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Abstract. Reusable launch vehicles (RLV) are the inevitable trend to achieve fast,
reliable, and inexpensive access to space in the future, and are also a current research
hotspot in the aerospace field. To address the safety requirements of hypersonic multi-body
separation of two-stage-to-orbit (TSTO) RLV, in this paper, a parabolic-shaped ascent
trajectory for multi-body separation is designed in terms of safety, and proposes a tra-
jectory profile solution method based on horizontal displacement derivative with known
trajectory shape. And then the trajectory linearization control (TLC) method is combined
with the solved trajectory profile for the design study of the guidance rate. Finally, the
feasibility of the proposed trajectory strategy and the profile solving algorithm is analyzed
and verified by simulation in MATLAB, and the tracking control effect of the parabolic
separation trajectory designed in this paper is tested.
Keywords: Reusable launch vehicles (RLV), Pre-separation trajectory design, Multi-
body separation, Trajectory linearization control

1. Introduction. An RLV is a multipurpose reusable vehicle capable of rapidly travers-
ing the atmosphere and freely traveling. It is a multi-purpose reusable vehicle that can
travel rapidly through the atmosphere and freely between the Earth’s surface and space.
It can deliver payloads to space quickly and conveniently, and can also stay orbit or ma-
neuver for a longer period of time, and then land safely and accurately on the ground after
completing its mission. It can land safely and accurately on the ground after completing
its mission.

The existing muti-body RLV entering orbit solutions are dominated by single-stage-
to-orbit (SSTO) and two-stage-to-orbit (TSTO) solutions. Compared to SSTO solutions,
TSTO is more engineering realizable and is the core of current development. The horizon-
tal takeoff TSTO RLV uses a back-loading scheme, i.e., the RLV consists of a carrier and
a spacecraft on its back, which is boosted by the carrier’s engine during takeoff, takes off
horizontally, and then climbs until it reaches the scheduled separation window. During
separation, the dorsal vehicle is detached from the carrier by the actuator, and it is point-
ed out in the work of [1,2] that strong aerodynamic interference between the two vehicles
is generated due to the high supersonic speed characteristic of the separation window in
general.

Currently, all countries in the world are engaged in fierce competition in the field of
aerospace vehicle (ASV) and RLV, in which the United States is in the lead. As researched
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in [3-7], the United States has accumulated much experience in RLVmulti-body separation
through the implementation of projects such as the Quicksat program, Aztec program,
and Boeing FASST program. In Europe, the HOTOL program proposed by the UK has
made an attempt in the field of air and space flight. The separation mechanism of the
Sanger II program proposed by Germany is of great reference value [8], which uses a
back-loaded parallel layout that mechanically lifts the upper stage during separation to
produce a predetermined angle of attack for safe separation.
In terms of separation trajectory design, there are many kinds of numerical algorithms

for trajectory optimization; in general, they are mainly divided into direct and indirect
methods. Dalle et al. gave a hypersonic vehicle fixed dynamic pressure climb trajectory
design method [9]. Keshmiri et al. established six-DOF dynamics equations for the ascend-
ing section of the hypersonic vehicle, and combined the idea of direct method to consider
the terminal constraint of the estimated optimization problem, and used the toolkit in
MATLAB for trajectory optimization design [10]. Peng et al. [11] gave a method to design
the trajectory of the automatic landing section of the carrier based on the geometry of
the trajectory profile, combined with the mass point dynamics equation and then the de-
tailed simulation of the trajectory profile; Sun et al. [12] proposed a method to design the
trajectory of the ascending section of the hypersonic vehicle based on the preset dynamic
pressure. In terms of trajectory tracking guidance, [13] gave a criterion for determining
a nonlinear system as a nonminimum phase system for a class of aspirated hypersonic
vehicles with nonminimum phase characteristics, and completed a longitudinal trajectory
tracking control design using a dynamic inverse method. For the fast time-varying, strong
coupling and highly nonlinear characteristics of the longitudinal model of hypersonic ve-
hicle, a Gauss pseudo-spectral approach to the trajectory optimization of the ascending
segment is proposed in [14]. According to the thrust characteristics of the engine, the
rise trajectory is divided into reasonable segments, and the original optimal control prob-
lem is transformed into a multi-segment optimal control problem. After that, the Gauss
pseudo-spectral method is used to carry out the parallel optimization calculation. In
[15], Kumyaito and Tamee proposed methods to collect, preprocess, and analyze the GPS
tracking data from the existing online service for cyclists, and showed that QuickBundles
has the capability of clustering the trajectory data in terms of computational speed and
validity.
The paper is organized as follows, Section 2 elucidates the mathematical model of the

longitudinal dynamics of the RLV and the equations of the trajectory profile based on
the horizontal displacement derivative (In the later text, HDD is used instead to indicate
horizontal displacement derivative). In Section 3, a trajectory profile solving strategy
based on a given shape is proposed. Section 4 presents the TLC tracking design. Section
5 presents the MATLAB simulation results. Section 6 gives conclusion.

2. The RLV Dynamics Model and HDD Based Trajectory Profile Equations.

The longitudinal dynamics model of RLV during pre-separating ascent is established in
this section. In this paper, ignoring the effect of Earth’s auto-transfer and assuming the
earth to be flat (ignoring the effect of Earth’s radius), the longitudinal dynamics equation
of the RLV can be established according to the conversion between the track coordinate
system and the ground coordinate system as [16]:
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m
dV

dt
= T cosα−D −mg sin θ

mV
dθ

dt
= T sinα+ L−mg cos θ

dh

dt
= V sin θ

dR

dt
= V cos θ

dm

dt
= −

T

Ispg

(1)

In the above equation, h, V , θ, m, R indicate altitude, speed, flight path angle, mass
and horizontal displacement respectively, T , D, L stand for thrust, drag and lift, Isp stands
for engine ratio impulse, and α is angle of attack. The equation for dynamic pressure q is

q =
1

2
ρV 2 (2)

where ρ is atmospheric density.
In this paper, a method of trajectory design based on HDD (horizontal displacement

derivative) is proposed for the design of pre-separation ascending trajectories, so that the
trajectory of the RLV follows a given shape. The dynamics model based on the HDD is
developed for this method and the derivation process is as follows.

Derive the dynamic pressure with respect to time according to the dynamic pressure
expression (2), and we have (3).

dq

dt
=

1

2

dρ

dR

dR

dt
V 2 + ρV

dV

dt
(3)

Combining (3) with the fourth equation of (1), the derivative of the dynamic pressure
with respect to the range is obtained as

dq

dR
= q

(

dρ

dR

1

ρ
−

ρSCD

m cos θ

)

+
ρT cosα

m cos θ
− ρg tan θ (4)

where CD is drag factor. This formula represents the rate of change of dynamic pressure
about range in the trajectory profile. Then observe the second equation of (1), and move
m and V to the right of the equation.

dθ

dt
=

1

V

(

T sinα+ L

m
− g cos θ

)

(5)

Bringing in the fourth equation of (1), the derivative of the flight path angle with
respect to the range is obtained as

dθ

dR
=

ρ

2 cos θ

(

T sinα

mq
−

g cos θ

q
+

SCL

m

)

(6)

where CL is lift factor. The equation expresses the rate of change of the flight path angle
in the trajectory profile with respect to the range. The third and fourth equations of (1)
are quantified to obtain the following equation:

dh

dR
= tan θ (7)

Then the third and fifth equations of (1) are quantified to obtain

dm

dR
= −

T

gIspV cos θ
(8)
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Equation (8) then denotes the quality due to fuel consumption as to the rate of change
in range.
So far, the HDD based dynamics model of RLV is obtained as Equations (4), (6), (7)

and (8). Then Equation (4) is equivalently varied to obtain the trajectory expression for
the dynamic pressure:

q =
mg cos θ − T sinα

SCL − 2m
ρ

dθ
dR

cos θ
(9)

The above equation shows the relationship between dynamic pressure and horizontal
displacement. This correlation links the dynamic pressure to the trajectory profile, so that
the current horizontal displacement can be used to find the dynamic pressure at this time,
and conversely the current flight range can be found based on the dynamic pressure at a
given moment.

3. Parabolic Shaped RLV Pre-Separation Trajectory Profile Solving Strategy.

The normal phase overload of the TSTO RLV at the moment of separation has a great
influence on whether it can be separated safely. If the overall overload vector of the
RLV is in the same direction as the lift, after separation occurs, the RLV will have a
tendency to move upward due to the sudden reduction of spacecraft mass, and at this
time the normal phase overload is too large, which will make the carrier move upward
and threaten the spacecraft. If the direction of the overload vector is the same as gravity,
the spacecraft will not be able to climb upward rapidly, and under the influence of the
separation aerodynamic disturbance, the spacecraft will easily lose stability and collide
with the carrier.
Given all of the above, this paper proposes a parabolic-shaped ascending trajectory

before separation, designs the RLV to have a normal overload of zero at the parabolic
apex and executes the separation process of the assembly at the top of the parabola;
the trajectory strategy has the following characteristics. 1) At the end of the parabolic
trajectory, the flight path angle of the RLV is zero, and the angle of attack is very small,
so it is easy to make the combined force of the thrust component in the vertical direction
and the lift force zero, so as to achieve the normal overload of zero. 2) The normal
overload at the moment of separation is designed to be zero, so that the carrier will not
produce an excessive tendency of upward motion after separation, and at the same time
the spacecraft is also easy to produce a head-up moment through rudder control, so as to
quickly principle the aerodynamic interference area of the carrier and improve the safety
of separation. 3) When the vehicle flies according to the parabolic trajectory, the control
parameters such as angle of attack and thrust force change smoothly, which reduces the
burden on the control system.
First, a mathematical description of the parabolic trajectory is needed. In the design of

the parabolic pre-separation ascending trajectory using the method devised in the previous
section, a mathematical description is first required, and the relationship between altitude
and range is given by

h(R) = hf + a
(

R− Rf

)2

(10)

where Rf , hf are the horizontal displacement and altitude of the end-of-trajectory, h0 is
the climb starting height, and a is the parabolic parameter. According to Equation (7),
the relationship between flight path angle and range in the longitudinal path can be found
as follows:

θ = arctan

(

dh

dR

)

= arctan
(

2a
(

R −Rf

))

(11)
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Letting θ be the derivative for the voyage yields

dθ

dR
=

d

dR

[

arctan

(

dh

dR

)]

=
1

1 +
(

dh
dR

)2

d2h

dR2
=

2a

1 + 4a2
(

R−Rf

)2
(12)

This equation describes the relationship between θ and the range in the flight profile of
a parabolic trajectory.

After the description of the parabolic ascent trajectory, the trajectory profile strategy
is designed. The trajectory profile solving algorithm is shown in Figure 1.

Figure 1. The trajectory profile solving algorithm, kk indicates the throt-
tle parameter

As shown in Figure 1, after giving the initial range coordinates, initial dynamic pres-
sure, initial angle of attack and other parameters, the calculation of the initial dynamic
pressure about the range change rate is carried out. Then the iterative process begin, and
the angle of attack and throttle are estimated separately due to their different physical
characteristics. Since α(R + ∆R) mainly affects the lift of the vehicle, the angle of attack
can be estimated from the vehicle normal overload ny. The ny is solved in the kinematic
model based on the range derivative by

ny =
2q

ρg

dθ

dR
cos θ + cos θ (13)
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Combined with the normal phase overload equation in the kinetic model, the estimation
of α(R +∆R) can be derived as follows.

T sinα + L

mg
=

2q

ρg

dθ

dR
cos θ + cos θ (14)

The same can be derived for the calculation of the estimation of kk(R +∆R).

T cosα−D

mg
=

V

g

dV

dR
cos θ + sin θ (15)

Once the initial values of α(R+∆R) and kk(R+∆R) have been estimated, the exact
solution under each range needs to be performed, and the value of the α(R + ∆R) is
calculated exactly by means of an optimization algorithm in general. The definition of a
function Q(α, kk) is given below.

Q(α, T ) = q1(R +∆R)− q2(R +∆R) (16)

The function Q(α, kk) is mainly used in the Newtonian iterative calculation of α(R +
∆R). Its physical significance is related to the leveling of the normal overload by α(R +
∆R). On the one hand, we can use Euler’s method to calculate from the first equation of
(4) the value of q(R +∆R).

q1(R +∆R) = q(R) +
∆R

2

[

dq

dR
(R) +

dq

dR
(R +∆R)

]

(17)

On the other hand, we can use the data of α(R+∆R) by (9) to calculate q(R+∆R):

q2(R +∆R) = f2[α(R +∆R), R +∆R] (18)

When the conditions are met:

Errq = |q1(R +∆R)− q2(R +∆R)| ≤ ε (19)

That is, the iterative computation on this range can be ended and the next range can
be computed.

4. Parabolic Climbing Trajectory TLC Design. The trajectory linearization control
(TLC) technique is a control tool for nonlinear systems, and its control logic is designed
by linearizing the nonlinear and time-varying errors between the current flight state and
the nominal trajectory state for tracking control law [17], and the parabolic separation
trajectory flight profile explored in this paper has the following characteristics [18]: 1) the
mass of the vehicle becomes progressively smaller during flight as fuel is consumed, and the
center of gravity and rotational inertia change; 2) the core purpose of the pre-separation
climb trajectory is to have the normal phase overload of the parallel assemblies be zero at
the end of the trajectory, for which the vehicle must strictly control the tracking error in
the tracking of velocity, thrust, and flight path angle. This requires a controller with high
robustness and good stability within the entire parabolic climb separation trajectory.
In the previous section, the nominal trajectory of the ascent section was obtained by

the trajectory design method, and the flight profiles of speed and altitude in each flight
process were obtained, and the trajectory tracking control was designed below, and the
designed trajectory tracking control block diagram is shown in Figure 2.
We refer to [19-22] to establish the RLV dynamics model. For the height profile and ve-

locity profile tracking needs, the influence of the height/velocity term is taken as the state
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Figure 2. Tracking control design

variable of interest, the velocity integral term and the height differential term are intro-
duced to expand the dimensionality of the state equation, and the augmented trajectory
dynamics model is as follows.
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d
(∫

V dt
)

dt
= V

dV

dt
=

T cosα−D

m
− g sin θ

dh

dt
= V sin θ

d2h

dt2
=

T sin(θ + α)−D sin θ + L cos θ −mg

m

(20)

Describing the kinetic model of augmentation as a state space form:


















ẋ(t) = f (x(t),u(t))

x(t) =

[
∫

V (t)dt, V (t), h(t), ḣ(t)

]T

u(t) = [α(t), kr(t)]
T

(21)

Defining e = x − x̄ and ū = u − ũ, to describe the error in the actual course of the
flight with respect to the deviated trajectory, we have

ė(t) = f (x(t),u(t))− f (x̄(t), ũ(t)) (22)

Then a linearization along e(t) = 0, ũ(t) = 0 yields

ė(t) = A(t)e(t) +B(t)ũ(t) (23)
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∂f

∂x
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∂u

)
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(

∂T

∂V
cosα−

∂D

∂V

)/

m

a23 =

(

∂T

∂h
cosα−

∂D

∂h

)/

m

a42 =

[

sin(θ + α)
∂T

∂V
− sin θ

∂D

∂V
+ cos θ

∂L

∂V

]/

m

a43 =

[

sin(θ + α)
∂T

∂h
− sin θ

∂D

∂h
+ cos θ

∂L

∂h

]/

m

b21 =

(

−T sinα−
∂D

∂α

)/

m

b22 =
∂T

∂kr
cosα

/

m

b41 =

[

cos(θ + α)T − sin θ
∂D

∂α
+ cos θ

∂L

∂α

]/

m

b42 = sin(θ + α)
∂T

∂kr

/

m

(25)

In order to be able to apply the trajectory linearization control method based on the
desired pole configuration, the control input matrix is assumed to be non-singular, which
is

∣

∣

∣

∣

b21 b22

b41 b42

∣

∣

∣

∣

6= 0 (26)

The time-varying controller design is carried out for the time-varying system after
linearization, including the feedforward control part of the nominal trajectory design and
the error time-varying feedback controller.

u(t) = ū(t) + ũ(t) (27)

where

ũ(t) =

[

k11(t) k12(t) k13(t) k14(t)

k21(t) k22(t) k23(t) k24(t)

]











e1(t)

e2(t)

e3(t)

e4(t)











(28)

The controller is brought into the error time-varying system and the system matrix of
the desired closed-loop system is set to
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Arespect =


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0 0 0 1
0 0 λ3 λ4
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(29)

Let the system matrix of the error time-varying system substituted into the closed-loop
controller be equal to the expectation matrix, and the controller parameters can be solved.



























































[

k11
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[
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]
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λ1

0
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[

k12

k22

]

=

[

b21 b22

b41 b42

]

−1 [

λ2 − a22
−a24

]

[

k13

k23

]

=

[

b21 b22

b41 b42

]

−1 [

−a23
λ3 − a43

]

[

k14

k24

]

=

[

b21 b22

b41 b42

]

−1 [

0
λ4

]

(30)

In [18-21], there is no description and explanation on how to select the controller pa-
rameters, and this paper will do the explanation after the above controller design. From
the above derivation, we can see that the parameters of the controller are related to the
expected characteristic roots, so the key problem of deciding the parameters lies in the
selection of the expected characteristic roots, and the following characteristic equation of
the expected closed-loop system matrix

{

s2 − λ2(t)s− λ1(t) = 0

s2 − λ4(t)s− λ3(t) = 0
(31)

so that
λ1(t) = −ω2

1
(t), λ2(t) = −2S1(t)ω

2

1
(t)

λ3(t) = −ω2

2
(t), λ4(t) = −2S2(t)ω

2

2
(t)

(32)

According to the current underdamped second-order linear system for the step response,
the rise time and overshoot are estimated by equations

tr =
π − arccos ζ

ω
√

1− ζ2
(33)

σ = exp

(

−πζ
√

1− ζ2

)

× 100% (34)

Then the damping ratio and frequency of the desired system are solved jointly for the
rise time and overshoot of the closed-loop control system given the demand, and then the
characteristic roots of the desired system matrix are determined to obtain the controller
parameters.

5. Simulation Results of Parabolic Trajectory Profile Design and TLC Track-

ing. In this section, for the parabolic pre-separation ascending trajectory scheme of RLV,
the terminal flight speedMaf = 6, the terminal altitude Hf = 27.8 km, the terminal flight
path angle θf = 0◦, the angle of attack shall not exceed 15◦ and shall not be less than −6◦,
with all these conditions and method which established in the previous section, simulation
is carried out. And the results are shown in Figure 3.

From the figure, we can see that the pre-separation trajectory strategy design method
proposed in this paper can satisfy the flight terminal condition.
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(a) (b) (c)

(d) (e)

Figure 3. Simulation results of parabolic trajectory profile design: (a)
Altitude result; (b) normal overload result; (c)-(e) profiles of speed, angle
of attack, and flight path angle

The simulation results of the height profile and the normal overload profile show that
the output error of the designed strategy is less than 0.5%. The output of velocity shows
that the Mach number at the end of the trajectory can meet the constraint Maf = 6. The
change of angle of attack in the whole flight profile is very small, which can be explained
by the fact that the change of normal overload itself is not big, so the change of angle
of attack, which mainly affects the lift performance of the aircraft, is not very big. The
output of the flight path angle is related to the shape of the designed parabola. According
to the description in Chapter 2, the course profile of the trajectory dip should be an even
descent to zero; Figure 3(e) confirms this.
In Section 4, the tracking control law is carried out based on the TLC tracking control

method. In order to check the tracking performance of the tracking controller, some of
the aerodynamic properties of the RLV were subjected to certain positive and negative
deviations during the simulation, as shown in Table 1.

Table 1. Aerodynamic properties deviations input for RLV

Variable Description Value

Cl Lift coefficient of RLV ±10%
Cd Drag coefficient of RLV ±10%
T Thrust of RLV ±10%
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(a) (b) (c)

(d) (e)

Figure 4. Simulation results of parabolic pre-separation trajectory track-
ing (L, T, D represent lift, thrust and drag): (a) Result of altitude; (b)
result of speed; (c) result of flight path angle; (d) command of angle of
attack; (e) command of throttle

From the simulation results shown in Figure 4, it can be seen as follows.

• The altitude and flight path angle are able to track the designed profile well.
• The maximum velocity tracking error is 4.65 m/s, which is within the controllable
range, and the end velocities are able to meet the velocity requirements of the sepa-
ration window.

• The command change of the angle of attack is generally seen to be related to the
change of lift. When the lift coefficient decreases by 10%, the angle of attack must
be increased in order to enable the vehicle to reach the original lift size, and when
the lift coefficient increases by 10%, the angle of attack command decreases.

• The command change of the throttle, as a control input, needs to be actively changed
to neutralize effects of the thrust and drag deviations.

From the simulation results of Figure 3 and Figure 4, it can be seen that the method
proposed in this paper can solve the profile of the given parabola pre-separation trajectory
and accomplish the guidance control of the trajectory successively, and the results show
the accuracy of the section solution strategy, the accuracy of TLC tracking control and
strong robustness. Although only one example of parabola trajectory is given in this
paper, according to the derivation process of the algorithm formula, it is not difficult to
see that the section solution algorithm designed in this paper can complete more section
solutions of different shape trajectories, as long as the height-range profile of the section
is mathematically continuous and smooth. Compared with the work of Sun et al. [12], the
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method of this paper makes up for the shortcoming that the iterative algorithm cannot
continue because of the singular value when the change rate of altitude of the trajectory
with respect to range is zero.

6. Conclusion. In this work, a parabolic pre-separation trajectory strategy is carried out
for the multi-body separation problem of TSTO RLV, considering the conditions required
for successful separation. In the trajectory design segment, a profile design strategy based
on the HDD is used to achieve the design function of inverse solving the flight profile for
a known flight path shape.
Then a TLC method is used to design the tracking control law, and the controller

parameters are also studied. And the nominal angle of attack and throttle commands are
obtained from the trajectory tracking loop.
Finally, the simulation is verified by MATLAB, and deviations of several parameters

are added to the simulation to check the performance of the controller. It is found that
the controller is able to complete the designed profile well, and it also shows that the
flight profile design strategy based on the HDD proposed in this work is feasible.
Overall, this paper has developed a pre-separation trajectory profile design tool, which

provides a new technical approach to the orbiting of TSTO RLV.
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