules, consisting of one-head rules and a multi-head rule. We proved
the correctness of these rules, i.e., these rules preserve model intersection. All one-head
rules needed for solving the problem are restricted unfolding, i.e., unfolding restricted by
specializing the head atom to be replaced. The two-head rule used for solving the problem
was constructed by inductive accumulation of infinite restricted rules.
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