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ABSTRACT. We propose a Logical Problem Solving Framework (LPSF), an axiomatic
structure for generating methods of logical problem solving. Input parameters of LPSF
consist of 1) a canonical logical structure, 2) a set of equivalent transformation rules
(ET rules), 3) a control, and 4) a set of answer mappings. Given these input parame-
ters, LPSF provides a logical problem solver, which receives an input problem, sets an
initial state by using a formula on the logical structure, makes each computation step by
application of an ET rule selected by the control, and if the resulting computation path
reaches the domain of an answer mapping, it outputs an answer, which is guaranteed to
be correct. LPSF is useful for design of knowledge representation systems and construc-
tion of logical problem solving methods.

Keywords: Proof problem, Query-answering problem, Skolemization, Equivalent trans-
formation rule, Logical structure, First-order logic

1. Introduction. A proof problem with respect to a first-order formula A and a first-
order formula B is a “yes/no” problem; it is concerned with checking whether A = B, i.e.,
whether A entails B. Proof problems on first-order formulas historically constitute the
most important problem class in logical problem solving. Resolution provides us with a
refutation proof procedure for logical formulas [1]. To solve a proof problem with respect
to A and B, we (i) first convert A A =B into a clause set Cs and (ii) try to transform Cs
into a clause set Cs' that contains an empty clause («—). The correctness of the resolution
proof procedure is given by the soundness and completeness theorem. This does not,
however, guarantee the correctness of computation since the first-phase conversion does
not preserve satisfiability in the presence of clauses containing built-in atoms [2]. The
conventional resolution-based theory fails to estabilish a correct proof method for full
first-order formulas [3].

A query-answering (QA) problem is an “all-answers finding” problem to satisfy a given
logical consequence relation. SLD resolution has been proposed for solving QA problems
on definite clauses [4]. The correctness of the QA solution procedure is given by the sound-
ness and completeness theorem for SLD resolution. Due to the completeness theorem for
SLD resolution, it is believed that SLD resolution can be successfully applied to all QA
problems. However, we proved that a QA problem, called a pal-pal QA problem, cannot
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be solved by SLD resolution [5]. The completeness condition is too weak for ensuring the
correctness of solutions for all QA problems on definite clauses. The SLD resolution for
QA problems fails to estabilish a correct QA solution method for all definite clauses. The
conventional resolution-based theory has failed to estabilish a correct QA solution method
for full first-order formulas.

To overcome these failures of solution methods in computational logic, we propose a
Logical Problem Solving Framework (LPSF), which is an axiomatic structure for gener-
ating methods of logical problem solving. LPSF extends the most basic concepts of logic
and computation as follows.

e LPSF utilizes a general concept of logical structure, which is a superconcept that
includes many logics such as first-order logic and propositional logic as instances.

e LPSF regards model-intersection (MI) problems as the main class of logical problems,
which is a superset of the class of proof problems and that of query-answering (QA)
problems.

e LPSF takes the class of equivalent transformation rules, which is a superset of the
class of inference rules.

A general principle for solving MI problems on formulas is equivalent transformation
(ET), where problems are solved by repeated problem simplification using ET rules. Ef-
ficiency of computation is basically determined by

e a set R of ET rules used for the computation, and
e selection of an ET rule in R at each computation step.

ET rules and computation control may give an ET sequence that reaches a final or a
non-final problem description in finite steps or may produce an infinite sequence without
giving any answer to the original problem.

We can invent a logical problem solving method using LPSF by designing four param-
eters: 1) a canonical logical structure £, 2) a set R of ET rules, 3) a control ctrl, and 4) a
set A of answer mappings. LPSF with these input parameters works as a problem solver
for MI problems as follows.

e A problem ¢ formalized on L is received as input.

e The input problem ¢ is taken as the initial state F.

e [ is successively transformed by using ET rules in R, with rule selection being
determined by ctrl.

e Computation is a sequence of problems Fy, Py, P, ... on L.

e If the computation Py, P, P», ... reaches the domain of an answer mapping ans in
A at P,, then LPSF outputs ans(P,) as an answer.

The strength of the LPSF theory comes from the fact that

e it is constructed on mathematically general and precise concepts, and
e a logical problem solving method generated by LPSF is guaranteed to be correct for
any combination of parameters.

The LPSF theory proposed in this paper provides a general foundation of logical prob-
lem solving methods. The definition of a logical structure used in LPSF covers a wide
range of logics, and the conventional first-order logic can be regarded as one instance of
it. MI problems considered in LPSF are a large problem class, which basically covers all
proof problems and QA problems considered so far. The concept of computation in LPSF
is equivalent transformation, which provides a wider class of computation and covers
computation by logical inference as its special case.

LPSF can be used for comparison and evaluation of conventional logical problem solv-
ing methods. A resolution-based method can be regarded as a solver instance generated
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by LPSF. Basically, it uses clauses of first-order logic as a logical structure and the res-
olution and factoring inference rules as ET rules. By adjusting rule application control,
many logical solution methods have been invented [6, 7, 8, 9]. Let FOL be the set of all
first-order formulas, and FOL. the set of all first-order formulas with built-in constraint
atoms. Conventional resolution methods are basically constructed on FOL, with no built-
in constraint atoms. The solution method for pure Prolog problems on usual clauses can
be regarded as one specific logical problem solving method (a solver) that can be gener-
ated by LPSF. They take a specific logical structure (definite clauses in first-order logic),
a subclass of MI problems (a subclass of proof problems and/or QA problems), and a
subclass of ET rules (unfolding-based rules). Some logical problems cannot be solved
correctly by conventional methods.

LPSF is useful for creation of new solution methods. Since LPSF has a parameter
for logical structures, we can take larger problem classes and try to create a new logical
structure for inventing solution methods that can solve them correctly. Based on the new
logical structure, we can accumulate rules and adjust controls to maximize the solvability.
For instance, a new logic, called KR-Logic, was created as an extension of LP-Logic.
For proof and QA problems, KR-Logic together with many newly invented ET rules was
shown to improve solvability, compared to conventional solvers on LP-Logic with ET rules
such as resolution and unfolding [10, 11, 12, 13].

The rest of this paper is organized as follows. Section 2 defines logical structures and
model-intersection problems on a logical structure, by which we can formalize a large
class of logical problems. Section 3 defines computation as an ET sequence, based on the
concepts of answer mappings, rewriting rules, and controls. Section 4 introduces Logical
Problem Solving Framework (LPSF), by which a partial mapping to associate problems
with their answers is obtained. Section 5 proves two correctness theorems; i.e., correctness
of computation paths, and that of solution methods. Section 6 defines solvability of an
LPSF solver, and explains the improvement of the solvability of logical problem solving.
Section 7 concludes the paper.

The notation that follows holds thereafter. Given a set A, pow(A) denotes the power
set of A. Given two sets A and B, Map(A, B) denotes the set of all mappings from A to
B, and PartialMap(A, B) denotes the set of all partial mappings from A to B. For any
partial mapping f from A to B, dom(f) denotes the domain of f, i.e., dom(f) = {a|(a €
A) & (f(a) is defined)}.

2. Logical Structures and Formalization. We define the concept of logical structure
axiomatically. We also introduce the concept of model-intersection problems on a logical
structure, which can be used to formalize a large class of logical problems.

2.1. Canonical logical structures and basic related concepts. Logic is the primary
basis of logical problem solving. Abstract structure of logic has been formalized as an
axiomatic definition as follows [14].

Definition 2.1. A logical structure L is a triple (KC,Z,v), where

1) K and T are sets,
2) v: K — Map(Z, {true, false}).

An element of IC is called a description and that of T is called an interpretation.

A typical description is a logical formula in the first-order syntax. A set of clauses on
first-order logic is also a typical example of a description. The sets I and Z in the above
definition are arbitrary sets. They are only required to satisfy the relations described
in the definition. Given &k € K and I € Z, the mapping v determines truth or falsity,
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which shows whether £ is true or false with respect to I. Despite its simplicity, the notion
of a logical structure provides a sufficient structure for defining the concepts of logical
equivalence, models, satisfiability, and logical consequence, which are given below.

Definition 2.2. Let £ = (K,Z,v) be a logical structure. Two descriptions ki, ks € K are
logically equivalent iff v(ki) = v(ks). An interpretation I € T is a model of a description
k € K iff v(k)(I) = true. The set of all models of a description k € K is denoted by
Models(k). A description k € K is satisfiable iff there exists a model of k. A description
ki € K entails a description ke € IC (i.e., ko is a logical consequence of ki), denoted by
ki |= ks, iff every model of ki is a model of ks.

Each logical structure defines one logic. Two logical structures with the same set of
descriptions but different sets of interpretations are considered to be different. In this
sense, first-order logic with standard semantics and first-order logic with Herbrand inter-
pretations are different logical structures.

Let G, be a set, the elements of which are regarded as ground user-defined atoms. A
logical structure £ = (K,Z,v) is a canonical logical structure iff Z = pow(G,). We assume
that all logical structures considered hereinafter are canonical logical structures. Strictly
speaking, first-order logic with standard semantics and first-order logic with Herbrand
interpretations are not canonical logical structures. However, by modifying their inter-
pretations, they can be regarded as canonical logical structures that are equivalent to the
original ones.

2.2. Model-intersection problems. Let £ = (K,Z,v) be a canonical logical structure
and W be a set. A model-intersection problem (for short, MI problem) on (IC, W) is a pair
(Cs, ), where Csis a description in K and ¢ is a mapping from pow(G,) to W. We use Cs
rather than k as an element of IC since typical descriptions in logical structures considered
in this paper are sets of clausal formulas. The mapping ¢ is called an extraction mapping.
The answer to this problem, denoted by ansyi(Cs, ¢), is defined by

ansyi(Cs, @) = ¢ (ﬂ Models(C’s)) ,

where () Models(Cs) is the intersection of all models of Cs. Intuitively, this MI problem
is to find some element w € W that is determined by the intersection of all models of
Cs. The set W is arbitrarily chosen as the co-domain of ¢. Note that when Models(Cs)
is the empty set, [ Models(Cs) = G,. The set of all MI problems on (K, W) is denoted
by MIprop(K, W), ie.,

MI prop(KC, W) = K x Map (pow(Gy), W).

An MI problem on (I, W) for some W is called an MI problem on the logical structure L.
The set of all MI problems on L is denoted by M1 prog (L), i.e., MI prop(L) U{MI pros (K,
W)W is a set}.

2.3. Examples of model-intersection problems. Many problems can be considered
as MI problems on some logical structures [11, 12, 15, 16]. We explain in this section the
generality of the class of MI problems by showing examples (two for Example 2.1 and two
for Example 2.2).

Example 2.1. Consider the Oedipus puzzle described in [17). Oedipus killed his fa-
ther, married his mother Iokaste, and had children with her, among them Polyneikes.
Polyneikes also had children, among them Thersandros, who is not a patricide.

1) The Oedipus proof problem is to answer whether Iokaste has a patricide child who has
a non-patricide child.
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2) The Oedipus QA problem is to find all persons who have a patricide child who has a
non-patricide child.

Assume that (i) “oe”, “i0”, “po” and “th” stand, respectively, for Oedipus, Ilokaste,
Polyneikes and Thersandros, (ii) for any terms ty and to, isCh(ty,ty) denotes “ty is a
child of t3”, and (iii) for any term t, pat(t) denotes ‘t is a patricide” and prob(t) denotes
‘t is an answer to this puzzle”.

Let CLSg be the set consisting of all usual clauses possibly with built-in constraint atoms.
This set CLSg forms a canonical logical structure.

Let Csy € CLSg consist of the following seven clauses:

isCh (oe, i0) < isCh (po, i0) <
isCh (po, oe) <+ isCh (th, po) <
pat (o€) < <« pat (th)

prob (z), pat (y) < isCh(z, x), pat (z),isCh(y, z)
The Oedipus proof problem and the Oedipus QA problem are then formalized as follows.

1) Let o1 be defined by o1(G) = “yes” if G = Gy, otherwise v1(G) = “no”, for any
G C Gu. The Oedipus proof problem is formalized as the MI problem (Cs; U {+
prob(io)}, ¢1).

2) Let o be defined by po(G) = {z|prob(z) € G} for any G C G,. The Oedipus QA pro-
blem is formalized as the MI problem (Csy, ).

Example 2.2. Consider the taz-cut problem discussed in [18]. The background knowledge
consists of the following statements. (i) Any person who has two children or more can
get discounted tax. (ii) Men and women are not the same. (iii) It is false that a person
is not the same as himself/herself. (iv) A person’s mother is always a woman. (v) Peter
has a child, who is someone’s mother. (vi) Peter has a child named Paul. (vii) Paul is a
man.

1) The taz-cut proof problem is to answer whether Peter can have discounted tax.
2) The tax-cut QA problem is to find all persons who can have discounted taz.

Let Csy C CLSg consist of the following eight clauses:

TaxCut (z) <—hasChild (z,y), hasChild (z, z), notSame (y, z)
notSame (z,y) <— Man (x), Woman (y)

< notSame (z, )

Woman (x) < motherOf(x,y)

hasChild ( Peter, f1) <

motherOf (f1, f2) <

hasChild ( Peter, Paul) <

Man (Paul) +

The fifth and the sixth clauses together represent the fifth statement (i.e., “Peter has a
child, who is someone’s mother”), where f1 and fs are 0-ary function symbols. The taz-cut
proof problem and the taz-cut QA problem are then formalized as follows.

1) Referring to vy of Example 2.1, let w3 = p1. The taz-cut proof problem is formalized
as the MI problem (Csy U {«— TaxCut(Peter)}, 3).

2) Let @4 be defined by p4(G) = {x|TazCut(x) € G} for any G C G,. The taz-cut QA
problem is formalized as the MI problem (Csy, py).

2.4. Subclasses of model-intersection problems. A proof problem is a pair (E4, Es),
where E; and FEs are closed first-order formulas in FOL,, and the answer to this problem,
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denoted by ansp,(F1, Es), is defined by

“yes” if E1 ): E27
“no”  otherwise.

anspy(E1, Fy) = {

It was shown in [19] that a proof problem on FOL. can be converted equivalently into an
MI problem on CLSg.

A query-answering problem (QA problem) on FOL,. is a pair (F,a), where E is a
closed first-order formula in FOL, and a is a user-defined atom. Let S be the set of
all substitutions for usual variables. The answer to a QA problem (F, a), denoted by
ansqa(E, a), is defined by

ansqa(E,a) = {ab|(6 € S) & (ab € G,) & (E = ab)}.

It was shown in [19] that a QA problem on FOL. can be converted equivalently into an
MI problem on CLSg.

3. Computation. We define the concepts of answer mappings, rewriting rules, and con-
trols, by which computation is determined as an ET sequence.

3.1. Answer mappings. An answer mapping is a partial mapping that gives the answer
to an MI problem whenever it is applicable to that problem. When an initial problem
description is transformed into a final problem description that reaches the domain of an
answer mapping, we compute the answer by applying the answer mapping to the final
problem description.

Definition 3.1. Let W be a set. A partial mapping ans from MI prop(IC, W) to W is an
answer mapping iff for any (Cs, ) € dom(ans), ans(Cs, ) = ansyu(Cs, @).
An answer mapping is taken so that all answers to problems in its domain can be

computed at low cost. When P = (Cs, ), ans(Cs, ) is also denoted by ans(P).

3.2. Rewriting rules and ET rules. We consider two types of rewriting rules, rewriting
rules on MIprop(IC,W) or on K. Let X be MI prop(KC, W) or K. A rewriting rule r on
X is a partial mapping from X to X, i.e.,

r € PartialMap(X, X).

Definition 3.2. A rewriting rule r on K is model-preserving iff if (Cs, Cs') € r, then
Models (Cs) = Models (C¥).

Definition 3.3. A rewriting rule r on K is model-intersection preserving iff if (Cs, C¢') €
r, then () Models(Cs) = (| Models(Cs).

Obviously, if r is model-preserving, then r is model-intersection preserving.
Definition 3.4. A rewriting rule v on MI prog(IC, W) is an ET rule iff

") (ﬂ Models(Cs)) = (ﬂ Models( Cs’))
for any ((Cs, @), (Cs,¢')) € r.

Proposition 3.1. Assume that a rule r on K is model-intersection preserving. If (Cs, Cs')
€ r, then for any ¢ € Map(pow(G,), W),

1) ansyu(Cs, p) = ansyi(Cs', @), and

2) {({Cs, ), (CS, )| (Cs, CS) € r} is an ET rule on MI prop(K, W).

Proof: Assume that (Cs, Cs') €r. Since r is model-intersection preserving, (| Models( Cs)
=(" Models(Cs'). Hence, ans\i(Cs, ) = ([ Models(Cs)) = ([ Models(Cs')) = ans\i (CS,
¢). The second result follows immediately from the first result. O]
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3.3. Control and ET sequences. Let R be a set of ET rules. When no confusion is

caused, we use Prob for simplicity as the set of all MI problems, i.e., Prob = MI prog(K,

3.3.1. Control. Given a sequence [Fy, ..., P;] of problems in Prob, a control gives an ET
rule in R that is applicable to P;. More precisely, a control ctrl is a partial mapping
from the set of all sequences of problems in Prob to the ET-rule set R that satisfies the
following conditions.

1) If there are ET rules in R that are applicable to P;, ctri([FPy, P, ..., P)]) is an ET rule
in R that is applicable to P;.
2) If there is no applicable rule to P;, ctrl([Py, P, ..., P;]) is undefined.

3.3.2. Computation. A partial mapping comp is defined by
comp(Po, R, ctrl) = [Py, Py, Ps, ..., P,]
if the following two conditions are satisfied.
1) Foreach i =0,1,2,...,n—1, ctrl([Py, P1, Py, ..., P]) =7 € R and (P;, Piy1) € 1;.
2) ctrl([Py, P1, Py, ..., P,]) is undefined.
Otherwise, comp(Py, R, ctrl) is undefined.

3.3.3. ET sequence. Given a set A of answer mappings, let dom(A) be defined as the
union of all domains of the answer mappings in A, i.e., | J{dom(ans)|ans € A}. Given a
set A of answer mappings and a problem Fy, the role of a control is to construct an ET
sequence [Py, P, ..., P,] that starts with Py and reaches a final problem P, € dom(A).

Definition 3.5. A sequence [Py, Py,. .., P,] of problems in Prob is an ET sequence iff
ansyi(P;) = ansy(Piy1) for any i € {0,1,...,n —1}.

ET rules produce an ET sequence.

Proposition 3.2. Assume that R is an ET-rule set. Let Py be an initial problem and ctrl
a control. If the value of comp(Py, R, ctrl) is defined, then it is an ET sequence.

Proof: Assume that comp(Fy, R, ctrl) = [Py, Py, Ps, ..., P,]. Then, for each i = 0,1,
2,...,n—1, the conjunction of ctri([Py, Py, Ps, ..., P;]) =r; € Rand (P;, P;41) € r; holds.
Since R is an ET-rule set, for each i = 1,2,...,n — 1, the condition (P;, P;11) € r; € R
implies ansyi(P;) = ansvi(Piy1). Hence, [Py, Pi, Py, ..., P,] is an ET sequence. O

4. Logical Problem Solving Framework and an LPSF Solver. We introduce Logi-
cal Problem Solving Framework (LPSF), which determines a solver to compute an answer
to an MI problem, and defines a partial mapping from MI problems to answers.

4.1. Logical problem solving framework. Given a set Cs of clauses and an extraction
mapping ¢, the answer to the MI problem (Cs, ¢) is ¢ ([ Models(Cs)). The definition
¢ ([ Models(Cs)) is usually not suitable for computing the answer since it may take huge
cost. Instead of using this definition to compute the answer, we take a path consisting of
(i) ET computation [F,..., P,] and (ii) an answer mapping ans in A. LPSF finds the
value of ¢ ([ Models(Cs)) by the calculation of ans(P,).

Given an MI problem (Cs, ¢), Logical Problem Solving Framework (LPSF) is defined
more precisely as follows: Input parameters of LPSF consist of 1) a canonical logical
structure £ = (IC,Z,v), 2) a set R of ET rules, 3) a control ctrl, and 4) a set A of answer
mappings, and the output of LPSF is a solver M (also called an LPSF solver), which is
denoted by

M = LPSF(L, R, ctrl, A).
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Procedurally, LPSF works as follows.

1) Let Py = (Cs, ¢).

2) Construct an ET sequence [Fy,...,P,] by (i) taking Py as an initial problem, (ii)
applying ET rules in R determined by ctrl, and (iii) stopping at P,.

3) Assume that P, = (Cs,, ¢,). If the computation reaches the domain of A, i.e., (Cs,, ©,,)
€ dom(A), then output ans(Cs,, ¢,) by using an answer mapping ans in A such that
P, € dom(ans).

Let w = ans(Cs,, p,). When ¢ ([ Models(Cs)) = w, w is called a correct answer to

(Cs, ). Otherwise, w is called an incorrect answer.

4.2. A partial mapping determined by LPSF. Assume that we have an LPSF solver
M = LPSF(L, R, ctrl, A) by taking input parameters £, R, ctrl, and A. An LPSF solver
M is associated with a partial mapping (which is also denoted by M) from problems to
answers as follows.

From an initial problem Fy, a rule set R, and a control ctrl, a partial mapping finalProb
determines a final problem P, as follows: finalProb(Fy, R, ctrl) is the last element of
comp (Po, R, ctrl) if comp (FPy, R, ctrl) is defined, and is undefined otherwise. Using finalProb
and A, we define a partial mapping M from Prob to W by

o M(Py) = ans(P,), if finalProb(Fy, R, ctrl) = P, € Prob, P, € dom(ans), and ans €

o M(Fp) is undefined otherwise.
M covers a problem Py iff finalProb(Py, R, ctrl) € dom(A).

5. Correctness. We prove two correctness theorems: correctness of each computation
path based on a solution method obtained using LPSF, and correctness of each solution
method obtained using LPSF.

5.1. Correctness of each computation path on a solution method. Assume that
M is a solution method designed based on the LPSF theory with parameters L, R, ctri,
and A, i.e.,

M = LPSF(L, R, ctrl, A).
Assume that we are given an MI problem (C's, ). If M covers (Cs, ), then M determines
a problem in the domain of A, and, from the final problem, an answer mapping ans in A
determines a correct answer.

Theorem 5.1. Assume that M = LPSF(L, R, ctrl, A). If M covers (Cs, @), then M({Cs,
©)) is the correct answer to (Cs, ).

Proof: Assume that M covers (Cs, ¢). Then there is an ET sequence [Py, Py, ..., B,]
such that Py=(Cs, ¢) and P, =(Cs,, ¢,) € dom(A). Since this sequence consists only of
ET steps, ansyi(Cs, p) = ansyi( Csy, n). Since ans in A is an answer mapping, ansyi(Csy,
on) = ans(Cs,, p,). By the definition of ansyy, ansyi(Cs, @) = ¢ ([ Models(Cs)). Since
M((Cs, @) = ans(Csy, pn), M((Cs,@)) = ¢ ([ Models(Cs)). O

Theorem 5.1 says that if there is a computation path from a given initial problem F
to a final problem P, in the domain of an answer mapping, P, is mapped by the answer
mapping to a correct answer, i.e., a result of computation (ans(P,)) based on LPSF is
always correct. This resembles the soundness of SLD resolution, where every computed
answer for a given problem is a correct answer for the problem. However, computation
in SLD resolution is for each answer, while computation in LPSF is for each answer set.
SLD resolution transforms a clause into a clause by using a definite clause, while LPSF
transforms a set of clauses into a set of clauses by using ET rules. By this gap, SLD
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resolution for QA problems is less suitable for managing computation for “all-answers
finding” problems. This is one of the most important points for developing correct and
efficient solvers for various logical problems.

5.2. Correctness of each solution method. Assume that M = LPSF(L, R, ctrl, A).
The correctness of M is defined as follows.

Definition 5.1. M is correct iff for each problem prb € Prob, if M covers prb, then M
gives a correct answer to prb.

Based on the above definition of correctness of M, we have the following theorem.
Theorem 5.2. For any L, R, ctrl, and A, if M = LPSF(L, R, ctrl, A), then M is correct.

Proof: Obvious from Theorem 5.1. 0

As we stated at the top of the introduction, the conventional resolution-based theory
fails to estabilish a correct proof method for full first-order formulas. Moreover, the con-
ventional resolution-based theory has failed to estabilish a correct QA solution method
for full first-order formulas. These solution methods cannot be practical since they are
incorrect, i.e., they sometimes output incorrect answers. There are problems that cannot
be solved correctly by these conventional methods, even though these problems are very
small and there is no explosion of computation. The conventional methods have fatal
limitation regarding computation correctness.

LPSF can overcome these difficulties by generation of new LPSF-based solvers. Theo-
rem 5.2 says that a solver that is generated by L, R, ctrl, and A is always correct, which
forms a method of systematically making solvers for MI problems. The LPSF theory is, in
some sense, a “meta-level” logic that can generate various logical solvers with guarantee
of correctness.

Since it is axiomatic, any form of atoms can be used, regardless of whether they are
included in first-order formulas or not. KR-Logic is invented under LPSF from first-order
logic and LP-Logic. Function-variables are new terms that are not used in first-order logic
and LP-Logic, by which we can transform each first-order formula equivalently into a set
of clauses (extended with function variables). In this way, LPSF can extend conventional
solvers, or invent new solvers with strict correctness.

6. Designing Solution Methods Based on LPSF. We define solvability of an LPSF
solver. LPSF enables us to improve solvability of logical problem solving.

6.1. Solvability. Assume that M = LPSF(L, R, ctrl, A). A solver M determines a set
FS(L, R, ctrl, A) of all problems that are successfully solved:
FS(L, R, ctrl, A)
= {P|(Py is an MI problem on L) & (finalProb(Py, R, ctrl) = P,) & (P, € dom(A))},

where FS is a short form of finite solvability. If we have more ET rules, then more problems
can be solved.

Theorem 6.1. Assume that Ry and Ry are sets of ET rules such that Ry C Ry. For any
L, ctrly, and A, there is ctrly such that

FS(E, Rl, Ct’f’ll,A> - FS(E,RQ, Ct’r‘lg,A).

Proof: Define ctrly by ctrly = ctrly. Then, FS(L, Ry, ctrly, A) = FS(L, Ry, ctrl;, A) C
FS(,C, Rg, Ct’f’lg,A). O
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6.2. Designing solution methods for logical problems. Given a logical problem, we
try to solve it using LPSF as follows.

1) Set a logical structure £ = (K, Z,v).

Determine a set A of answer mappings.
Obtain a solution method M by M = LPSF(L, R, ctrl, A).
Solve the MI problem (Cs, ¢) using M.

Each time we take parameters £, R, ctrl, A, we have a solver M, which may succeed
in solving the given problem, i.e.,

(Cs,p) € FS(L, R, ctrl, A),

or may fail to solve it. We repeat this generate-and-test process until the given problem
is solved.

Given a logical structure and a set of answer mappings, one typical improvement is
obtained by creation and accumulation of ET rules. Assume that £ is a logical structure,
and Ay is a set of answer mappings. Consider the set of all problems that can be solved
successfully using a set R of ET rules by some control, which is denoted by FSA(R, Ly, Ag)
and is called a finitely solvable area with respect to R, i.e.,

FSA(R, Lo, Ao) = | J{FS(Lo, R, ctrl, Ag)|ctrl € CTRL},

where C'TRL is the set of all controls. Given a problem prob, we try to solve prob, i.e.,
we try to find R such that

prob € FSA(R, Ly, Ay).
Maximization of FSA(R, Ly, Ag) by increasing R is of central importance in the research
of logical computation. FSA(R, Ly, Ag) is simply denoted by FSA(R) if Ly and Ay are
obvious from the context.

7. Conclusions. An axiomatic theory of Logical Problem Solving Framework (LPSF)
was developed. The LPSF theory provides a general foundation for logical problem solving
methods. LPSF enables us to improve solvability of logical problem solving. LPSF extends
the most basic concepts of logic and computation as follows.

e LPSF utilizes a general concept of logical structures.
e LPSF regards MI problems as the main class of logical problems.
e LPSF takes ET rules as units of procedures.

LPSF is a generator of logical problem solving methods. Input parameters of LPSF
consist of 1) a canonical logical structure, 2) a set of ET rules, 3) a control, and 4) a set
of answer mappings. Each time we take parameters L, R, ctrl, A, we have a solver M,
which may succeed in solving the given problem or may fail to solve it. We repeat this
generate-and-test process until the given problem is solved.

In typical usage of LPSF, we take some logical structure £y and a set Ay of answer
mappings, and we adjust R and ctrl to improve solvability. Since an increase of ET rules
leads to better solvability, improvement is typically attained by creation and accumulation
of ET rules. Solvability is strictly evaluated in LPSF by the set FSA(R, Ly, Ag). We try
to maximize FSA(R, Ly, Ag) by increasing R while keeping Ly and Ay.

Sometimes there are cases when we can never solve problems in the space of Ly with a
set Ag of answer mappings, i.e., there is no R such that

<OS, g0> € FSA(R, ,Co, Ao)
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Then we need to extend L into a new logical structure £;. In such cases, LPSF can also
be used, i.e., we can try to create a new solver

M = LPSF(Ly, R, ctrl, Ay)

by setting a set A; of answer mappings, and by adjusting R and ctrl.

Using LPSF, we can evaluate logical problem solving methods by the partial ordering
determined by the inclusion relation of finitely solvable areas. When we find a logical
problem that is not a member of finitely solvable areas, we can develop a new logical
problem solving method by

e creation of a new logical structure, and
e accumulation of ET rules to increase finitely solvable areas.

LPSF can be a general foundation of theories of logical problem solving and logical
computation.
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