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ABSTRACT. To develop a firm foundation for logical problem solving, and to improve
solvability of logical problems, a new logic, called KR-Logic (knowledge-representation-
logic), is invented as an extension of first-order logic with standard semantics and the
one with Herbrand semantics. We propose a schema for developing a new logic as a
logical structure by defining well-formed formulas, forms, mappings for transformation
and evaluation, closed formulas, interpretations, and models. According to the schema,
we construct KR-Logic together with LP-Logic. KR-Logic provides, among other things,
function constants and function variables, which enable us to introduce existential quan-
tification of function variables. If we take LP-Logic, solution methods cannot be complete
due to non-preservation of models. If we take KR-Logic, models can be preserved, and we
can try to solve all problems on first-order formulas by equivalent formula transformation
with guarantee of computation correctness.

Keywords: Logical structure, Equivalent transformation rule, Function variable, Proof
problem, Query-answering problem

1. Introduction.

KR-Logic. To develop a firm foundation for logical problem solving, and to improve
solvability of logical problems, we invent a new logic, called KR-~Logic, where KR is an
acronym for knowledge representation. KR~Logic is an extension of usual first-order logic,
and provides, among other things, function constants and function variables. Knowledge
representation in KR-Logic can have an extended clause that contains function variables
and atoms of a special kind called func-atoms.

A logical structure is an axiomatic concept for defining a logical system. KR-Logic
was defined as a logical structure (Section 2.1). Conventional first-order logic with classic
interpretations is called FO-Logic in this paper, while the first-order logic with Herbrand
interpretations, which is profoundly used in logic programming, is called LP-Logic. KR-
Logic is considered as an extension of FO-Logic and LP-Logic (Figure 1, where “MI prob-
lems” and “QA problems” stand for “model-intersection problems” and “query-answering
problems” | respectively).
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F1cURE 1. From FO-Logic and LP-Logic to KR-Logic

In the long history from Aristotle through Frege to the 20th century, first-order logic
(FO-Logic) has been established as the main field of logic, in the center of which there have
been two key concepts, proof problems and inference (Figure 1) [8, 9]. An interpretation in
FO-Logic is rather complicated, consisting of a domain along with mappings and relations
on the domain. It is considered to be designed mainly for the mathematical description
in the movement of logicism, introduced by Frege [10] and developed by Whitehead and
Russell [11, 12].

Canonical logical structures and MI problems. Similarly to Herbrand interpreta-
tions considered in the logic programming community, KR-Logic has a simple interpre-
tation, i.e., an interpretation is a subset of a given set G,, which is called a canonical
interpretation. A logical structure that has canonical interpretations is called a canonical
logical structure. If we are in the space of a canonical logical structure, we can take
intersection of all models of a formula, which provides a foundation for defining model-
intersection (MI) problems [13]. KR-Logic is considered as a knowledge representation
system that associates each logical formula with the set of all of its models based on the
concept of canonical interpretation (Section 2.3).

Increasing solvability. We have proposed a general schema for solving MI problems by
equivalent transformation (ET), where problems are solved by repeated problem simplifi-
cation using ET rules [14]. ET-based computation has been shown to be a fertile principle
of solving logical problems. All deductive computation paths realized by logic program-
ming (resolution) can also be produced by ET computation. Moreover, new deductive
computation paths can be produced by ET computation [15]. KR-Logic increases the set
of problems that can be solved successfully by formalizing them as MI problems and using
various ET rules [14, 16, 17, 18, 19].

Organization. The rest of the paper is organized as follows. Section 2 explains a method-
ology to develop a new logic, according to which we construct a new logic in subsequent
sections. Section 3 introduces the concept of well-formed formula. Section 4 defines the
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concept of forms on an arbitrary set together with two mappings, value and subst. Sec-
tion 5 defines the concept of interpretations. Section 6 introduces a mapping mf. Section 7
introduces the concept of closed formulas, based on which a logical structure for KR-Logic
is defined. Section 8 states that KR-Logic overcomes the limitation of first-order logic.
Section 9 provides concluding remarks.

Notations. The following notations will be used. Given a set A, pow(A) denotes the
power set of A. Given two sets A and B, Map(A, B) denotes the set of all mappings from
A to B, parMap(A, B) denotes the set of all partial mappings from A to B, and for any
partial mapping f from A to B, dom(f) denotes the domain of f, i.e., dom(f) = {a | (a €
A) & (f(a) is defined)}.

2. How to Construct a Logic. For the preparation of constructing KR-Logic in later
sections, we explain a schema for developing a new logic as a logical structure by defin-
ing well-formed formulas (wffs), forms, mappings for transformation/evaluation, closed
formulas, interpretations, and models.

2.1. Logical structures and basic related concepts. The notion of a logical structure
below is a core structure of logic. Given a description (a formula) and an interpretation,
a logical structure determines a truth value. Hence a logical structure also produces a
mapping to determine the set of all models of each description (each formula).

Definition 2.1. A logical structure L is a triple (KC,Z,v), where

1) K and T are sets,
2) v is a mapping from K to Map(Z,{true, false}).

An element of IC is called a description and that of T is called an interpretation.

Despite its simplicity, this abstract notion provides a sufficient structure for defining
the concepts of logical equivalence, models, satisfiability, and logical consequence, which
are given below.

Definition 2.2. Let £ = (KC,Z,v) be a logical structure. Two descriptions ki, ks € K are
logically equivalent iff v(k1) = v(ky). An interpretation I € T is a model of a description
k € K iff v(k)(I) = true. The set of all models of a description k € K is denoted by
Models(k). A description k € K is satisfiable iff there exists a model of k. A description
ki € K entails a description ko € K (i.e., ko is a logical consequence of ki) iff every model
of k1 is a model of k.

Each logical structure defines one logic. Two logical structures with the same set of
descriptions but different sets of interpretations are considered to be different. In this
sense, first-order logic with standard semantics and first-order logic with Herbrand inter-
pretations are different logical structures.

2.2. A method for constructing logical structures. We propose in this section a
method for constructing logical structures (Figure 2). By this method, ATOM, A,, G,
WEFF, and mf together determine K, Z and v, thereby giving a logical structure (K, Z, v)
as follows.

1) Let ATOM, A,, and G, be arbitrary sets such that ATOM 2 A, D G,. The elements
of A, and those of G, are called, respectively, user-defined atoms and user-defined
ground atoms.

2) Let WEF be an arbitrary set such that WFF O ATOM. Each element of WFF is
called a well-formed formula (wif).
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Form({true, false, undef} U Gy)

ForMm({true, false} U Gy)
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FIGURE 2. Defining a logical structure with v : CF — Map(Z, {true, false})

3) Let FORM(A) be the set of all forms on an arbitrary set A, which is defined in
Section 4.

4) Let value be a mapping from FORM({true, false}) to {true, false} that evaluates
forms.

5) Let mf be a mapping from WFF to FOrRM({true, false, undef} U G,).

6) Let CF be defined as the set of all closed formulas, where a closed formula is defined
as a wif E such that mf(F) is a form that does not contain undef.

7) Let Z = pow(G,). Each element of Z is called an interpretation.

8) Let val be a mapping from G, x Z to {true, false}, which is defined in Section 5.2.

9) Let K =CF.

0) Let subst be a mapping from FOrRM({true, false} U G,) x Z to FORM({ true, false})
such that subst(f, ) is obtained from f by substituting each atom g € G, occurring
in f with val(g, I), which is formally defined in Section 4.3.

11) Let v : K — Map(Z, {true, false}) be defined by: for any £ € K and any I € Z,
v(E)(I) = value(subst(mf(E),I)).

This method has five input parameters: ATOM, A,, G.,, WFF, and mf, while FORM,

value, val, and subst have the common definitions. They produce K, Z and v to determine

a logical structure (IC,Z,v). In Section 7.2, we will make two logical structures, LP-Logic

and KR-Logic that have the common interpretation domain G,.. The four parameter-value

pairs, ATOM = ATOM,p, A = App, WFF = WFFp, and mf = mfp determine LP-

Logic, while the four parameter-value pairs, ATOM = ATOMxgr, A = Axr, WFF =

WFFkgr, and mf = mfyg determine KR-Logic.

1

2.3. Representing models. Assume that a logical structure £ = (K, Z, v) is given. Let
E be a closed formula in IC. Each element I € Z such that v(FE)(I) = true is a model of
E. Let Models(E) be defined by

Models(E) ={I| (I € T) & (v(E)(I) = true)},

i.e., Models(E) is the set of all models of F.

Assume that the logical structure £ has canonical interpretations in Z = pow(G,). Then
Models is regarded as a mapping from CF to pow(pow(G,)) and is called a representation
mapping. We say that a formula E represents Models(E). The main role of a logical
structure is to define a representation mapping.

2.4. Model-intersection problems. With canonical interpretations, we define a class
of problems, called model-intersection (MI) problems. Given a closed formula E € CF
and a mapping ¢ from pow(G,) to a set W, a pair (E, ) is a model-intersection problem,
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the answer to which, denoted by ans(E, ¢), is defined by

ans(E, @) = ¢ (ﬂ Models(E)) :

For more detailed explanation and examples, the reader is referred to [13, 14].

3. Well-Formed Formulas. Based on the method of constructing a logical structure
explained in Section 2, we will define the concepts of term and atom, on which we introduce
the concept of well-formed formula. There are three kinds of atoms, i.e., user-defined
atoms, built-in constraint atoms, and func-atoms.

3.1. Alphabet. An alphabet (F, V. FC,FV, Pred, Predc) is assumed, where F is a set of
usual function symbols, V a set of usual variables, FC a set of function constants, FV
a set of function variables, Pred a set of usual predicate symbols, and Pred: a set of
built-in constraint predicate symbols. There are two types of variables: usual variables
and function variables. (In Figure 3, for example, z and y are usual variables, while f
and f; are function variables.)

Fi: Vax: (live(z, D) V = func(fo, x))
x = (kill(fo, A) V = func(fo, z))
Fs: YV (=live(z, D)V —neq(x, A) V —neq(x, B) V —neq(z,C))
Fy:  live(A, D)
F5:  live(B, D)
Fs:  live(C, D)

Fr: Vo (Vy: (hate(x,y) V —kill(z,y)))

Fs:  Va: (Vy: (—kill(z,y) V —richer(x,y)))

Fy:  Vax: (ﬂhate(A x) V —hate(C, x) V —live(x, D))

Fio:  Va: (hate(A,z) V —neq(x, B) V —live(x, D))

Fii: Va: (richer(xz, A) V hate(B, x) V —live(z, D))

Fia: Va: (hate(B,x) V —hate(A, z) V —live(z, D))

Fis: Va: (Vy: (mhate(z,y) V —live(xz, D) V —func(f1,z,y)))
Fiy: Va: (Vy: (live(y, D) V =live(x, D) V =func(fi,x,y)))

FIGURE 3. A set of formulas in KR-Logic

3.2. ATOM, A,, and G,. Let T(F,V) be the set of all terms on (F,V), which are
inductively defined as follows.

1) If f € F is a 0-ary function symbol, then f is a term on (F, V).

2) If v € V is a variable, then v is a term on (I, V).

3) If f € F is an n-ary function symbol, where n > 1, and 4, ..., t, are terms on (F, V),

then f(t1,...,t,) is a term on (IF, V).
Let T(F) be the set of all terms in T(FF, V) that contain no variable. A term in T(F) is
called a ground term.

We use three kinds of atoms, i.e., user-defined atoms, built-in constraint atoms, and
func-atoms. A user-defined atom takes the form p(ti,...,t,), where p is a user-defined
n-ary predicate and the t; are usual terms. Supposing that live, kill, and hate are user-
defined predicates, live(z, D), kill(z,y), and hate(A,x) are user-defined atoms (cf. Fig-
ure 3). A built-in constraint atom, also simply called a constraint atom or a built-in atom,
takes the form c(t1,...,t,), where ¢ is a predefined n-ary constraint predicate and the ¢;
are usual terms. Typical examples of built-in constraint atoms are eq(x, z) and neq(1, 2),
where eq and neq are predefined constraint predicates, standing for “equal” and “not
equal”| respectively (cf. Figure 3).
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Let A, be the set of all user-defined atoms, G, the set of all ground user-defined atoms,
A, the set of all constraint atoms, and G. the set of all ground constraint atoms. Let
TCoN denote the set of all ground built-in constraint atoms that are true.

A func-atom is an expression of the form func(f,t1,...,t,, tns1), where f is either an
n-ary function constant or an m-ary function variable, and the t; are usual terms. For
example, supposing that f; is a unary function variable, func(fi,z,y) is a func-atom
(cf. Figure 3). A func-atom func(f,t1,...,tn, tnr1) is ground if f is a function constant
and the ¢; are ground usual terms. Let F be the set of all func-atoms. Let ATOM consist
of all atoms in A,, A, and F,ie., ATOM=A, U A. U F.

A variable in V is specialized by instantiation into a term in T(F,V). A function
variable in FV is specialized by instantiation into a function variable in FV or a function
constant in FC, i.e., a substitution for function variables is a mapping from FV to FV U
FC. Each n-ary function constant is associated with a mapping from T(F)" to T(IF).
Let ¢ be the mapping that determines such association. More precisely, 1 is a surjective
mapping from FC to

For each n-ary function constant f., ¥(f.) is a mapping from T(F)" to T(FF). For each
mapping m in Map (T(F)™, T(FF)), there is an n-ary function constant f. € FC such that

b(fe) = m.

3.3. The set of all well-formed formulas. A well-formed formula (for short, wff) is
constructed inductively by finitely many applications of the following rules.

1) Atoms: If a is an atom in A, U A. U F, then « is a wif.

2) Negation: If « is a wif, then -« is a wif.

3) Binary connectives: If o and [ are wifs, then o A f, aV 5, @ — 3, and « <> [ are
wits.

4) Quantifiers for usual variables: If v is a wif and v is a variable in V| then Vv : «
and Jv : «a are wifs.

5) Quantifiers for function variables: If o is a wff and f, is a variable in FV, then
Vef, :aand dpf, : a are wils.

In Figure 3, all the formulas F}-Fy4 are wifs in KR-Logic. The usual variables  and y
are universally quantified. However, the function variables f; and f; are not quantified.
For representing the background knowledge of the Agatha puzzle [6], the wif

Irfo: Trfi i (FIANF AN Fly))

is used.

4. Forms. We define the concept of form on an arbitrary set together with two mappings:
value for truth-value evaluation and subst for replacement of ground user-defined atoms
with their truth values.

4.1. Forms on an arbitrary set. We define the notion of a form, which is a key concept
in the method for constructing logical structures. Let A be an arbitrary set. We define a
form on A inductively as follows.

1) Each element of A is a form on A.
2) If fis a form on A, then —f is a form on A.
) If f1 and fy are forms on A, then fi A fo and fi V fy are forms on A.
) If S is a set of forms on A, then A S is a form on A.
)

3
4
5) If S is a set of forms on A, then \/ S is a form on A.
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The set of all forms on A is denoted by FORM(A).

4.2. A mapping value. A mapping value evaluates forms in FORM({true, false}) to give
true or false. Formally, value is a mapping:

value : FORM({true, false}) — {true, false}.

Assuming that f, fi, and fo are forms on {true, false} and S is a set of forms on
{true, false}, the value of a form in FORM({true, false}) is defined inductively as follows.

1) The value of true is true and that of false is false.

2) If f is true, then —f is false. If f is false, then —f is true.

3) If f1 and f5 are true, then f; A fs is true; otherwise it is false. If at least one of f;
and f, is true, then f; V fy is true; otherwise it is false.

4) If S contains a form that is false, then A S is false; otherwise A S is true.

5) If S contains a form that is true, then \/ S is true; otherwise \/ S is false.

4.3. A mapping subst. A mapping subst replaces a ground atom in a form with a truth
value with respect to an interpretation. Formally, subst is a mapping

subst : FORM({ true, false} U G,) x T — FOrRM({true, false}),

such that subst(f, ) is obtained from f by substituting each atom g € G, occurring in f
with the truth value determined by val(g, I) as the following inductive definition shows.

1) subst(true, I) = true.

2) subst(false, I) = false.

) (g,1) =wal(g, 1) if g € G,,.

) subst(ﬂf I) = —subst(f, ).

) subst(fi A fa, 1) = subst(f1,1) A subst(fa, ).

) subst(fi V fa, 1) = subst(fi, 1)V subst(fa, ).

7) subst(/\S I) = N{subst(f,I) | f € S}, if S is a set of forms.
8) subst(\/ S, I) = \/{subst(f,I)| f €S}, if S is a set of forms.

An extension of subst to a mapping on FORM({true, false, undef} U G,) can be obtained
by adding a condition: subst(undef, I) = undef. The definition of subst in this paper is
restricted by exclusion of undef since we can consider only closed formulas (not containing
undef) when defining the mapping v in Section 7.1.

5. Interpretations. We define the concept of interpretation, which is a set of ground
user-defined atoms and is similar to a Herbrand interpretation frequently used in logic
programming.

5.1. The set Z of all interpretations. An interpretation is defined as a subset of G,
where G, is the set of all ground user-defined atoms and is equal to the set

{p(t1,...,tm) | (m is a nonnegative integer) &
(p is an m-ary predicate in Pred) &
(t1,...,tm € T(F))}.
Let Z denote the set of all interpretations, i.e., Z = pow(G,). The set G, is called the
interpretation domain.

A standard interpretation for a first-order formula is domain-based, i.e., for each domain
considered, each constant in the formula is associated with an element in the domain,
and each function symbol is associated with a mapping on the domain [20]. A Herbrand
interpretation for a first-order formula is defined again in terms of constants, functions,
and predicates. These definitions are specific to first-order terms and predicates, and hence
not adequate for invention of a new logic.
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The concept of interpretation in this paper is dependent on neither the domain structure
nor specific structure (such as functions and predicates) in first-order logic. It is relying
on a general concept of logical structure (Section 2.2). An interpretation in our theory is
a subset of the interpretation domain G,, which is common to all formulas. This is a sharp
contrast to a Herbrand interpretation in first-order logic. Each Hebrand interpretation is
regarded as a subset of a Herbrand base [20]. However, a Herbrand base is determined by
each formula depending on specific structures (constants and functions) of a formula. The
concept of Herbrand interpretation for first-order logic needs to be modified for invention
of a new logic.

5.2. A mapping val. An interpretation in Z determines truth or falsity for each ground
atom in G,, which is described by a mapping val : G, x T — {true, false}, where for any
interpretation I € Z,

true ifgel,

l(g,]) =
vallg. ) { false  otherwise.

6. Transformation of Well-Formed Formulas. We introduce a mapping mf together
with two mappings, e and ev. By calling the mapping ev, the mapping mf transforms a
wif into a formula called a form that may include ground user-defined atoms and undef.

6.1. A mapping e. Given a substitution p for usual/function variables, ev instantiates
a wif into a form using instantiation of terms by p. Term instantiation is necessary since
quantifiers implicitly include instantiation of variables. Given a substitution for variables,
e instantiates terms with evaluation of usual/function variables.

More formally,

e: T(F,V,FC,FV) x RHO — T(F) U {undef}

is defined, where a set RHO of bindings is given as the second argument and undef denotes
“not full instantiation”.

1) If v is a variable in V and v € dom(p), then e(v, p) = p(v).
2) If v is a variable in V and v ¢ dom(p), then e(v, p) = undef.
3) If f, is an n-ary function symbol in F and t = fs(¢1,...,¢m), then
a) e(t,p) = fs(e(tr, p),...,e(tn,p)) if for each ¢ € {1,...,m}, e(t;, p) € T(F);
b) e(t, p) = undef otherwise.
4) If f, is an m-ary function variable in FV and t = f,(¢1,...,t,), then
a) e(t,p) = Y(p(fo))(e(ts, p), ... e(tm,p)) if f, € dom(p) and for each i€ {1,...,m},
6(tiap) S T<F)7
b) e(t, p) = undef otherwise.
5) If f.is an m-ary function constant in FC and ¢ = f.(t1,...,ty), then
a) e(t,p) =(f.)(e(ty, p),...,e(tm,p)) if for each i € {1,...,m}, e(t;, p) € T(F);
b) (t,p) = undef otherwise.

6.2. Bindings and substitutions. Bindings and substitutions are used for specializing
variables. Substitutions are formed by accumulation of bindings. A substitution deter-
mines a partial mapping.

6.2.1. Ground bindings and ground substitutions. There are two kinds of ground bindings;
one is for usual variables, and the other is for function variables. A ground binding for
a usual variable is a pair (v,t) such that v € V and ¢t € T(F). A ground binding for a
function variable is a pair (f,, f.) such that f, € FV and f, € FC.

A ground substitution is a finite set of ground bindings for usual variables and /or ground
bindings for function variables that contains no different bindings for the same (usual or
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function) variable. The empty substitution is denoted by 0. For example, if x € V,
t € T(F), h € FV, and g € FC, then {(z,t), (h,g)} is a ground substitution.

Only ground substitutions and ground bindings are considered in this paper. When no
confusion occurs, they are often simply called substitutions and bindings, respectively.

6.2.2. Associated mappings. A ground substitution for usual variables determines a par-
tial mapping from V to T(F). A ground substitution for function variables determines
a partial mapping from FV to FC. A ground substitution p is identified with the par-
tial mapping that is determined by p. Letting RHO; = parMap(V, T(F)) and RHO, =
parMap(FV,FC), we define the set RHO of all ground substitutions by RHO = RHO; U
RHO,.

6.2.3. Addition of bindings to a substitution. Let (v,t) be a ground binding for a usual
variable, (f,, f.) a ground binding for a function variable, and p a ground substitution.
(v,t) @ p and (f,, f.) @ p are the ground substitutions defined as follows:

o (v,t) & p={{v,t)} U(p— ({v} x T(F))).

o (fo, Jeo) ®p={{fo; fo)} U (p— ({fo} x FC)).
Let by, 09, ...,b, be ground bindings, where n > 2. Then by & by & --- P b, is a ground
substitution inductively defined by

¢ b Pb® - Db, =01 D (be®---Db,) if n>3, and

® bl ©® bg = b1 ) {bg}
Note that @ overwrites bindings with the same variables, e.g., (z,2) @ (x,5) = {(z,2)},
and <fva fcl) ) <fva ch) = {<fva fcl>}'

6.3. A mapping ev. Given a ground substitution p for variables, ev transforms a wif
into a form using specialization of terms by p. Formally, ev is a mapping:

ev: WFF x RHO — ForM({true, false, undef} U G,,).

For intuitive understanding, consider the following examples.

1) ev(p(z), {(z,5)}) = p(5).

2) ev(eq(z,6), {{x,7)}) = false.

3) ev(funC(fmx,y% (fos fo) & (2,2) @ (y,3)) = true if f.(2) = 3.
4) ev(func(fe,x,y), (x,3) & (y, )) false if f.(3) =T.

5) 61)(—| ( )7{<x> }
6) ev(
7) ev(
8) ev(
) ev(

9}) = —w(9).
ev(p(z) A q(y), (z,9) & (y, 1)) =p( ) Agq(1).
ev(Va : p(z),{}) = p(1) Ap(2) A~
ev(Ve : (Vy : p(x, i;) g}) 1

( p(1, )Ap(2 3)

ev(Va : (Elx p(x p(L)Vp2)V---.

10) ev(Jz : (Vo : p(x)).{}) = p(1) Ap(2) A

Infinite conjunction and disjunction in the 7th to 10th examples above are formally rep-
resented by A S and \/ S with an infinite set S.

);
{}
{}

The formal definition of the mapping ev. Based on the notation related to bindings, we
give the formal definition of the mapping ev below. Let p € RHO. In the following items
(5th to 13th), assume that a and 3 are wifs.

1) If a is an atom p(ty, ..., t,), where p is an m-ary predicate in Pred, then
a) ev(a,p) = p(e(t1, p),...,e(tm,p)) if for each i € {1,...,m}, e(t;, p) € T(F);
b) ev(a, p) = undef otherwise.
2) If a is an atom p(tq, ..., t;), where p is an m-ary constraint predicate in Predc, then
a) ev(a,p) = true if (i) for each i € {1,...,m}, e(t;,p) € T(F), and (ii) p(e(ty, p),
,€(tm, p)) € TCON;
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b) ev(a,p) = false if (i) for each i € {1,...,m}, e(t;, p) € T(F), and (ii) p(e(ty, p),
e(tm,p)) € Gu — TCON;
c) ev(a p) = undef otherwise.
3) If a is a func-atom func(f,,t1,... ty
a) ev(a,p) = true if (i) e(t,p) € T(F), (ii) for each i € {1,...,m}, e(t;, p) € T(F),
(iti) f, € dom(p), and (iv) ¥ (p(fo))(e(t1, p), - -, e(tm, p)) = e(t, p);
b) ev(a, p) = false if (i) e(t, p) € T(F), (ii) for each i e {1,...,m}, e(t;,p) € T(F),
(i) f, € dom(p), and (iv) B(p(F))(e(tr. p). .. eltm: p)) 7 (1)
c) ev(a, p) = undef otherwise.
4) If a is a func-atom func(f., t1,...,tm,t), where f. € FC, then
a) ev(a,p) = true if (i) e(t,p) € T(F), (ii) for each i € {1,...,m}, e(t;,p) € T(F),
and (iii) ¢ (fe)(e(ts, p), - -, e(tm, p)) = e, p);
b) ev(a,p) = false if (i) e(t, ) € T(F), (ii) for each i € {1,...,m}, e(t;, p) € T(F),
and (iii) ¢ (fe)(e(ts, p), - -, e(tm, p)) # e(t, p);

¢) ev(a, p) = undef otherw1se
v

m,t), where f, € FV, then

5) ev(=a, p) = =(ev(a, p)).

6) ev(a A B, p) = ev(a,p) Aev(B,p).

7) ev(a v Bp) = evlasp) v ev(Bop)

8) ev(a — B, p) = ev(—a V5, p).

9) evla > . p) = evl(maV ) A (<5 V ), )

10) If v € V, then ev(Vv : «, p) = A{ev(a, (v,t) @ p) | t € T(F)}.
11) If v € V, then ev(Jv : «, p) = VV{ev(a, (v,t) D p) | t € T(F)}.
12) If f, € FV, then ev(‘v’pfv cayp) = Nev(e, (fo, fo) @ p) | fo € FC}.
13) If f, € FV, then ev(3rf, : o, p) = V{ev(a, (fo, fe) ® p) | f. € FC}.

6.4. Definition of a mapping mf. Given a wif o, mf transforms a to give a form that
may include ground user-defined atoms and is later evaluated to be true or false by an
interpretation. Formally,

mf : WFF — ForM({true, false, undef} U G,)
is defined by simply calling the mapping ev as follows: for any wif «,

mf (a) = ev(a, {})-

Examples are shown as follows.

1) mf (p(5)) = p(5).
2) mf(eq(5,6)) = false
3) mf (func(f,,2,4)) = undef.
4) mf (func(f.,2,4)) = false if f.(2) =
5) mf(=p(8)) = —p(8).
6) mf(p(9) A eq(3,3)) = p(9) A true
7) mf (Y : p(x)) = p(1) Ap(2) A -
8) mf(Vz : (Vy: p(z,y))) = p(1,1) Ap(2,3) A
9) mf(Vo: (3 : p(x))) =p(l) Vp((2)V--
10) mf(3z : (Vo : p(z))) = p(1) A p(2) A

7. Closed Formulas and a Logical Structure for KR-Logic. We introduce the
concept of closed formula. Based on this concept, a logical structure for KR-Logic is
defined. A logical structure for LP-Logic is also defined as a sublogic of KR-Logic.
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7.1. Closed formulas and a logical structure for KR-Logic. A formula £ in WFF
is a closed formula iff mf(E) does not contain undef. The set of all closed formulas is
denoted by CF, i.e.,

CF=A{F| (F € WFF) & (mf(E) € Form({true, false} UG,))}.
Let K = CF. Let v : K — Map(Z, {true, false}) be defined by: for any F € K and any
IeT,

v(E)(I) = value(subst(mf(E),I)).

A logical structure (K, Z, v) is thus obtained.

7.2. KR-Logic and LP-Logic. In Sections 3.2-7.1, KR-Logic was defined by defining
ATOM, A, G, WFF, T, val, mf, ev, e, and RHO. LP-Logic is defined here similarly.
Among these ten concepts, the three concepts, G,, Z, and val, are common to both KR-
Logic and LP-Logic. The other seven concepts, i.e., ATOM, A,, WFF, mf, ev, e, and
RHO, are different. We refer to these seven concepts for KR-Logic as ATOMggr, Akg,
WFFkr, mfgr, €evkr, exr, and RHOkgr, and refer to those for LP-Logic as ATOMp,
ALP7 WFEFFp, meP’ evLp, €Lp, and RHOpp.

LP-Logic is a sublogic of KR-Logic. Each of the seven concepts for LP-Logic is de-
fined by removing, from the corresponding concept for KR-Logic, elements that contain a
function variable, a function constant, or a func-atom. ATOMyp consists of user-defined
atoms and built-in constraint atoms, and is a subset of ATOMkg, i.e., func-atoms are not
used in LP-Logic. WFFp is a subset of WFFg, i.e., func-atoms and quantifications of
function variables are not used in LP-Logic. Accordingly, mf;p, evLp, erp, and RHOpp
are restrictions/subsets of mfyg, evkr, exr, and RHOkg, respectively.

According to the method for constructing logical structures, Kxr and vggr are deter-
mined for KR-Logic and Kpp and vpp are determined for LP-Logic. As shown by Theo-
rem 7.1 below, v p is a restriction of vkg.

Theorem 7.1. If E is a formula in Krp, then E is also a formula in Kxr and for any
NS I, VLP(E)([) = I/KR<E)<I)

Proof: Let E € Kip. Obviously, £ € Kggr. For any I € Z,
vLp(E) (1) = value(subst(mfp(E), I)) = value(subst(mf kg (E),I)) = vkr(E)(I).
0

8. Improving Solvability on KR-Logic. On the formula space of KR-Logic, we state
that KR-Logic can increase solvability of MI problems on first-order formulas.

8.1. Concept of decomposition. Conversion of a given formula into a conjunction of
smaller formulas (such as clauses), is referred to as formula decomposition or, for short,
decomposition [4]. The conventional decomposition in first-order logic, which is called the
conventional Skolemization-based decomposition (CSD), involves removal of existential
quantifications by Skolemization, i.e., by replacement of an existentially quantified vari-
able with a Skolem term, which is determined by a relevant part of a formula prenex.
CSD is commonly used in automated reasoning. CSD preserves satisfiability of a first-
order formula, which is a necessary condition for the correctness of the conventional proof
method with CSD and resolution.

8.2. Non-preservation of satisfiability by CSD. CSD does not generally preserve
satisfiability, which can be proved by using the “tax-cut” problem in [21] (which is
obtained by modification of a problem from [22]). Let E = Fy A F» A F3 A Fy and
Cs=C1 ANCy N\ Cs N Cy, where
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Fy: Vz: ((Jy,3z : hasChild(x,y) A hasChild(x, z) A noteq(y, z)) — TaxCut(z)).
Fy: hasChild( Peter, Paul).
Fs: 3x : hasChild( Peter, x).
Fy: =3z : TazCut(x).
Cy = (TazxCut(X) < hasChild(X,Y"), hasChild(X, Z), noteq(Y, Z)).
Cy = (hasChild( Peter, Paul) <).
C3 = (hasChild( Peter, h) <).
Cy = (+ TazCut(X)).
Then we have CSD(E) = Cs. We compare Models(E) and Models(Cs) as follows.

o Models(E) # {}: F3 does not tell us that there is some person that is not equal to
Paul. Hence TazCut(Peter) cannot be inferred by Fj, and no contradiction occurs.
o Models(Cs) = {}: From Cy and Cj, there are two children, Paul and h, of Peter.
Since they are not equal, it follows that TaxzCut( Peter) is true, which contradicts Cy.

This shows that CSD does not preserve models nor satisfiability. The existence of the
noteq predicate causes this difficulty. Satisfiability preservation by CSD does not generally
hold for formulas in WFFp [4, 23].

8.3. Preservation of satisfiability by MPD. The basic idea of meaning-preserving
Skolemization is to use existentially quantified function variables instead of function sym-
bols. By meaning-preserving Skolemization or by MPD,

MPD(Vz, 3y : p(z,y)) = 3h, Yz : p(z, h(z)),

where h is a function variable. Since 3h,Vz : p(z, h(z)) means that there is some mapping
h such that Vx : p(x, h(x)), it follows that Vz,Jy : p(x,y) and Ih,Vz : p(x,h(x)) are
equivalent. Hence, MPD preserves the meaning of Vx, 3y : p(x,y). Since the Skolemization

step is improved by meaning-preserving Skolemization, MPD generally preserves models
[4].

8.4. Failure by first-order logic. In the following, assume that K is a formula in
WEFp, and Cs and Cs are formulas in Kgg. A transformation scheme for solving an
MI problem (K, ¢) typically consists of two phases.

1) K is converted by decomposition into Cs.
2) (Cs, ) is transformed equivalently into (Cs’, ).

From (C5, ), the answer to the problem (K, ¢) is determined by

ans(K, o) = ¢ <ﬂ Models(Cs’)) .

If we take CSD in the first phase and CSD(K) is equal to Cs, then Csis in Kpp. In the
second phase, we can use usual transformations such as resolution or unfolding, and take
a path within KCpp. However, since

JE € WEFp : Models(CSD(E)) # Models(E),

some problem on WFFp cannot be solved correctly. Due to the non-preservation of
models in the first phase, we know that solution methods with CSD are incomplete in LP-
Logic. The conventional Skolemization does not provide a transformation process towards
correct solutions to proof problems on WFFp.

8.5. Improving solvability by extension of first-order logic. If we take MPD in
the first phase and MPD(K) is equal to Cs, then Cs is in Kkr. Since

VE € WFFyp : Models(MPD(E)) = Models(E),
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we can try to solve all problems on WFFp by a search for a transformation path in the
second phase. KR-Logic and MPD open the possibility of increasing solvability of MI
problems on WFFp.

First-order logic has not enough formulas for making meaning-preserving decomposition
possible, which gives many incomplete solutions, while KR-Logic has enough formulas for
the existence of meaning-preserving decomposition.

9. Conclusions. We took a general concept of a logical structure. Despite its simplicity,
this abstract notion provides a sufficient structure for defining the concepts of logical
equivalence, models, satisfiability, and logical consequence. We proposed a schema for
developing a new logic as a logical structure by defining well-formed formulas, forms,
mappings for transformation/evaluation, closed formulas, interpretations, and models.
According to the schema, we constructed KR-Logic together with LP-Logic.

KR-Logic is an extension of the conventional first-order logic with standard semantics
and that with Herbrand semantics. KR-Logic provides, among other things, function
constants and function variables, which enable us to introduce existential quantification
of function variables. A transformation scheme for solving an MI problem (K, ) typically
consists of two phases: K is converted by decomposition into Cs. (Cs, ) is transformed
equivalently into (Cs', ). If we take LP-Logic, solution methods with CSD are incomplete
due to non-preservation of models (and satisfiability). If we take MPD in the first phase
and MPD(K) is equal to Cs in Kkg, then the change form K to Cs preserves models.
We can try to solve all problems on WFFp by a search for a transformation path in the
second phase. KR-Logic with MPD opens the possibility of improving solvability of MI
problems on WFFp by increasing ET rules.
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