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ABSTRACT. With more general definition of a superposition S™, an inductive compo-
sition is an operation on the set of all n-ary terms of type 7 and it also induces an
inductive product, a binary operation which is less specific than a term product. The
more general the operation, the stricter the base set pair with the operation to become a
semigroup. This paper focuses on semigroups with this inductive product as their funda-
mental operation. We consider their left, right, and two-sided ideals as well as those of
principal ideals. Mazximality and minimality of the mentioned ideals are also character-
ized. Relations of positional equivalence and root equivalence are introduced as tools in
characterizing the mentioned structures.

Keywords: Inductive composition of terms, Semigroups of inductive terms, Equivalence
of terms, Ideals of inductive terms, Principal ideals of inductive terms

1. Introduction. Terms are fundamental concepts in universal-algebra studies. Terms
are inductively defined based on wvariables, elements from the set X, = {z1,...,z,} for
some positive integer n or the set X = {x1, 29, x3,...}, and to generate even more number
of terms, non-nullary operation symbols from the set {f; | ¢ € I} where I is an index set
can be combined with variables or any already obtained term to get new terms. For each
i € I, the type T = (n;);e; indicates that the operation symbol f; is n;ary. The n-ary
terms of type 7 are formally defined as follows:

(i) Every variable x; € X, is an n-ary term;
(i) If ty,...,t,, are n-ary terms and f; is an n;-ary operation symbol, then f;(¢1,...,t,,)
is an n-ary term.

The set of all n-ary terms of type 7 is denoted by W, (X,,), and analogously, W, (X) de-
notes the set of all terms of type 7. Terms are important in both algebraic and theoretical
structures. In algebraic advantages, terms are used as identities for generating a variety of
algebras in which every algebra satisfies the designated identities (see [1, 10, 11] for more
details). In theoretical structures, terms are applied in computer science and linguistics
(see [1, 11, 13] for more details). We also would like to refer to [16, 18, 20, 21, 26] for
current trends in term studies.

The sets W,(X,,) and W, (X)) are suitable to be set as base sets under superpositions of
terms to obtain algebras of terms. A superposition is an action of variable replacement in
a term by other terms to obtain a new term with the same type, so it is certainly closed
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over W,(X,,) and W, (X); more importantly, it satisfies the following superassociative law:

SE (2, Sh (Y1, @1y Tn)y oo Sor(Ups 1y -y )) &SSP (2, Y1y Yp)s Ty e, T)

where m, n, p are nonzero natural numbers, x1,..., %y, y1,...,y, and z are terms, and
Sk Sr . and SP are superpositions.

Superpositions of terms have been studied throughout these past years. At the be-
ginning, the superposition S, was defined for n-ary and m-ary terms of the same type.
Then Denecke and Leeratanavalee [7] defined the superposition Sj on W, (X), the set of
all terms of type 7. Moreover, several researchers adapted these superpositions to deal-
ing with various base sets of terms, we refer the readers to [3, 5, 26] for more forms of
superpositions of terms.

Since superpositions of terms Sy, and Sy are superassociative, they undoubtedly induce
associative binary operations on certain sets of terms. Denecke and Jampachon [6] intro-
duced four different associative binary operations: +, *, 44, and *,. The ones with no
subscript g were defined using the superposition S/ which is an operation over W.(X,,)
and the ones with subscript g were defined from the superposition S7' over W, (X) by
which 7, means that all operation symbols are n-ary. The superposition S; was also used
in defining a term product -,, on W, (X) which was emphasized in [16]; it is a special
case of a tree-language product from [8].

In 2007, Shtrakov [24] defined the inductive composition which is an extended concept
of a superposition because of more selection of terms to be replaced, speaking of which, a
superposition only considers variables as replacable terms while the inductive composition
regards substitution of any term, possibly a variable, acting as a subterm. For a term
t € W-(X,,), the set sub(t) of all of its subterms is inductively defined as follows (see e.g.,
(13, 23, 24]):

(i) If t € X,,, then sub(t) = {t};

(ii) If t = fi(ts,...,tn,), then sub(t) = {t} Usub(ty) U--- U sub(t,,).

The inductive composition is defined as follows (see e.g., [23, 24]): Let r,s,t € W, (X,,)
be any n-ary terms of type 7. The inductive composition ¢(r < s) is the term inductively
defined by

(i) t(r < s) =t if r & sub(t);

(ii) t(r = s) =sif t =r;
(ili) t(r <= s) = fi(ta(r <= s),... ty,(r <= s)) if t = fi(ts,...,tn,), v € sub(t), and t # r.

The more kinds of replacable terms come with an unexpected result — no associativity
satisfaction. Kitpratyakul and Pibaljommee [18] gave a simple example to illustrate that
the inductive composition is not associative and defined a binary operation called inductive
product based on fixing a term to be replaced in the inductive composition as follows.

Let r € W.(X,,) be fixed and s,t € W,.(X,,). An r-inductive product, denoted by -, is
an operation on W, (X,,) defined by

t.s:=1t(r <+ s).

For example, let 7 = (2,3) with a binary operation symbol f and a ternary operation

symbol g. Let r = f(x1,29), s = f(x3,x3), and t = g(f(xe, x3), 2, f(x3, f(21,22))) be
ternary (3-ary) terms of type 7. Then we have

tors=tr<+s)
= g(f(z2,x3), 22, (x5, f(21,22))) (f (21, 22) < f(w3,23))
= g(f (@2, 23)(f (21, 22) < [(23,23)), 22(f (21, 22) = f(23,73)),
f (@3, f(21, 22))(f (21, 72) + f(23,23)))
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= g(f(za, x3), 2o, f(3(f (21, 02) = f(23,23)), f(201, 22)(f (21, 22) ¢ f(73,23))))
= g(f(x2, x3), x2, f(x3, f(3,23))).

If we set a fixed term r to be a variable, an inductive product actually becomes a term
product. This means that an inductive product -, is a generalization of a term product
xXg*

Semigroups are fundamental algebras with a nonempty base set and an associative bina-
ry operation. Due to their simplicity, semigroups are usually recognized as conditions for
other particular kinds of algebras such as monoids, groups, and rings. Algebraic properties
of semigroups can be founded in several textbooks; we recommend [12, 14]. Semigroups
also have a closed relation with wording and automata theory. In automata theory, words
are elements which are constructed from picking elements in X,, = {x1,...,2,} and op-
tionally applying the binary operation of juxtaposition; both actions can only be done
finite times. Since the binary operation of juxtaposition is associative, we actually ob-
tain a semigroup of words. Sometimes, the empty word is added to the base set of this
semigroup to make it a monoid. For more information of wording and automata theory,
we refer the readers to [1, 11, 13]. There is also a study on gender parity issues by using
ARIMA (autoregressive integrated moving average), see [2]| for more details.

Ideals are traditionally explored not only of semigroups but of other algebras as well.
Ideals have their usage in various topics of semigroup studies such as Green’s relations,
many kinds of regularity characterization, and Rees congruence which leads to a Rees
factor semigroup. For more backgrounds and examples, we refer the readers to [12, 14,
15, 22, 25].

Semigroups of terms have been studied recently. In 2006, Denecke and Jampachon
6] investigated the semigroup of W, (X,,) together with four distinct binary operations:
+, %, +4, and *,. Many researchers modified such semigroups to shift to other types of
terms (see e.g., [20, 21]) or even sets of terms (see e.g., [4, 9]). In addition, a term
product stated in [16] can also induce a semigroup of terms but that semigroup is not
directly investigated; more precisely, there is a study in this direction with sets of terms
instead of terms which absorbs such semigroup of terms into its special case (see e.g.,
8,17, 19]). Currently working on this trend, Kitpratyakul and Pibaljommee [18] examined
the semigroups concerning the inductive product and the base set of some restriction on
W.(X,).

This paper is the sequel of [18] whose findings concern the characterizations of idem-
potent and regular elements of the semigroup of inductive terms as well as its Green’s
relations. In this paper, we continue studying this semigroup and characterizing three
types of ideals: left, right, and two-sided for both ideals and principal ideals of the in-
troduced semigroup. Maximality and minimality of those ideals are investigated as well.
Following this section, vital propositions regarding inductive products will be provided.
Then the definitions and properties of positional equivalence and root equivalence of terms
will be represented as the tools in the main theorems, characterizations of ideals and prin-
cipal ideals of the semigroups of inductive terms. Finally, the conclusion of the work will
be proposed together with possible directions of future research.

2. Preliminaries. This section devotes to the review of important findings involving
inductive products which can be found in [18] to be used in later sections.

An algebra (W.(X,,), ) is not necessary to be a semigroup. One discovered condition
to make it a semigroup is to restrict the base set by the following condition.

Lemma 2.1. Let r € W,(X,,) be fized and s,t,u € W (X,,). If for any x,y € W.(X,,),
Ty # 1 whenever x #r ory #r, then (t+ 8) ru=1t-. (s u).
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A maximal subset of W,.(X,,) corresponding to the above condition and being closed
under the operation -, is established.

Theorem 2.1. Let r € W.(X,,) be fized. Then the set W (X,,) := W.(X,)\ (sub(r)\{r})

is a mazimal subset of W,(X,,) which is closed under the operation -. and satisfies the
condition: for any s,t € WI(X,), t -, s # r whenever s # 1 ort #r.

By combining the above lemma and theorem, we eventually obtain the (maximal)
semigroup (W!(X,),--). Note that if r € X,,, then the semigroup arising in this way
becomes (W,(X,,), ). Moreover, (W (X,),-.) is in fact a monoid such that r € W’(X,,)
is its identity. For the rest of this paper, we will omit writing ¢ ¢ sub(r) \ {r} in any
lemma and theorem, but the readers have to be aware of such condition even if it is not
mentioned.

At the end of this section, we emphasize a beneficial lemma of an inductive product on

the set W7 (X,).

Lemma 2.2. Let r € W,(X,,) be fized and s,t € WI(X,,). Then
(i) If r € sub(t), then sub(s) C sub(t -, s);

(ii) If r & sub(t), then t -. s =t;

(iii) r € sub(t) and r € sub(s) if and only if r € sub(t -, s);

(i) t =1 and s =7 if and only ift -, s =r.

3. Positional Equivalence and Root Equivalence of Terms. In order to character-
ize ideals and principal ideals of (W (X,,), ), we need more details on words and positions
of a term. We denote N* the set of all finite words over N and € the empty word. As
usual, pq is the concatenation of the words p,q € N*. A word p € N* is said to be a prefix
of a word ¢ € N* if ¢ = pu for some u € N*,

For any term ¢ € W, (X,,), the set of all positions pos(t) of ¢ is inductively defined as
follows:

(i) If t € X,,, then pos(t) = {¢};

(ii) Ift = fi(t1, ..., ty,), then pos(t) = {e}UU, <, (Jpos(t;)) where jpos(t;) = {jq | q €
pos(;)}.

We denote [(p) to be the length of a position p € pos(t). The mapping sub; : pos(t) —
sub(t) is defined as an interpretation of each position in a term ¢ to the subterm of ¢ whose
root node occurs at that position. For a fixed r € W,(X,,), the mapping pos” : W,(X,,)
— P(N*) assigns each term to the set of positions of itself where a subterm r is located.
It is formally defined by the following inductive ways:

(i) If r & sub(t), then pos”(t) = 0;

(ii) If t = r, then pos”(t) = {e};
(iti) If t = fi(ts, ..., 1) # 7 and 1 € sub(t), then pos”(t) = U, <<, (Jpos"(t;))-

Here, jpos™(t;) = {jq | ¢ € pos™(t;)}, but if it happens that pos”(t;) = (), then we define
jpos’ (1) = 0.

We now give the definition of positional equivalence. For any s,t € W, (X,,), we say
that s is positional equivalent to t at the position p if the vertices at the position p of both
s and t are labelled by the same variable or operation symbol. Generally, s is positional
equivalent to t at a nonempty set P C pos(s) if s is positional equivalent to ¢ at the
position p for every p € P. For any A C P(N*), we denote P4 to be the relation on
W;(X,,) by which

s (W, (X,))? iftA=10
A {(u,v) € (W-(X,))? | uw and v are positional equivalent at A} if A # 0.
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Positional equivalent terms can sometimes be very different in complexity. For example,
the terms g(x1) and f(x1, f(z1,24)) are terms in Wiy 1)(X,) where f and g are binary and
unary operation symbols, respectively. We see that (g(x1), f(21, f(21,24))) € Pp1y despite
how they look so different in terms of variables, operation symbols, and term complexity.
For more accuracy of term equivalence, we define a more specialized equivalence called
root equivalence. For any terms s,t € W.(X,,), a term ¢ is said to be root equivalent to
s at the position p € pos(t) if t and s are positional equivalent at pre(p) := {q € N* |
q is a prefix of p}. Also, t and s are root equivalent at a nonempty set R C pos(t) if they
are root equivalent at every position from R.

Example 3.1. Let t; = h(f(x1,24),9(x2),x3), ta = h(f(g(z1),x5), 9(x2),z3) be terms
in Wi1,3)(Xs) where f, g and h are binary, unary, and ternary operation symbols, re-
spectively. Then ty and ty are root equivalent at the position 21 as they are positional
equivalent at pre(21) = {e,2,21}.

Similar to what we define for positional equivalence, for A C P(N*) we denote Ry4 to
be the relation on W, (X,,) by which

N QU 40
a {(u,v) € (W,(X,))? | v and v are root equivalent at A} if A # 0.

From Example 3.1 above, we see that (t1,%2) € Ry 21,3y and also (t1,%2) € Rye12213)

Remark 3.1. There are several remarks involving root equivalence of terms.

(i) Positional equivalence is a generalization of root equivalence and some positional
equivalence is not root equivalence. For example, the terms g(x1) and f(xq, f(x1,24))
are positional equivalent at the position 1; nevertheless, they are not root equivalent
at the same position since they are not positional equivalent at € € pre(1).

(i) If t and s are root equivalent at p € pos(t), then they are also root equivalent at any
position from pre(p).

(i1i) For any terms s,t € W,(X,), (t,s) € Ra does not mean that t and s are not root
equivalent at any position besides those from A. Referring to Fxample 3.1, we can
tell that (t1,t2) € Rgy even though they are also root equivalent at other positions
such as 1 and 21.

The following supporting lemma concerning root equivalence will be useful in ideal
characterization of (W} (X,), ).

Lemma 3.1. Let s,t € W,(X,,) and A, B € P(N*). Then
() If AC B, then Ry C Ra;
(17) (t,s) € Raup if and only if (t,s) € Ra and (t,s) € Rp;
(ii1) (t,s) € Rposry if and only if t = s;
(iv) Let A # 0, (t,s) € Ry and ', t' € W,(X,,) be n-ary terms of type T such that
suby(j) =t and suby(j) = s for some j € pos(s') Npos(t') and let jo € pre(j) be
such that l(jo) + 1 =1(j). Then (t',s") € Ry if and only if (t',s") € R;a.

Proof: (i) The result is immediate if A = (). Assume that ) # A C B. Let (¢,s) € Rp.
Then ¢t and s are root equivalent at B; more precisely, at A since A C B. Hence, (t,s) €
R 4. Therefore, Rg C R4.

(ii) The statement is clearly valid whenever A or B is empty. Next, we consider the
situation where A, B # (). Assume first that (¢,s) € Raup. Since A C AU B and
B C AU B, by (i), we get Raup € Ra and Raup C Rp which imply that (t,s) € Ry
and (t,s) € Rg. On the other hand, assume that (¢,s) € R4 and (t,s) € Rg. Then ¢
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and s are root equivalent at A and B, so they are also root equivalent at A U B. Hence,
(t, S) € RAUB-

(iii) Assume that (¢,5) € Rpes)- 1 pos(s) € pos(t), then we would get a contradiction to
the assumption. If pos(t) C pos(s), then there is p € pos(s) \ pos(t) such that g € pre(p)
and I(q) = l(p) — 1 for some ¢ € pos(t). Note that ¢ € pos(s). Then the arity of the
operation symbol at the position ¢ € pos(t) is at least 1 less than the arity of that of
q € pos(s), but this would contradict (¢,s) € Rygy. Even if sub,(q) € X,,, there would be
no such p. Therefore, pos(t) = pos(s). Altogether with the assumption, we obtain ¢t = s.
The converse is clear.

(iv) Assume that (¢',s") € Ry 3. Let p € A. Then (¢,s) € Ryyy. Thus, (t,5) € Py for
each g € pre(p). Since (¥',s) € Ryjy, (V',5") € Ry for each gy € pre(jo). Therefore,
(t',s") € Ryjpy. By (ii), we obtain (¢',s") € R;j4. The converse is immediate as jy € pre(ja)
for any a € A. OJ

The concepts of words, positions of terms, and root equivalence introduced in this
section will be utilized as tools in the characterizations of ideals and principal ideals in
the next section.

4. Ideals and Principal Ideals of (W!(X,),.). Ideals are traditional studies of
algebraic structures of semigroups. We characterize three types of ideals: left, right, and
two-sided of the semigroup (W7(X,),--). Recall that a nonempty subset I of W’ (X,,) is
a left [right] ideal of W’ (X,,) if for any t € [ and s € W (X,,), s-,t €I [t-, s € I|, and I
is called an ideal or a two-sided ideal if it is both a left and a right ideal.

For any terms s,t € W,(X,,), we denote

B! :={p € pos(t) | ¢ is not a prefix of p for any ¢ € pos®(t)}.
Before moving to right-ideal characterization, we need the following lemma.

Lemma 4.1. Let r € W,(X,,) be fized and t = f;(t1,...,t,,) € WI(X,) with t # r and
r € sub(t). Then B \{e} = U;L;ljBij.

Proof: It is easy to see that if ¢; = r for all j € {1,...,n;}, then Bl \{e} = 0 =
U?=1 jBﬁj . Now, consider the case where t; # r for some j € {1,...,n;} which is a case
rendering B} \{e} and |JZ, 7By nonempty. Let a € Bt \{e}. By the definition of pos(t),
we get a € jpos(t;) for some j € {1,...,n;}, i.e,, a = jc for some ¢ € pos(t;). Since
a € B!, there is no ¢ € pos”(t) such that ¢ is a prefix of a. If there is a prefix ¢y of ¢
such that gy € pos’(t;), then we would have jgo € pos”(t) which is a prefix of a = je,

a contradiction. Hence, ¢ € BY. Therefore, a € jBY, ie., a € Uiz, jBY. Next, let

b e Ui, jBY. Clearly, b # €. Then b = jd for some d € pos(t;) such that there is no

prefix ¢ of d such that ¢ € pos”(t;) for some j € {1,...,n;}. If sub(j) =r, then t; =r

which means that € € pos”(t;). We get a contradiction where € € pos”(t;) while it is a

prefix of d. Therefore, sub,(j) # r, that is, j & pos”(t). Note that € & pos”(t;). Therefore,

b € B} \{e}. Eventually, we obtain B} \{e} = ., jBy. O
The key lemma for right-ideal characterization of (W7 (X,),-.) is given below.

Lemma 4.2. Let r € W(X,,) be fized and s,t,t' € WI(X,,). Thent' =t -, s if and only
if (U',t) € Rp: and suby(p') = s for any p' € pos(t).

Proof: Assume that ¢ = t .. s. The proof tackles on the structure of ¢. First, if
r & sub(t), then B! = pos(t) and t' =t .. s = t. Thus, (t,t) € Rp:. Second, if t = r,
then pos”(t) = {e}. This means that B! = 0 implying Rg: = Ry. It follows that
(t',t) € Ry = Rpr. Since t' =t -, s = s, we see that suby(e) = s for any position in
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pos”(t) = {e}. Finally, for t = fi(t1,...,t,,) # r and r € sub(t), we inductively assume
that (¢; - s,t;) € R and suby;., (p;) = s for each j € {1,...,n;}, and p} € pos”(t;). To
show that (fi(t1s,...,tn, -+ 5), filt1,...,tn,)) € Rpe. Clearly, (t - s,t) € Ryy. For each
Je{l,....ni}, suby, s(j) =t;- s and sub,(j) = t;. Applying the assumption (¢, -, s,t;) €
R ¢ and Lemma 3.1 (iv), we obtain (¢-, s,t) € RjBt]- for each j € {1,...,n;}. Lemma 3.1
(i) yields (¢ -, s,t) € RUT” B More precisely, by Lemma 4.1, (#',t) € Rp:. Finally, we
need to show that suby (;97) = s for any p’ € pos”(t). By Lemma 2.2 (iv), we have t-.s # r
and hence pos” (t-.s) = U;il(jposr(tj +»8)). Since suby;., (p;) = sforeach j e {1,...,n;}
and p); € pos(t;), we get suby. s (jp;) = s. As pos'(t) = Ui<j<n, (Jpos™(t;)), we have that
suby (p') = suby.,s (p') = s for any p' € pos”(t). On the other hand, we would like to
show that ¢ = ¢ -, s. The proof again tackles on the structure of ¢. If r & sub(t), then
B! = pos(t). Since (t',t) € Rpt = Rys(r), by Lemma 3.1 (iii), we get ¢ = ¢. That
ist =t =15 Fort=r, wehave pos"(t) = {e} which leads to Rg: = Ry. Then
(t',t) € Ry = Rp: for any t' € WI(X,). Since suby(e) = s due to € € pos”(t), we see
that t' = s =t s. Fort = fi(t1,...,t,,) # r and r € sub(t), we inductively assume
that if (t;,tj) € RBflj and subtg_ (p;) = s for each pj € pos”(t;), then t; = t; -, s for
all j € {1,...,n;}. It is clear that e € B!. Since (t,t) € Rp:, we particularly have
(t',t) € Ry and hence t' is of the form f;(ui, ..., uy,,) for some wy,... u,, € Wi (X,).
Since By \{e} = UL, 4By from Lemma 4.1, we actually get (1) € RU’-” By Therefore,
(uj, t;) € Ry for each j € {1,...,n;}. Since pos”(t) = Ur.il(jposr(tj))_, each [ € pos”(t)
is of the form jl; for some j € {1,...,n;} and [; € pos”(t;). By assumption, we have
suby (jl;) = suby(l) = s. Then suby,(l;) = s. Since [ = jl; is arbitrary, [; is also arbitrary.
By induction hypothesis, we obtain u; = t; -, s for each j € {1,...,n;}. Therefore,
t, = fi(ul,...,um) = fz(tl r 37---7tni r S) = fi(tla"'7tni) S :t'r S. O

Having known Lemma 4.2, right ideals of (W’ (X,,),-,) can now be characterized.
Theorem 4.1. Let r € W.(X,,) be fized and O # I C WI(X,). Then I is a right ideal
of (WI(X,), ) if and only if I satisfies the following condition: if t € I, then t' € I for
all t' € WI(X,) such that (t',t) € Rp: and suby(p') = s for some s € WI(X,,) and any
P € pos”(t).

Discussing the previous theorem, if ¢ € I and r € sub(t), then there are infinite possi-
bilities of the term ¢’ due to the fact that the infinite terms s could be. In contrast, ¢’ can
only be t whenever r & sub(t). These arguments give the condition of finite right ideals
of (W7 (X)), )

Corollary 4.1. Let r € W.(X,,) be fized and ) # I C WI(X,,). Then I is a finite right
ideal of (WI(X,), ) if and only if I contains only a finite number of terms ti,...,t, €
WI(X,) such that r & sub(t;) for each j € {1,...,n}.

Left ideals are the next kind of ideals to be characterized. Based on Lemma 4.2, we
obtain a beneficial lemma concerning left ideals of (W’ (X,),.). For any terms s,t €
W.(X,), we denote

Al :={p € pos(t) | q is a prefix of p for some ¢ € pos®(t)}.
Note that pos(t) = AL J Bt where U represents a disjoint union.

Lemma 4.3. Let r € W.(X,,) be fized and s,t € WI(X,,). Thent = u -, s for some
u e WI(X,) if and only if pos”(t) C AL.

Proof: The result is immediate whenever r ¢ sub(t) since t =t -, s by Lemma 2.2 (ii)
and pos”(t) = (). Therefore, we only need to deal with the situation where r € sub(t).
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Assume that ¢ = u-.s. By Lemma 4.2, (t,u) € Rg» and sub(p') = s for each p’ € pos”(u).
Since t = u-.s and r € sub(t), Lemma 2.2 (iii) implies that r € sub(u) and r € sub(s). As
r € sub(u), by Lemma 2.2 (i), we get s € sub(u-,s) = sub(t). By the definition of BY, it is
not hard to see that By Npos”(u) = (). Since (t,u) € Rps and B Npos”(u) = (), we obtain
B! Npos”(t) = 0. Note that pos(u) = By J A¥. Since (t,u) € Rpv and sub,(p') = s for
each p' € pos”(u), we have that pos(t) = B*J AL. Altogether with B N pos”(t) = 0, we
actually get pos”(t) C AL. On the other hand, assume that pos”(t) C AL. Since r € sub(t),
pos”(t) # 0 and so is AL. It follows that pos®(t) # (). Consider the term v € W’ (X,,) such
that (t,u) € Rp: and sub,(p") = r for all p’ € pos®(t). It follows that pos*(t) C pos”(u).
If t = s, then u is obviously r and hence ¢t = s = u -, s. Next, suppose that ¢t # s,
s € sub(t), and there is a € pos”(u) \ pos®(t). Then B! # (. If a € pos(t), then either
a € Bt ora e AL\ pos®(t). The case a € B! would provide, with a € pos”(u) \ pos®(t) and
(t,u) € Rpt, that sub(a) = r. It follows that a € pos”(t) C A, a contradiction to the
disjunction of AL and B!. The case a € A%\ pos®(t) implies that there is ag € pre(a) \{a}
such that ag € pos®(t). Then ay € pos™(u). Altogether with a € pos”(u) \ pos®(t), it
follows that r is a proper subterm of 7, a contradiction. If a € pos(t), then as (¢,u) € Rp:
and B! # (), there is b € B! with the shortest length such that b € pre(a). However,
this creates an additional path from b to a in the term w but not of the term ¢, i.e.,
(t,u) € Rpy. By Lemma 3.1 (i), (t,u) € Rp:, a contradiction. As a consequence, we
obtain pos®(t) = pos"(u). Since (t,u) € Rp: and pos’(u) = pos®(t), it follows that
By = B!. Hence, the term u we consider in fact satisfies (t,u) € Rpv and sub,(p) = s for
all p € pos”(u). By Lemma 4.2, we finally obtain t = u -, s. O

The previous lemma leads to the very important characterization of left ideals of
(W:(Xn)a '7")-

Theorem 4.2. Let r € W,(X,,) be fized and O # I C WI(X,). Then I is a left ideal
of (WI(X,),) if and only if s € I implies that t € I for every t € W (X,,) such that
pos”(t) C AL.

Discussing the above theorem, since I # (), there is s € I. Assuming that [ is a left
ideal of (WI(X,),+) would provide us t € I for each t € W’(X,,) such that r & sub(t)
because such ¢ satisfies pos”(t) = ) C A%. This illustrates the following essential result.

Corollary 4.2. Let r € W,(X,)) be fized. If I is a left ideal of (W (X,), ), then {t €
WI(X,) | r¢&sub(t)} CI.

Unlike some right ideals of (W!(X,,), ), no left ideals of such semigroup, except some
specific cases involving n = 1, can be finite since the set {t € WI(X,,) | r & sub(t)} is
always infinite.

Characterization of (two-sided) ideals of (W’ (X,),) can then be achieved from The-
orems 4.1 and 4.2.

Theorem 4.3. Let r € W,(X,,) be fired and ) # I C WI(X,). Then I is an ideal of
(WI(X,), ) if and only if I satisfies the following two conditions:

(i) ift €I, thent' €1 for allt’ € Wr(X,,) such that pos™(t') C AY;
(ii) ift € I, thent' € I for allt' € WI(X,,) such that (t',t) € Rg: and suby(p') = s for
some s € WI(X,) and any p' € pos”(t).

Given a nonempty subset I of W’ (X,,), we can now verify whether it is a left, a right,
or a two-sided ideal of (W] (X,), ). Doing so may practically take much time since each
characterization is recursive; however, we can primarily check the set I via Corollaries 4.1
and 4.2 which are consequences of Theorems 4.1 and 4.2, respectively.
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Example 4.1. Let 7 = (2) with a binary operation symbol f, n =5, and r = f(xy,xs).
(i) Let I = {wa, x5, f(22,22)} © W) (X5). Then Iy is easily seen by Corollary 4.2 to

not be a left ideal since {t € Wi (X3) | r ¢ sub(t)} Z 1. Meanwhile, I is unquestionably
a right ideal by Corollary 4.1. These also imply that I is not an ideal.

(i1) Let Cy = {t € Wi (X5) | r ¢ sub(t)}, Dy = {f(xl,s) | s e W&)(X:g)}, and I, =
CoU Dsy. Firstly, we consider Iy based on Theorem 4.1. For any term ¢ € Cy, we have that
B¢ = pos(c) and hence Rge = {(c,c)}. So, terms satisfying the condition of Theorem 4.1
which relates to ¢ € Cy are terms in Cy. Next, consider the term d € Dy with r € sub(d),

e., d € Dy \ Cy. Starting from di = f(z1,7) € Do\ Cy, we see that B4 = {e 1}
and thus {t € Wip(Xs) [ (t,d1) € RBd‘l} = Dy. This means that the terms satisfying the

condition of Theorem 4.1 which relates to dy belong to Dy. Note that the other terms
dy € Dy \ Cy lead to BH C B%. Lemma 3.1 (i) yields R pio © Rpa which implies

that the terms related to do and satisfying the condition of Theorem 4. 1 are contained in
{t € Wi (X3) | (t,di) € R dl} = D,. Consequently, I is a right ideal of( Wi (X3), 'T>.

Secondly, we investigate Iy based on Theorem 4.2. The term t' = f(f(z1,7),22) has
s' = f(xy,7) € Dy C Iy as ils subterm. We see that pos”(t') = {12} C {1,11,12} = A,
despite t' € Iy. By Theorem 4.2, we obtain that Is is not a left ideal and so it is not an
ideal.

Our next targets will be characterizations of principal left, right, and two-sided ideals
of (W'(X,),+) on which we mainly focus their maximal and minimal versions. For
convenience, let <t>, <t>pg, and <t> be the left, right, and two-sided ideal generated
by a term t € W’ (X,,), respectively. Recall by the facts for any semigroup that

<t>;, ={t} U(WI(X,) - {t}),
<t>p = {t} U {t} - WI(X,)),
<t = {E U (WE(Xa) - {01 U ({8} - WE(X) U (WE(X,) - {8} - WECX)).

Here, the product of two nonempty sets A and B is defined as
A,.B={a,blacAbe B}

Note that since r is the identity of (W!(X,),-.), we easily see that all of <r>p,
<r>pg, and <r> become W7 (X,).

A left [right, two-sided] ideal I of a semigroup (W!(X,),,) is said to be mazimal if
there is no left [right, two-sided] ideal J with I € J C W (X,,). A minimal aspect can be
defined dually. Due to the fact that the identity r generates the whole base set, W’ (X,,),
as the left [right, two-sided] principal ideal, the definition of a maximal and minimal
principal left [right, two-sided] ideal can be provided in a similar sense as that of left
[right, two-sided] ideal.

We begin with characterizations of minimality of both left ideals and right ideals of
the semigroup (W (X,), ). From Corollary 4.2, we know the necessary condition of left
ideals of such semigroup which turns to be useful in searching for a minimal left ideal.

Theorem 4.4. Let r € W,(X,,) be fized. Then the set {t € W (X,,) | r & sub(t)} is the
only minimal left ideal of (W (X,), ).

Proof: Let N :={t € WI(X,,) | r & sub(t)}, s € W (X,),andt € N. Then r ¢ sub(t).
Lemma 2.2 (iii) yields r ¢ sub(s -, t) which implies that s -, ¢t € N. Therefore, N is a left
ideal of (W!(X,), ). The minimality and uniqueness come from Corollary 4.2. O
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The application of Lemma 2.2 (iii) and Corollary 4.2 also provides that <t>; = {t' €
WI(X,) | r & sub(t')} for all t € WI(X,,) such that r ¢ sub(t). It is actually the only
minimal principal left ideal of (W7 (X,), ).

The following lemma is useful in minimal-right-ideal consideration.

Lemma 4.4. Letr € W.(X,,) be fized. If I is a right ideal of (W (X,), ), then I contains
at least one element t € WI(X,,) with r & sub(t).

Proof: Assume that I C W7(X,,) is a right ideal. Let s € I and u € W (X,,) with
r & sub(u). Then s -, u € I. Also, by Lemma 2.2 (iii), we have r & sub(s -, u). O

Minimal right ideals are characterized in the next theorem. It appears that minimal
right ideals are not unique, whereas the minimal left ideal is.

Theorem 4.5. Let r € W.(X,,) be fized. Then minimal right ideals of (WI(X,),-») are
of the form of singleton sets {t} in which r ¢ sub(t).

Proof: A singleton set of such ¢ is easily seen to be a right ideal of (W7 (X,),-.) by
applying Lemma 2.2 (ii) and it is indeed minimal as its cardinality is 1. The guarantee
of having no other forms of minimal right ideals is achieved from Lemma 4.4. 0

On principal perpective, we see from Lemma 2.2 (ii) that for any t € W’ (X,,) such that
r & sub(t), <t>g = {t}. Altogether with Lemma 4.4, we see that minimal principal right
ideals take the same form of those of minimal right ideals.

We continue characterizing maximal ideals of both left ideals and right ideals as well
as of those principal aspects. Corollary 4.2 provides {t € W' (X,,) | r & sub(t)} C L for
any left ideal L of (W] (X,,), ) and the inclusion would be proper if L contains any term
which has r as its subterm. This ensures that <t>; C <t'> for any ¢, € W7 (X,,) such
that » & sub(t) and r € sub(t'). This means that in order to find a maximal principal
left ideal of (WI(X,), ), we need to consider only those <t'>; where r € sub(t'). The
criteria may also be adapted in the case of principal right ideals, analogously implied from
Lemma 4.4.

Note that t = s -, u implies <t>; C <u>; and <t>p C <s>r. When we want the
term ¢ to generate a maximal principal left ideal or right ideal, we can only allow s and u
to be t itself or the identity . More precisely, the only exceptions of product expressions
of t must bet =t-.r and t = r-.t. Fortunately, we have the following remark concerning
an optional support from Lemma 4.3.

Remark 4.1. Let r € W.(X,,) and t € WI(X,,) with r € sub(t). Then the following
statements are equivalent:

(i) <t>p [<t>Rg] is a mazimal principal left [right] ideal of (W (X,), +);

(1) pos”(t) C AL if and only if v € {r,t}.

We denote Preg(pos”(t)) to be the set of all positions of pos”(t) but with the deletion
of each k-number of strings from the right. Also, we set min(pos”(t)) := {p € pos"(t) |
l(p) <l(q) for all q € pos”(t)}. For example, let p = 4321, g = 256, and pos”(t) = {p, q}.
Then Prey(pos™(t)) = {43,2} and min(pos”(t)) = {q}. Moreover, generalized from the
notation sub,(p) for a single position p of a term ¢, we denote for each nonempty set of
positions P C pos(t), sub,(P) := {sub(p) | p € P}.

Theorem 4.6. Let r € W.(X,,) be fired and t € WI(X,,) with r € sub(t). Then <t>,
[<t>g| is a maximal principal left [right] ideal of (W (X,),) if and only if it falls into
one of the following conditions:
(i) There exists p € pos”(t) such that l(p) = 1;
(ii) All p € pos”(t) are of length l(p) > 2 and |subi(Preg(pos’(t)))| > 2 for each k €
{1,...,1(q) — 1} where q € min(pos”(t)).
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Proof: Assume that <t>; satisfies the condition (i). Let p € pos™(t) with I(p) =
1. Then pre(p) = {¢,p}. It follows that the only possibilities of pos™(t) C Al are when
v =t and v = r which correspond to the position ¢ and p, respectively. Hence, <t>[ is
maximal by Remark 4.1. Next, assume that <t> satisfies the condition (ii). Let g €
min(pos”(t)). By assumption, [(¢) > 2. Note that the possible prefixes of ¢ are of length
not exceeding I(q). Let v € W (X,,) with ¢ € A!, sub,(a) = v, and a € pre(q). Then
l(a) <(q), i.e., l(q) —l(a) > 0. Let m = l(q) — l(a). We see that a € Pre,,(pos”(t)) and
0 <m <I(q). Consider m € {1,...,l(q) — 1}. By assumption, |sub;(Pre,,(pos”(t)))| >
2. This means that there is another term u # v with u € sub;(Pre,,(pos”(t))). Since u,v €
suby(Pre,,(pos”(t))), their root nodes are labeled at the m distance from some root nodes
labeled as r, and so u and v are not a subterm of the other. Hence, there is ¢ € pos”(t)
such that ¢ € A! but ¢ ¢ A!. Therefore, there are no terms w € suby(Pre,,(pos’(t)))
such that pos”(t) C A!. The only possible prefixes of ¢ left are € and ¢ itself which
relate to m = I(q) and m = 0, respectively. The former corresponds to the whole term
t while the latter corresponds to the term r. Therefore, <t> is maximal by Remark
4.1. Conversely, suppose that <t>; does not satisfy both the conditions (i) and (ii).
It follows that all p € pos”(t) are of length [(p) > 2 and |sub;(Preg(pos”(t)))] = 1 for
some k € {1,...,1(q) — 1} where ¢ € min(pos”(t)). Hence, there is the unique term s €
suby(Prey(pos”(t))). Therefore, pos”(t) C AL. Let s, € pre(q) be such that sub(s,) = s.
Then I(s,) = I(q) — k & {0,1(¢)} which means that the term s is not ¢ or . Therefore,
<t>r is not maximal by Remark 4.1. The right ideal aspect can be followed by a similar
approach. O

Maximal left [right] ideals of (W’ (X,), ) seem to have the unique form.

Theorem 4.7. Let r € W.(X,,) be fized. Then WI(X,) \{r} is the only maximal left
[right] ideal of (WI(X,), ).

Proof: Let t € W(X,,) and s € W!(X,,) \{r}. By Lemma 2.2 (iv), the only possible
product expression giving out r is r -, r. Therefore, t -, s € W’(X,) \{r} which means
that W (X,) \{r} is a left ideal of (W!(X,), ) and undoubtedly a maximal one. Let
A C WI(X,) be a left ideal such that A € W’(X,,) \{r}. Then r € A. It follows that
t=t-reAand thus A = W/(X,). Consequently, W’(X,) \{r} is the only maximal

left ideals of (W’ (X,), ). We can analogously prove for right ideals. O

5. Conclusions. The core algebras studied in this article are semigroups of terms with
an inductive product as their associative binary operation. The positional equivalence
and the root equivalence as well as their properties were presented. These concepts were
implemented in our main studies. It was discovered that both left-ideal and right-ideal
characterizations of the semigroups have a connection with root equivalence and so does
two-sided ideals. Minimal left ideals and minimal right ideals of the semigroup were real-
ized as the set of all terms in the base set with no fixed term r from the inductive product
as their subterms and a singleton set of such term, respectively. Their maximal versions
were surprisingly discovered as the base set which discards the fixed term 7 of the induc-
tive product. Minimalities of principal left ideals and principal right ideals take the same
classification as those of corresponding ideals. Identified as different classification from
that of ideals, maximal principal left ideals and maximal principal right ideals coincide
by certain forms of conditions. It is worth mentioning that these results are also valid in
the context of the semigroup attached by a term product -,, which was mentioned in [16]
as it is a particular structure of the semigroup in this paper. Possible directions of future
works are to study other kinds of ideals such as a quasi-ideal, a bi-ideal, and an interior
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ideal, and to investigate behaviour of many kinds of ideals in regularity consideration for
the semigroup of inductive terms.
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