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Abstract. Many logical problems, such as proof problems and query-answering prob-
lems, on first-order formulas can be mapped into model-intersection (MI) problems on an
extended clause space. Increasing the power of solving MI problems is essential to solve
logical problems correctly and more efficiently. MI problems constitute one of the largest
classes of logical problems and are of fundamental importance. This paper extends the
representation power of MI problems by an introduction of iff-formulas. It also extends
the computation power of MI problems by inventing new equivalent transformation rules
such as replacement using an iff-formula and removal of an iff-formula. The correctness
of this new solution method is guaranteed.
Keywords: Model-intersection problem, Extended clause, Function variable, Equivalent
transformation, If-and-only-if formula

1. Introduction. Logical structure should be of fundamental and central importance for
human intelligence. The conventional theory of logic is proof-centered and inference-based
one on the first-order formula space. The current theory of logic is, however, unsatisfacto-
ry. The theory of logic should be reconstructed extensively, seeking appropriate structure
to capture human intelligence and to maximize representational and computational pow-
er. We need to change the structure of logic by extending problem classes, computation
methods, and the underlying formula space.

Proof problems have long been the main target for logical problem solving. A problem
in this class is a “yes/no” problem concerning with checking whether one logical formula
is a logical consequence of another logical formula. A query-answering (QA) problem is
an “all-answers finding” problem concerning with finding all ground instances of a query
atomic formula that are logical consequences of a given logical formula. After the resolu-
tion principle for proof problems was invented by Robinson [1], many logical problems,
such as proof problems and QA problems, on first-order formulas have been investigated
extensively [2-6].

However, the class of problems solved by conventional methods is not large enough.
Complete integration of proof problems and QA problems on first-order logic is not real-
ized. Recently, the deep learning community has given increasing attention to integration
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of logical reasoning into neural network architectures. Such integration usually realizes
limited-size constraint solvers in deep learning architectures, and does not extend the
solvability obtained by the theories of logical computation [7-16].
SLD resolution is incomplete, both for the class of all proof problems and for the

class of all QA problems, that are defined by using first-order formulas. The conventional
computation theory based on SLD resolution has such a theoretical limitation.
To change the core structure of logic, we use a model-intersection problem (MI problem)

[17] and equivalent transformation (ET). The set of all MI problems constitutes a very
large class of logical problems. MI problems integrate proof problems and QA problems.
The integration is realized by a general conversion method to map all proof problems
and all QA problems on first-order logic into MI problems. MI problems enable us to
solve proof problems and QA problems by using equivalent transformation rules (ET
rules) with full guarantee of correctness. Integration into MI problems is of fundamental
importance to establish a general solution method to solve all deductive problems on first-
order formulas, overcoming the limitation of conventional methods based on inference
within the first-order formula space. Increasing the power of solving MI problems by ET
rules is essential to solve logical problems correctly and more efficiently.
The space used in the classical theorem-proving theory is first-order logic, which is id-

entified with the usual clause space based on the conversion by the conventional Skolem-
ization. Since this space has serious limitations for representation and computation, we
use first-order logic possibly with built-in constraints and the extended clause space [18].
This paper extends further the power of representation and computation of MI problems

by (i) enrichment of the expressive power of MI problems with if-and-only-if formulas (iff -
formulas) [19], and (ii) invention of ET rules such as replacement using an iff -formula and
removal of an iff -formula. The resulting representative power of problem descriptions is
higher than other representation schemes for proof problems and QA problems considered
in our previous works, including [20, 21]. The correctness of this new solution method is
guaranteed based on the ET principle.
This paper keeps MI problems as the central problem class and computation by ET

rules, while it increases the underlying formula space and extends computation methods
as follows:

• Extension of the space from the usual clause space to a pair space, i.e., a pair of a
clause set and an iff -formula set is used;
• Invention of ET rules on the space, i.e., ET rules for replacement and removal re-
garding iff -formulas.

The rest of the paper is organized as follows. Section 2 gives an introductory example,
where representation by definite clauses, that by first-order formulas, and that by iff -
formulas are illustrated. Representation by a pair of extended clauses and iff -formulas
is introduced. Section 3 introduces MI problems in triple forms, each of which consists
of extended clauses and iff -formulas, and an extraction mapping. Section 4 provides a
solution method for MI problems in triple forms by ET. Section 5 introduces ET rules
related to iff -formulas. Section 6 illustrates a solution of a puzzle by using iff -formulas,
and explains that the proposed computation framework is an extension of SLD resolution
for proof problems and QA problems. Section 7 provides conclusions.

2. Representation by Clauses and Iff -Formulas. Definite clauses, first-order for-
mulas, and iff -formulas are compared and representation by a pair of extended clauses
and iff -formulas is introduced.
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2.1. Pal-pal example and definite clause formalization. Consider a logical problem,
named a “pal-pal” problem, taken from [22]. This problem is to find all lists X that
satisfy the conjunction of pal([1|X]) and pal([2|X]), where pal is a predicate standing for
“palindrome”.

Consider a set D0 of definite clauses as the background knowledge of the pal-pal prob-
lem:

1) pal(X)← rev(X,X)
2) rev([ ], [ ])←
3) rev([A|X], Y )← rev(X,R), app(R, [A], Y )
4) app([ ], X,X)←
5) app([A|X], Y, [A|Z])← app(X,Y, Z).

The predicates rev and app stand for reverse and append, respectively. The pal-pal prob-
lem can be formalized as a QA problem ⟨D0 ∪QD, ans(X)⟩, where QD is a singleton set
of a definite clause

ans(X)← pal([1|X]), pal([2|X]),

defining the predicate ans that stands for answer. This pal-pal problem is also called a
pal-pal QA problem.

2.2. Pal-pal puzzle with first-order logic. Definitions of the three predicates, pal,
rev, and app, in first-order formulas are shown as follows:

∀x : pal(x)↔ rev(x, x).
∀x, y : rev(x, y)↔

(x = [ ] ∧ y = [ ])∨
∃a, w, u : (x = [a|w] ∧ rev(w, u) ∧ app(u, [a], y)).

∀x, y, z : app(x, y, z)↔
(x = [ ] ∧ y = z)∨
∃a, w, u : (x = [a|w] ∧ z = [a|u] ∧ app(w, y, u)).

The conjunction of these three formulas is denoted by F0. The pal-pal QA problem can
be formalized as an MI problem ⟨F0∪QF , φ0⟩, where QF is a singleton set of a first-order
formula

∀x : pal([1|x]) ∧ pal([2|x])→ ans(x),

and φ0 is an extraction mapping that gives, for any set G of ground user-defined atoms,
the set of all ground terms t satisfying ans(t) ∈ G. According to the general definition
of an MI problem [17], the answer to this MI problem, denoted by ansMI(F0 ∪QF , φ0), is
given by

ansMI(F0 ∪QF , φ0) = φ0

(∩
Models(F0 ∪QF )

)
,

where for any first-order formulaK,Models(K) is the set of all models ofK and
∩
Models(K)

is the intersection of all models of K.

2.3. Pal-pal puzzle with iff -formulas. Omitting quantifiers ∀ and ∃, we represent F0

as a set E0 of simpler if-and-only-if formulas :

pal(x)↔ rev(x, x).
rev(x, y)↔

(x = [ ] ∧ y = [ ])∨
(x = [a|w] ∧ rev(w, u) ∧ app(u, [a], y)).

app(x, y, z)↔
(x = [ ] ∧ y = z)∨
(x = [a|w] ∧ z = [a|u] ∧ app(w, y, u)).
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An if-and-only-if formula is also called an iff -formula. The three iff -formulas above are
referred to as iff(pal(x)), iff(rev(x, y)), and iff(app(x, y, z)), respectively. F0 is uniquely
determined by E0, i.e., F0 = Fol(E0) using a mapping Fol to associate a set of first-order
formulas with a set of iff -formulas.

2.4. Meaning-preserving decomposition (MPD). Let FOLc be the set of all first-
order formulas possibly with built-in constraint atoms. Let K be a first-order formula
in FOLc. Meaning-preserving decomposition of K, i.e., MPD(K), is the set of extended
clauses that is equivalent to K. For instance, supposing that

K0 = (∀x : (man(x)→ (∃y : (love(y, x) ∧motherOf (y, x))))),

MPD(K0) is the set consisting of the following two extended clauses, where h0 is a unary
function variable:

• love(y, x)← man(x), func(h0, x, y)
• motherOf (y, x)← man(x), func(h0, x, y)

2.5. Representation by a pair of clauses and iff -formulas. We have three formal-
izations of the pal-pal QA problem using

• a set D0 of definite clauses,
• a set F0 of first-order formulas, and
• a set E0 of iff -formulas.

Let completion denote a mapping for obtaining, from a definite clause set D, a first-order
formula F such that (i) F = Fol(E) for some iff -formula E, and (ii) the model of F is
equal to the minimal model of D. Then, the relation among these three sets is shown by

F0 = completion(D0) = Fol(E0).

Which is the best representation among these three forms, i.e., clauses, first-order
formulas, and iff -formulas? Representation by first-order formulas may be the best for
direct formalization from problem statements. However, first-order formulas may have
smaller advantage to be transformed. For transformational purposes, a clause set Cs0 is
better used in SLD resolution for proof problems, which is determined by Cs0 = MPD(F0).
A definite clause representation is well used in SLD resolution for QA problems. Definite
clauses form a subclass of clauses. Iff -formulas form a subclass of formulas and can be
used to transform all formulas effectively.
For general representation and efficient computation for proof problems and QA prob-

lems, we propose a pair representation of clauses and iff -formulas. We take a pair, i.e.,
⟨Cs, E⟩, for representation and computation of a problem, which can represent (as two
special cases)

• by ⟨Cs, ∅⟩ a set Cs of clauses, and
• by ⟨∅, E⟩ a set E of iff -formulas.

Given a first-order formula F , we first determine F1, F2 and E such that F = F1∧F2 and
F2 = Fol(E). We then obtain Cs by Cs = MPD(F1), and we have a pair representation
⟨Cs, E⟩ that satisfies

MPD(F ) = Cs ∪MPD(Fol(E)).

Note that Cs and MPD(Fol(E)) may have common clauses. For instance, it is admitted
that we have Cs = MPD(F ) and at the same time, E is a non-empty set of iff -formulas.
The importance of considering a pair representation ⟨Cs, E⟩ is as follows: SLD reso-

lution for proof problems uses a set Cs of clauses, and SLD resolution for QA problems
conventionally uses a set D of definite clauses. Since D is a set of clauses, we can always
consider SLD resolution for proof/QA problems in a clause space. However, this view
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does not give a general and unified theory. Instead of D, SLD resolution for QA problems
should take a set E of iff -formulas. It is expected that a general and unified theory of
SLD resolution for proof/QA problems is obtained by considering Cs and E on the same
level, i.e., in the space of pair representations.

The pair representation will be used for defining the pair space in Section 3.

3. Extension into a Pair Space with Iff -Formulas. A pair space consisting of pairs
of clause sets and iff -formula sets is introduced as an extended space for MI problems.

3.1. User-defined atoms, constraint atoms, and func-atoms. We consider an ex-
tended formula space that contains three kinds of atoms, i.e., user-defined atoms, built-in
constraint atoms, and func-atoms. A user-defined atom takes the form p(t1, . . . , tn), where
p is a user-defined predicate and the ti are usual terms. A built-in constraint atom, also
simply called a constraint atom or a built-in atom, takes the form c(t1, . . . , tn), where c
is a predefined constraint predicate and the ti are usual terms. Let Au be the set of all
user-defined atoms, Gu the set of all ground user-defined atoms, Ac the set of all constraint
atoms, and Gc the set of all ground constraint atoms.

A func-atom [23] is an expression of the form func(h, t1, . . . , tn, tn+1), where h is either
an n-ary function constant or an n-ary function variable, and the ti are usual terms. It is
a ground func-atom if h is a function constant and the ti are ground usual terms.

Let FVar be the set of all function variables and FCon the set of all function constants.
Let Gt denote the set of all ground usual terms. Each n-ary function constant is associated
with a mapping from Gnt to Gt. There are two types of variables: usual variables and
function variables.

3.2. Extended clauses. An extended clause C on Au ∪ Ac is a formula of the form

a1, . . . , am ← b1, . . . , bn, f1, . . . , fp,

where each of a1, . . . , am, b1, . . . , bn is a user-defined atom in Au or a constraint atom in
Ac, and each of f1, . . . , fp is a func-atom. All usual variables occurring in C are implicitly
universally quantified and their scope is restricted to the extended clause C itself. The
sets {a1, . . . , am} and {b1, . . . , bn, f1, . . . , fp} are called the left-hand side and the right-
hand side, respectively, of the extended clause C, and are denoted by lhs(C) and rhs(C),
respectively. Let userLhs(C) denote the number of user-defined atoms in the left-hand side
of C. When userLhs(C) = 0, C is called a negative extended clause. When userLhs(C) =
1, C is called an extended definite clause. When userLhs(C) > 1, C is called a multi-head
extended clause. When no confusion is caused, an extended clause, a negative extended
clause, an extended definite clause, and a multi-head extended clause are also called a
clause, a negative clause, a definite clause, and a multi-head clause, respectively.

3.3. If-and-only-if formulas (iff -formulas). Given an atom or a constraint atom a,
let var(a) denote the set of all variables occurring in a. Given a set A of atoms and/or
constraint atoms, let var(A) =

∪
{var(a) | a ∈ A}.

An if-and-only-if formula (for short, Iff-formula) I on Au ∪Ac is a formula of the form

a↔ (conj1 ∨ · · · ∨ conjn),

where a ∈ Au and each of the conji is a finite subset of Au ∪ Ac. The atom a is called
the head of the iff -formula I. It is a ground iff -formula iff a and conj1, . . . , conjn are all
ground. When emphasis is given to its head, an iff -formula whose head is an atom a is
often referred to as iff(a).

Let I = (a ↔ (conj1 ∨ · · · ∨ conjn)) be an iff -formula. For each i ∈ {1, . . . , n}, conji
corresponds to the existentially quantified atom conjunction Fol(conji, a) defined by
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Fol(conji, a) = ∃y1 · · · ∃yk :
∧
{b | b ∈ conji},

where {y1, . . . , yk} = var(conji)− var(a). Note that Fol(conji, a) may contain variables
in var(a) as free variables. The iff -formula I corresponds to the universally quantified
formula

∀(a↔ (Fol(conj1, a) ∨ · · · ∨ Fol(conjn, a))),

which is denoted by Fol(I). All variables in var(a) are quantified universally at the top
of the iff -formula.

3.4. A pair space with extended clauses and iff -formulas. Let ECLSF denote the
set of all extended clauses on Au∪Ac, and IFF the set of all iff -formulas on Au∪Ac. Let
ECLSpair denote the set of all ⟨Cs, E⟩ such that Cs ⊆ ECLSF and E ⊆ IFF. ECLSpair is
called a pair space.
Assuming that both Cs and E may possibly include function variables, we can best

explain the role of function variables in ⟨Cs, E⟩ as follows: Implicit existential quantifi-
cations of function variables that appear in Cs ∪ E and implicit conjunction of elements
in Cs ∪ E are assumed. Function variables that appear in Cs ∪ E are all existentially
quantified and their scope covers all clauses and iff -formulas in Cs∪E. With occurrences
of function variables, clauses in Cs and iff -formulas in E are connected through shared
function variables. After instantiating all function variables that appear in Cs ∪ E into
function constants, clauses and iff -formulas in the instantiated set are totally separated.

3.5. Interpretations and models. An interpretation is a subset of Gu. A ground user-
defined atom g ∈ Gu is true under an interpretation I iff g belongs to I. Unlike ground
user-defined atoms, the truth values of ground constraint atoms are predetermined inde-
pendently of interpretations. LetTCon denote the set of all true ground constraint atoms,
i.e., a ground constraint atom g ∈ Gc is true iff g ∈ TCon. A ground func-atom func(h,
t1, . . . , tn, tn+1) is true iff h(t1, . . . , tn) = tn+1.
A ground clause C = (a1, . . . , am ← b1, . . . , bn, f1, . . . , fp) ∈ ECLSF, where {a1, . . . , am,

b1, . . . , bn} ⊆ Gu∪Gc and f1, . . . , fp are ground func-atoms, is true under an interpretation
I (in other words, I satisfies C) iff at least one of the following conditions is satisfied.

1) There exists i ∈ {1, . . . ,m} such that ai ∈ I ∪TCon.
2) There exists i ∈ {1, . . . , n} such that bi /∈ I ∪TCon.
3) There exists i ∈ {1, . . . , p} such that fi is false.

A ground iff -formula iff(a) = (a↔ (conj1 ∨ · · · ∨ conjn)) ∈ IFF is true under an inter-
pretation I (in other word, I satisfies iff(a)) iff the following two conditions are equivalent.

1) a ∈ I.
2) There exists i ∈ {1, . . . , n} such that conji ⊆ I ∪TCon.

Let Cs ⊆ ECLSF and E ⊆ IFF. An interpretation I is a model of ⟨Cs, E⟩ iff there
exists a substitution σ for function variables that satisfies the following conditions.

1) All function variables occurring in Cs are instantiated by σ into function constants.
2) For any clause C ∈ Cs and any substitution θ for usual variables, if Cσθ is a ground

clause, then Cσθ is true under I.
3) For any iff -formula iff(a) ∈ E and any substitution θ for usual variables, if iff(a)σθ is

a ground iff -formula, then iff(a)σθ is true under I.

For any clause set Cs ⊆ ECLSF, Models(Cs) denotes the set of all models of Cs. For
any Cs ⊆ ECLSF and any E ⊆ IFF, the set of all models of ⟨Cs, E⟩ is denoted by
Models(⟨Cs, E⟩), and is defined as Models(Cs ∪ Cls(E)), where Cls(E) is the extended
clause set that is equivalent to E.



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.18, NO.6, 2022 1805

4. MI Problems with Iff -Formulas and Their Solutions. A general solution frame-
work for MI problems on the pair space that may contain iff -formulas is discussed.

4.1. Model-intersection (MI) problems on FOLc. An MI problem on FOLc is a pair
⟨K,φ⟩, where K is a first-order formula in FOLc and φ is a mapping from the power set
of Gu to some set W . The answer to this problem, denoted by ansMI(K,φ), is defined by

ansMI(K,φ) = φ
(∩

Models(K)
)
,

where
∩
Models(K) is the intersection of all models of K.

4.2. MI problems in triple forms on ECLSpair. We define an MI problem on ECLSpair

as a triple ⟨Cs, E, φ⟩, where (i) Cs ⊆ ECLSF, (ii) E ⊆ IFF, and (iii) φ is a partial map-
ping from the power set of Gu to some set W . The answer to the MI problem ⟨Cs, E, φ⟩,
denoted by ansMI(Cs, E, φ), is defined by

ansMI(Cs, E, φ) = φ
(∩

Models(Cs ∪Cls(E))
)
,

where Cls(E) is the set of extended clauses that is equivalent to E.
For example, the pal-pal QA problem in Section 2.1 is formalized as ansMI(Cs1, E0, φ1),

where

1) Cs1 is a singleton set of

ans(X)← pal([1|X]), pal([2|X]).

2) E0 is a set of iff -formulas

{iff(pal(x)), iff(rev(x, y)), iff(app(x, y, z))}.
3) φ1 is a mapping that associates with any G ⊆ Gu the set of all ground terms t such

that ans(t) ∈ G.

4.3. Transformation into triples. An MI problem ⟨K,φ⟩ on FOLc is transformed into
a triple form on ECLSpair as follows.

1) From K, identify a first-order formula K ′ and a set E of iff -formulas such that K =
K ′ ∧ Fol(E), where Fol(E) is the first-order formula that is equivalent to E.

2) Convert K ′ by meaning-preserving decomposition into a clause set Cs ⊆ ECLSF, i.e.,
Cs = MPD(K ′).

3) Construct ⟨Cs, E, φ⟩ as the resulting triple.

Finding a nonempty set E of iff -formulas for converting K into K ′ and Fol(E) is use-
ful for solving MI problems since iff -formulas increase the possibility of transforming
MI problems with less cost. As the number of iff -formulas in the set E increases, the
possibility of problem transformation with small cost is higher.

4.4. A procedure for solving MI problems with iff -formulas. Assume that an MI
problem ⟨K,φ⟩ on FOLc is given. To solve this problem using ET, perform the following
steps:

1) Transform ⟨K,φ⟩ into a triple ⟨Cs, E, φ⟩ on ECLSpair using the transformation given
in Section 4.3.

2) Successively transform the triple ⟨Cs, E, φ⟩ using the ET rules described by Items

(a)-(d) below nondeterministically. Assume that
⟨
Ĉs, Ê, φ

⟩
is an MI problem.

(a) If Ê contains an iff -formula iff(a) and C̃s is obtained from Ĉs by replacement

using iff(a), then transform
⟨
Ĉs, Ê, φ

⟩
into

⟨
C̃s, Ê, φ

⟩
through the replacement

rule using an iff -formula in Section 5.
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(b) If Ê contains an iff -formula iff(a) and for each atom b that occurs in Ĉs or Ê −
{iff(a)}, a and b are not unifiable, then transform

⟨
Ĉs, Ê, φ

⟩
into

⟨
Ĉs, Ê−{iff(a)},

φ
⟩
using the removal rule for an iff -formula in Section 5.

(c) Transform
⟨
Ĉs, Ê, φ

⟩
using ET rules on ECLSpair such as resolution, unfolding,

and other ET rules in [24, 25].

(d) Transform
⟨
Ĉs, Ê, φ

⟩
using ET rules for constraints, e.g., ET rules for equality

constraints and inequality constraints.
3) Assume that the transformation yields a triple ⟨Cs′, E ′, φ⟩. Then output φ(

∩
Models

(Cs′∪Cls(E ′))), where Cls(E ′) is the set of extended clauses that is equivalent to E ′.

The obtained answer set is always correct since all transformation steps in the procedure
are answer-preserving.

5. ET Rules in the Presence of Iff -Formulas. Based on the replacement opera-
tion using an iff -formula, we define ET rules for replacement using iff -formulas and for
removing useless iff -formulas. Correctness of these ET rules is shown.

5.1. Replacement operation using an iff -formula. The replacement operation using
an iff -formula is defined below. Assume that (i) Cs ⊆ ECLSF, (ii) occ is an occurrence
of an atom b in a clause C ∈ Cs, (iii) iff(a) is an iff -formula (a↔ (conj1 ∨ · · · ∨ conjn)),
(iv) ρ is a renaming substitution for usual variables such that C and iff(a)ρ have no usual
variable in common, and (v) θ is the most general matcher of aρ into b (i.e., the most
general substitution such that aρθ = b). Then,

• Let Repl(C, occ, iff(a), ρ, θ) denote the first-order formula obtained by replacing b
at occ with the disjunction

Fol(conj1ρθ, aρθ) ∨ · · · ∨ Fol(conjnρθ, aρθ).

• Let Repl(Cs, C, occ, iff(a), ρ, θ) denote the conjunction of Repl(C, occ, iff(a), ρ, θ)
and all clauses in Cs− {C}.

Note that occ is an occurrence at any arbitrary position in C (i.e., it can be in the left-hand
side or the right-hand side of C). In general, Repl(C, occ, iff(a), ρ, θ) is not a clause. After
the replacement at occ, a new clause set, say Cs′, is obtained by using meaning-preserving
decomposition, i.e.,

Cs′ = MPD(Repl(Cs, C, occ, iff(a), ρ, θ)).

The resulting clause set Cs′ is often simply said to be obtained by replacement using iff(a)
at the occurrence occ of b in C.

5.2. Replacement rule for an Iff -formula and its correctness. Given a set P of
predicates, let GAtoms(P ) denote the set of all ground atoms in Gu the predicates of which
belong to P . An extraction mapping φ is said to be independent of a set P of predicates
iff for any G1, G2 ⊆ Gu, if

(G1 −G2) ∪ (G2 −G1) ⊆ GAtoms(P ),

then φ(G1) = φ(G2). An extraction mapping φ is independent of an atom a if φ is
independent of a sigleton set of the predicate of a.
An ET rule on ECLSpair for replacement using an iff -formula is given by Theorem 5.1.

Theorem 5.1. (Replacement using an Iff-formula) Assume that

1) ⟨Cs, E, φ⟩ is an MI problem on ECLSpair.
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2) E contains an iff-formula iff(a).
3) φ is independent of a.
4) occ is an occurrence of an atom b in a clause C ∈ Cs.
5) ρ is a renaming substitution for usual variables such that C and iff(a)ρ have no usual

variable in common.
6) θ is the most general matcher of aρ into b.
7) Cs′ = MPD(Repl(Cs, C, occ, iff(a), ρ, θ)).

Then ⟨Cs, E, φ⟩ can be equivalently transformed into ⟨Cs′, E, φ⟩.
Proof: This theorem directly follows from the fact that replacement using an iff -

formula preserves the logical meaning of the original formula. �
A replacement rule using an iff -formula with a predicate p in the head is denoted

by repl-iff(p). In the pal-pal QA problem, we have three iff -formulas, the predicates of
which are pal, rev, and app. We can use three ET rules; repl-iff(pal), repl-iff(rev), and
repl-iff(app) corresponding to them.

5.3. Removal rule for an iff -formula and its correctness. An ET rule on ECLSpair

for removing a useless iff -formula is given by Theorem 5.2.

Theorem 5.2. (Removal of a useless iff-formula) Assume that

1) ⟨Cs, E, φ⟩ is an MI problem on ECLSpair.
2) E contains an iff-formula iff(a).
3) φ is independent of a.
4) For each atom b that occurs in Cs or E − {iff(a)}, a and b are not unifiable.

Then ⟨Cs, E, φ⟩ can be equivalently transformed into ⟨Cs, E − {iff(a)}, φ⟩.
Proof: The iff -formula iff(a) is the only constraint for the atom a and is satisfiable

by assigning appropriate truth values to ground instances of a, which does not affect the
answer to the MI problem ⟨Cs, E, φ⟩ due to Condition 3) of the assumption part of the
theorem. �

By removing useless iff -formulas, time-and-space efficiency may be improved.

6. Increasing Computation Power with Iff -Rules. By examining solutions of the
pal-pal (QA/proof) problems, the pair computation framework is compared with the
conventional SLD resolution method.

6.1. A two-head rule. As shown in Section 4.2, the pal-pal QA problem is formalized
as ⟨Cs1, E0, φ1⟩. We want to find ansMI(Cs1, E0, φ1), i.e., we want to calculate

φ
(∩

Models(Cs1 ∪Cls(E0))
)
.

Together with eq rules for equality constraint solving, we can use the ET rules repl-iff(pal),
repl-iff(rev), and repl-iff(app).

However, it is known that these three iff -replacement rules are not sufficient for solving
the pal-pal QA problem completely. In addition, we use a two-head rule rrev2 , which is
represented by

rev(X,Y ), rev(X,Z)⇒ {=(Y, Z)}, rev(X, Y ).

By the two-head rule rrev2 , a clause C is transformed into a clause C ′′ as follows:

• rev(X,Y ) and rev(X,Z) are matched with two atoms rev(t, s1) and rev(t, s2) in the
body of C by a substitution {X/t, Y/s1, Z/s2}.
• C is specialized into C ′ by the unification of s1 and s2.
• The body atom rev(t, s2) that is matched by rev(X,Z) above is removed from C ′

to produce a new clause C ′′.
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6.2. Towards the integration of proof problems and QA problems. We discuss
iff -rule-based solutions to the pal-pal (QA/proof) problems for consideration in the later
sections on the integrated solutions to proof problems and QA problems in the triple form.

6.2.1. The “pal-pal” QA problem. The “pal-pal” QA problem is to find all lists X such
that [1|X] and [2|X] are palindromes, which is formalized as the following MI problem
⟨Cs1, E0, φ1⟩.
1) Cs1 is a singleton set of

ans(X)← pal([1|X]), pal([2|X]).

2) φ1 is a mapping to give the set of all ground terms t such that ans(t) ∈ G for any
G ⊆ Gu.

By the ET computation in Table 1, we have

ansMI(Cs1, E0, φ1) = ansMI({ans([ ])←}, E0, φ1) = {[]},
which shows that the answer to the pal-pal QA problem is {[]}.

Table 1. Transformation for the pal-pal QA problem

Problem representation Rule applied

p1 {ans(X)← pal([1|X]), pal([2|X])} repl-iff(pal)

p2 {ans(X)← rv([1|X], [1|X]), pal([2|X])} repl-iff(pal)

p3 {ans(X)← rv([1|X], [1|X]), rv([2|X], [2|X])} repl-iff(rev), eq

p4 {ans(X)← rv(X,A1), ap(A1, [1], [1|X]), rv([2|X], [2|X])} repl-iff(rev), eq

p5 {ans(X)← rv(X,A1), ap(A1, [1], [1|X]), rv(X,A2), ap(A2, [2], [2|X])} rrev2
p6 {ans(X)← rv(X,A1), ap(A1, [1], [1|X]), ap(A1, [2], [2|X])} repl-iff(app), eq

p7 {ans([ ])← rv([ ], [ ]), ap([ ], [2], [2]),

ans(X)← rv(X, [1|A3]), ap(A3, [1], X), ap([1|A3], [2], [2|X])} repl-iff(rev), eq

p8 {ans([ ])← rv([ ], [ ]), ap([ ], [2], [2]),

ans([A4|A5])← rv(A5, A6), ap(A6, [A4], [1|A3]), ap(A3, [1], [A4|A5]),
ap([1|A3], [2], [2, A4|A5])} repl-iff(app), eq

p9 {ans([ ])← rv([ ], [ ]), ap([ ], [2], [2])} repl-iff(app), eq

p10 {ans([ ])← rv([ ], [ ])} repl-iff(rev), eq

p11 {ans([ ])←} –

6.2.2. The “pal-pal” proof problem. The pal-pal proof problem is defined to prove that
there are no ground terms s and t such that [1, s|t] and [2, s|t] are palindromes, which is
formalized as the following MI problem ⟨Cs2, E0, φ2⟩.
1) Cs2 is a singleton set of

ans(A,X)← pal([1, A|X]), pal([2, A|X]).

2) φ2 is a mapping to give, for any G ⊆ Gu, “yes” if {⟨s, t⟩ | ans(s, t) ∈ G} is an empty
set, and “no” otherwise.

By the ET computation in Table 2, we have

ansMI(Cs2, E0, φ2) = ansMI({}, E0, φ2) = “yes”,

which shows that the answer to the pal-pal proof problem is “yes”.
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Table 2. Transformation for the pal-pal proof problem

Problem representation Rule applied

p′1 {ans(A,X)← pal([1, A|X]), pal([2, A|X])} repl-iff(pal)

p′2 {ans(A,X)← rv([1, A|X], [1, A|X]), pal([2, A|X])} repl-iff(pal)

p′3 {ans(A,X)← rv([1, A|X], [1, A|X]), rv([2, A|X], [2, A|X])} repl-iff(rev), eq

p′4 {ans(A,X)← rv([A|X], A1), ap(A1, [1], [1, A|X]), rv([2, A|X], [2, A|X])} repl-iff(rev), eq

p′5 {ans(A,X)← rv([A,X], A1), ap(A1, [1], [1, A|X]), rv([A|X], A2),

ap(A2, [2], [2, A|X])} rrev2

p′6 {ans(A,X)← rv([A|X], A1), ap(A1, [1], [1, A|X]), ap(A1, [2], [2, A|X])} repl-iff(app), eq

p′7 {ans(A,X)← rv([A|X], [1|A3]), ap(A3, [1], [A|X]), ap([1|A3], [2], [2, A|X])} repl-iff(rev), eq

p′8 {} –

6.2.3. ET rules for solving the “pal-pal” problem. Referring to the set E0 of iff -formulas:

{iff(pal(x)), iff(rev(x, y)), iff(app(x, y, z))},

we have three replacement rules for the iff -formulas in E0. To these three rules, we add
two rules, eq and rrev2 , where eq is an equality-solving rule, and rrev2 is the two-head rule
explained in Section 6.1. Let

R1 = {repl-iff(pal), repl-iff(rev), repl-iff(app), eq, rrev2}.

Then, as shown in Table 1 and Table 2, the pal-pal QA problem and the pal-pal proof
problem are solved by the ET rules in R1. Note that the resolution rule is not used in
these solutions.

6.3. Relations to conventional theories. We show that the pair computation frame-
work can generate the conventional SLD resolution for proof problems and the conven-
tional SLD resolution for QA problems.

6.3.1. The conventional SLD resolution for proof problems. To solve a proof problem to
find whether a first-order formula F1 entails a first-order formula F2 (i.e., F1 |= F2), we
take Cs1 as the initial clauses and limit the computation space ⟨Cs, E, φ⟩ as follows:
• Cs1 = MPD(¬(¬F1 ∨ F2)),
• E = {}, and
• φ is a mapping to give, for any G ⊆ Gu, “yes” if G is an empty set, and “no”
otherwise.

If ⟨Cs1, {}, φ⟩ reaches, by ET, ⟨Cs′, {}, φ⟩ such that Models(Cs′) = {}, we can solve the
proof problem affirmatively. If we take resolution and factoring as ET rules, we have the
conventional SLD resolution for proof problems.

6.3.2. The conventional SLD resolution for QA problems. To solve a QA problem ⟨D, q⟩,
we take Cs2 as the initial clauses and limit the computation space ⟨Cs, E, φ⟩ as follows.
• Cs2 = {ans(v1, . . . , vn) ← q}, where ans is a predicate that does not appear in D
and q, and v1, . . . , vn are the mutually different variables in q.
• E is a set of iff -formulas such that completion(D) = Fol(E).
• φ is a mapping to find the set of all ground atoms qθ such that ans(v1, . . . , vn)θ ∈ G
and θ ∈ S for any G ⊆ Gu.
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If ⟨Cs2, E, φ⟩ reaches, by ET, ⟨Cs′, E, φ⟩ such that each clause in Cs′ has no body atoms,
we can have an answer to the QA problem. If we take the replacement rules for iff -
formulas in E, we can solve many QA problems. This solution method can be basically
regarded as the conventional SLD resolution for QA problems, since (i) unfolding with
respect to D applied to a body atom a in Cs gives the same transformation as the replace-
ment rule with respect to the iff -formulas applied to the atom a in Cs, and (ii) unfolding
transformation is similar to repeated SLD resolution.

6.4. Solution for a class of proof problems on the pair space. In a proof problem
to show F1 |= F2, assume that F1 is an iff -formula set E1 and F2 is a first-order formula
¬∃x: (A1, A2, . . . , An). Then, F1 |= F2 is equivalent to

Models(Cls(E1) ∪ {C1}) = Models(Cls(E1)),

where C1 = (ans(v1, . . . , vn) ← A1, A2, . . . , An) such that ans is a predicate that does
not appear in E1 and A1, A2, . . . , An, and v1, . . . , vn are the mutually different variables
in A1, A2, . . . , An.
Let Cs1 be the initial clauses and limit the computation space ⟨Cs, E, φ⟩ as follows:
• Cs1 = {C1},
• E = E1, and
• φ is a mapping to give, for any G ⊆ Gu, “yes” if the set of all ground atoms
ans(v1, . . . , vn)θ such that ans(v1, . . . , vn)θ ∈ G and θ ∈ S is an empty set, and
“no” otherwise.

If ⟨Cs1, E1, φ⟩ reaches, by ET, ⟨{}, E1, φ⟩, we can solve the proof problem affirmatively.

6.5. Utility of ET computation and iff -rules. The pal-pal proof problem and the
pal-pal QA problem cannot be solved by SLD resolution, which was shown in [26, 27].
Hence, the SLD resolution for proof problems and the SLD resolution for QA problems
are not complete. To solve more problems correctly, we need to introduce ET rules other
than those the inference-based computation supplies. Due to the limited rules and smaller
computation space, computation in the SLD resolution for proof problems and that in the
SLD resolution for QA problems are considered as proper subsets of the ET computation
in the pair space (Section 6.3).
We explained, in Section 6.2, that using iff -replacement rules and a two-head rule, these

two pal-pal problems can be solved correctly by the ET-based computation on the pair
space. ET computation on the pair space overcomes the limitations of the conventional
SLD resolution.
The pal-pal proof problem and the pal-pal QA problem can be represented mainly by

the set of the three iff -formulas. Hence, it is very natural to apply iff -rules to solving the
problems. The replacement rule for an iff -formula is applicable at any arbitrary atom
into which its head can be instantiated. Compared to an increase of the number of clauses
in an application of the resolution rule, iff -replacement rules are useful to possibly keep
or reduce the number of clauses.
The conventional approach consists of the SLD resolution for proof problems and the

SLD resolution for QA problems. However, we believe that it is not appropriate to regard
“SLD resolution” as the common foundation. In the conventional solution of QA problems
in Section 6.3, “SLD resolution” is similar to unfolding with respect to a set D of definite
clauses, while in the pair space, the QA problem is formulated by an iff -formula set E,
and D and E are different formula sets such that completion(D) = Fol(E).
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7. Conclusions. MI problems constitute one of the largest classes of logical problems
and are of fundamental importance. The computation space has been extended from the
usual clause space to an extended clause space with function variables, increasing the
solvability of MI problems. This paper has further extended the power of representation
and computation of MI problems by introduction of iff -formulas. We introduced the
pair space consisting of pairs of clause sets and iff -formula sets based on the extended
clause space, where rich representation and computation power can be obtained. We
added ET rules dealing with iff -formulas. The correctness of the resulting solution method
is guaranteed based on the ET principle. The proposed computation framework is not
only an integration of SLD resolution for proof problems and QA problems, but also an
extension of them, overcoming the limitation of SLD resolution by invention of more ET
rules, such as multi-head ET rules.

By SLD resolution, we can only solve proof problems on clauses (under the standard
semantics), and can only solve QA problems on definite clauses (under the closed-world se-
mantics). We can formalize and solve all logical problems (MI problems) on the pair space
(under the standard semantics). This extension is indispensable for future development
of a theory of logical problem solving.
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