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Abstract. The conventional resolution method is often used to solve proof problems on
first-order logic. We prove that a proof problem, called a pal-pal proof problem, cannot be
solved by the resolution method, although this problem is represented by using first-order
formulas. Moreover, we show that the pal-pal problem can be solved by using equiva-
lent transformation (ET) rules. Such a transformational method is called the ET-based
method, and is general enough to produce many proof methods, not only the conventional
resolution method but also a new method that can solve the pal-pal problem. We con-
clude that the conventional proof theory is not general enough to be applied for all proof
problems on first-order logic, the difficulty of which can be overcome, at least partly, by
the ET-based method.
Keywords: Logical problem solving framework, Model-intersection problem, Equivalent
transformation, Proof problem, Query-answering problem, Correctness

1. Introduction.

1.1. Proof problems and the resolution method. Assume that A and B are first-
order formulas. A proof problem with respect to A and B is a “yes/no” problem; it is
concerned with checking whether A |= B, i.e., whether A entails B. Proof problems on
first-order formulas historically constitute the most important problem class in logical
problem solving. Resolution provides us with a refutation proof procedure for logical
formulas [1, 2]. Based on the resolution proof method, automated theorem proving has
been extensively investigated [3, 4]. Their common foundation has been the first-order
formulas containing no built-in constraint atoms.

1.2. Satisfiability preservation. To solve a proof problem with respect to A and B, we
(i) first convert A∧¬B into a clause set Cs and (ii) try to transform Cs into a clause set
Cs′ that contains an empty clause (←). We call the conversion in (i) formula decompo-
sition, or CSD (conventional Skolemization-based decomposition) to stress the inclusion
of Skolemization steps. CSD maps a first-order formula to a set of clauses preserving
satisfiability. Let F be a first-order formula and CSD(F ) = Cs. Then Models(F ) = ∅ iff
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Models(Cs) = ∅. To show Models(Cs) = ∅, we find a sequence starting from Cs (= Cs1)
and ending with Csn that contains an empty clause:

Cs1 → Cs2 → · · · → Csn.

Such a sequence is obtained by inference rules such as resolution that preserve satisfiability.
This proof method can be seen as a resolution-based method.

1.3. Built-in constraint atoms. Built-in constraint atoms, such as eq-atoms, neq-
atoms, and inequality-atoms, play a very important role in knowledge representation [5].
They are indispensable for practical applications. This is suggested from many built-in
constraint atoms that prolog provides in spite of the underlying proof theory on first-order
formulas without built-in constraint atoms [6, 7].
Let FOLp be the set of all first-order formulas without built-in constraint atoms, and

let FOLc be the set of all first-order formulas possibly including built-in constraint atoms.
FOLc is a superset of FOLp. Theory extension from FOLp to FOLc is of fundamental
importance to grow logic for practical knowledge science.

1.4. Limitation of Skolemization. Skolemization and CSD preserve satisfiability in
FOLp, which is a requirement for correct proof methods based on resolution. However,
in the space of FOLc, i.e., in the presence of built-in constraint atoms, Skolemization and
CSD often fail to preserve satisfiability [8, 9]. For this reason, the conventional Skolem-
ization is a major hindrance to development of a general solution for proof problems on
FOLc. We will prove that the resolution-based method has a limitation (incompleteness)
on FOLc in spite of the completeness theorem on FOLp.

1.5. ET-based method and objective. The ET-based method is a solution method
of repeated application of equivalent transformation rules (ET rules) [5]. We apply the
ET-based method to proving theorems. We will compare the ET-based method with the
resolution-based method, and show that the ET-based method has the superiority over
the resolution-based method, i.e., it has more formalizations, more transformation rules,
more computation paths, and more solvability than the resolution-based method.

1.6. Rule generation and program synthesis. This gives a strong motivation of mak-
ing a new proof method by inventing new ET rules. Automatic rule generation is also
important. The main purpose of rule generation is to develop a theory of program syn-
thesis, where a program is a set of ET rules [10, 11, 12]. ET-based program synthesis has
more general foundation than the theories of program synthesis in logic programming,
where a program is regarded as a logical formula [13, 14].
A typical program synthesis method is called the squeeze method [15], where ET com-

putation and rule generation are combined into one computation. ET rule generation from
a logical formula, called a logical equivalence, has been introduced [16, 17], and ET-based
bidirectional search was developed for proving correctness of a logical equivalence [18].

1.7. Organization. The rest of the paper is organized as follows. Section 2 introduces
the resolution-based method and the ET-based method. It shows that the latter is the
extension of the former. Section 3 introduces a proof problem, called a pal-pal proof
problem, and its formalization (called the unsatisfiability-based formalization). Using the
pal-pal proof problem, it explains the limitation of the conventional proof method, which
consists of CSD and resolution-based inference. Section 4 defines a transformational ap-
proach to logic and logical computation and introduces a new formalization (called the
existence-finding formalization) of the pal-pal proof problem. Section 5 shows that the
pal-pal proof problem cannot be solved by unfolding solely. Section 6 shows that the
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pal-pal proof problem can be solved by using many specialized ET rules, where a multi-
head ET rule plays indispensable roles. Section 7 compares the resolution-based solution
method and the ET-based solution method, and shows the superiority of the latter one
over the former one. Section 8 provides conclusions.

1.8. Notation. The notation that follows holds thereafter. Given a set A, pow(A) de-
notes the power set of A. Given a partial mapping f from a set A to a set B, dom(f)
denotes the domain of f , i.e., dom(f) = {a | (a ∈ A) & (f(a) is defined)}. Assuming that
t1, t2, . . . , tn, and s are terms, the following list notation is used. A list [ ] represents a cons-
tant nil. [t1, t2, . . . , tn|s] is a list representing cons(t1, cons(t2, cons(t3, . . . cons(tn, s) . . .))).
[t1, t2, . . . , tn] is a list representing cons(t1, cons(t2, cons(t3, . . . cons(tn, nil) . . .))).

2. Resolution-Based Method vs ET-Based Method. We introduce the ET-based
method and show that the ET-based method is the extension of the resolution-based
method. Superiority of the ET-based method will be discussed in the subsequent sections.

2.1. ET-based method. The ET-based method is a solution method of repeated ap-
plication of equivalent transformation rules (ET rules). In the following, a conjunction
K∧Cs of a first-order formulaK and a clause set Cs is considered by regarding a clause set
as a first-order formula. K represents background knowledge and Cs is used as a changing
part. We take first-order formulas with Herbrand semantics.

A set G of ground user-defined atoms is a model of a closed formula F iff F is true with
respect to G, i.e., F is true if all ground atoms in G are true and all ground atoms outside
G are false. We formalize a proof problem by a pair of a first-order formula K ∧ Cs and
a mapping φ, where K is a first-order formula and Cs is a set of clauses, and solve the
problem by calculating

φ
(∩

Models(K ∧ Cs)
)
.

Note that a model of a first-order formula in this paper is a set of ground user-defined
atoms, which is a subset of the set of all ground user-defined atoms, denoted by Gu. Hence
Models(K ∧ Cs) is a subset of the power set of Gu, and its intersection is well-defined.
The mapping φ is called an extraction mapping . A problem of this type, consisting of a
first-order formula and an extraction mapping, is called a model-intersection (MI) problem
[5, 19].

To calculate φ (
∩
Models(K ∧ Cs)), we find a sequence of clause sets starting from Cs

(= Cs1):
Cs1 → Cs2 → · · · → Csn.

This sequence is obtained by equivalent transformation (ET) rules with respect to φ and
K. A rewriting rule r is an ET rule with respect to φ and K iff for any clause sets Cs
and Cs′, if the result of the application of r to Cs is equal to Cs′ (i.e., r(Cs) = Cs′), then
φ (

∩
Models(K ∧ Cs)) = φ (

∩
Models(K ∧ Cs′)). An answer is obtained from K ∧Csn by

application of a partial mapping, called an answer mapping .

2.2. Generality of the ET-based approach. The ET-based method can produce
many solution methods. In this paper, we solve proof problems with the following two
solution types. Assume that F and E are first-order formulas, and Csi (i = 1, 2, . . .) is a
set of clauses. We start with first-order formalization F ∧ E of a logical problem.

2.2.1. Solutions of Type A. We convert F ∧E to Cs1 using CSD and construct a sequence

Cs1 → Cs2 → · · · → Csn.
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The conventional proof method based on resolution is of this type with limited use of
ET rules (inference rules). However, when F ∧E contains built-in constraint atoms, this
transformation often does not preserve satisfiability and we cannot use CSD for correct
computation.

2.2.2. Solutions of Type B. We use conversion with F = K and CSD(E) = Cs1, and
construct a sequence

⟨K,Cs1⟩ → ⟨K,Cs2⟩ → · · · → ⟨K,Csn⟩.
This is more general than Type A in the sense that we have F that can be used with no
application of CSD. Formal various ET rules with respect to K are useful to search for
a solution path. When E does not contain built-in constraint atoms, this transformation
preserves the satisfiability of E.

2.2.3. Comparison of A with B. Consider the formula K in solutions of Type B. If we
remove K by letting K be a true atom ⊤, we have solution methods of Type A. Hence
we regard that Type A is included by Type B. We will use explanation in Type A in
Section 3, and explanation in Type B from Section 4 onwards. The resolution method is
explained in Type A, and the ET-based method is typically discussed in Type B. By a
structural consideration, it follows that the ET-based method has

• more formalizations than the resolution-based method,
• more transformation rules than the resolution-based method, and
• more computation paths than the resolution-based method.

CSD is applied to F ∧E in a solution method of Type A, while it is applied only to E in
that of Type B. Such a restriction often allows a method of Type B to avoid suffering from
ill-transformation by CSD. The resolution method restricts ET rules to only resolution
and factoring, while the ET-based method tries to solve problems by adoption of all useful
ET rules. More problems can be solved by increasing ET rules in Type B (Section 6),
which will overcome the limitation of the resolution method.

2.3. Our method. We will show that

• the resolution-based method is incomplete to solve all proof problems on FOLc, and
• the ET-based method overcomes the limitation of the resolution-based method.

To reach the goal, we use a proof problem, called a pal-pal proof problem (Section 3.1).

• We show that the pal-pal proof problem cannot be solved by the resolution method
(Section 3), although this problem is represented by using first-order formulas.
• We show that the pal-pal problem can be solved by the ET-based method (Section 6).
• We show that the pal-pal problem cannot be solved only by simpler rules, such as
unfolding (Section 5).

3. Limitations of the Conventional Proof Method. We introduce a proof problem
and show that this problem cannot be solved by CSD and resolution method. Non-
preservation of satisfiability by CSD destroys the correctness of computation. We argue
that the widely-spread belief that all proof problems on the first-order formulas can be
solved by resolution with some appropriate control strategy is incorrect.

3.1. A pal-pal proof problem and its formalization. Assume as background knowl-
edge a set consisting of the three if-and-only-if formulas in Figure 1, where pal, rev, eq,
and app stand for “palindrome”, “reverse”, “equal”, and “append”, respectively. Consider
the problem “prove that there are no ground terms s and t such that two lists [1, s|t] and
[2, s|t] are palindromes”, which is called the pal-pal proof problem.
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(1) ∀x : pal(x)↔ rev(x, x).
(2) ∀x, ∀y : rev(x, y)↔

(eq(x, [ ]) ∧ eq(y, [ ]) ∨
∃a, ∃w, ∃u : (eq(x, [a|w]) ∧ rev(w, u) ∧ app(u, [a], y))).

(3) ∀x, ∀y,∀z : app(x, y, z)↔
(eq(x, [ ]) ∧ eq(y, z) ∨
∃a, ∃w, ∃u : (eq(x, [a|w]) ∧ eq(z, [a|u]) ∧ app(w, y, u))).

Figure 1. If-and-only-if formulas defining the predicates pal, rev, and app

Let F0 be the conjunction of the three if-and-only-if formulas in Figure 1, and E0 the
following formula:

∃A(∃X(pal([1, A|X]) ∧ pal([2, A|X]))).

The pal-pal proof problem to prove F0 |= ¬E0 can be formalized as Models(¬(F0 →
¬E0)) = ∅, which is equivalent toModels(F0∧E0) = ∅. This is a commonly used formaliza-
tion in the conventional proof theory, and is called the unsatisfiability-based formalization
in this paper.

3.2. Incompleteness of Skolemization-based proof methods. It was reported in
[8] that the conventional Skolemization often does not preserve the satisfiability of a first-
order formula that includes built-in constraint atoms. Note that F0 includes built-in
constraint atoms, i.e., eq-atoms. The satisfiability of F0 is not preserved by CSD. We
prove below that F0 has a model, while CSD(F0) has no model, i.e.,

• Models(F0) ̸= ∅, and
• Models(CSD(F0)) = ∅.

Let D0 be the set consisting of the definite clauses in Figure 2. The former is proved
to be true since F0 has a model as follows. Let TD0 denote the immediate consequence
operator associated with D0 [2]. Since F0 is the completion of D0, the least fixpoint of
TD0 is a model of F0. The latter is proved to be true since CSD(F0) is inconsistent as
follows: Since the clause set CSD(F0) contains all definite clauses in D0, rev([1], [1]) is
true. However, CSD(F0) also contains the following clause, where f0 and f1 are function
symbols:

eq(A, [ ]), eq(A, [f0(B,A)|f1(B,A)])← rev(A,B).

When the above clause is specialized by A = B = [1], the two atoms eq([1], [ ]) and
eq([1], [f0([1], [1])|f1([1], [1])]) are obviously false. Then we have

← rev([1], [1]).

This means rev([1], [1]) is false, which is a contradiction.
Since the conventional Skolemization does not preserve satisfiability, formula decom-

position that includes conventional Skolemization steps is not general enough to solve all
proof problems on first-order logic.

(1) pal(X)← rev(X,X)
(2) rev([ ], [ ])←
(3) rev([A|X], Y )← rev(X,R), app(R, [A], Y )
(4) app([ ], X,X)←
(5) app([A|X], Y, [A|Z])← app(X, Y, Z)

Figure 2. Definite clauses defining the predicates pal, rev, and app
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4. A Transformational Approach. We introduce a new formalization of the pal-pal
proof problem, which is called the existence-finding formalization. We explain a trans-
formational approach to logic and logical computation by showing the general framework
of ET-based problem solving, computation power of which is evaluated by a “finitely
solvable area”.

4.1. Formalization as a model-intersection problem. Since the pal-pal proof prob-
lem says that “prove that there are no ground terms s and t such that [1, s|t] and [2, s|t]
are palindromes”, we introduce a formula (E0 → “exists”), where E0 is the following
formula:

∃A(∃X(pal([1, A|X]) ∧ pal([2, A|X]))).

Letting E1 = (E0 → “exists”) and referring to F0 in Section 3, we consider
∩
Models(F0∧

E1). This set results in the union of two sets:∩
Models(F0 ∧ E1) =

∩
Models(F0) ∪Gans,

where

Gans =

 {“exists”} if there are ground terms s and t such that
[1, s|t] and [2, s|t] are palindromes,

∅ otherwise.

Then the answer of the pal-pal problem is formalized as

answerpal-pal = φ1

(∩
Models(F0 ∧ E1)

)
,

where φ1 is a mapping defined by the following.

Definition 4.1. φ1 is a mapping from pow(Gu) to {“yes”, “no”} such that for each G ⊆
Gu,
• φ1(G) = “yes” if G−

∩
Models(F0) = ∅, and

• φ1(G) = “no” if G−
∩

Models(F0) = {“exists”}.

The pal-pal problem is formalized as a model-intersection (MI) problem ⟨F0 ∧ E1, φ1⟩.
The formalization with the extraction mapping φ1 is called an existence-finding formal-
ization.

4.2. ET-based problem solving and its correctness. Let a logical problem formal-
ized by φ (

∩
Models(F ∧ E)) be given. We solve it by successive transformation by using

rules as shown in Section 2.2.
A rewriting rule is a partial mapping on the set of all first-order formulas.

Definition 4.2. Let φ be an extraction mapping and K a first-order formula. A rewrit-
ing rule r is an equivalent transformation rule (ET rule) with respect to φ and K iff
for any first-order formulas Cs and Cs′, if r(Cs) = Cs′, then φ (

∩
Models(K ∧ Cs)) =

φ (
∩

Models(K ∧ Cs′)).

Definition 4.3. A partial mapping ans is an answer mapping for an extraction mapping
φ iff for any first-order formulas K and Cs,

ans(K ∧ Cs, φ) = φ
(∩

Models(K ∧ Cs)
)

if it is defined.
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Theorem 4.1. Let φ be an extraction mapping and K a first-order formula. Let F and
E be first-order formulas. If ans is an answer mapping for φ, R is a set of ET rules with
respect to φ and K, and there is a sequence of pairs of first-order formulas

⟨K,Cs1⟩ → ⟨K,Cs2⟩ → · · · → ⟨K,Csn⟩,

such that φ (
∩
Models(F ∧ E)) = φ (

∩
Models(K ∧ Cs1)), ri ∈ R and ri(Csi) = Csi+1 for

any i ∈ {1, 2, . . . , n− 1}, and ⟨K ∧ Csn, φ⟩ ∈ dom(ans), then

φ
(∩

Models(F ∧ E)
)
= ans(K ∧ Csn, φ).

Proof: The first condition is φ (
∩
Models(F ∧ E)) = φ (

∩
Models(K ∧ Cs1)). Since

ri is an ET rule, we have φ (
∩

Models(K ∧ Csi)) = φ (
∩

Models(K ∧ Csi+1)) for any
i ∈ {1, 2, . . . , n − 1}. Since ans is an answer mapping for φ and ⟨K ∧ Csn, φ⟩ ∈
dom(ans), it holds that ans(K ∧ Csn, φ) = φ (

∩
Models(K ∧ Csn)). From these, we have

φ (
∩

Models(F ∧ E)) = ans(K ∧ Csn, φ). �

4.3. An answer mapping. We define a partial mapping ans1 for φ1 as follows: Let
CLSB be the set of all clauses consisting of user-defined atoms and built-in constraint
atoms.

Definition 4.4. Let ans1 be a partial mapping to assign “yes” or “no” to each problem that
is defined by the following: for any first-order formula K and any clause set Cs ⊆ CLSB,

ans1(K ∧ Cs, φ1) =

{
“yes” if Cs is the empty set,
“no” if Cs contains a unit clause (“exists”←),

and it is undefined otherwise.

The partial mapping ans1 is an answer mapping for φ1, i.e.,

ans1(K ∧ Cs, φ1) = φ1

(∩
Models(K ∧ Cs)

)
,

a proof of which is as follows: ans1(K ∧Cs, φ) is defined only when φ = φ1. Consider the
following two cases.

• Case 1: Cs = ∅. Then
∩
Models(K ∧ Cs) −

∩
Models(K) = ∅. Hence we have

φ1 (
∩
Models(K ∧ Cs)) = “yes” = ans1(K ∧ Cs, φ1).

• Case 2: Cs ∋ (“exists” ←). It follows that
∩
Models(K ∧ Cs) −

∩
Models(K) =

{“exists”}. Hence we have φ1 (
∩

Models(K ∧ Cs)) = “no” = ans1(K ∧ Cs, φ1).

4.4. Evaluation by a finitely solvable area. A problem prob is solved when a sequence
of problems starting from prob reaches the domain of a given answer mapping. A control
selects an ET rule that is applied to a problem at each step of computation to determine
a sequence of problems. For any set R of ET rules, any control ctrl, and any set A of
answer mappings, we define FS (R, ctrl, A) as the set of all problems that are successfully
solved by using ET rules in R, the control ctrl, and answer mappings in A, where FS
stands for “finite solvability”. A solver is evaluated in the ET-method by the set of all
problems that can be solved in finite steps, which is called a finitely solvable area (FSA).
When we have more answer mappings and more ET rules, an FSA increases.

Consider the set of all problems that can be solved successfully by some control, using
a set R of ET rules and a set A of answer mappings, which is denoted by FSA(R,A) and
is called a finitely solvable area with respect to R and A, i.e.,

FSA(R,A) =
∪
{FS (R, ctrl, A) | ctrl ∈ CTRL},
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where CTRL is the set of all controls. Given a problem prob, we try to solve prob, i.e.,
we try to find R and A such that

prob ∈ FSA(R,A).

Maximization of FSA(R,A) by increasing R and A is of central importance in the research
of logical computation.

5. Failure with General Unfolding. We show that by using only the unfolding rule,
the pal-pal problem is transformed infinitely and cannot reach the final state with the
existence-finding formalization.

5.1. Failure with unfolding only transformation. Let E1 be the formula (E0 →
“exists”), where E0 is given in Section 4.1. A definite clause whose head is an atom “exists”
is called an “exists” clause. Let C1 be the “exists” clause (“exists” ← pal([1, A|X]),
pal([2, A|X])). Let Cs1 be the singleton set {C1}. Then E1 is equivalent to Cs1, i.e.,
Models(E1) = Models(Cs1).
Refer to F0 and D0 in Section 3. The formula F0 is the completion of D0. We consider

the unfolding rule with respect to D0, and let R = {unfolding}. Note that the pal-pal
problem is transformed by using the unfolding rule with respect toD0, which is determined
by F0. From Section 4 onwards, we use a solution method of Type B (cf. Section 2.2),
where transformation is done by ET rules with respect to φ1 and F0.
In this section, we show that R cannot solve the pal-pal problem by the existence-finding

formalization and {ans1}, i.e.,
Pal-pal proof problem = ⟨F0 ∧ Cs1, φ1⟩ ̸∈ FSA({unfolding}, {ans1}).

This means that the pal-pal problem cannot reach the domain of ans1 by using only the
unfolding rule with respect to D0.

5.2. Infinite computation. By unfolding, C1 is typically transformed sequentially from
C1 to C5 in Figure 3, where the body atoms selected for unfolding are underlined. Depend-
ing on the selection of body atoms, we have many possible sequences of clause sets. We
will prove in Section 5.3 that unfolding by D0 repeats forever and no answer is obtained.

C1 : “exists”← pal([1, A|X]), pal([2, A|X]).

C2 : “exists”← rev([1, A|X], [1, A|X]), pal([2, A|X]).

C3 : “exists”← rev([1, A|X], [1, A|X]), rev([2, A|X], [2, A|X]).

C4 : “exists”← rev([A|X], B), app(B, [1], [1, A|X]), rev([2, A|X], [2, A|X]).

C5 : “exists”← rev([A|X], B), app(B, [1], [1, A|X]), rev([A|X], C), app(C, [2], [2, A|X]).

Figure 3. A typical transformation sequence starting from C1

We introduce D′ as a subset of D0 consisting of the following three clauses:

Cp : (pal(X)← rev(X,X)),
Cr : (rev([A|X], Y )← rev(X,R), app(R, [A], Y )),
Ca : (app([A|X], Y, [A|Z])← app(X,Y, Z)).

Referring to D′, we prove the following proposition for preparation of the theorem in
Section 5.3.

Proposition 5.1. Let C = (“exists”← pal([1, A|X]), pal([2, A|X])). Let Cs′n be the result
of n-times application of unfolding with respect to D′ to C. Then Cs′n is not an empty
set, and all clauses in Cs′n are “exists” clauses with non-empty bodies.
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Proof: Let C ′ be a clause in Cs′n. Since unification occurring in unfolding with Cr or
Ca is always successful, C ′ is never removed by only unfolding. Since unfolding with D′

does not decrease the number of atoms in the body, C ′ has non-empty body. Since C is
an “exists” clause, C ′ is an “exists” clause. Hence Cs′n is not an empty set, and all clauses
in Cs′n are “exists” clauses with non-empty bodies. �
5.3. Unreachability and unsolvability. Unfolding is a major transformation rule for
solving proof problems. However, we show that the pal-pal proof problem can never reach
the domain of ans1 by unfolding with respect to D0 alone.

Proposition 5.2. Let C = (“exists”← pal([1, A|X]), pal([2, A|X])). Let Csn be the result
of n-times application of unfolding with respect to D0 to C. Then Csn is not an empty
set, and all clauses in Csn are “exists” clauses with non-empty bodies.

Proof: Refer to D′ in Section 5.2. There is Cs′n such that Cs′n is the result of n-times
application of unfolding with respect to D′ to C, and Cs′n ⊆ Csn. By Proposition 5.1, Cs′n
is not an empty set, and all clauses in Cs′n are “exists” clauses with non-empty bodies.
Hence Csn is not an empty set. If there is a clause in Csn that has an empty body, there
are ground terms s and t such that [1, s|t] and [2, s|t] are palindromes. Hence there is no
clause in Csn that has an empty body. It follows that Csn is not an empty set, and all
clauses in Csn are “exists” clauses with non-empty bodies. �

Let finalProb be a partial mapping that determines a final problem Pn from an initial
state P0, a rule set R, and a control ctrl. Unfolding with respect to D0 is denoted by
unfolding(D0).

Theorem 5.1. Let C = (“exists” ← pal([1, A|X]), pal([2, A|X])). Let P0 = D0 ∪ {C}.
For any control ctrl, there is no Pn ∈ dom(ans1) such that

Pn = finalProb(P0, {unfolding(D0)}, ctrl).
Proof: Let Csn be the result of n-times application of unfolding with respect to D0 to

C. By Proposition 5.2, Csn is not an empty set, and all clauses in Csn are “exists” clauses
with non-empty bodies. Hence Pn = D0 ∪ Csn ̸∈ dom(ans1). �

From Theorem 5.1, we have

Pal-pal proof problem = ⟨F0 ∧ Cs1, φ1⟩ ̸∈ FSA({unfolding(D0)}, {ans1}).

6. Solutions with Specialized ET Rules. We show that the pal-pal proof problem
can be solved by using many specialized ET rules. Among these rules, a multi-head ET
rule plays indispensable roles.

6.1. Solutions with specialized/multi-head ET rules. As shown in Section 5, the
pal-pal problem cannot be solved by unfolding alone. What rule should be used together
with the unfolding rule to solve the pal-pal problem? It is a two-head ET rule, called
rrev2 , which will be introduced in Section 6.2.

Pal-pal proof problem = ⟨F0 ∧ Cs1, φ1⟩ ∈ FSA({unfolding, rrev2}, {ans1}).
Furthermore, we show in Section 6.4 that the pal-pal problem can be solved by using six
specialized unfolding rules and the two-head rule rrev2 :

Pal-pal proof problem = ⟨F0 ∧ Cs1, φ1⟩ ∈ FSA(R1, {ans1}),
where R1 is the set consisting of the rules in Figure 4.

6.2. A solution by using a two-head ET rule. Given an answer mapping, one typical
improvement of finite solvability is obtained by creation and accumulation of ET rules.
After the transformation from C1 to C5 in Figure 3, the clause
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C5 : “exists”← rev([A|X], B), app(B, [1], [1, A|X]), rev([A|X], C), app(C, [2], [2, A|X]).

has two rev atoms, rev([A|X], B) and rev([A|X], C). Since the first arguments of the two
rev atoms are the same, the second arguments are also the same, i.e., B and C can be
unified. More precisely, two rev atoms, rev(t, t1) and rev(t, t2), are found, and the second
rev atom can be removed after specialization by t1 = t2. This transformation is obtained
by an ET rule rrev2 , which is represented by

rev(X,Y ), rev(X,Z)⇒ {=(Y, Z)}, rev(X, Y ).

Let us observe further transformation. By application of rrev2 , we have C6

C6 : “exists”← rev([A|X], B), app(B, [1], [1, A|X]), app(B, [2], [2, A|X]).

Unfolding by selecting app(B, [1], [1, A|X]) gives C7

C7 : “exists”← rev([A|X], [1|Y ]), app(Y, [1], [A|X]), app([1|Y ], [2], [2, A|X]).

Unfolding by selecting app([1|Y ], [2], [2, A|X]) gives no clause. So the resulting clause set
contains no “exists” clause, and thus, the resulting MI problem enters the domain of ans1.
Hence, the pal-pal problem can be solved by using two ET rules, unfolding and rrev2 :

Pal-pal proof problem = ⟨F0 ∧ Cs1, φ1⟩ ∈ FSA({unfolding, rrev2}, {ans1}).

rpal: pal(X)⇒ rev(X,X).
rrev0 : rev([ ], X)⇒ {=(X, [ ])}.
rrev1 : rev([A|X], Y )⇒ rev(X,V ), app(V, [A], Y ).
rapp0 : app([ ], Y, Z)⇒ {=(Y, Z)}.
rapp1 : app([A|X], Y, Z)⇒ {=(Z, [A|W ])}, app(W,Y, Z).
rapp2 : app(X, Y, [A|Z]) ⇒ {=(X, [ ]),=(Y, [A|Z])};

⇒ {=(X, [A|V ])}, app(V, Y, Z).
rrev2 : rev(X,Y ), rev(X,Z)⇒ {=(Y, Z)}, rev(X, Y ).

Figure 4. Examples of rewriting rules

6.3. Specialized unfolding. Unfolding is the most important transformation used in
the ET-based method, while resolution is mainly used in conventional proof methods.
Unfolding and resolution have been often confused, since the operation of unfolding is
similar to making a group of resolvents at a time. However, they are fundamentally differ-
ent. From a clause C, unfolding produces child clauses, and the clause C is removed, while
resolution produces one clause without removing the original clause C. When we solve
QA problems, clause-increasing transformation by resolution should be basically avoided
since it often causes explosion of clauses without solving the original problem.
Let S be the set of all substitutions. Given a user-defined atom B and a definite-clause

set D in pow(CLSB), we define specialized unfolding with respect to B and D as follows:

Unfold(B,D) = {⟨Cs,Cs′⟩ |
(Cs ⊆ CLSB) &
(C is a clause in (Cs−D)) &
(occ is an occurrence of a body atom b in C) &
(b = Bθ) & (θ ∈ S) &
(Cs′ = (Cs− {C}) ∪Resol(C,D, occ, b))}.

The atom B is used to restrict the range of a selected atom b by b = Bθ for some substi-
tution θ ∈ S. B is specified from the viewpoint of control [20]. D is determined as the set
of all definite clauses in Cs whose head atoms are unifiable with B. Resol(C,D, occ, b)
is the set of child clauses (resolvents) each of which is produced by resolution of C and
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some definite clause C ′ in D, using the unification of a selected atom b at the occurrence
occ in C with the head of C ′.

6.4. Computing with specialized ET rules. Refer to D0 in Section 3. In Figure 4,
we have one two-head rule rrev2 along with six specialized ET rules, which are specialized
unfolding rules as follows:

rpal = Unfold(pal(X), D0),
rrev0 = Unfold(rev([ ], X), D0),
rrev1 = Unfold(rev([A|X], Y ), D0),
rapp0 = Unfold(app([ ], Y, Z), D0),
rapp1 = Unfold(app([A|X], Y, Z), D0),
rapp2 = Unfold(app(X,Y, [A|Z]), D0).

These six rules can be used in place of unfolding in Section 6.2. By using these six rules
together with rrev2 , we have a sequence of sets of clauses:

{C1} → {C2} → {C3} → {C4} → {C5}
rrev2−→ {C6} → {C7} → {}.

Hence, the pal-pal problem is solved by using the six specialized unfolding rules and the
two-head rule rrev2 :

Pal-pal proof problem = ⟨F0 ∧ Cs1, φ1⟩ ∈ FSA(R1, {ans1}),
where R1 = {rpal, rrev0 , rrev1 , rapp0 , rapp1 , rapp2 , rrev2}.

7. Superiority of the ET-Based Solution Method. We compare the resolution-
based solution method and the ET-based solution method, and show the superiority of
the latter one over the former one.

7.1. Failure of the resolution method. Limitations of resolution method (together
with CSD) have been shown in Section 3. CSD often does not preserve satisfiability if
an input formula contains built-in constraint atoms. Consider the first-order formulas F0

and E0 in Section 3.1. The pal-pal proof problem to prove F0 |= ¬E0 can be formalized
as Models(F0∧E0) = ∅. CSD fails to transform F0∧E0 into clauses correctly (Section 3).
Hence the resolution method together with CSD is incomplete for the proof problems
on FOLc, which is a sharp contrast to the wide-spread belief that all proof problems on
first-order formulas can be solved by using the resolution inference rule. This view comes
invalidly from the completeness theorem of SLD resolution (Theorem 8.6 in [2]) due to
the non-preservation of satisfiability by CSD. We need to be aware of the incompleteness
of the resolution method and should invent a complete proof procedure for the proof
problems on FOLc.

7.2. Success of the ET-based solution method. The ET-based method has more
formalizations than the resolution-based method. We introduced two MI formalizations
for the pal-pal proof problem:

• unsatisfiability-based formalization, and
• existence-finding formalization.

The former corresponds to the conventional satisfiability-based solution, while the latter
is different from the conventional satisfiability checking.

We took the existence-finding formalization and tried to solve the pal-pal proof problem.
We had two results of failure and success using different rule sets as follows:

• Failure of only unfolding (Section 5)

Pal-pal proof problem = ⟨F0 ∧ Cs1, φ1⟩ ̸∈ FSA({unfolding}, {ans1}).
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• Success by using multi-head rules (Section 6.2)

Pal-pal proof problem = ⟨F0 ∧ Cs1, φ1⟩ ∈ FSA({unfolding, rrev2}, {ans1}).

7.3. Superiority of the ET-based method. The ET-based method can take any ET
rules. There is no limitation to a single rule such as the resolution rule. The ET-based
method can use more transformation rules than the resolution-based method. It provides
more computation paths and more successful computation paths. Hence we conclude the
superiority of the ET-based solution method over the resolution-based method together
with CSD, i.e., the ET-based method has more formalizations, more transformation rules,
more computation paths, and more solvability than the resolution-based method.

8. Concluding Remarks. We proposed an ET-based method for solving proof prob-
lems. We formalize a proof problem as an MI problem, using a formula and an extraction
mapping. The ET-based method admits many formalizations. Unsatisfiability-based for-
malization and existence-finding formalization are tried for the pal-pal proof problem in
this paper. The class of MI problems can be considered as a superset of the class of proof
problems and that of QA problems.
In the ET-based method, an unlimited number of ET rules, including specialized

unfolding-based rules, are used. We solve MI problems by using ET rules, which is a
sharp contrast to the conventional proof-centered logical problem solving by using infer-
ence rules. General inference rules, such as resolution, are usually used in the conventional
methods.
For each resolution-based proof, there is an ET-based proof corresponding to it. The

ET-based method has more transformation rules and more computation paths than the
resolution-based method. It was proved that the pal-pal problem cannot be solved by
the resolution method (using unsatisfiability-based formalization), but can be solved by
the ET-based method (using existence-finding formalization). It was thus shown that the
ET-based method has larger finite solvability of logical problems than the conventional
resolution method. We conclude the superiority of the ET-based solution method over
the resolution-based solution method.
The ET-based method is useful to overcome the limitation of resolution-based proof

procedures. The ET-based method can produce many solution methods that are guar-
anteed to be correct. By the research of various ET rules, more logical problems will be
solved practically, compared to the logical computation by a limited number of inference
rules in the conventional methods [19, 20, 21, 22, 23].
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