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ABSTRACT. In the “Equivalent Transformation model” (ET model), computation is re-
garded as equivalent transformation (ET) of declarative descriptions, and a program
consists of ET rules and a control description. Programs may be improved by repeat-
ed adoption of new ET rules, and finally an efficient program may be obtained, while the
correctness of computation is guaranteed. We have introduced a class of rewriting rules
consisting of meta atoms. Meta clauses and meta descriptions consist of meta atoms. A
meta rule is a rule for transforming one meta description into another meta description.
A meta computation consists of repeated application of meta rules to a meta description,
by which we obtain a sequence of meta descriptions. A meta computation determines a
correct rewriting rule, i.e., an ET rule. This defines a method of generation of ET rules
by meta computation. Both splitting and non-splitting rewriting rules are obtained. We
can generate rules to solve problems on any background knowledge represented by a set
of arbitrary clauses, not only definite clauses but also non-definite clauses.

Keywords: Query-answering problem, Model-intersection problem, Equivalent trans-
formation rule, Rule generation, Meta computation

1. Introduction.

1.1. ET structures and rule generation. Formalization of problems as model inter-
section problems (MI problems) is of fundamental importance for establishing a general
solution method for solving all deductive problems on first-order formulas. To solve an MI
problem, equivalent transformation rules (ET rules) are used. The ET-based theory has
been successfully applied to proof problems and query-answering problems (QA problems)
[1, 2, 3, 4, 5]. In the ET model, computation is regarded as equivalent transformation of
declarative descriptions, and a program consists of ET rules and a control description.

1.2. Previous research. A theory of meta computation was proposed on ET-based com-
putation of QA problems [6, 7, 8]. A typical program synthesis method, called the squeeze
method [9], has been developed, where program transformation and rule generation are
combined into one computation.
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ET rule generation from a logical formula, called a logical equivalence, has been in-
troduced [10, 11}, and a correctness proof of a class of logical equivalences by ET-based
bidirectional search was developed for rule generation [12].

1.3. Objectives. We have proposed a method of rule generation based on meta compu-
tation by repeated application of meta rules. This theory is an extension of the previous
rule generation theory, i.e., the problem class is extended from the one on definite claus-
es to the one on arbitrary clauses, where rewriting rules cover from single-head rules to
multi-head rules.

1.4. Outline of the theory. An outline of the theory is as follows. We extend the
previous theory by changing the underlying logic and generalize the concepts around meta
descriptions and meta rules. A meta rule is a rule for transforming one meta description
into another meta description. A meta computation consists of repeated application of
meta rules to a meta description, by which we obtain a sequence of meta descriptions.
The first and the last meta descriptions of the obtained sequence give a pair of meta
descriptions. The pair of meta descriptions determines a partial mapping to transform
a description into a description. A rewriting rule is obtained as a partial mapping to
transform a description into a description.

1.5. Rule generation for increasing solvability. Rule generation is fundamental for
solving problems since it produces programs from a given problem. SLD resolution for
QA problems can be regarded as a solver that uses only the general unfolding rules. By
generating various, less general and more efficient rules other than the general unfolding
rules, we can solve more problems in shorter time. Rule generation increases solvability
even if a small problem is considered [13]. Greater increase of solvability is expected for
larger and practical problems.

1.6. Organization. Section 2 explains problem solving by equivalent transformation.
Section 3 defines a class of declarative descriptions and introduces rule generation prob-
lems. Section 4 defines meta atoms, meta clauses, and meta descriptions, which are
instantiated into atoms, clauses, and descriptions, respectively. Section 5 gives a syntax
of rewriting rules by using meta atoms, where two kinds of variables play an important
role. Section 6 defines a syntax of meta rules, and the instantiation of meta rules. Sec-
tion 7 discusses meta computation, and generates splitting/non-splitting rewriting rules
by meta computation. Section 8 shows that the current theory is an extension of the
previous theory of meta computation on definite clauses. Section 9 concludes the paper.

2. Problem Solving by ET Rules. Problem solving by equivalent transformation is
explained.

2.1. ET computation. Many problems can be solved by transforming problem descrip-
tions equivalently into simpler forms. For example, let D be a set consisting of the
following definite clauses, where eq means equality, and app and rev mean append and
reverse, respectively:

eq(X, X) «.

rev([],[]) « .
rev([A[X],Y) < rev(X, Z), app(Z, [A]Y).
app([,Y)Y) .
app([A|X], Y, [A]Z]) < app(X, Y, Z).
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We consider two problems, (D, q;) and (D, g2), where the first query ¢; is rev([1, 2], X)
and the second one ¢ is rev(X, [1,2]). When given the first query ¢; = rev([1,2], X), we
first make a set of definite clauses:

Cs; = DU {ans(X) < rev([1,2], X)}.

We use the following rules. Let R; be the set of these rules. The syntax of rewriting rules
is explained in [13].

eq(X,Y)={X =Y}

rev([],Y) = eq(Y,[]).

rev([A|X],Y) = rev(X, Z),app(Z, [A],Y).

app([],Y, Z) = eq(Y, Z).

app([A|X],Y, W) = eq(W, [A|Z]), app(X., Y, Z).
Then, Cs; is transformed equivalently by R; as follows. Only the change of the ans
clause in Cs; is shown since other clauses in Cs; are kept unchanged. Selected atoms are
underlined in the computation sequence.

ans(X) < rev([1,2], X).

ans(X) < rev([2],Y), app(Y, [1], X).

ans(X) < rev([],Y), app(Y; 2], Z), app(Z, [1], X).
ans(X) « eq(Y,[]), app(Y [2], Z), app(Z, [1], X)
ans(X) < app([], [2], Z), app(Z,[ ], X).

ans(X) < eq([2], Z), app(Z, [1], X).

ans(X) « app([2], [1], X).

ans(X) < eq(X, [A|Y]), app([], [1},Y)
ans([2]Y]) + app([],[1],Y)

ans([2[Y]) < eq([1],Y)

ans([2,1]) +

It follows that by the rules in Ry, this problem (D, q;) is easily solved.

2.2. Problem solving by new ET rules. The rule set R; cannot solve the second
problem (D, ¢5) since no rule is applicable to the ans clause in Csy, where

Csy = DU {ans(X) < rev(X, [1,2])}.
To solve the second problem, we consider the following rule set, which is named Rs:
rev(X, []) = eq(X,[]).

rev(X, [A]Y]) = eq(X, [C|W]), rev(W, Z), app(Z, [C], [A]Y]).
app(X, [E], [A]) = eq(X, []), eq(E, A).
app(X, [E], [A, B|Z]) = eq(X, [A|W]), app(W, [E], [B|Z]).

Then the second problem can be solved by R; U Ry. The process of answering the query
g2 = T€U<X7 [17 2]) is
1 ans(X) « rev(X,[1,2]).

2 ans(X) < eq(X,[A|B)), rev(B,C),app(C, [A],[1,2]).
3 ans([A|B]) < rev(B,C),app(C, [A],[1,2]).

4 ans([A|B])  rev(B,C),eq(C, [1|D]), app(D, [A], [2]).
5 ans([A|B]) « rev(B, [1|DJ), app(D, |. app(  [A]L [2]).

6 ans([A[B]) < rev(B, [1|D]),eq(D, []) 7[]),661( ,2).

7 ans([A|B]) < rev(B, [1]), eq(A,2).

8 ans([2|B]) « rev(B,[1])

9 ans([2|B]) < eq(B, [F|G]), rev(G, H), app(H, [F], [1])
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(12, FIG)) + rev(G, H), app(H, [F, [1])
11 ans([2, F|G]) < rev(G, H),eq(H, []), eq(F,1).
12 ans([2, F|G]) + rev( D, eq(F,1).
13 ans([2, 1|G]) < rev(G, []).
([2,11G1)
(12,

10 ans

14 ans([2,1|G] <—eq( [])

1]) «

2.3. ET rule generation at each computation step. Since the second problem can-
not be solved by the rule set R;, we need to generate new rules such as the ones in
Ry. We consider a method of rule generation at each computation step. To obtain the
computation process above, each rule in Ry should be generated at the following steps:

e at the 1st step with an atom rev(X,[1,2]) in the body
rev(X, [AY]) = eq(X, [C|W]), rev(W, Z), app(Z, [C], [A[Y]);
e at the 3rd step with an atom app(X, [4],[1,2]) in the body
app(X, [E], [A, B|Z]) = eq(X, [A|W]), app(W, [E], [B| Z]);
e at the 5th step with an atom app(X, [A],[2]) in the body
app(X, [E], [A]) = eq(X,[]),eq(E, A); and
e at the 13th step with an atom rev(X,[]) in the body
rev(X, []) = eq(X, []).
Each of these rules can be obtained by the meta computation that will be proposed in
Section 7.

15 ans

2.4. Generation of rewriting rules by meta computation. We will propose a method
of generating ET rules by meta computation as follows.

e Rewriting rules are introduced conceptually (Section 3.2) and syntactically (Sec-
tion 5). Rewriting rule (ET rule) generation is defined based on the concept of
declarative description (Section 3).

e The concept of meta description is introduced (Section 4). The concept of meta rule
is introduced (Section 6). A meta rule is a rule for transforming one meta description
into another meta description.

e A meta computation (Section 7) consists of repeated application of meta rules to a
meta description, by which we obtain a sequence of meta descriptions. The first and
the last meta descriptions of the obtained sequence give a pair of meta descriptions.
A rewriting rule is obtained from a pair of meta descriptions.

3. Declarative Descriptions and Generation of ET Rules. We introduce a class
of separated descriptions, and define rule generation.

3.1. Declarative descriptions and separated descriptions. A set of clauses is called
a declarative description or simply a description. Let A be the set of all user-defined atoms.
Let S be the set of all specializations (substitutions). Let A be a subset of A. A is closed
iff ad € A for any atom a € A and any specialization 6 € S.

Definition 3.1. Assume that A; and As are closed subsets of A. C is a clause from Ay
to A2 ’Lﬁ

1) C is a clause,

2) all atoms in the right-hand side of C are elements of Ay, and

3) all atoms in the left-hand side of C' are elements of As.

The set of all declarative descriptions consisting only of clauses from A; to A, is denoted
by Dscr(Ay, Asy).
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Definition 3.2. Let A; and Ay be mutually disjoint closed subsets of A. A declarative
description Cs is called a separated description iff it satisfies the following conditions:

1) Cs=DUQ,

2) D is a clause set in Dscr( Ay, Ay), and

3) Q is a clause set in Dscr(Az, As).

D is called background knowledge, and Q) a set of query clauses. Given D in Dscr(Ay, Ay),
the set of all separated descriptions that have D as background knowledge is denoted by
Dscr(D, Ay, Asy).

3.2. Rewriting rules and ET rules. Assume that X is the power set of the set of all
clauses. A rewriting rule 7 on the set X is a partial mapping from X to X, i.e.,

r € PartialMap(X, X).

The set of all models of a formula F' is denoted by Models(F'). The intersection of all
models of F'is denoted by (| Models(F).

Definition 3.3. A rewriting rule r is model-preserving iff if (Cs, Cs') € r, then Models(Cs)
= Models(CY).

Definition 3.4. A rewriting rule r is model-intersection preserving iff if (Cs, Cs') € r,
then (| Models(Cs) = (| Models(Cs').

Obviously, if r is model-preserving, then r is model-intersection preserving.
Definition 3.5. A rewriting rule v is an ET rule iff r is model-intersection preserving.

3.3. Rule generation problem on separated descriptions. Assume that A; and A,
are mutually disjoint closed subsets of A. Assume that D is a clause set in Dser(A;, A;).
The objective of the paper is to develop a method of rule generation with the background
knowledge D of general clauses. We want to generate rules to transform Cs; = D U @
U{C} into Cs, = DU QU {CY,CY,...,Cl} equivalently for any declarative description
Q € Dscr(Ay, As), where equivalence means that (| Models(Cs,) = (| Models(Csy). Rules
considered in this paper do not change D and @, and transform a clause C from A; to
Aj to a finite clause set {C1,CY,...,C/} in Dser(Aq, A2). A rule that may transform a
clause into more than one clause is called a splitting rule, while it is called non-splitting
rule otherwise. An ET-rule generation problem on (D, A;, A,) is defined to be a problem
of finding rules that transform a clause into a finite number of clauses preserving model-
intersection of the whole descriptions. Given a clause C from A; to As, a rule generation
problem with respect to C is a rule generation problem on (D, .A;, . A;) that finds rules
that is applicable to C;. When A; and Aj are known from the context, they are omitted
for simplicity and an ET-rule generation problem on (D, A;, As) (with respect to C1) is
simply called an ET-rule generation problem on D (with respect to C}).

3.4. Examples. Let A; be the set of all atoms that have the predicates in {rev, app, eq}.
Let A, be the set of all atoms that have the predicate ans. A; and A, are closed subset of
A. Let D be the set of definite clauses defined in Section 2.1. Then each rule in Section 2.2
is an ET rule that transforms declarative descriptions in Dser(D, A, Ay) and is a solution
to the ET-rule generation problem on (D, A;, As) with respect to some clause in the ET
computation in Section 2.2. More precisely, by the rule generation
e with respect to rev(X,[]), we may have a rule:
rev(X, []) = eq(X, []);
e with respect to rev(X, [A|Y]), we may have a rule:
TGU(X, [A|Y]) = eCI(Xv [C|W])’ TGU(VV, Z)> app(Z, [O]v [A|Y])’



366 K. AKAMA AND E. NANTAJEEWARAWAT

e with respect to app(X, [E], [A]), we may have a rule:
app(X, [E], [A]) = eq(X,[]),eq(E, A); and

e with respect to app(X, [E], [4, B|Z]), we may have a rule:
app(X, [E], [A, B|Z]) = eq(X, [A|W]), app(W, [E], [B|Z]).

These rules can be obtained by the meta computation that will be proposed in Section 7.

4. Meta Atoms and Meta Descriptions. We define meta atoms, meta clauses, and
meta descriptions, which are instantiated into atoms, clauses, and descriptions.

4.1. Meta terms and meta atoms. Meta terms are of the same form as usual terms
(simple terms and compound terms) in logic programming, but, instead of usual variables,
&-variables and #-variables are used. For example, “terms” such as f(&A, a, #7), a, &B,
and #X are meta terms. An &-variable is a variable that begins with & (such as &X) and
can be replaced with an arbitrary usual term. A #-variable is a variable that begins with
# (such as #7) and can be replaced with an arbitrary usual variable. &-variables and #-
variables are called meta variables. For simplicity, we use the usual abbreviated notation
for lists. For instance, [&A|#Z] is an abbreviation of cons(&A, #7), and [&A, b, #C is
an abbreviation of cons(&A, cons(b, cons(#C,nil))). nil is also denoted by [].

A meta atom is an expression consisting of a predicate and a sequence of (possibly zero)
meta terms. For instance, expressions such as eq(& X, [&A|#Z]) and app(#Z, [a|&Y ], #72)
are meta atoms.

4.2. Instantiation of meta atoms. Let © be the set of all mappings 6, from the set of
all meta variables to the set of all usual terms, that satisfy the following conditions:

1) An &-variable is mapped into a usual term.
2) A #£-variable is mapped into a usual variable.
Assume that A; is the set of all meta atoms. Let ¢ be a mapping from A x 0 to A4

such that ¢(A,#) is the atom that is obtained by substituting all meta variables v in A
with 6(v).

4.3. Meta clauses and meta descriptions. A meta clause is an expression of the same
form as a definite clause except that it is constructed from meta atoms instead of atoms.
A meta clause is defined as follows:

1) The head is always h (called a dummy head).
2) The body is a sequence of more than zero meta atom.

A meta description is a set of meta clauses. The set of all meta descriptions is denoted
by M D.

4.4. Instantiation of meta clauses (¢). Let B be the set of all p = (0, «,5,7) in
© x A5 x A x A7 such that for any #-variable v, 8(v)

1) is different from variables substituted for other #-variables,
2) does not appear in the terms substituted for &-variables, and
3) does not appear in «, [3, and .

Assume that a specialization p = (0, «, 5,~) in B is given. For an arbitrary meta clause

~

C: <h€-BA1)-BA27"‘7‘BATZ>7
we define 1 (é , p) as a clause

aeﬂ,¢(l§1,0),¢<BAz,6> ,...,¢<Bn,e> y
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ie., ¥ (C’ , p) is constructed from C by the following steps.

~

1) The body of C, ie., (El, B, ... ,Bn>, is instantiated by 6 into a sequence ¢ of atoms

on Ay, ie., § = ((b (B1,9> & (B},Q) L (Bn,0>).
2) The head of ¢ (C’ , p) is a, which is the second element of p.

3) The body of ¥ (C’, p> is the atom sequence obtained by appending (, ¢, and v in
that order.
) (C’,p) belongs to Dser(A;,.Ay) since
1

) a is a sequence of elements in Aj,
2) (B and ~ are sequences of elements in A;, and

3) ¢ <BZ, 6) is an element of A;.

The operation for obtaining a clause (C’ , p) from a meta clause C is called instantiation
by p.

4.5. Instantiation of meta descriptions (). A meta description M is instantiated
into a declarative description by p, denoted ¥(M, p), defined by

(M, p) = {Cy (C:¢(O,p)> & (éeM)}.

This operation for obtaining a declarative description from a meta description M is called
instantiation by p.

5. Rewriting Rules Consisting of Meta Atoms. We give the syntax of rewriting
rules by using meta atoms, where meta variables play an important role.

5.1. Syntax of rewriting rules by using meta atoms. To discuss rule generation,
we represent rewriting rules by using meta atoms. The syntax of a rewriting rule is as
follows:

a, {cond}

= {execi}, Bu;
= {execy}, Po;

= {exec,}, B,

where n € {1,2,...}, cond and exec; are optional sequence of built-in meta atoms, and
each of «, f1, B, ..., B, is a sequence of meta atoms. « may have a sequence cond of
built-in atoms, which is called a condition part. §; (i < n) may have a sequence exec;
of built-in atoms, which is called an execution part. The rule is applied if o matches a
sequence of atoms in the left-hand side of a target clause, and the condition part cond
succeeds. The sequence that is matched by « is replaced with ; after execution of exec;.
If execution of exec; succeeds with an instantiation @, the new clause is specialized by 6.
If execution of exec; fails, the new clause is removed. Since the false atom fails, the rule
(v = {false}) in Section 7.1 removes the target clause to which the rule is applicable.
The next three rules are simple rewriting rules.
(a) initial(&A, &B) = app(&A, #Y,&B).
(b) app(&X, &Y, &27)
= eq(&cX, []), eq(&Y, &2);
= eq(&X, [#A[#V]), eq(&Z, [#A[H#W]), app(#V, &Y, #W).
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(¢) app(&X,#Y,&Z) = initial (& X, &Z).
Given a target clause, the above rewriting rules work as follows.

e By the rewriting rule (a), a target atom that initial(& A, &B) matches is rewritten
into a new atom of the form app(&A, #Y, &B). In this case, the values of &A and
& B are determined uniquely. A new variable, which does not appear in the target
clause, is introduced and substituted for #Y .

e By the rewriting rule (b), a target atom that app(&X, &Y, &Z) matches is rewrit-
ten into two clauses. In making the first clause, the target atom is changed into a
sequence of eq(&X,[]) and eq(&Y,&Z). Since the values of &X, &Y, and &Z are
determined uniquely, the first clause is determined uniquely. In making the second
clause, the target atom is changed by the rule (b) into three atoms of the form
eq(&X, [#A|#V)), eq(&Z, [#A|#W]), and app(#V, &Y, #W). Three new variables,
which do not appear in the target clause, are introduced and substituted for #A,
#V, and #W.

e By the rewriting rule (c), an atom that app(&X, #Y, &Z) matches is rewritten into
an atom of the form initial(&X,&Z). If the variable that is matched by #Y has
an occurrence in other parts of the target clause, the matching fails, and the rule
cannot be applied.

5.2. Rich representational power by two kinds of variables. Recall the set Ry of
rewriting rules in Section 2. Usual atoms are used in these rules.

rev(X,[]) = eq(X,[]).

rev(X, [A]Y]) = eq(X, [C|W]), rev(W, Z), app(Z, [C], [A]Y]).

app(X, [E], [A]) = eq(X,[]), eq(E, A).

app(X, [E], [A, B|Z]) = eq(X, [A|W]), app(W, [E], [B|Z]).
These rules are represented using meta atoms as follows.

rev(&X, []) = eq(&X, []).

rev(§eX, [CAICY]) = eq(&eX, [#CI#W]), rev(#W, #2), app(#2, [#C], [CA&Y]).

app(& X, [&E], [&A]) = eq(&X, []), eq(&E, &A).

app(& X, [&E], [&A, &B|&Z]) = eq(&X, [&A|&W]), app(&W, [&E], [&B|&Z]).
The former is called one-kind variable notation, and the latter two-kind variable notation.
We consider translation from one-kind variable notation to two-kind variable notation as
follows.

1) Usual variables that appear in the left-hand side of a rule are transformed into
&-variables.
2) Usual variables that do not appear in the left-hand side of a rule are transformed
into #-variables.
Obviously, this translation method is not one-to-one. One-kind-variable rules have less
expressive power than two-kind-variable rules. For example,

app(& X, #Y,&7Z) = initial (& X, &7)

cannot be represented by one-kind-variable rules since app(&X, #Y,&Z) includes a #-
variable in the left-hand side of the rule. According to the correspondence above, the rule
(app(X,Y, Z) = initial (X, Z)) is transformed into a rule:

app(&X, &Y, &7) = initial (& X, &7),

which has not the intended meaning.

6. Meta Meta Atoms and Meta Rules. We define the concept of meta rules, a syntax
of meta rules, and the correctness of meta rules.
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6.1. Meta meta terms and meta meta atoms. An x-variable is a variable that begins
with % (such as *X). A %-variable is a variable that begins with % (such as %Z). *-
variables and %-variables are called meta meta variables. Meta meta terms are of the
same form as usual terms (simple terms and compound terms) in logic programming, but,
instead of usual variables, *-variables and %-variables are used. For example, “terms”
such as f(xA,a,%Z), a, *B, and %X are meta meta terms. We use the usual abbreviated
notation for lists.

A meta meta atom is an expression consisting of a predicate and a sequence of (pos-
sibly zero) meta meta terms. For instance, expressions such as eq(xX, [*A|%Z]) and
app(NZ, la|*Y], %Z) are meta meta atoms.

6.2. Instantiation of meta meta atoms. Let © be the set of all mappings 6, from
the set of all x-variables and %-variables to the set of all meta terms, that satisfy the
following conditions.

1) An x-variable is mapped into a meta term.
2) A %-variable is mapped into a #-variable.

Assume that A; is the set of all meta meta atoms. Let ngS be a mapping from A; x © to
A; such that ¢(A, @) is the atom that is obtained by substituting all meta meta variables
v in A with 0(v).

6.3. Syntax of meta rules. Meta rules consist of meta meta atoms that may have
x-variables and %-variables. The syntax of a meta rule is as follows:

a, {cond}

= {execi}, bu;
= {execy}, Po;

= {exec,}, B,

where n € {1,2,...}, cond and exec; are optional sequence of built-in meta meta atoms,
and each of «, 1, B, ..., B, are a sequence of meta meta atoms. o may have a sequence
cond of built-in atoms, which is called a condition part. 5; (¢ < n) may have a sequence
exec; of built-in atoms, which is called an execution part. The rule is applied if & matches a
sequence of meta atoms in the left-hand side of a target meta clause, and the condition part
cond succeeds. Basically, the target clause is replaced with n clauses, which is modified
by the execution of cond and exec; as follows: If execution of exec; succeeds with an
instantiation #, the sequence that is matched by « is replaced with (;, and the new clause
is specialized by 6. If execution of exec; fails, no clause is produced. Consider the rule
(eq(%V,*Z) = {bind(%V,*Z)}) which will be shown in Section 7.2. If it is applicable to
a target clause, it removes the atom that is matched by eq(%V, xZ), and specializes the
target clause with {%V/*Z}.

The next three rules are simple meta rules.

(a) initial(xA,*B) = app(xA, %Y, *B).

(b) app(xX,*Y,*x2Z)

= eq(xX, []), eq(Y, xZ);
= eq(xX, [DA|%V]), eq(xZ, [%A|% W), app(%V, xY, %W).

(c) app(xX, %Y, *Z) = initial(x X, *xZ).
We will explain meta rules using the above examples. Given a target meta clause, each
of the above meta rules works as follows.

e By the meta rule (a), a target meta atom that initial(xA, *B) matches is rewritten
into a new meta atom of the form app(xA, %Y, *B). In this case, the values of xA



370 K. AKAMA AND E. NANTAJEEWARAWAT

and *B are determined uniquely by the matching. A new #-variable, which does
not appear in the target meta clause, is introduced and substituted for %Y .

e By the meta rule (b), a target meta atom that app(xX, *Y, *Z) matches is rewritten.
In making the first meta clause, the target meta atom is changed into a sequence
of eq(xX,[]) and eq(xY,*Z). Since the values of X, %Y, and *Z are determined
uniquely, the first meta clause is determined uniquely. In making the second meta
clause, the target meta atom is changed by the meta rule (b) into three meta atoms
of the form eq(x X, [N A|%V]), eq(xZ, [%A|%W]), and app(%V, xY, %W). Three new
#-variables, which do not appear in the target meta clause, are introduced and
substituted for %A, %V, and %W.

e By the meta rule (¢), a meta atom that app(xX, %Y, *Z) matches is rewritten into
a meta atom of the form initial(xX,*Z). If the #-variable that is matched by %Y
has an occurrence in other parts of the target clause, the matching fails, and the rule
cannot be applied.

6.4. Correctness of meta rules for user-atoms. We explain the correctness of the
meta rules (a), (b), and (c) in Section 6.3. By the meta rule (a), an initial meta atom
is replaced with an app meta atom. The meta meta variable %Y in (a) produces a #
meta variable, which generates a new variable that does not appear in the target clause. It
follows that the corresponding transformation in the level of usual declarative descriptions
is unfolding with respect to the definition (A) of the initial predicate:

(A)  initial(A, B) < app(A,Y, B).

By the meta rule (b), an app meta atom is replaced with two meta atom sequences.
The meta meta variables %A, %V, and %W in (b) produce mutually different # meta
variables, each of which generates a new variable that does not appear in other part of
the target clause. It follows that the corresponding transformation in the level of usual
clauses is unfolding with respect to the definitions (B1) and (B2) of the app predicate:

(B1)  app(X,Y, Z) « eq(X,[]), eq(Y, Z);

(B2)  app(X,Y, Z)  eq(X,[A|V]), eq(Z,[A]W]), app(V, Y, W).

By the meta rule (c¢), an app meta atom is replaced with an initial meta atom. The
meta meta variable %Y in (c) matches a # meta variables, which does not appear in
the other part of the target meta atom. The corresponding transformation in the level
of usual clauses is reverse of unfolding with respect to the definition (A) of the initial
predicate. Hence it preserves model-intersection.

6.5. Correctness of meta rules for equality. We also use meta rules for eq atoms.
(Ea) eq([*A|xX], [*B|*Y]) = eq(xA, xB), eq(x X, *Y").

(Eb)  eq(xX,xX) = .

(Ec)  eq([], [#X|*Y]) = {false}.
eq([xX |V, []) = {false}.

(Ed)  eq(%V,x2) = {bind(%V,xZ)}.
eq(xZ,%V) = {bind(%V,xZ)}.

We explain the correctness of the meta rules (Ea), (Eb), (Ec), and (Ed). By the meta
rule (Ea), an eq meta atom is replaced with two meta eq atoms. The corresponding
transformation in the level of usual clauses is decomposition of lists, which is obviously
correct transformation. The correctness of meta rules (Eb) and (Ec) is similarly proved.

By the meta rule (Ed), equality is solved. Since the meta meta variable %Y in (Ed)
matches a # meta variables, which does not appear in the other part of the target meta
atom. The equality meta atom in (Ed) is instantiated to equality atoms with variables
that do not appear in the other part of the target clause. Hence the variables can be bound
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without affecting other part of the target clause, and the variable binding obviously yields
correct transformation.

7. Meta Computation for Rule Generation. We discuss meta computation and rule
generation by meta computation.

7.1. Rule generation by meta computation. Let D be a clause set. We propose a
method of generating ET rules by repeated application of meta rules to meta clauses,
which is called meta computation.
1) Assume that a non-empty sequence a of meta atoms, called an input meta atom
sequence, is given.
2) Prepare a set R of correct meta rules with respect to D.
3) Let M; be a meta description {C’}, which is a singleton set of a meta clause C =
(h + «).
4) Obtain a meta description M), by transforming M; by repeated application of meta
rulesin R: My — My — -+ — M,,.
5) If there is n > 1 such that My = {(h < 1), (h < B2),...,(h < ,)}, then obtain a
rule
a = fi;
= [a;

= Bn.
6) If My = {}, then obtain a rule
a = {false}.

7.2. Generating non-splitting rules. Using the meta rules in Section 6 together with
an input meta atom sequence [initial(&X,[])], we can construct meta computation as
follows:

(1) h <« initial(&X, []).

(2) h < app(&X, #Y,[]).

(3) h < eq(&X,[]), eq(#Y,[]).
h = eq(&X, [#A#V]), eq([], [#A#V]), app(#V, #Y, #W).
(4) D eq(&X,[]), eq(#Y,[]).

(5) h <+ eq(&X,[]).
Application of meta rules in this meta computation is listed:

(1) = (2) by application of the meta rule (a)
(2) (3) by application of the meta rule (b)
(3) = (4) by application of the meta rule (Ec)
(4) (5) by application of the meta rule (Ed)

Since meta clause (1) is transformed into (5), we obtain a rule:

initial(&X, []) = eq(&X,[]).

An explanation of meta computation from (1) to (5) is given as follows. (1) is transformed
into (2) by the meta rule (a), where the variable %Y introduced a new #Y variable, which
does not appear elsewhere. Using the meta rule (b), (2) is transformed into two meta
clauses in (3). The variables %A, %V, and %W produce three new variables, #A, #V,
and #W. Then the second meta clause in (3) was removed by the meta rule (Ec). The
second body atom in (4) was removed by the meta rule (Ed) to have the final meta clause
(5). There is no meta rule that is applicable to (5).
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7.3. Generating splitting rules. We use the same meta rules as given in Section 7.2,
and make meta computation starting with an input meta atom sequence [initial (& X, [& A
|&Z])], as follows.
(1) h <« initial(&X, [&A|&Z])
by the meta rule (a)
(2) h <« app(&X, #Y, [&A|&Z])
by the meta rule (b)
(3) h < eq(&X,[]), eq(#Y, [&A|&Z]).
h < eq(&X, [#Bl#V]), eq([&A|&Z], [#B[#W]), app(#V, #Y, #W).
by the meta rule (Ed)
(4) h <+ eq(&X,[]).
h = eq(&X, [#B#V]), eq((&A|&Z], [#B[#W1]), app(#V, #Y, #W).
by the meta rule (Ea)
(5) h <+ eq(&X,[]).
h < eq(&X, [#B|#V]), eq(&A, #B), eq(&Z, #W), app(#V., #Y, #W).
by the meta rule (Ed)
(6) h <« eq(&X,[]).
h = eq(&X, [LAF#V]), eq(&Z, #W), app(#V, #Y, #W).
by the meta rule (Ed)
(7) h < eq(&X,[]).
h = eq(&X, [CA[F#V]), app(#V, #Y, &Z).
by the meta rule (c)
(8) h <+ eq(&X,[]).
h < eq(&X, [&A|#V]),initial(#V, &Z).
Since meta clause (1) is transformed into two meta clauses in (8), we obtain a rule, which
is represented by
initial(&X, [&A|&Z])
= eq(&X, []);
= eq(&X, [&A|#V]), initial (#V, & 7).

7.4. Making input meta atom sequence. Meta computation starts with a meta clause
consisting of an input meta atom sequence. Assume that we have no rule applicable to
the separated description CsU () at some computation state. To generate applicable rules
to some clause in the set () of clauses, we need to find input meta atom sequence for
meta computation. We select a clause, called a target clause, in (). We select a set of
atoms, called target atoms, in the body of the target clause. One of the simplest methods
of constructing an input meta atom sequence from selected target atoms is to make a
set of simple meta atoms that can be instantiated into the given set of target atoms.
For example, referring to the sequence of ans clauses in Section 2.2, the body atom
app(C, [A],[1,2]) in the third ans clause is subsumed by an atom app(C, [A|R], [B, C|S]),
which is an instantiation of app(&C, [&A|&R], [&B, &C|&S]). Subsumption along with
variable change from usual variables to meta variables is the basic method to construct
an input meta atom sequence.

8. Linking with Previous Research.

8.1. Minimal model semantics of definite clauses. The previous theories for rule
generation reviewed in Section 1.2 are constructed on the solution of QA problems on
definite clauses, and the minimal model semantics of definite clauses is taken. Consider
a QA problem (D, q), where D is a set of definite clauses, and ¢ is an atom. D is called
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background knowledge, and ¢ is a query atom. The answer of the QA problem (D, q)
is equal to the set (instance(q) N M(D)), where instance(q) is the set of all ground
instances of ¢, and M (D) is the minimal model of D. By the model intersection property
[14], the minimal model of D is equal to the intersection of all models of D, i.e., M(D) =

() Models(D).
An ET-based solution of a QA problem is given as follows. We introduce a query clause
(ans(xy, 22, ...,x,) < q), where 1,9, ..., x, are mutually different variables in ¢. Let

(@ be a singleton of the query clause above. We consider MI problems with Cs = D U @),
assuming D and () are sets of definite clauses. ET computation consists of repeated
application of ET rules to @) preserving M(D U Q).

8.2. Extension of knowledge representation. The previous meta computation theory
cannot be applicable to a clause set that includes non-definite clauses. We have extended
the theory of meta computation to non-definite clauses. The theory proposed in this paper
can be applied to arbitrary clauses.

In logic programming, many specific models have been invented. The minimal model
semantics is one of them. In our theory, all models are considered to be of equal value.
No specific model is taken to be more important than others, which is common to first-
order logic. The minimal model semantics that underlies the previous theory is the main
hindrance to the extension from the theory of meta computation on definite clauses to
the one on arbitrary clauses.

Extension to the meta computation theory on all-model semantics is realized as follows.
We take the class of model-intersection problems (MI problems), which is an extension of
the class of QA problems. Assume that D and @ are sets of arbitrary clauses. Taking D
as background knowledge, and @) a set of query clauses, we consider an MI problem with
Cs = D U Q, the answer to which is [ Models(D U Q). If D U @ contains only definite
clauses, the answer is represented by the minimal model of D U Q) i.e.,

() Models(DU Q) = M(DUQ).

It follows that if we consider MI problems with all-model semantics in place of QA prob-
lems on definite clauses with minimal model semantics, the meta computation theory can
be applied to all problems on definite/non-definite clauses.

8.3. Theoretical framework for rule generation. Production systems or expert sys-
tems [15, 16, 17, 18, 19] have rules. Rules are written by mimicing the reasoning of a
human expert in solving a knowledge intensive problem. There is no theoretical framework
for defining the correctness of various rules and rule generation based on the correctness.

Resolution-based computation in logic programming has no concept of utilizing various
rules to improve solvability and efficiency [14, 20, 21, 22, 23, 24]. Again, there is no
theoretical framework for defining the correctness of various rules and rule generation
based on the correctness.

9. Concluding Remarks. In the ET model, computation is regarded as equivalent
transformation of declarative descriptions, and a program consists of ET rules and a
control description. Programs may be improved by adoption of new rules. Under the
ET model, we have the description/instantiation structure. Atoms are instantiated into
ground atoms. Descriptions consist of atoms, and are instantiated into ground descrip-
tions.

A class of rewriting rules is introduced. A rewriting rule is a rule for transforming a
description into a description, and is constructed from meta atoms. Meta atoms have
two kinds of variables, &-variables and #-variables. An &-variable is instantiated into a
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usual term, while a #-variable is instantiated into a usual variable that does not appear
elsewhere in a target query clause. Meta atoms are instantiated into atoms.

A class of meta rules is introduced. A meta rule is a rule for transforming a meta
description into a meta description, and is constructed from meta meta atoms. Meta
meta atoms have two kinds of variables, i.e., *-variables and %-variables. A x-variable is
instantiated into a meta term, while a %-variable is instantiated into a #-variable that
does not appear elsewhere in a target meta clause. Meta meta atoms are instantiated into
meta atoms.

A meta computation consists of repeated application of meta rules to a meta descrip-
tion, by which we obtain a sequence of meta descriptions. The first and the last meta
descriptions of the obtained sequence give a pair of meta descriptions. The pair of meta
descriptions determines a partial mapping for transforming a description into a descrip-
tion. A rewriting rule is obtained as a partial mapping for transforming a description into
a description.

A theory of meta computation was proposed on the ET-based computation of MI prob-
lems. We can generate rewriting rules for any background knowledge that is represented
by a set of arbitrary clauses, not only definite clauses but also non-definite clauses.

Rule generation and meta computation in this paper will open up a new stage of
computation and program synthesis. By rule generation, greater increase of solvability is
expected for larger and practical problems. By generating various, less general and more
efficient rules other than the general unfolding rules, we can solve many problems that
cannot be solved without rule generation, and can improve efficiency of computation for
many problems. Toy problems may even suffer from non-solvability due to shortage of
rewriting rules [13]. It follows that the theory of rule generation improves the practicality
of the solution method.

Rule generation is fundamental for solving problems since it produces programs from
problems. A theory of program synthesis will be constructed for the largest class of log-
ical problems on first-order formulas. Sequential and/or parallel programs to solve MI
problems will be synthesized based on the technique of rule generation.
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