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ABSTRACT. For one commonly used closed loop system with an unknown feedback con-
troller, the constructed cost function, used to identify the unknown plant and noise filter,
18 modified to its simplified form, then being convenient for the latter model reference
control. Given an expected matching function, the problems of model matching and noise
suppression are also considered simultaneously to get a constrained optimization problem.
To alleviate the dependency on unknown plant and noise filter for model reference control,
the direct data driven model reference control is proposed to generate the optimal feedback
controller, and its recursive generation is also given. The merit of this direct data driven
model reference control is to apply the measured data to designing the unknown feedback
controller, while satisfying the model matching and noise suppression. After comparing
the detailed expressions of the optimal feedback controller for model reference control and
this new direct data direct model reference control respectively, we see they are the same
with each other, and our given recursive expression is more convenient for practical en-
gineers.

Keywords: Model reference control, Direct data driven, Practical identification, Small
gain theorem, Stability analysis

1. Introduction. The main mission of advanced control theory is to design one practi-
cal controller in open loop or closed loop structure, i.e., forward controller and feedback
controller, so that this designed controller can drive the output of a plant to track an ex-
pected set point or to satisfy a given target. Two categories exist for controller design, i.e.,
model based approach and direct data driven approach. Consider the first model based
approach, a mathematical model of the considered plant is required for the next controller
design. It tells that no mathematical model means no controller. Constructing the corre-
sponding mathematical model for the unknown plant is very necessary for this first type
of model based approach, and it is also the most difficult step, as it needs some knowledge
of other subjects, such as probability theory, linear and nonlinear system theory. This
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modeling process corresponds to model identification or system identification, which is
adopted to obtain the mathematical model exploiting measured data from experiment on
the considered open loop or closed loop system. The whole steps for system identification
include four main steps, i.e., model structure selection, optimal input design, parameter
estimation and model validation. These above four steps are implemented iteratively until
one satisfying model is obtained, so system identification is the first step or premise for
the next controller design, i.e., the idea of identification for control.

Due to the application of data driven approach widely in control field, and the similar
point between data driven approach and system identification, we call their combination
as identification for control, i.e., system identification for direct data driven control. In
[1], the feasible parameter set is replaced by one confidence interval, as this confidence
interval can accurately describe the actual probability that the future predictor will fall
into the constructed confidence interval. The problem about how to construct this confi-
dence interval is solved by a linear approximation/programming approach [2], which can
identify the unknown parameter only for linear regression model. According to the ob-
tained feasible parameter set or confidence interval, the midpoint or center can be deemed
as the final parameter estimation; further a unified framework for solving the center of
the confidence interval is modified to satisfy the robustness [3]. There are two kinds of
descriptions on external noise, one is probabilistic description, the other is deterministic
description, corresponding to the unknown but bounded noise here [4]. For the probabilis-
tic description on external noise, the noise is always assumed to be one white noise, and
its probabilistic density function is known in advance. On the contrary for deterministic
description on external noise, the only information about noise is bound, so this determin-
istic description can relax the strict assumption on probabilistic description. In reality or
practice, bounded noise is more common than white noise. Within the deterministic de-
scription on external noise, set membership identification is adjusted to design controllers
with two degrees of freedom [5]. Set membership control is applied to designing feedback
control in a closed loop system with nonlinear system in [6], where the considered system
is identified by set membership identification, and [7] takes the derivative of the above
cost function with respect to control input to achieve one optimal input.

Here this paper considers this direct data driven control through combining model
reference and practical identification analysis [8]. More specifically, the main essence of
our considered direct data driven control is to reformulate the controller design problem as
one system identification problem, and then our contribution about practical identification
analysis is applied [9]. On the other hand, model reference is also introduced in direct
data driven control to get our studied direct data driven model reference control strategy.
Generally, this paper makes use of practical identification, direct data driven control and
model reference control, so that one more practical control strategy is convenient for some
engineers [10]. To verify this, our considered control strategy is applied to flight simulator.
Consider that practical identification analysis for direct data driven control, the original
cost function, used to identify the unknown controller parameters, is modified to its
another improved or simplified form, which is convenient for the latter controller design
[11]. Before proposing this direct data driven model reference control, the classical model
reference control is reviewed, and the optimal feedback control is derived. Furthermore,
in the framework of direct data driven model reference control, the measured data are
applied to designing the unknown controller directly, and their comparisons are also given.

2. System Structure Description. A commonly used closed loop system structure in
theory research or practical engineering is plotted in the following Figure 1, where in
Figure 1, y(t) is the closed loop output, u(t) is the input signal for the plant Go(z), r(t) is
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F1GURE 1. Closed loop system structure

the external excitation input signal, e(t) is the external noise. For simplicity of discussion,
external noise e(t) is assumed to be a zero mean white Gaussain noise with variance Ao,
and external excitation input r(¢) and external noise e(t) are mutually uncorrelated. v(t)
is a colored noise through passing that white noise e(t) with a filter Hy(2). z is the time
delay operator. {Go(z), Ho(2)} denotes the true plant and true noise filter respectively,
which are unknown. C(z) is one feedback controller, whatever linear or nonlinear. From
the theoretical perspective, the mission of system identification or data driven estimation
is to apply measured data {r(t),u(t),y(t)}X, to identifying those pair {Go(z), Ho(2)},
where N is the number of measured data. On the other hand, direct data driven control
proposes to use measured data {r(t), u(t), y(t)}1*, to design that feedback controller C'(z)
without any knowledge about plant and filter {Gy(z), Ho(2)}.
From Figure 1, we have

v(t) = Ho(z)e(t) (1)
Using the basic modern control theory and some mathematical equation computations,
we get

y(t) = Go(2)u(t) + Ho(z)e(t);  u(t) = r(t) — C(2)y(t) (2)
Expanding each term in Equation (2), we have
_ Gol?) Ho(z)
v = 1o W i e mem Y
1 C(2)Hy(2)

t) = t) — t
=1 amee™ T Tramem W (3)
Design a sensitivity function to reduce the computational complexity, i.e.,
1
= 4
1 +'C;0<Z)Cj(2) ( )
Based on above defined sensitivity function Sy(z), we rewrite Equation (3) as that
y(t) = Go(2)So(2)r(t) + Ho(2)So(2)e(t)
u(t) = So(2)r(t) — C(2)Ho(2)S0(2)e(t) (5)

Sb(Z)
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The main task of data driven estimation or system identification is to identify an unknown
parameter vector in Equation (2) through some statistical methods.

3. Practical Identification Analysis. To give our new contributions about system
identification and good understanding about direct data driven control, firstly some pre-
liminaries about closed loop system are given as follows.

3.1. Preliminaries about identification. After parameterizing the unknown plant and
noise filter {Gy(z), Ho(2)} in Equation (2), then the parameterized closed loop system is
that

G(z,0) H(z,0)
G e Te P LA weweT P Tor PR
u(t,0) = ——— gy - CDHEH (6)
) =TT GE 000 15 G(=0)C0)

where in Equation (6), € is an unknown parameter vector, which is needed to identify.
The goal of this section is to estimate the unknown parameter vector O based on the
collected input and output data sequence ZV = {y(t),u(t)},, where N is the number
of total observed data. From Equation (6), one step ahead prediction is constructed to
express an interesting output prediction (¢, 0), i.e

i(t.0) = Gt + HED =TI 7)

Combining Equation (3) and output prediction (7), the error function £(t, #) is yielded as
X 14+ G(2,0)C(2) G(z,0)
t.0)=y(t) —y(t,0) = t) — t 8
“(t.0) = y(t) ~ 3(.0) = - ETE ) - e ) )
Through using above defined error function, we have the following numerical optimization
problem to estimate that unknown parameter vector 6, i.e.,

N
. 1
On = argminyVy (6, Z") = arg mingﬁ Z eX(t,0) (9)
t=1

Through using the smooth property with respect to the parameterized prediction error
g(t,0), then the cost function in above optimization process can be reduced to one finding
root process. As one step ahead prediction error or residual €(¢, 0) is a smooth function of
parameter vector 6 for every time instant ¢, the parameter estimator is equivalently given
as a root of the following function:

agz —2(t,0) —§(t,6)) (10)

Mz

t=1

It means that
On € sol[D(0) = 0] (11)

where notation dy means partial derivative operation about 6, and after some tedious

mathematical operations, Jpy(t, ) is expanded as that
R 9GO H (2,0) — Gz, 0) 222 , 0D C () H (2, 0) ,
Gy( ) ) - H2(Z,9) ( ) - HQ(Z,H) y( )

OH (2,0)
V705 ) (12)

(1+G(z,0)C(z
a H?(z,0)
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3.2. Practical identification analysis. Observing Figure 1 again, excitation input
{r(t)} is a quasi stationary reference signal and its spectrum is ¢,(w). Moreover by using
the condition of that independent and identically distributed white noise with variance
Ao, that external white noise e(t) has power spectrum Ag, then the colored noise v(t) has
power spectrum, i.e.,
Ho (/) Hy (¢7) Ao = |Ho (¢7) " Ao

where * means complex conjugate.

From Equation (5), we see the uncorrelated property holds between excitation input
r(t) and white noise e(t), and then we obtain some spectrum relations directly, such as

du(w) = |Sol* ¢, (w) + [C*|So[* [ Hol*do = ¢, (w) + ¢y, (w) (13)

where ¢! (w) and ¢ (w) are two parts for the excitation input spectrum.
Similarly, we have the following relation about the output spectrum:

oy (w) = |Gol*|So|*¢r (w) + | Ho[*|So|* Ao (14)
Similarly, we get another form for the cross spectrum:
¢yu(w) = G0|So|2¢r(w) - C|H0|2|50|2)\0; Pue(w) = —CHoSoAo (15)
Observing above three equations simultaneously, it holds that
Mou(w) — |Puc(w)[* = Ao| Sol*ér(w) = Aogy (w) (16)

where in above derivation process, for simplified notation, e/ is neglected.
The reason why we introduce the above spectral relations concerns on estimating the
transfer function Gg(z) with its spectral analysis estimation. More specifically, spectral

A

analysis estimation G (¢/V) is got as follows:
Go (€7") ¢, (w) = C (") [Ho ()] Ao
r(w) + |C (e7)]* | Ho (e7) 2A0
_ Go(€") dr(w) — C (™) gy (w)
r(w) + |C (e7)[* dy(w)
Taking the limit operation on bot}n sides of Equation (17), when N is sufficiently large,
that spectral analysis estimation G (¢/*) approaches to the following limit:

Go (/) 6r(w) = C () gu(w) = dyu(w);  dr(w) + |C () * pu(w) = du(w)

Then it means that

G () =

(17)

GO <€jw) QbT(UJ) -C (ejw) ¢v (w)
e (w) +C (e7) [ dy(w)

Consider that cost function (9), assume the true parameter is in the considered parameter
set, it means one true parameter vector ¢y such that

G(z,00) = Go(z), H(z,00) = Ho(z)

As the error function (8) is not dependent of the unknown parameter explicitly, so to find
its detailed relation with the unknown parameter, we need to rewrite it in another form,
ie.,

e(t,0) = H'(z,0)[y(t) — G(z,0)u(t)] (18)
Combining two equations (3) and (18), we can easily obtain the following detailed expres-
sion as

~ Go(z) — G(2,0)

V) = Glaoult) = P S +

14+ Go(2)C(2)

r(t) +

e(t)  (19)
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Substituting (19) into the prediction error (18), we get
Go(z) — G(z,0) Hy(z) 1-G(2,0)C(2)
Heo O e T amce Y

From above our derivations, another form for that cost function is rewritten as follows:

e(t,0) = (20)

N i 2
1 o, jw 1
- 2 - [ D) LIy
NG |H e 0 L+ Ga(e") C ()
L+ G (e,0)C ()| |Hy ()]
‘ . , d 21
[ [T ametm | o 2y

It means that we can identify the unknown parameter estimations through minimizing
the following improved cost function. Apply Equation (13) into above Equation (21) to
get that

|G (e, 0 GO (e, 0)/"

» (w)dw

1+ G 63“’ C (el |? 1

. o(w)dw 22

/ ‘ L Go@) 0o | H(emor ™ )

Above Equation (22) tells that if the number N of observed data is sufficiently large,

the while minimum process for the improved cost function Vy(0) is guaranteed to be the
global minimum, i.e., the following relation holds that

G (e,0) = Go (7,00) ;0 — 6,

The above obtained result is one simplified form of the classical result.

4. Direct Data Driven Model Reference Control. Section 3 concerns around the
problem of system identification or data driven estimation, i.e., identify that unknown
parameter vector 6 as its parameter estimation 6. Then the unknown plant Go(z) and

noise filter Hy(z) are replaced by their identified values {G (z, éN) JH (2, éN) }, so this

pair of identified values {G (z, éN> JH (z, 0 N) } is applied for the next controller design.

The above description corresponds to the explanation about model based control. From
Section 4, we start to propose our named direct data driven model reference control. For
clarity of presentation, firstly we review the concept of model reference control and do
some improvement to get one approximate optimal feedback controller.

4.1. Model reference control. Rewrite that parameterized output again
G(z,0) H(z,6)

T 6000 ™ T 1rae eV

where the first transfer function is called as closed loop transfer function from input

signal r(t) to output signal y(t), similarly the second transfer function corresponds to
closed loop transfer function from external noise e(t) to output signal y(¢). And that

y(t,0) =

(23)

parameter vector # can be replaced by its parameter estimation 6y, while using above
practical identification analysis.

The physical principle of model reference control is explained as follows. When given
one expected or designed transfer function M (z), the problem is turned to design that
feedback controller C'(z), such that the first transfer function approaches to the designed
transfer function M (z). The structure of model reference control is plotted in Figure 2.
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M(z)

(1) (1)

FIGURE 2. Structure of model reference control

From Figure 2, some relations are obtained:
G(z,0) H(z,0)
t)y=M t); t,0) = t t 24

so the goal of model reference control is to design the feedback controller C'(z) to satisfy
that
G0 G (=0n)

1+ G(Z,G)C(Z) -~ 1+G <Z,éN> C(z) -~ M<Z) (25>

Except condition (25), the other condition is imposed as that
H(z,0)

2
1+ GocE Y (26)
Then combine above two conditions to get
G(2) , H{(z)
Taece M TEemem Y (27)

where for the sake of brevity, parameter vector ¢ is abbreviated.
Define the output error function as

3(0) = 0l0) ~ 10 = | g ~ M) o) 29

Then our extended model reference control is turned to the following optimization problem
with one equity constraint, i.e.,

G(z) i - H(z)
J1(C =||l—-M ; bject to ————— =0 29
(=) ' [T a0 M), it Trehen) (29)
where ||.|| is the common Euclidean norm for above constrained optimization problem.

To solve above constrained optimization problem (29), we always change it as one
unconstrained optimization problem by introducing one discount factor A € [0,1], i.e.,

a(2) 2 Hiz) |

RCGR) =13 G(2)C(z) 1+ G(2)C(z)

- M(z) (30)

|

2 2
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Discount factor A € [0, 1] can trade off the model matching and the effect from the external
noise, using the equivalent property for each norm, then that common Euclidean norm
||.||3 can be replaced by L2 norm, such as

G(z 2 H(z 2
where in optimization problem, M (z) is the expected matching function, {G(z), H(z)}
can be replaced by their estimations {G (z,éN> JH <2,9N> } A € [0,1] is a discount
factor, so only that feedback controller C(z) is unknown.

4.2. Optimal feedback controller. The direct way to yield the optimal feedback con-
troller is to differentiate that cost function with respect to controller, i.e.,

G*(2) H(z)G(2)

0J2(C(2)) G(z) _
oc) 2 [1 ek M (Z)} Trcrcer  Pireeceee -~ %Y
It means that
[1 n g((zz))C(z) - M (2)} Gl)+ M=) =0 7 g(f))(l’(z) - M(2) = _Aci(j)
G(z) AH(z)  M(2)G(z) — AH(z)
T e  ME -G T G(
_ G*(2) ' _ G*(2) — M(2)G(2) + AH(2)
1+ 600G = rem —ae) GH0E) MGG — e o)
Then optimal feedback controller is yielded as that
_ G*(2) = M(2)G(2) + AH ()
&) = 60 - GG (34)
G2 (2,0n) — M(2)G | z, On) +\H (2,0x
L) (i) ()

M(z)G? (z,éN) — \H <z,§N) G <z,éN>
The difference between Equations (34) and (35) is that {G(z), H(z)} are replaced by their
estimations {G (2, éN) JH (z,éN) } Observing Equation (34), if no H(z) exists, then
C(z) is reduced to

G(z) — M(z)

M(2)G(z)

Equation (36) is very simple in practical analysis, due to its simplicity to satisfy the
model matching. During our derivation process for that optimal feedback controller C'(z),
matching function M (z) and noise suppression for e(t) are all considered. When more
emphasis is on the effect from the external noise, then that discount factor A may be chosen
approximately, for example, let A = 1. On the contrary, if we only consider the main task
about tracking the reference or matching function M (z), i.e., % — M(z), and do

not care the effect from external noise, so we can let A = 0. For this special case, the

optimal feedback controller C(z) is reduced to its simplified form, i.e., C(z) = %

C(z) = (36)

4.3. Data driven scheme. From Equations (34), (35) and (36), we see within the frame-
work of model reference control, optimal feedback controller C'(z) is dependent of plant
and filter {G(z), H(z)}. If the identification accuracy for {G(z), H(z)} is unsatisfied, then
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it will destroy the latter control performance. To weaken this dependency on {G(z), H(2)},
data driven scheme is introduced with model reference control to yield one new novel di-
rect data driven model reference control strategy. Specifically in our information age, lots
of data are collected very easily. As some important factors are contained in these data,
our work is to abstract the important information.

In Figure 2, output error function §(t) is defined as §(t) = yo(t) — y(¢). Similarly, can
we construct the corresponding input error function, and use this input error function
to design the optimal feedback controller? More specifically, given the desired matching
function M (z), we have y(t) = M (z)r(t). Use the inverse property of this desired matching
function M(z) to get

r(t) = M~ (2)y(t) (37)

Then input signal becomes

u(t) =r(t) — C(2)y(t) = M~ (2)y(t) — C(2)y(t) = [M(2) — C(2)] y(t) (38)

Define the input error function as
Y1) = u(t) — [M~(2) = C(2)] y(t) (39)

where {u(t),y(t)}, are known, as they are collected through one kind of sensor. From
Equation (39), a sequence of observed data {u(t),y(t)}X, are collected, and then that
unknown feedback controller C'(2) is yielded from the following optimization problem, i.e.,

1 N

N

. 1 : _ 2

arg ming;) 5 272(25) = arg Milg(;) & Z [u(t) — [M~'(2) = C(2)] y(1)] (40)
t=1 t=1

The detailed description about above process can be referred to our previous work. By

differentiating with respect to C'(z) and by setting the derivative equal to zero, it holds

that
0% 2im V*(1) N
[ aC(z) | - %Z [u(t) = [M7(z) = C(2)] ()] y" (£) = 0 (41)
and . . - i
Sy () = S M @y () = S Oty (@) )

The following spectral relations are used during our later mathematical derivations.

y(t) = G(2)u(t); duy(w) = G(2)du(w); ¢y(w) = G(2)G"(2)du(w) = |G(2)[*u(w) (43)

Substituting these priori spectral relations in Equation (42), we have

C(2)by(w) = M~ (2)dy(w) — duy(w) (44)
iy Gw(w)
Then we have
C(Z) _ M71<Z) _ G(z>¢u<w) _ 1 _ 1 _ G(Z> — M(’Z) (46)

GE)Pou(w)  M(2)  G(z)  M(2)G(2)

Based on the following relation,

Y yy"(C() ==Y ult)y" () + ) M (2)y(t)y" (1) (47)



42 J. HUANG, J. WANG, R. A. RAMIREZ-MENDOZA AND Y. WANG

|

it holds that

1 N
PR
lii ] liiuu)y%)] (15)
N — N —
6= 115 [ > utyy ] [%Zumgﬂ“(t)] (19)

As M (z) is given in priori in Equatlon (49), for notational simplicity, define C; (V) as

- [% 3 y(t)y%)] - Z ] (50)

so we have )
C(z) = ———Cy(N 51
&)= 515 -G 61)
If more measured data are collected, the updated information is imposed on term Cj(N),
for example,

N

Ci(N +1) = %Zy(t)yT(t) + %y(N +1)y" (N +1) [% > ult)y”
+%u(]\7 +1y" (N +1) (52)
Let
k k—1
P k)= "yt (), PHk—1)=> yt)y" (1)
PH(k) = Z_: y()y" (1) +y(k)y" (k) = P71k — 1) + y(k)y" (k)
and -
k-1 k—1
Ci(k—1) = Pk = 1) S u(®y™ () P k= 1)Ci(k—1) = > u(t)y” (t)
continuing to derive that ! :
k k—1
k) ut)y"(t) = P(k) | > ult)y" (1) + ulk)y(k)
= Cy(k = 1) + P(k)[u(k) — y(k)Cy(k — 1)]y" (k) (53)

After substituting the recursive expression about term Cj(N) in Equation (51), the re-
cursive form for optimal feedback controller C(z) is yielded, for example,

COL =175~ OB = 575

where [C(2)], means the optimal feedback controller for &k pairs of measured data.

— Cy(k— 1) = P(R)[ulk) — y(k)Cr(k — D}y (k) (54)
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5. Simulation Examples. Apply our derived practical identification analysis for a single
input and single output system controlled by a model reference controller. A true data
generating system considered here is given as

0.25271 +0.12272 I+ 0.2271

G - . H =—— 55
e N P P e LS i e B
Its parameterized form is given as
-1 -2 -1
asz~' + agz 1+ byz
G(z,0) =  Ho(2) = o6
(Z’ ) 1+ @1271 + CLQZiQ I &32’73 + a4z*4’ O(Z) 1+ 612*1 ( )

A Gaussian white noise signal e(t) with variance A\g = 0.5 is added through the noise filter
Hy(z). The sampled times Ts = 1 second, the true parameter vector 6 is that

p=[ -1.6 08 —0.64 0.65 0.25 012 0.5 0.2]" (57)

The data generating system is operated in closed loop system with a model reference
control based on our commissioning model (Gjnit, Hinit), where 6;,;; is chosen as that

Oir = [ —1.7 0.7 —0.4 0.8 015 0.1 04 0.1]" (58)

All above parameters are chosen in such way that the obtained closed loop system must
satisfy the bounded input and bounded output stability, which is proposed in model
reference control. Model reference control is tuned so that we get sufficient performance for
the commissioning model (G, Hinit). Model reference control is set to have a prediction
horizon of 100 and a control horizon of 100. The output variable y(t) has a weight of 10,
and the input variable u(t) has a weight of 1. An excitation signal r(¢) has a bound, i.e.,
—1<r(t) <1

The applied input signal is given in Figure 3, and we measure the output signal y(t) by
some measuring devices, where observed output signal is plotted in Figure 4. When using
prediction error identification method to identify unknown parameters, if estimation error

5= |0(t) — GH / |0]| is less than one very small value 0.005, then terminate the recursive

methods. .
To verify the efficiency of the identified model G (0 N) by our derived results and make

sure that this identified model can be used to replace the true model, we compare the

1 X . T
o osl/\-/\/\ A ] !
3 : : !\" \/\
g TR I
aabi T SO NS S ...... .
] T H 1 4 1
0 10 20 30 40 50 60

Time (second)

F1GURE 3. The applied input signal
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Bode responses among true plant Gg(q), our identified model G <éN> and classical plant,
respectively in Figure 5. From Figure 5, we see that these three Bode response curves

coincide with each other, and our identified model G (éN> can converge to its true plant

quickly than classical identified plant. This means that our model error G (q) will converge
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to zero with time increases very quickly.

6. Conclusion. In this paper, direct data driven model reference control is studied to
design the unknown feedback controller through only applying the measured data. To
easily understand our considered control strategy, practical identification analysis and
model reference control are reviewed, and then our new contributions about them are
described, such as simplified cost function, model matching and noise suppression in
model reference control. The optimal feedback controllers for model reference control
and our direct data driven model reference control are derived respectively to compare.
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Although their final forms are the same with each other, but our devised recursive form is
good for practical application. The problem of how to combine game theory and dynamic
programming for direct data driven model reference control is our next ongoing work.
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