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Abstract. Based on the Takagi-Sugeno fuzzy model, a broad learning system, whose
output has the form of information granule, is designed in this paper. The feature nodes
and the enhancement nodes are constructed by integrating the membership degree of cat-
egories and the information of inference rules. This model mines and utilizes the distri-
bution characteristics of data set itself and the correlation among attributes, and then it
generates the information granular output with information extraction ability in virtue
of the structure of broad learning system. As the results of experiments carried out show,
the proposed method achieves satisfactory results in some public data set and a real data
set.
Keywords: Information granule, TS fuzzy model, Broad learning system, Clustering
method

1. Introduction. The broad learning system (BLS) is a kind of model with strong fea-
ture expression ability and high learning efficiency [1,2]. It has attracted the attention of
many researchers since it was proposed. A variety of broad learning models have been de-
veloped in many application scenarios, and many satisfactory results have been obtained
[3-6]. Among them, it is worth mentioning that as the fuzzy system has a simple structure
and certain semantic characteristics, a class of fuzzy broad learning systems (FBLS) has
also been designed [7,8].

On the other hand, with the development of modeling technology and the enrichment
of model forms, an increasing number of scholars pay attention to the feature extraction
capability of objects and the comprehensibility in application for the modeling process.
Therefore, the knowledge representation method, typified by the information granular
theory, has gradually received more and more attention in the research of modeling meth-
ods [9-12]. Besides, in order to evaluate the quality of information granules, many scholars
have proposed some evaluation criteria from different perspectives. In recent years, the
principle of justifiable granularity has been widely accepted as a common evaluation cri-
terion when designing an information granule [13,14].

It can be noticed that most of the current fuzzy broad learning systems are mainly
used to handle numerical data [1-3], and the more enhancement nodes there are, the
more complex the transformation of the original data, which will lead to neglect of the
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concentration degree of features. In addition, although by some transformation functions
adopted in enhancement nodes, some nonlinear characteristics of the data have been
extracted to a certain extent, the correlation between attributes of different dimensions in
the data has not been utilized. In consideration of the fact that the information granule
can better describe the attributes or objects with variable characteristics [9,10,13], based
on the Takagi-Sugeno (TS) model, this paper proposes a fuzzy broad learning system,
which combines the data distribution and the feature concentration degree together, and
designs the output of the model as an information granule, which makes it more applicable
and has certain semantic interpretation ability.
The rest of this paper is organized as follows. In Section 2, the granulating technique

of data is proposed. In Section 3, the construction method of the feature node and the en-
hancement node in the fuzzy broad learning system based on the TS model is introduced.
Besides, the modeling process of the FBLS is carried out. Section 4 shows the experiment
results of five public data sets and a real-world data set. Section 5 presents conclusions.

2. Information Granule Design. It is known that information granule has been effec-
tively used for knowledge representation. Generally speaking, the constructed information
granules are required to have ability of information extraction and characterization, that
is, to have high specificity and coverage degree at the same time [13,14]. To evaluate the
quality of an information granule, the principle of justifiable granularity proposed in [13]
is adopted.
Drawing on ideas from [15], by improving the granularity distribution module according

to the aggregation of data set, a series of granules are designed in the following process.
For a data set Y = {y1, . . . ,yN}, in which yk ∈ Rm (k = 1, . . . , N), a generation method
of hyper-cubic type information granule is considered in this paper.
Firstly, the data set is clustered into M classes. And the center module is obtained

based on the center and the category membership function of each class. For the center
module, let the numeric feature mj (j = 1, . . . ,M) represent every cluster, where mj can
be chosen as the cluster center itself like in this paper, or the weighting average points of
all the data belonging to the j-th cluster. Then for the granularity distribution module,
the level of granularity ε̃j is introduced for current information granule design. Here, a
rule-based fuzzy system is adopted to construct the granularity distribution module, from
which we can achieve a nonlinear mapping from the data set to a granularity level. The
rules for the granularity module are as follows:

Rule j: if yk is Bj(yk) then ε̃j is
(
ε−j , ε

+
j

)
, (1)

where Bj(yk) is the membership function of data yk in the j-th rule, which measures
the extent to that data yk belongs to the j-th class. The vector

(
ε−j , ε

+
j

)
controls the

lower and upper boundaries of the granularity level respectively, and each component of
it has a value between 0 and 1. In this paper, the membership degree of data in each rule
is calculated by considering the amount of spatial bias to each hyper-cubic information
granule.
The detailed implementation method is as follows. Consider a hyper-cubic Ω in the

space Rm. If m = 1, then Ω is an interval. If m = 2, then Ω is a rectangle. And if m = 3,
then Ω is a cube. As shown in Figure 1, a two-dimensional hyper-cubic information
granule is a rectangle, which can be uniquely determined by the kernel v = (v1, v2) and
the extension vector d =

(
d−
1 ,d

+
1 ,d

−
2 ,d

+
2

)
in two directions. Obviously, the two sides of

the rectangle are d1 = d−
1 + d+

1 and d2 = d−
2 + d+

2 , respectively.
After clustering the data set into M classes, we can get all the cluster centers mj, and

take them as the kernels vj. Accordingly, the data set is divided into M subsets according
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Figure 1. Two-dimensional hyper-cubic information granule

to the clustering labels as Dj, j = 1, . . . ,M . Then several interval information granules
can be generated by using the principle of justifiable granularity in each dimension to
determine the extension vector of the corresponding hyper-cubic.

To evaluate the equality of hyper-cubic information granule as constructed above, the
specificity of the p-th dimension on the j-th hyper-cubic is measured by the following
formula:

specpj = 1−
∣∣bpj − apj

∣∣
ypmax − ypmin

, p = 1, . . . ,m, j = 1, . . . ,M, (2)

where apj and bpj are the left and right boundaries of the p-th dimension of the j-th hyper-

cubic respectively, and the extension vector on this dimension is
(
d−jp, d

+
jp

)
=

(
vpj − apj ,

bpj − vpj
)
. ypmax and ypmin are the maximum and minimum values of the p-th dimension of

the data which are included Dj.
In addition, the coverage of the information granule on this dimension can be expressed

as

covpj =
1

N

N∑
k=1

incl
(
ypk
∣∣yk ∈ Dj

)
, (3)

in which

incl
(
ypk
∣∣yk ∈ Dj

)
=

{
1, ypk ∈

[
apj , b

p
j

]
and yk ∈ Dj,

0, otherwise.

Subsequently, define the quality evaluation function of the information granule as the
product of the specificity and the coverage, i.e.,

V p
j = specpj ∗ cov

p
j . (4)

Then the parameters d−jp and d+jp can be determined by maximizing the above function V p
j .

So far, we can obtain M hyper-cubic shape information granules Ωj =
{(

vp
j , d

−
jp, d

+
jp

)}
,

p = 1, . . . ,m, j = 1, . . . ,M .
As mentioned above, the traditional membership degree calculation method is to cal-

culate the distance between each data and the cluster center, and then we can normalize
these distances to get the membership degree belonging to each rule. In this paper, since
the data space is constructed into several hyper-cubic information granules, the offset of
information granule δjk is considered to evaluate the distance from data to kernel of a gran-

ule, i.e., δjk =
∑2m

l=1 ∥rl−yk∥
2m

−∥r0−gj∥, where gj is the geometric center of the hyper-cubic,
which can be determined by dj, and rl is the l-th vertex of the hyper-cubic. Because any
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vertex has the same distance from the center, r0 can be any vertex of all the 2m vertices.

In this way, the membership function Bj(yk) is determined as Bj(yk) = 1
/∑M

t=1

(
δjk
δtk

)2

.

Hereby, the level of granularity for current information granule is ε+ =
∑M

j=1Bj(yk)ε
+
j

and ε− =
∑M

j=1Bj(yk)ε
−
j . When m = 2, the rectangle type information granule can be

described as Gj =
[
v1j − ε− ∗ rangey1 , v1j + ε+ ∗ rangey1

]
×

[
v2j − ε− ∗ rangey2 , v

2
j + ε+∗

rangey2
]
, in which rangey1 is the interval length of the value for the first dimension of

the data, and rangey2 is the interval length of the value for the second dimension of the

data. Given a certain level of constraint like 1
M

∑M
j=1

(
ε−j + ε+j

)
≤ ε0, where ε0 ∈ [0, 1],

the consequent part
(
ε−j , ε

+
j

)
in the fuzzy rule (1) can be determined by solving a series

of optimization problems, in which the goals are to maximize V p
j in Equation (2) to

Equation (4). Since these optimization problems are nonlinear and have no analytical
solutions, in this paper the particle swarm optimization (PSO) algorithm is adopted to
deal with them. Similarly, other intelligent optimization methods can also be chosen to
solve these problems. Moreover, it should be pointed out that the closer ε0 is to 1, the
longer the sides of the rectangle are.

3. Fuzzy Broad Learning System Based on Information Granule. In a typical
broad learning system, the original inputs are mapped into random feature nodes by some
feature mappings. Then by means of nonlinear transformation, the random features are
put into the enhancement nodes. Next, the random feature nodes and the enhancement
nodes are connected to the output layer of the learning system [1,2]. In order to make
full use of the distribution characteristics of the data set itself, the TS fuzzy model, which
can be used to handle complex data modeling [16], is adopted to design the feature nodes
and the enhancement nodes of the broad learning system in this paper.
Firstly, by a selected clustering method, a TS fuzzy system can be represented, in which

the premises of the fuzzy rules are determined by the clustering centers and the mem-
bership functions. For simplicity, the consequent of the fuzzy rule is chosen as the linear
function of the input vectors, and the least square method is used to train the parameters.
After the TS model has been constructed, the output of each fuzzy rule is taken as the
feature node in the broad learning system. Meanwhile, the product of the membership
function in the antecedent part of the rule and the output of the same rule is taken as the
transitional information, which is transferred into the enhancement node. Considering
the influence of clustering algorithm on the class center and the membership function,
different clustering methods can be used together to design multi-group of feature nodes
and transitional input of enhancement nodes in parallel.

3.1. Feature node. Given an input data set X = {x1, . . . ,xN} ⊆ Rn, where xk =
(xk1 . . . , xkn)

T , k = 1, . . . , N , and a corresponding output data set Y = {y1, . . . , yN} ⊆ R,
by some clustering method, c clustering centers and corresponding membership functions
can be obtained. Accordingly, the fuzzy rules in the TS model can be described as follows:

Rule i: if xk is Ai(xk) then ỹi is yi(xk), i = 1, . . . , c.

Here Ai(xk) is the membership function, defined as Ai(xk) = 1
/∑c

j=1

(
∥xk−vi∥
∥xk−vj∥

)
, which

satisfies
∑c

i=1Ai(xk) = 1. And the local consequent ỹi is a linear function of all the input
variables, i.e., ỹi(xk) = wi + pT

i (xk − vi), where (vi, wi) ∈ Rn+1 is the clustering center
prototypes of input-output data set, and pi is the coefficient vector in the local linear
function. For this TS model, the output is the combination of c rules:
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F (xk) =
c∑

i=1

Ai(xk)
[
wi + pT

i (xk − vi)
]
.

Furthermore, if Nf clustering methods are used to design Nf TS fuzzy models, then we
can get Nf group of feature nodes. In each group, the feature nodes are the outputs of
every input data, i.e., {Fj(xk)}, k = 1, . . . , N , j = 1, . . . , Nf . Hence, F

Nf =
(
F1, . . . , FNf

)
is the output of the feature layer.

3.2. Enhancement node. In this paper, different from the usual way in an FBLS model,
we do not choose FNf as the input of the enhancement node. We take the combination
of every consequent in the fuzzy rule and the membership function value together as the
input of the enhancement node, which can preserve more of the distribution characteristics
from the original data.

Specifically, set the intermediate variables of the j-th TS model asZj=
(
Aj1(xk)ỹj1(xk),

. . . , Ajcj(xk)ỹjcj(xk)
)
, j = 1, . . . , Nf , where cj is the number of clusters for the j-th clus-

tering method, i.e., the number of rules. Then ZNf =
(
Z1, . . . ,ZNf

)
is transferred to the

enhancement nodes as HNe = (H1, . . . ,HNe), where Ne is the number of enhancement
nodes in the FBLS. And Hl = ξ

(
ZNfWhl

+ βhl

)
, l = 1, . . . , Ne, is the output matrix of

the l-th enhancement node, where Whl
and βhl

are the weight and offset of the feature
layer with the l-th enhancement node group. ξ(·) is the activation function of the en-
hancement node. Here, Whl

and βhl
are assumed to obey [0, 1] uniform distribution, and

ξ(u) = 2
1+e−2u − 1.

3.3. FBLS with granular output. At last, the output of feature layer FNf and the
output of enhancement layer HNe are imported to the top output layer at the same time.
Then the final output of the FBLS can be determined as ŷ(xk) =

(
FNf ,HNe

)
WO, in

which WO is the weight between the whole input nodes formed by the feature layer, the
enhancement layer, and the top output layer. When the target value of the training data is
given as Y , WO can be calculated by the ridge regression algorithm or other optimization
regression algorithm. In this paper, considering that the amount of data processed is not
huge, we use the Moore-Penrose pseudo inverse method to calculate it, i.e.,

WO =
(
FNf ,HNe

)†
Y .

Further, in order to obtain the outputs of the learning system with the shape of in-
formation granule, we use the granular technique proposed in Section 2 to convert Ŷ =
{ŷ1, . . . , ŷN} into several information granules G = {G1, . . . , GM}. At last, the FBLS with
granular output (FBLS-IG) is obtained, whose structure is shown in Figure 2.

4. Experiment Results. In order to investigate the effect of the designed model, two
experiments are considered in this section. As to the PSO algorithm, without loss of
generality, the number of initial particle population is set as 100, the learning factor is set
as 1.49, and the maximum iteration number is set as 100. In the proposed information
granule design process, the granularity level parameter ε0 is initially set to 0.1 and grows
to 1 in steps of 0.1.

Example 4.1. Five public data sets, including Boston housing, Auto-MPG, Stock, Red
wine and Airfoil Self-Noise, from the UCI machine learning repository and the StaLib
repository are discussed1. The brief information about these data sets is listed in Table 1.

The K-means clustering method, the fuzzy C-means (FCM) clustering method and the
Ward’s hierarchical clustering method are used to get three groups of feature nodes and

1http://archive.ics.uci.edu/ml/; http://www.dcc.fc.up.pt/∼Itorgo/Regression.
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Figure 2. The structure of the proposed FBLS-IG

Table 1. Public data sets used in experiment: A brief description

Data set Number of data Input dimensions
Boston housing 506 13
Auto-MPG 392 7

Stock 950 9
Red wine 1599 11

Airfoil Self-Noise 1503 5

enhancement nodes, i.e., Nf = 3. Since the identification process of model parameters is
stochastic, the average statistical results after 50 experiments are recorded. In this exper-
iment, for each data set, 70% of the data are randomly selected as the training set and
the remaining 30% as the test set. And consider that the dimension of the data set does
not exceed 13 and as few nodes as possible should be included, the number of enhancement
nodes Ne starts at 1 and increases by 1 to 40.
In this experiment, for comparison with models in literature, the following indicator is

used [17]:

Q =
1

c

 c∑
i=1

(vi − v̂i)

σ2
v

+
c∑

i=1

(
di − d̂i

)
σ2
d

 ,

in which v̂i and d̂i are the center and radius of the output information granule, and σv

and σd are the standard deviations. This indicator Q reflects the degree to which the con-
structed information granule can describe the data distribution and feature concentration.
The method presented in this paper (FBLS-IG) is compared with three representative gran-
ule models discussed in [15], including the model whose output is an information granule
(OutIG), the model whose parameters are information granules (ParaIG), and the model
whose clustering centers are information granules (ClusIG). The mean values of Q are
shown in Table 2. As we can see for four data sets, the FBLS-IG model has better result.

Example 4.2. A medical data set is discussed in this case, which contains information
of 148 patients with heart disease. This data set records the relationship between blood
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Table 2. The comparison of average granularity index under different models

Data set Model c = 3 c = 5 c = 7 Mean Q

Boston housing

OutIG 0.5058 0.5095 0.5700 0.5453
ParaIG 0.2815 0.2867 0.2912 0.2839
ClusIG 0.5934 0.6019 0.6203 0.6119
FBLS-IG 0.6931 0.6977 0.6881 0.6926

Auto-MPG

OutIG 0.6695 0.6645 0.6733 0.6692
ParaIG 0.2054 0.2068 0.1926 0.1975
ClusIG 0.6469 0.6424 0.7413 0.6724
FBLS-IG 0.6993 0.7031 0.7055 0.7010

Stock

OutIG 0.7612 0.7466 0.7423 0.7582
ParaIG 0.5214 0.5403 0.5039 0.5158
ClusIG 0.7780 0.7985 0.7537 0.7706
FBLS-IG 0.8142 0.8180 0.8188 0.8165

Red wine

OutIG 0.5934 0.5905 0.5806 0.5864
ParaIG 0.2764 0.2687 0.2650 0.2631
ClusIG 0.5357 0.5651 0.5827 0.5684
FBLS-IG 0.5291 0.5248 0.5255 0.5258

Airfoil Self-Noise

OutIG 0.5367 0.5383 0.5424 0.5411
ParaIG 0.2651 0.2720 0.2796 0.2609
ClusIG 0.5843 0.4823 0.4537 0.4660
FBLS-IG 0.5616 0.5668 0.5626 0.5635

sodium, potassium, calcium, phosphorus, magnesium and heart rate (HR), QRS time, PR
cycle, QT interval, QT correction time (QTC) and other important ECG indicators within
5 hours. Based on the proposed model (FBLS-IG), a quantitative model is established to
analyze the changes of electrolytes in the blood within five hours, so as to predict five
most focused physical indicators, including HR, QRS time, PR cycle, QT interval and
QT correction time, and to facilitate the subsequent treatment of the patients.

In this experiment, since the constructed information granules are intervals, the follow-
ing three indicators are used for comparison:

ARV I =

∑N
k=1(ak − âk)

2 +
∑N

k=1

(
bk − b̂k

)2

∑N
k=1(ak − ā)2 +

∑N
k=1

(
bk − b̄

)2 ,

COV I =

∑N
k=1

∑T
t=1 card

{
xt
k

∣∣xt
k ∈ Gy

k

}
N ∗ T

,

SP I =

∑N
k=1

(
1−max

(
0, b̂k−âk

rangey

))
N

,

where ak and bk are the lower and upper bounds of the k-th target interval. ā and b̄ are
the mean values of them. Besides, âk and b̂k are the endpoints of the predicted interval
granule. xt

k is the record value of the k-th patient when he or she took the t-th test. card{·}
is the counting function. N is the number of all the patients, and T is the length of testing
time.

The FCM clustering method is used to cluster the data set, and the number of the
enhancement nodes is set to be 5, i.e., Nf = 1, Ne = 5. The number of clusters is set
to be 2. The comparison results with the back propagation (BP) network and the support
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Table 3. The comparison between the proposed model, BP and SVM

ECG FBLS-IG BP SVM

indicator ARV I COV I SP I ARV I COV I SP I ARV I COV I SP I

HR 1.5981 0.6036 0.6879 1.7235 0.5673 0.7427 2.3087 0.5305 0.7413

QRS 1.1765 0.5032 0.7809 1.7319 0.3982 0.8511 3.1688 0.5009 0.8539

PR 1.8961 0.7110 0.7081 2.1382 0.6286 0.4634 3.7672 0.4833 0.7692

QT 1.4909 0.5900 0.7117 1.7890 0.5195 0.6790 3.2642 0.5468 0.7109

QTC 1.5286 0.6682 0.6750 1.8362 0.5686 0.7227 3.8336 0.5809 0.7028

vector machine (SVM) are listed in Table 3. It can be seen that though the proposed model
is not as good as the BP network and the SVM model in terms of the specificity, it is better
than them in terms of the coverage and the overall accuracy of the interval granules.

5. Conclusions. In this paper, based on the fuzzy TS system, some clustering algo-
rithms are used to generate feature mapping nodes and enhancement nodes in the FBLS
model. Besides, the output of the proposed system is transferred into the form of hyper-
cubic shape information granule. Benefited from the fuzzy system construction method
and the information granule generation technology, the data distribution and feature ag-
glomeration are exploited fully in the construction process of the FBLS-IG model. And
in the following studies, we will further investigate the optimization method and the role
of different forms of information granules in the construction and application of the broad
learning system.
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