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ABSTRACT. This paper considers the dissipative analysis and exponential synchroniza-
tion for a class of fractional-order complex-valued neural networks with reaction-diffusion
terms. First, the dissipativity of the constructed system is proved by using the fractional
Halanay inequality. In addition, to reduce the frequency of information exchange be-
tween the controller and the system, a unique event-triggered mechanism is employed to
guarantee that the criterion of exponential synchronization holds. Furthermore, a posi-
tive lower bound of the event-triggered interval is calculated to avoid the Zeno behavior.
Finally, two numerical examples are provided to illustrate the feasibility of the results in
this paper.

Keywords: Fractional-order, Complex-valued neural networks, Exponential synchro-
nization, Reaction-diffusion terms, Event-triggered mechanism, Dissipativity

1. Introduction. Neural networks (NNs) are hot topic that have been widely used in
image encryption [1], state estimation [2], information processing [3] and so on [4-10]. In
recent years, some phenomena in memory processes and fractal structures have been found
to be closely related to fractional calculus. Therefore, scholars have tried to introduce
fractional order into NNs to build a more comprehensive model, for instance, [11] improved
the capacitance of integer-order NNs to obtain fractional-order neural networks (FONNS),
which enabled the properties of fractional order can be represented in NNs. Compared
with the integer calculus, the advantage of fractional-order derivative is that it’s nonlocal
and has weak singular kernels. Furthermore, studies have shown that fractional-order
differential equations have infinite memory and more degrees of freedom. Therefore, many
fruitful studies involving FONNs have been presented. For example, in [12], the authors
studied fractional-order memristor-based NNs and given the projective synchronization
criteria for the proposed system; the finite-time stability for fractional-order NNs with
delay has been discussed in [13]; in [14], the authors analyzed the asymptotic stability of
delayed fractional-order NNs with impulsive effects.

In practice, all physical processes have spatial distribution characteristics, such as chem-
ical processes, biological systems, and electromagnetic fields. However, traditional NNs
ignore the influence of spatial factors on neurons, which is inconsistent with some actual
phenomena [15,16]. In addition, the reaction-diffusion phenomenon has to be considered
when we study the movement of electrons in the magnetic field. Therefore, it is signifi-
cant to consider the reaction-diffusion terms on NNs [17]. Many innovative works have
published by predecessors. For instance, in [18], the finite-time synchronization criteria
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for reaction-diffusion inertial memristive NNs have been obtained via gain-scheduled pin-
ning control; for stochastic delay reaction-diffusion NNs, the exponential input-to-state
stability has been investigated in [19].

It is worth noting that the above studies are all based on the real domain; however, the
results show that the complex-valued neural networks (CVNNs) have more advantages
in data processing compared to real-valued ones [20,21]. Most importantly, it can solve
the XOR problem that the real domain cannot solve [22]. Naturally, the above descrip-
tions raise a question for us: can the existing fractional-order reaction-diffusion NNs be
extended to complex domains? Unfortunately, to the best of authors’ knowledge, there is
less research on this question which inspired us to construct a model of fractional-order
complex-valued neural networks (FOCVNNs) with reaction-diffusion terms, and investi-
gate it is dynamical behaviour.

The dynamic analysis of NNs has always been a hot topic, including stability analysis,
dissipative analysis, synchronization analysis, etc. Synchronization is the convergence of
the states for multiple systems under the action of external factors, and there are many
researches in the published papers, for example, for a class of discontinuous NNs, the
synchronization criteria were obtained via functional differential inclusions in [23]; for
FONNS, the projective synchronization was investigated in [24]. Dissipative theory, first
proposed in 1972 [25], is mainly used to describe the energy decay of a system; in other
words, the system will eventually converge to a dissipative set over time. In general,
dissipativity provides more information than stability, which is strictly combined with
the phenomenon of loss or dissipation of energy. Hence, dissipation theory provided a
new method for systematic analysis and has been extensively studied, for instance, the
extended dissipativity for Markov jump NNs was performed in [26]; in [27], event-based
extended dissipative for a class of NNs was addressed. While, to the best of our knowledge,
until now, there is no dissipative analysis on FOCVNNs with reaction-diffusion terms.

To synchronize NNs, many control methods were proposed, such as impulsive control
28,29], adaptive control [30,31], and sliding mode control [24,32]. It is worth noting
that all of the above articles are established on the continuous exchange of information,
that will be a higher requirement for communication bandwidth of the system. In fact,
it is difficult to guarantee that the signal is continuous and there are limitations on the
bandwidth in most systems. Therefore, event-triggered control is used to reduce the
frequency of information exchange; furthermore, sampled-data event-triggered control
(sampling data first and determining event triggers later) is widely used to avoid Zeno
behavior [33,34]. Inspired by [35], this paper attempts to employ an event-triggered
controller without sampled-data, and gives a positive lower bound of the event-triggered
interval time.

Based on the above discussions, the dissipative analysis for FOCVNNs with reaction-
diffusion terms is first considered in this paper, and then we study the issue of exponential
synchronization of the proposed model, where a new event-triggered controller is designed
for bandwidth saving. The main contributions are as follows.

1) The fractional order and spatial term have been involved in the CVNNs [36, 37]
and [38,39], respectively. However, a more comprehensive model is still lacking. Inspired
by the above literature, this paper attempts to take fractional order and reaction-diffusion
terms into account simultaneously to construct FOCVNNs with reaction-diffusion terms,
which means the model of this paper is more comprehensive. In addition, the new model
is proved to be dissipative via fractional Halanay inequality.

2) To relieve the stress of communication, [35] designed event-triggered controllers to
guarantee the exponential synchronization for CVNNs; event-triggered synchronization
for reaction-diffusion NNs was studied in [40]. However, there is a lack of event-triggered
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control for CVNNs which involve both fractional order and spatial terms. In this paper, a
unique event-triggered controller is proposed for the first time to ensure that FOCVNNs
with reaction-diffusion terms can achieve exponential synchronization.

3) In most of the event-triggered control schemes, the time term is usually divided
first and then the data is collected at the sampling point [33,41], which can avoid the
Zeno behavior but it may lose some key data. Instead of the above approach, in [35],
the authors used a new event-triggered mechanism to derive a positive lower bound of
the trigger time interval to ensure that Zeno behaviour does not occur. Inspired by this
method, we designed a novel event-triggered scheme to make the FOCVNNs with reaction-
diffusion terms achieve exponential synchronization and obtain the positive lower bound
for the event-triggered time interval by using the fractional calculus theorem.

The remainder of this paper is organized as follows. First, abbreviations for some letters
are shown in notations. In Section 2, the necessary lemma and definitions are given, and
then the model of FOCVNNSs with reaction-diffusion terms is constructed. The dissipative
analysis of the proposed model is proved by employing fractional Halanay inequality. In
addition, a special event-triggered controller is designed to realize exponential synchro-
nization for the master-slave system; furthermore, the Zeno behavior is avoided in Section
3. To verify the results, two examples are provided in Section 4. Finally, we conclude this
paper in Section 5.

To present the main contributions more clearly, a comparison with other articles was
given in Table 1. In addition, dissipative analysis, exponential synchronization, fractional
order, reaction-diffusion terms, complex valued and event-triggered mechanism are re-
placed by DA, ES, FO, RD, CV and ETM, respectively; y/ means this item is included
in that paper, and X means it is not.

TABLE 1. Comparison with other papers

NNs | [35] | [36] | [37] | [38] | [40] | This paper
DA | x | x | v/ | x| x V
ES | V| x| x| x| X Vv
FO | x | V| vV | x| X V
RD | x X X |V |V v/
CVIVIVIVIV]X A
ETM | / | x | x | x | / V
Notations: Throughout this paper, | - | denotes the modulus of vector; |o||; =

Zﬁil loil, lolle = \/Zﬁil 0?, where o denotes the N-dimensional vectors; R" and C™
represent the set of n-dimensional real-valued and complex-valued vectors, respectively.

For simplicity, some symbols are indicated as the following forms: ¢X, € co [cggy (s¥)] =

[ e, dy, € wdy, ()] = [dg, 5], &, € @[y, (my)] = [a,a5], &Y, €
@ [dx, (mY)] = [dx,d5 ], & = min {&,, &}, & = max {&,, &, }, d¥ = min {dX,,
dd, dt = max {dy,dy ), AY = AXE0) (A =sme V), @), = @) (5t - o(t))

(p = s,m,e), u(ty)X = u(z,ty)X, where z denotes the spatial position, o(t) is the time-
varying delay and z = (21, 2, . . .,zq)T € Q C R" with Q = {z]|zk| <, k=1,2,...,n}
and 1 is a positive constant. In addition, y = (I, R) shows the real and imaginary parts
of the parameter, that means the complex-valued system is considered as a combination
of two real-valued systems.
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2. Problem Formulation and Preliminaries.

2.1. Necessary lemma and definitions.

Lemma 2.1. (see [42]) If there ezist a real function h(s) and a differentiable real function
n(t), such that §(t) satisfies §(t) < ftz h(s)§(s)ds + n(t), then one has

§6) < () exp / bs)ds) + /t:rxs) o h(s)ds) .

If n(t) = n, where n denotes a constant, then §(t) < nexp (ftz h(s)ds) :

Definition 2.1. (see [43]) For the integrable function K(t), its fractional integral with
0 < a<1 can be defined as

1 B
IaKt:—/ t—s)" K(s)ds, (1)
0= g7 [ (=5 K
where the gamma function T'(«) satisfies T'(a) = 0+°O s temsds.

Definition 2.2. (see [{3]) For differentiable function p(t), its Caputo fractional derivative
is defined as

1 t a1 (i

Dolt) = s [ (=)0 )i, 2
I'(i—a)

where t > tg, i is a positive integer, and o € (i — 1,1); especially, when o € (0, 1),

Dol = = |, = 9

Definition 2.3. (see [37] Definition 4) If there exists a compact set B C C", such that
Vsg € C", 3T > 0, when t > to+ T, s(t,to,50) € B, the system (4) is said to be a
dissipative system, and B is a globally attractive set, where ty and sy denote the initial
time and initial state of the system (4), respectively; s (t,to, so) represents the solution of

system (/4).

Definition 2.4. [44] If there exist positive constants Ay and Ay such that the following
relationship holds

Im(z,t) = s(2,t)[ly < Ml = Bll,e™, ¢ >0,
then error systems (19) and (20) are exponential synchronization.

2.2. Model description. A class of FOCVNNs with reaction-diffusion terms can be
constructed as

sy = 0 s, - .
ot ; 07 (awkﬁ—zk) — bysy + Z Cay(S2) gy (8y) + Z Ay (82)9y(8yo) + Oy (4)

y=1 y=1

where s, is the state variable of the xth neuron, where x € 1,2,...,n; az, > 0 is the
transmission diffusion operator; b, > 0 is a given positive feedback coefficient; c,, and
d, denote connection coefficients; g,(-) € C is activation function and O, is external
disturbance on the xth neuron.

Considering the characteristics of CVNNS; it is important to note that s, = s2 + sl
Cmy(Sw) = ny (Sf) _'_ics{:y (S£)7 dry(sw) = dfy (Sf) _'_ngcy (S£)7 9y(3y> = 95"‘19357 gyU(SZN) =
gﬁ, + igéa, O, = OF + OL. Moreover, c,,(s,) and d,,(s,) are switchable parameters that
obey the following switching rules:
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xy? xy?

{ ek () = &y, (s3) = Y, [s¥] < T,
e, (s5) = &, &, (sX) = d,, |sX] > T,

where x = (I/R), ¢X,, &, d;gy, d;‘y and TX > 0 are different given constants.

The boundary and initial conditions for (4) are given as
s¥(z,t) =0, (2,t) € 0 X [—02,+00), $X(2,0) = ¢X(2,0), (2,0) € Q x [—02,0],
where ¢X(z,0) is a continuous and bounded function.
Assumption 2.1. (see [35]) Let the activation function gX(-) satisfy
95()] < GY, sup |gX (01) — g (02)] < I¥ o1 — 03,

where l;‘ is a non-negative constants and 01 # 0o, where o1 and oy are arbitrary constants.
Based on the above analysis, (4) can be divided into real and imaginary parts, that

o sht 0 Osht R R ,N= R (R R(.R ~ N I
B = Z 8—Zk axkﬁ—zk - bxsx + O:c + Z Cory (sx) 9y (sy) - Z Cry (Sx) 9y (sy)
k=1 y=1

y=1

Dy (55) 9y (s50) = D day (1) 9y (550). (5)
y=1 y=1

and

n

sl L0 B! -
D Yl () B R ES WEA LI PATIED SEN A CH
=1

y=1 y=1

> di, (s5) gy (s0) + D, (s1) 077 (s00). (6)
y=1 y=1

3. Main Results. In this section, firstly, we investigate the dissipativity of system (4).
Additionally, some sufficient conditions for event-triggered exponential synchronization of
master-slave systems is given; finally, Zeno behavior proved to be avoidable.

3.1. Dissipative analysis. In this paper, a more generalized model is obtained by intro-
ducing reaction-diffusion terms into FOCVNNSs; furthermore, to investigate the dissipa-
tivity of that ones, some sufficient conditions will be derived in Theorem 3.1 via fractional
Halanay inequality.

Theorem 3.1. Let Assumption 2.1 hold, if M + N < 0, W > 0, then the system (4) is
globally dissipative, and the ball B (0, —MLJFN + 5) is a globally attractive set for any
given g > O, where M = maxij<z<n {Ml, MQ}, N = maxi<gz<n {Nl, NQ},

n q
My = Z<1—Za—§k—bx+\05y+}lé+}Cfﬂli+}dfy*\léﬂcg}lfﬂdiﬂlf

1
y=1 k=1 k

i) 0

n q
= 3 (1 S0 el el 2 1
k=1

H@W) .
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N, = Z ‘dRJr“I ‘d”‘ ll)) (9)
No = 3 (e 1 (1 15)), (10)

W= Y (007 (01°) 1)

Proof: We choose the following Lyapunov functional:

V= WE ! /Z )7 dz.

Taking the a-order derivative of V;%(t) along the trajectories of (5), one has

DQVR<2/ZS [Z§Zk( z) bstZ+Zny ) 95t (siF) + OF
y=1

n

+ ; df, (s5) g3 (sy) =Dty ( Z d,

y=1

dz.(12)

Next, the terms in (12) need to be processed. It follows from Lemma 1 in [45] and the
boundary conditions that

/Z; Z@zk (“wkazk)dK /Zz%k (s7)"dz (13)

z=1 k=1

Using Assumptlon 2.1, one has

n n

X, (%) g¥ (s¥)dz < c S( f + | 1X(sX)? ) dz,
Yy
xlyl
dsxg J)dz < S0 d ()2 4 || 1 (sX,)? ) dz,
Yy
xlyl

/ ZsRORdz < / ;@f)ﬁ (OF)*dz. (14)

To this end, (12) can be rewritten as
DVt < [ 303 (a1 (s22)? = (b 1) (1) = (1] 1) (s2,)° + (0]
z=1 y=1
e [1_2 (e U 4 (eI b, 4 [l 1 — el 1]
Qo= 1 y=1
— |d*] z;] (s7)dz. (15)

Throughout similar calculations, D*V;! can be computed, and then, invoking D*V;# and
D*Vi! yields
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DV = /ZZ[l—Z%’“ bo + [cBF| 1+ [l 1+ [dr| 1L+ [k | 1+ |dlf | 1f

rz=1 y=1

q
1—;Zk — by + | U+ B 1 4 a1 4 |l
1

. »@:»zf)]@ff e 0+ (Jate Y] (o

[+ (a1 (s5) /Z (0D + (05?)d=. (16)

Substituting Equations (7)-(11) into (16), we have
DVi(t,z) < MVi(t,z) + NVi(t —o,2) + W. (17)

(et 1) | (s2)" +

Using fractional Halanay inequality in [46] Lemma 2.3, then, for any € > 0, the following
formula holds:

w
< _

where = £(Mo, £), My = sup,_,,<, Jq 19X (p, 2) 1542
In addition, the ball B <O,,/—ML+N —1—5) is a globally attractive set of system (4).
Thus, the system (4) is globally dissipative. This completes the proof. O

t>1,

Remark 3.1. The dissipative theory is widely used in physics and mathematics, and its
description of energy input-output provides a new framework for the analysis of systems.
Moreover, the storage functions in dissipative theory can be regarded as Lyapunov func-
tions under certain conditions, which means that the dissipative theory can be applied to
the study of asymptotic stability, uniqueness of equilibria and so on [47]. Recently, many
scholars have made positive contributions to the dissipation analysis of NNs [26,27,37,48],
for example, [48] investigated the dissipativity for fractional-order reaction-diffusion NNs;
dissipative analysis was performed for FOCVNNs in [37]. Therefore, the study of dissi-
pative analysis is meaningful for the more comprehensive model proposed in this paper.

3.2. Event-triggered exponential synchronization control. To achieve the expo-
nential synchronization, we set system (4) as master system, and the slave system is
designed as

o“m, 0 om, “ “
vt = 2 o (00 ) et S emma(m) + 3 dmon(me

y=1 y=1

+ Oy + uy(t), (18)

where m, is the state variable of the xth neuron, and wu,(tx) = uf(t;) + ul(ts) is the
controller we designed; the boundary and initial conditions for (18) are

mX(z,t) =0, (2,t) € I X [—09,+00), mX(z,0) = pX(2,0), (2,0) € Q x [—0,0].
Obvionsl, m = mf + i colm) = e, (mf) + i (). doyln) = %, () +
idL, (ml), gy(my) = gff +igl, gyo(mys) = gkt + igl,. and

{ cX, (mX) = ¢, dX, (mX) = dy,, |m¥| < T,

X, (mY) = &%, d, (m) = d

xy)
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X, e, = e® +del, and denote
|}, e, = max {| ¢, —ch}} d;(y = max {|dX, |, dxﬂ} and d

d’;gy—d;gy‘}, and then, we can obtain the error system’s real parts:

Now, we define the synchronization error eX = mX — sX

X — X
Y, = max { ‘cxy

max

n

le% R ,
aata Z 0z ( ok 8%) + Z [éfyff( ) +dR fR( ) - éﬂlﬂyfyl (eé) - diyfzf (eZI/U)

y=1

xygy( ) dlygy( yo) +C:cygy ( ) dwygy ( Ra)} - bmef""“(tk)f- (19)

Moreover, the imaginary one is

el : Del T, , )
e = 2 (e )+ 30 A ) B )+ Bt )+ 1 )

1

y=

+E:{:ygf ( ) + dlygy ( ) + Efygzi ( ) + dwygy ( )} o bmei + u(tk)i, (20)
X
y

where £ (e8) = g3 (m) — g5 (3); £ () = a3 () = i (s3). Let By = 26
obviously, } Iy (n)} < Fx

To reduce the communication bandwidth, the following event-triggered controller is
employed:

=-w Z DE + D},) Fsign(eX(ty)) — aXeX(ty) — Bsign(eX(tr))

te [tkatk+1)7 (21)

where aX > 0 and X € R are designed controller gains, F = max{}F R} ‘} and

Dy, = max{‘d x| |dX | }; @ indicates a plus or minus sign; ¢ (to = 0) is the 1nstant of
signal release which follows the rule:

tpyr =inf{t >t : =Z>0}, k€N, (22)

where = is the event-triggered function we designed later.

To better describe the event-triggered mechanism, we define éX(t) = eX (tx) — eX(t),
t € [tk tks1), and comparison of the system error with ¢ € [tg, t;41) to determine whether
a trigger occurs.

To obtain exponential stability of the master-slave system, a special event-triggered
controller (21) was employed in Theorem 3.2. Furthermore, a positive lower bound of the
trigger interval has been given to avoid Zeno behaviour, that is:

Theorem 3.2. Let Assumption 2.1 hold, with suitable positive constants of and BYX, if
the following equations are true:

1 1 1 1
Z[ Z%—b —aft g ZeR IR R Ry el Ty ”lR]<0, (23)

- 2xyy nym 2myy nym
Y

amk I 1ARI 1ARI 1AI R 1AI I
[ — ax+2xyly 5 yxlx+§xyly+§yxlx <0, (24)

H’;U

sign (ef(ty)) >0, BE> PR w=1,

sign
{Slgn(x)szgn(R( t)) <0, BE< PR =1, (25)

Dd
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and

{ sign (el) sign (X (t)) >0, BL> Pl w=1, (26)

sign (el) sign (el (t,)) <0, BL <Pl w=-1,

then the systems (4) and (18) can achieve exponential synchronization under the controller
(21), and the event-triggered function satisfies

B|| 1811 +p <H||E||§ = >~ (e PF + Jef] P;)) , (27)
1

r=

—_
— —
*—*_O‘max

where p is an appropriate constant, £ = (ef,ef, .. .,ef,e{,eé, .. .,efl)T, 1>a>0 rep-
resents the order of the system, B = diag (by,bs, ..., b,), E(t) = (eff (tw)  e5 () ...,
ER (1), el (1), é5 (1), el (1)), T = max {Il;, T}, Ty = max {12 TIE, ... TIR}, TI,=
max {T0j, My, ... I}, L= 2([[CF]], + [[DE], + [lC7, + [D],) ([[M5], + [[p]],) +
Bl + flefll) < A[BE @, + Bl -+ ) 1B @l + Zaei 82| + o |8z] +
Yy Y | (DB 4 DL) B and O = (e3)) 0o DY = (@) 00 MY = (05, 1),

EX(t) = (ef(tk),eg(tk),...,eg(tk))T, PR = 3 <5RGR+5RGI+CZRGR+CZRGI

nxn’

y=1 Ty Y Ty Y Ty Y Ty Y

R pIl _ N =Rl o = AR JRI | I AR I R
_ﬁm )7 Px - Zy:l CwyGy + CwyGy + dwyGy + dmyGy — Pz Qmax
max?_; {al}, aff,, = max_, {af}.

Moreover, the lower bound of the trigger interval time is obtained by

1

M(a+1) EIE: o
T, > {Blln{ [L+ HH%)HJ }} . E(ty) =0, (28)

p (MBI + S0, Jef]| PR+ 50 Jel | ) | L
amaXHEHl ||B||1

= maX:’rvL:I {Oéf}, arlnax =

where

1=

Proof: Choose the following Lyapunov function:
Vo=V 4 V5, (29)

where VX = 1 [, 57" (eX)*dz.
Now, by calculating the a-derivative for V(¢) along (19), one has

DeVE < /i (eR) ii (a @) — beel —alte| dz
2 = szl T - aZk xkazk Tt T -x
[0S e et i)+ ¢, (8 ef

z=1 y=1

s [ ST e+ ey + diG + G
Q

z=1 y=1

— BEsign (eX) sign (el (tk))] dz — / Z Z afteleldy
Q

z=1 y=1

oSSl (D8 (el + DL (el

z=1 y=1
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— sign (eX) [DR + D! ]wFsign (X (tk))] dz. (30)

Moreover, by the fundamental inequality, it is obvious that

ZZ }eR} |:C$y Y ‘eR‘ _'_Cwy Y }6 }j|

r= 1y1
<ZZ S (e }+ZZ Al @] e
r=1 y= =1 y=

Substitute Equations (13) and (31) into (30), and calculate D*V4! in the same way, and
then, combining with (23)-(26), one has

D%g/

Moreover, from the event-triggered mechanism (27) we have

)| E|? + Z |eE| PRdz + Z |eL] Pldz — i

r=1

B|| 1El, | d

DV (t) / an g ZHQ 2 <9(1 - p)IVa(t) < 0. (32)

2(1—p)II

According to Lemma 2.4 in [48] and (32), it is easily obtained: V5(t) < V5(0)eT@+n ™"
Furthermore,

(A=p) o
Im(z,8) = s(z. )l < llp = dll,eT= " (33)
Then, according to Definition 2.4, systems (4) and (18) achieve exponential synchroniza-
tion with controller (21). This completes the proof. O

Now, a positive lower bound for the triggered interval time will be derived to avoid the
Zeno behavior.
Step 1: From (22) and (27), for ¢t € [ty, tx+1), we have

. T B|J3 + 300, |ef| PF+ 30, [et] P
(Been)|, 2 0 G T, ' (34
In addition, from the derivation of Theorem 3.2, we have
°B|  ||0°E
ot ot || || ot
< 1AL VIEI, 2|+ 2 (IC%], + (1R,
Sl + 1) (], + [[a2']],)
+ (1Bl + [l ,) 125 @], + (Bl + [l [l,) [[2° @),
+Z\6R}+ZW}+ZZ\ (DF, + DL,) F|
z=1 y=1
< IBl||B@)|| +L. (35)

4
1

Step 2: Constructing a variable substitution as HE* (t) E(t)

L
X + B such that

WT:”)L <18l (HE*u)Hl - ||f§||1) +L= Bl £ 0],
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and then, there exists a real function (¢) that

aa

Bl
ot
Step 3: Taking the a-order integral for both sides of (36), we have

= IBlL|[£* )|, - 3. (36)

&), = e, - [ S (i o)+ w) s

Bl [ e
1+F<a>/t0(t )

and then, according to Lemma 2.1, the following equation holds

o, = 70 e (IR 7). @

E*(1)| dr,

< HE*(to)
1

Step 4: By taking “E*(t) =

t € [ty,tks1), one has

Bt < <

1

E(t)H + ﬁ into (37), and when HE(tO)H = 0 and
1 1

L 1B, (t — t.)" L
)|+ )exp( S
1 ||B||1 [(a+1) ||B||1
B3+ [o >0y |ef]| PRdz+ [, >0, |el| Pldz

O‘maXHEH1
< (

5 L 1B, (¢ — )" L

E(tk)H + ) exp (1— - — (38)
1 [IBll; [(ar+1) 1Bll;

Step 5: From (38), we can derive the positive lower bound of the triggered interval time,

that

1

B

E(t

and hence,

S SACRT I ] .
121 [+ |2
where
f = p (MBS + >0, |ef| PE+370_, |ei] PY) L ‘
Omax || £l 1Bl
This completes the proof. O

Remark 3.2. It is well known that the event-triggered frequency has a direct relationship
with the trigger threshold. As we can see from the event-triggered function (27), the factors
affecting the trigger threshold include controller parameters o, system parameters 11, PX,
system error e(t), and parameter p. Among them, the parameter p can directly change the
trigger threshold, moreover, compared with other factors, the value of p is the easiest to
change in practice, so the event-triggered frequency can be controlled by changing p.

4. Simulation Studies. In this section, we provide two numerical examples to support
the feasibility of the results in this paper. One illustrates the FOCVNNs with reaction-
diffusion terms are dissipative and the other shows that master-slave system (4) and (18)
can achieve exponential synchronization under the event-triggered controller (21).
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Example 4.1. Construct the 3-dimensional FOCVNNs with reaction-diffusion terms for
(4), where a« = 0.97, ¢ = 1, n = 3 and the system parameters a;; = as; = az; = 0.02,
by = by = by = 25, o(z,t) = e+1, OF =0.02, OF = 0.01, Of = —0.03, Of = —0.02,
Ol = -0.01, 0} =0.03, TY =T = T¥ = 0.9, and we choose the connection weights as
Table 2, where t = s(t). Furthermore, we set v, = 2, gf(-) = 0.9tanh(-) + 0.02sign(-),
g5(-) = 0.9tanh(-) + 0.01sign(-) as activation function, and the initial conditions for
(4) are sf(z,0) = —0.02sin(z), s&(2,0) = 0.01sin(z), s&(z,0) = 0.02sin(z), s! (2,0) =
—0.03 x sin(z), sb (z,0) = 0.04sin(z), si(z,0) = 0.02sin(z), with (z,0) € Q x [—0.953,0].

TABLE 2. The connection weights for Example 4.1

4 [ 1105 I <00 T 09404 [i] <09
C = C =
! 134009 [if>09 0.6 +i0.7 |t > 0.9
0 —0.8—140.2 || <0.9 0 0.7—i04 |f[<0.9
C = C =
. _0.6-i04 [f|>09 —0.1—i0.1 [{]>0.9
0 —0.64+i0.7 [] <0.9 (1) = 0.6 +140.7 |t] <0.9
C: = C:
“ 044005 [f>09 0.8+i0.3 || > 0.9
0.7 0.6 [i| <0.9 0.7—i0.8 |t/ <09
iz () = _ i co3 (1) = : i
0.8—i04 [i|>0.9 05006 [f]>0.9
0.5—i0.6 [i|<0.9 0.6 +i0.5 || <0.9
C33 (Jf) = . | | di (T) ‘ ‘
0.7—i0.8 [i|>0.9 0.5+i0.1 [f>0.9
doy (1) = —0.5+i0.5 || <0.9 doy (1) = —0.4—1i0.1 [1]<0.9
- 02002 |f|>09 _054i0.4 [f]>09
duy (1) = —~0.2—1i0.3 |t]<0.9 oy () = 0.2+140.2 || <0.9
. 054002 [f>09 0.44i0.6 [1]>0.9
= {0503 ll=09 o [04-i02 [ <09
. 03-i02 [f|>09 0.3—i0.3 [1]>0.9

ds (1) = —0.6-140.3 [} <09 s (1) = 0.4+1i0.4 || <09
i —04-i03 [f|>09 0.9 —1i0.4 [f]>0.9

Now, we can calculate M + N = —182.18 < 0, W = 0.0028 and the dissipative set
B(0,0.01) with e = 0.0061. Therefore, based on Theorem 3.1, the system (4) can achieve
global dissipative which is shown in Figure 1.

Example 4.2. In this example, a 2-dimensional model is constructed with o = 0.97,
a1 = ag; = 0.01, by = by = 2, n =2, and the connection weights are chosen as

1.24i0.2 |R] <0.9, 0.8 —i0.3 X <0.9,

en (R) = cr2 (R) =
1 0.5+1i0.3 |X| > 0.9, 12 —1.2-1i0.6 |X| > 0.9,
() = —1.14i04 |R] <0.9, e (N — —0.74140.6 [R] < 0.9,
AT 08+i0.9 R > 0.9, 207044007 N > 0.9,

[ 06+i0.3 R <0.9, [ —04—-40.2 || <0.9,
m“m_{o5+m5|w>oa %MM—{05+M3 IN| > 0.9,
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[ =03+40.2 [R¥]<0.9, [ 024404 R <0.9,
d (R) = { 0.5+1i0.3 R > 0.9, doz (X) = { —0.4+40.2 |R] > 0.9,

where X = (s(t),m(t)), and the initial condition is selected as si(z,0) = —1.2sin(2),
si(z,0) = 1.4sin(z), si(z,0) = —1.6sin(2), si(z,0) = 1.8sin(z), mi(2,0) = 1.7sin(2),
mi(z,0) = —2.5sin(z), m{(z,0) = 1.8sin(z), mi(z,0) = —1.1sin(z).

—z=0.75
—-z=1
0.01 ~B(0,0.01)
0 A
X en
7]
-0.01
0.01
0 0 0.01
sR -0.01  -0.01
2 5
(a)

x 10
:.N: 3 x10*
a2 = A S} ———————
© -2 077 A - - o B ;0757 - 1 v-:-:—t g — ~
% 0 2 0 2 4 0 0.5 1
z t
x10* z t
=) x10*
S ¢ ——e R — 22
afo L - ) N%~ g — =
2 0 2 0 0.5 1 2 0 2 4 0 0.5 1
z t z t
(a) (b)

FIGURE 2. The synchronization error state without controller: (a) eff(z,t);
(b) e'(2,1)

The other parameters are the same as in Example 4.1, and then the error state trajec-
tories without controller are shown in Figure 2. In addition, the controller parameters are
designed as aff =2, ol =3, ol =3, 0l =35, pf =45, Bl =3, plt =25, Bl = 1.5, and
then, the synchronization error and the trigger interval of the considered system under
the event-triggered mechanism (22) are shown in Figures 3-6 with p = 0.02 and p = 0.05,
respectively. From Figures 3 and 5, it can be seen that the synchronization error can
converge to zero under the event-triggered function (27) with p = 0.02 and p = 0.05,
respectively. Moreover, Figures 4 and 6 show the event-triggered frequency at z = 1.5 and
z = 4.5, respectively.

Furthermore, to exhibit the role of p in the controller. Tables 3 and 4 are given, where N,
indicates the number of triggers; A; is the average release interval and C; is the controller
data transfer rate, respectively.
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1
eR(z,t)
1 IIQON
~
1
e (z,t)
1 (Ill =N ]

2 a . . -
0 2 4 0 05 1 15 0 2 4 0 0.5 1 1.5
z t z t
<5 <2
21 e C—— 21 gy E——
Nom _5-2 Nv-q_z-z
0 2 4 0 0.5 1 15 0 2 4 0 0.5 1 1.5
z t z
(a) (b)

FI1GURE 3. The synchronization error state with controller and p = 0.02:
(a) e (z,1); (b) e’ (,1)

10 1 3 10 1 1
‘e (:4.5)=45 - e (:1.5)=1.5 - (45)=45 - ¢ (;1.5)=15
N 5 * * * kK kK K KK K K K K RRRRRR N 5 * * ¥k Kk K kX K X K K K oRRRR
0* X X x x X x x x X X X X X X XXXXX O* X X X X X X X X X X X X X X XXXXX
0 0.05 0.1 0.15 0.2 0.25 0.3 0 0.05 0.1 0.15 0.2 0.25 0.3
t t
10 B 2 10 2 2
‘e (:;4.5)=45 - & (:1.5)=1.5 ‘e (:4.5)=4.5 - € (:1.5=1.5
N 5 * * * * * * * * * L R S N 5 * * * * * * * * * * Kk kK RNk dokk
0* X X X x X x X x X X X X X X XXXXX 0* X X X X x x x X X X X X X X XXXXX
0 0.05 0.1 0.15 0.2 0.25 0.3 0 0.05 0.1 0.15 0.2 0.25 0.3
t t
(a) (b)

FIGURE 4. The instantaneous moment of triggering with p = 0.02: (a)
e (2,); (b) €' (1)

eL(z,t)

1 NON
~N
1
e (t)
1 llll S

2 4 05 1 15
z t z t
S s =
3, -~ C— S 6 o
N&z _52 - - _22 B =
> B ) — 05 1 15 - 0 3 4 o 05 1 15
z t z t
(a) (b)

FIGURE 5. The error state trajectory with controller and p = 0.05: (a)
e®(2,t); (b) el (2,1)

As can be seen from Tables 3 and 4, when p = 0, the system does not reduce the
communication frequency, i.e., the event-triggered mechanism is ineffective. Furthermore,
with the value of p increase, the triggered frequency gradually decreases, which indicates
that the controller is effective. It is worth noting that when p > 0.1, the event-triggered

mechanism will be difficult to be satisfied, which means that the triggered frequency is
reduced and the controller is ineffective.

Remark 4.1. According to event-triggered function (27), the triggering threshold will be
smaller when the system achieves stable. Moreover, the error system will oscillate around
0 due to the presence of the sign function in the controller, which means that the triggering
will occur frequently. To avoid this phenomenon, in practice, the tanh function is used
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10 el (4.5)=45 - el (;1.5)=15 10 “¢/(,45)=45 - €/(;15)=15
N 5 * * * * * * Ok K KK Rk N 5 * * * * * KK K KK B
% 0.05 0.1 0.15 0.2 0.25 03 % 0.05 0.1 0.15 0.2 0.25 03
t t
10 -l (,45)=45 - € (;15)=15 10 - ef:45)=45 - €(;15)=15
N 5 * * * * * ¥ K KRR OB N 5 * * * * * PR
O* X X X X X X XXX 0* X X X X X X X X XX X
0 0.05 0.1 0.15 0.2 0.25 03 0 0.05 0.1 0.15 0.2 0.25 03
t t
(a) (b)
FIGURE 6. The instantaneous moment of triggering with p = 0.05: (a)
e (z,); (b) e (1)
TABLE 3. The real-valued part
P 0 0.01 0.02 0.04 0.06 0.1
N, 300 37 21 12 9 7
A; 0.001 0.008 0.014 0.025 0.033 0.043
C, 100% 12.33% ™% 4% 3%  2.33%
TABLE 4. The complex-valued part
p 0 0.01 0.02 0.04 0.06 0.1
Ny 300 36 20 12 8 6
A; 0.001 0.008 0.015 0.025 0.0375 0.05
C, 100% 12.00% 6.67% 4.00% 2.67% 2.00%
10 -eh(45)=45 - el (;15)=15 10 - el:45)=45 - €/(,1.5)=15
N 5 Beoers % * * % % * * * * N5 ok % « ——% P P
8 0.5 1 1 .5 2 OXXXX)( X X 0.5 X X X] X X 1 .5 X X 2
t t
10 - (:4.5)=45 - € (;15)=15 10 -el45)=45 - €(1.5)=15
N 5 Folok¥ K - * ¥ - » - * * N 5 FHH K K * * * * * ¥ * ¥
0 0.5 1 15 2 0 05 1 15 2
t t
(a) (b)

FIGURE 7. The instantaneous moment of triggering with p = 0.02 (using
the tanh function instead of the sign function): (a) e®(z,t); (b) el(z, )

instead of the sign one. Specially, it can be seen from Figure 7 that the triggering frequency
decreases significantly after stabilization.

5. Conclusion. In this paper, the dissipative and event-triggered exponential synchro-
nization of a class of FOCVNNs with reaction-diffusion terms has been investigated. First,
we have proved that the FOCVNNs with reaction-diffusion terms were globally dissipa-
tive via the fractional Halanay inequality. In addition, a new event-triggered controller
has been designed to reduce the communication bandwidth, and the FOCVNNs with
reaction-diffusion terms were demonstrated to be exponentially synchronization via the
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event-triggered mechanism. Furthermore, a positive lower bound on the trigger interval
time have been given to avoid the Zeno behavior. Finally, two numerical examples have
proved to verify the results of this paper.
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