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ABSTRACT. In human proofs of mathematical problems, such as proofs in group theory,
term rewriting is widely used. However, they are not mathmatically correct proofs on first-
order logic. The failure comes from the limitations of first-order logic itself. When we
take first-order logic as the underlying logic, correct representation of unknown functions
cannot be obtained due to the lack of representation power of the logic. We demonstrate
that a mathmatically correct proof for a problem in group theory can be obtained on KR-
Logic (knowledge-representation-logic), which is an extension of first-order logic and can
represent built-in constraints and unknown functions correctly. We propose a class of
term rewriting rules. A term rewriting rule preserves the sets of all models of formulas
in KR-Logic. Representation by formulas and clauses in KR-Logic and computation by
rewriting rules in KR-Logic are developed. This theory will provide a foundation for
integrating logical inference and functional rewriting under a broader concept of equivalent
transformation.

Keywords: Proof problem, Query-answering problem, Function variable, Built-in equa-
lity, KR-Logic, Equivalent transformation, Term rewriting rule, Model preservation

1. Introduction. Term rewriting has been used in computation as a basic tool for trans-
forming a term into a new term [1, 2, 3]. Terms are expressions with nested sub-expressions.
A rewrite rule is applied by replacing an instance of its left-hand side with the same in-
stance of its right-hand side. A term rewriting system (TRS) is a (finite or infinite) set
of rewriting rules. Computation by term rewriting is repeated rewriting of terms by ap-
plication of rewriting rules. Traditional TRSs play a role of a natural model of sequential
computation. Given a word problem with a set of rewriting rules, the Knuth-Bendix
completion algorithm (named after Knuth and Bendix [4]) tries to transform the set of
equations that corresponds to the set of rewriting rules into a confluent term rewriting
system to solve the word problem efficiently.

To consider relations between term rewriting and logical inference, we take a proof
problem in group theory, which is to prove commutativity, i.e., Ve € G, Vy € G: -y =
y - x, assuming that a group G satisfies one additional property: Vo € G: -2 =e. We
introduce a name f for the mapping (). Usually this problem is solved by term rewriting:

f(a,b) = f(e, f(a,0)) = [(f(f(b,a), [(b,a)), fla; b)) = --- = f(b,a),
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i.e., we start with f(a,b), and repeat application of rewriting rules, and we finally reach
f(b,a), which proves that f(a,b) = f(b,a).

This proof is repeated term rewriting, while a logical proof is repeated inference (such
as resolution). Term rewriting is not considered as inference. It is believed that term
rewriting is different from logical reasoning [1]. In the conventional theory of logic, where
resolution is a major method of proving theorems, proof by term rewriting cannot be
formalized well. First-order logic fails to formally prove theorems in group theory by term
rewriting.

We argue that the conventional theory of first-order logic should be extended into a new
theory of logic so as to include proof by term rewriting as one of the major methods of
proving theorems. LPSF (logical problem solving framework) [5] supports various logics
by defining logics axiomatically. It can generate various logics. KR-Logic (knowledge-
representation-logic) was created on LPSF as an extension of first-order logic [6]. KR-
Logic overcomes the representational and computational limitations of first-order logic
6,7, 8, 9].

We investigate the group problem based on the LPSF theory. We point out that proof
by term rewriting cannot be formalized on first-order logic. We construct a theory of proof
by term rewriting on KR-Logic. We propose a class of term rewriting rules on KR-Logic.
Term rewriting rules preserve the sets of all models of formulas.

This theory will provide a foundation for understanding term rewriting from a logical
side. Term rewriting rules, unfolding rules, and the resolution rule are all equivalent
transformation (ET) rules that can be used to transform clauses equivalently. In ET-
based computation, logical inference and functional rewriting co-exist, both of them being
instances of a broader concept of equivalent transformation.

The rest of the paper is organized as follows. Section 2 takes a proof problem of group
theory as a target problem to be formalized and solved. Its solution outline in first-order
logic is explained. Section 3 reviews LPSF and explains how to apply LPSF for solving
the proof problem. Section 4 formalizes the given problem using first-order logic with
constraints and Herbrand semantics (LP-Logic). Section 5 formalizes the given problem
using KR-Logic. Section 6 constructs a canonical logical structure of clauses in KR-Logic.
Section 7 proposes a class of term rewriting rules. Section 8 gives correctness theorems
for term rewriting. Section 9 shows how to solve the given proof problem correctly by
repeated application of the proposed term rewriting rules. Section 10 concludes the paper.

Given a set A, pow(A) denotes the power set of A. Given two sets A and B, Map(A, B)
denotes the set of all mappings from A to B.

2. A Proof Problem and Its Informal Solution. We take a proof problem in group
theory and show an intuitive solution by term rewriting. This is an informal proof, not
a mathematically correct proof. We will try to formalize this solution on two logics in
subsequent sections.

2.1. A proof problem of a group. Consider the following definition of a group: <G , ()
1)) is a group iff
G is a set,
(+) is a mapping from G X G to G,
e €@,
(71) is a mapping from G to G, and
they satisfy the following conditions:
A1l (associativity): Vz,y,2€ G: z- (y-2) = (v -y) - 2
A2 (identity): Ve € G: z-e=e-x =2

1)
2)
)
)
)
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A3 (inverse): Vz € G, ozl e Giz-z ' =at-z=¢
Suppose that a group <G, (+), e, (’1)> with the three axioms above has one additional

property:
VeeG: x-x=e.

Then we want to prove that this group has the property:
(Commutativity) Ve € G,Vy € G: z-y =1y - .

2.2. An informal proof with equations. Assume that

1) (+) is a mapping f from G x G to G, and
2) (7!) is a mapping i from G to G.

Using these mappings, we have the following equations:

f(*% f(y72)) = f(f($7y>7z)

By replacement of terms using these equations, computation proceeds as follows:

f(CL, b) = f<€7f(a’7 b))

f(F (b, a), f(ba)), f(a,b))
= f(f(b,a), f(f(b,a), f(a,b)))
= f(f(b,a), f(b, f(a, f(a,]))))
= f(f(b,a), f(b, f(f(a,a),b)))
= f(f(b,a), f(b, f(e, D))
= f(f(b,a), f(b,D))
= f(f(b,a),¢)
= f(b,a)

Starting with f(a,b), we finally reach f(b,a), which means that f(a,b) = f(b,a).

2.3. The plan of the paper. The proof shown in this section is an informal proof,
not a mathematically correct proof. The difficulty comes from its underlying logic, i.e.,
first-order logic. We will investigate the group problem based on the LPSF theory [5],
since the LPSF theory can give many candidate logics. Among others, we take LP-Logic
and KR-Logic. LP-Logic uses first-order formulas, while KR-Logic uses a superclass of
first-order formulas.

e In Section 3, we will explain an LPSF-based solution method for logical problems.

e In Section 4, we will try to formalize the group problem on LP-Logic using function
symbols and built-in equalities. We will conclude that LP-Logic fails to formalize the
group problem correctly.

e In Section 5, we will try to formalize the group problem on KR-Logic using func-
tion variables and built-in equalities. We will conclude that KR-Logic succeeds in
formalizing the group problem correctly.

In Sections 6, 7, 8 and 9, we will develop a method of solving the group problem on
KR-Logic.
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3. How to Give Correctness to the Informal Method. We explain how to apply
LPSF for solving the proof problem in Section 2 in order to give correctness to the informal
method.

3.1. Logical problem solving based on LPSF. We review the LPSF theory [5], which
provides a general foundation for logical problem solving methods. LPSF extends the most
basic concepts of logic and computation as follows.

e LPSF utilizes a general concept of logical structure.

e LPSF regards model-intersection (MI) problems [10] as the main class of logical
problems.

e LPSF takes equivalent transformation rules (ET rules) as units of procedures.

LPSF is a generator of logical problem solving methods. Input parameters of LPSF consist
of (1) a canonical logical structure £, (2) a set R of ET rules, (3) a control ctrl, and (4) a
set A of answer mappings. By changing the four parameters, LPSF can generate various
logics, which may be new logics or existing ones [5]. By the generality covered by the four
parameters, LPSF is useful for inventing new logics or comparing different logics.

Given a logical problem, we try to solve it using LPSF as follows.

1) Set a logical structure £ = (IC,Z, v).

2) Prepare a set R of ET rules.

3) Determine a control ctri.

4) Determine a set A of answer mappings.

5) Obtain a solution method M determined by the four parameters, which is denoted by
M = LPSF(L, R, ctrl, A).

6) Formalize the given problem as an MI problem (Cs, ), where Cs € K.

7) Solve the MI problem (Cs, ) using M.

Given the above three parameters, i.e., a canonical logical structure (£), an ET rule set
(R), and a set of answer mappings (A), we obtain a solution method M (ctrl) for MI
problems with a parameter ctri:

M (ctrl) = LPSF(L, R, ctrl, A).
Each time we take a parameter ctrl, we can try to run M (ctrl) for solving problems.

3.2. Applying LPSF to this proof problem. To apply LPSF for solving the proof
problem in Section 2.1, we consider the following four parameters of LPSF.

1) Canonical logical structure: We will explain that LP-Logic is not sufficient for the rep-
resentation of the problem (Section 4). We explain a new logical structure on KR-Logic,
consisting of extended clauses with existential quantification of function variables (Sec-
tions 5 and 6).

2) ET rules: We introduce a class of term rewriting rules from equational clauses in a
given clause set (Section 7).

3) A set of answer mappings: We consider the singleton set {ans} as a set of answer map-
pings, where the answer mapping ans is defined as follows: For any set Cs of clauses,
ans(Cs) = yes if Cs contains an empty clause («), and ans(Cs) = no otherwise. The
answer mapping ans means that when computation reaches a set of clauses with an
empty clause (<), the proof problem is solved affirmatively, i.e., it is proved.

4) Control: We take some control ctrl, the details of which are not discussed in this paper.

According to the LPSF theory, we will obtain a correctness-based computation for the
proof problem (Sections 8 and 9).
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4. Representation in LP-Logic. We use built-in constraints for representing equality.
FOL, is the set of all first-order formulas with built-in constraints. The logical structure
of first-order logic with built-in constraints (FOL,) is called LP-Logic. We try to formalize
the problem described in Section 2.1 in LP-Logic.

4.1. Example: Formalization with formulas in LP-Logic. The alphabet of LP-
Logic is a quadruple (IF, V, Pred, Predc), where F is a set of usual function symbols, V is
a set of usual variables, Pred is a set of user-defined predicate symbols, and Predc is a
set of built-in constraint predicate symbols. Each element in F has an arity, which is a
non-negative integer. A term in T(F) is called a ground term.

Assume that g € Pred and g(x) represents the information that x is in the underlying
set GG of the group being considered. Let eq € Predc be a built-in constraint predicate
symbol defined by eq(t1,t5) is true iff ¢; = t5 for any ground terms ¢; and 5. Assume that
f, 7, and e are binary, unary, and O-ary function symbols, respectively, in F, and z, v,
and z are usual variables in V. Let K denote the conjunction of the following first-order
formulas:

Py Vavy: (9(z) A g(y) — g(f(2,9)))
Fy: YV (g(z) — g(i(x))

We want to prove that K — (VzVy: (g(x) A g(y)) — eq(f(x,y), f(y,x))) is valid, i.e., it
is true with respect to every interpretation. Its negation is K A —=(VaVy: (g(z) A g(y))
— eq(f(z,y), f(y,x))), which is equivalent to K A (3z3y: (9(x) A g(y) A —eq(f(z,y), f(y,
x))))-

4.2. Inappropriateness of formalization in LP-Logic.

4.2.1. Inappropriateness of LP-Logic. We discuss in this section the limited expressive
power of LP-Logic, where the Herbrand semantics is taken for first-order logic with built-
in constraints (FOL.). Although it is considered to be natural for representation of and
computation for logical problems, we show that LP-Logic lacks correct representation of
evaluable terms.

The predicate eq is defined based on the relation ‘=" on ground terms. Since ‘=" means
syntactical coincidence, e.g., if cons and nil are ground terms, we have eq(nil, nil) and
eq(cons(nil, nil), cons(nil, nil)).

The fact that f, i, and e are function symbols in F, however, results in inconvenience
as follows: Consider the atom eq(f(x,e),x) as an example. What is the meaning of this
equality? It says the term f(z,e) is equal to the another term x. Whatever value the
variable x may take, however, f(z,e) cannot be equal to = due to the inclusion of z inside

f(z,e).

4.2.2. Towards KR-Logic. The intuitive meaning of the equality eq(f(z,e),x) should be
as follows: f computes a value, say a term ¢, from x and e, and the resulting term ¢ is
equal to x. f should not be a function symbol in F, but an evaluable function. Hence,
intuitively, we need two types of “functions”, i.e.,

1) constructors for constructing compound terms, and
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2) evaluable functions for mapping ground terms.

FOL, (together with Herbrand semantics) supports only the first type of functions, while
we need the second type of functions for representing (-), e and (~!). This is the reason
why we cannot represent this proof problem correctly in FOLL..

5. Representation in KR-Logic. We use function variables for representing evaluable
functions. KRL. is the set of all first-order formulas with built-in constraints and function
variables. The logical structure consisting of formulas in KRL, is called KR-Logic. We
try to formalize the problem described in Section 2.1 in KR-Logic.

5.1. Alphabet and terms in KR-Logic. An alphabet (F,V ,FC,FV, Pred, Predc) is
assumed, where F is a set of constructors, V is a set of usual variables, FC is a set of
function constants, FV is a set of function variables, Pred is a set of user-defined predicate
symbols, and Predc is a set of built-in constraint predicate symbols. Each element in
FUFCUFYV is associated with a non-negative integer, called its arity.

Definition 5.1. A term on (F,V,FC,FV), which is also simply called a term, is induc-
tively defined as follows.

1) A 0-ary element in FUFCUFV is a term.

2) If v eV, then v is a term.

3) If f e FUFCUTFYV, the arity of f isn >0, and ty,...,t, are terms, then f(t1,...,t,)
1S a term.

The set of all terms on (F,V,FC,FV) is denoted by T(F,V,FC,FV). Let T(F) =
T(F,0,0,0). Let T(F,FC) = T(F,0,FC, (). A term in T(F) is called a ground term.

5.2. Atoms and WFFs. A user-defined atom takes the form p(ty,...,t,), where p is an
n-ary user-defined predicate in Pred and the t; are terms. A built-in constraint atom, also
simply called a constraint atom or a built-in atom, takes the form c(ty,...,t,), where ¢
is an n-ary built-in constraint predicate in Prede and the ¢; are terms. A func-atom [11]
is an expression of the form func(f,t1,...,t,, tye1), where f is either an n-ary function
constant in FC or an n-ary function variable in FV, and the ¢; are terms. An atom is a
ground atom if all of its arguments are ground terms. Let A, be the set of all user-defined
atoms, A, the set of all built-in constraint atoms, and F the set of all func-atoms.

A well-formed formula (for short, wff) is constructed inductively by finitely many ap-
plications of the following rules.

1) Atoms: If a is an atom in A, U A. U F, then « is a wif.

2) Negation: If a is a wif, then -« is a wif.

3) Binary connectives: If o and [ are wifs, then a A 5, a V 8, @« — 3, and a < [ are
wifs.

4) Quantification for usual variables: If o is a wif and v is a variable in V, then Vv: «
and Jv: « are wifs.

5) Quantification for function variables: 1If a is a wif and f, is a variable in FV| then Vf,:
a and df,: « are wifs.

5.3. Example: Formalization with formulas in KR-Logic. Let g € Pred, with g(x)
being intended to mean that x is in the underlying set G of the group under consideration.
Let eq € Predc be a built-in predicate defined by eq(t1,ts) is true iff ¢; = ¢y for any
t1,ta € T(F). Assume that x, y, and z are variables in V. Assume also that $f, $i, and
$e are binary, unary, and O-ary function variables, respectively, in FV. Let K’ denote the
conjunction of the following formulas in KR-Logic:
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Fy: Vavy: (g(z) A g(y) — g(8f(z,y)))

Fy: Y (g(w) — g(8i()))

F3: g($e)

Fy: Vavyvz: ((g(w) Agly) Ag(2) — eq($f(z,8f(y, 2)),$f(8f(z,y),2)))

Fs: Vo (g(z) — eq(3f(x,%e),x))
Fs: Va: (g(z) — eq($f(3e, x),x))
Fr: Va: (g(x) — eq($f(z, $i(x)), $e))
Fg: Vo: (g(z) — eq($f($i(x), x), $e))

Fy: Va: (g(z) — eq($f(x, x),$e))
The only difference between the representation in Section 4.1 and that in this section is
the change of function symbols such as f, ¢, and e in F into function variables in FV.
Function symbols such as cons and nil in F remain in F. Syntactically, the prefix ‘$’ is
added to f, 7, and e to make $f, $i, and $e, while the others are unchanged.

The problem is then formalized as follows:

VS fV$ivSe: K' — (VaVy: (g(x) Agly)) — eq($f(x,v),$f(y,x))).

Let E denote the above formula. To solve the proof problem, we want to prove that
Models(—E) = (), where Models(—F) denotes the set of all models of =F. Note that this
formalization in KR-Logic is similar to the formalization in first-order logic except (i) the
use of function variables in place of function symbols, and (ii) existential quantification
of function variables at the top of the formula —F.

6. A Canonical Logical Structure in KR-Logic. We use clauses for computation.
We describe a new logical structure consisting of extended clauses with existential quan-
tification of function variables in KR-Logic.

6.1. Extended clauses in KR-Logic. There are two types of variables: usual variables
and function variables. An extended clause C' on A, U A, U F is a formula of the form

A1, ...y Qpy < bl;---ybn7fl7---7fp7
where each of ay,...,a,,b1,...,b, is a user-defined atom in A, or a built-in constraint
atom in A, and fy, ..., f, are func-atoms.

All usual variables occurring in C' are implicitly universally quantified and their scope is
restricted to the extended clause C' itself. Given a set Cs of extended clauses, all function
variables occurring in Cs are implicitly existentially quantified at the top level of Cs, and
their scope covers all the clauses in Cs. The set of all extended clauses is denoted by
ECLSy. An extended clause will also be called a clause when no confusion is caused.

A function variable can be instantiated into function constants. (fev) is a specialization
for function evaluation. A function constant f. of arity 0 can be reduced by (fev) into a
ground term ¢ in T(IF) according to the function associated with f., which is denoted by
feo(fev) = g. A term f.(tq,ts,...,t,) such that f.is a function constant of arity n > 1 and
t1,ta, ..., t, are ground terms in T(F) can be reduced by (fev) to a ground term g in T'(F)
according to the function associated with f., which is denoted by f.(1, s, ..., t,)o(fev) =
g. Given a term t, all subterms contained in ¢ are specialized recursively by (fev). For
instance, addl(one) o (fev) = 2 if one o (fev) = 1 and add1(1) o (fev) = 2. Let bind(V) be
the set of all bindings on V. A substitution on V is a sequence of elements in bind(V).
Let Sy be the set of all substitutions on V. Let bind(FV) be the set of all bindings on
FV. A substitution on FV is a sequence of elements in bind(FV). Let S, be the set of all
substitutions on FV. Let GCL be the set of all ground clauses consisting of only ground
user-defined atoms with no occurrence of any function constant in FC. A clause in GC'L
is obtained from an extended clause in ECLSy by (1) instantiation of variables in FV, (2)
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instantiation of variables in V, (3) evaluation of all evaluable subterms in T(F,FC) by
(fev) into ground terms in T(F), and (4) removal of true ground built-in atoms and true
ground func-atoms in the resulting clause body.

6.2. Models. There are two kinds of variables: usual variables in V and function variables
in FV. In general, terms that appear in a clause are in T(F,V,FC,FV). Variables in V
are specialized by a substitution in Sp. Function variables in FV are specialized by a
substitution in S,. There is one more specialization (fev), which is for function evaluation.
Terms in T(F, ), FC, () are specialized by (fev) into terms in T(F,0,0,0). A clause may
be instantiated into a ground clause with terms in T(F) by application of § € Sy, 0 € S,
and (fev).

An interpretation is a subset of G,. Let Cs be a set of clauses. An interpretation [ is a
model of Csiff Cs is true with respect to I. Let Models(Cs) denote the set of all models
of Cs. A clause is ground iff all terms occurring in it are in T(F). If Cs is the set of all
ground instances of clauses in Cs, then Models(Cs) = Models (CY').

6.3. Example: Formalization in clausal form in KR-Logic. Referring to £ and
K’ in Section 5.3, the negation of E is 3$f3%id%e: K/ A —(VaVy: (g9(x) A g(y)) —
eq($f(x,y),8f(y,x))), which is equivalent to

3538i3Se: K' A (z3y: (9(z) Ag(y) A —eq(8f(x,y), 8/ (y, 7).

By lifting up the existential quantifiers (3x and Jy) using new function variables ($a and
$b), we have

38 £39i3$e3$aIsh: K’ A g(Sa) A g($h) A —eq($F($a, $b), $£(Sh, $a)).

Hence, we obtain the following extended clauses:

Ci: g8f(z,y)) « g(x),9(y)
Ca: g(i(z)) < g(x)

Cs: g(Se) «

Cy: eq(8f(2,8f(y,2)),8f(8f(,9),2) < g9(z),9(y), 9(2)
Cs: eq($f(z,%e),x) + g(x)

Cs: eq($f($e,x),x) + g(x)

Cr: eq($f(x,%i(x)),%e) « g(x)

Cs: eq($f($i(z), x), $e) « g(z)

Cy: eq(3f(x, ), 8e) < g(x)

Cloi g($@) <

Clli g($b) <—

C112: < €Q($f($a7 $b)7 $f($b7 $a’))
K’ is the conjunction of Fy, F, ..., Fy in Section 5.3 and for each i € {1,2,...,9}, C;is an

extended clause that is obtained from F;. The conjunction of Cyg, C1; and C2 corresponds
to g($a) A g(8b) A —eq($f($a,$b), $£($0,%a)). Let Cs = {C1,Cy,...,C12}. Then we can

solve the proof problem formalized in Section 5.3 by proving that Models ((js) = 0.

6.4. A canonical logical structure of extended clauses. Let G; be defined as T(F).
Let G, be defined as the set of all ground atoms of the form p(ty,...,t,), where p is an
m-ary user-defined predicate in Pred and tq,...,t,, are terms in G;.

The main role of a logical structure is to determine the truth or falsity of each formula
with respect to an interpretation G' € pow(G,). We define a mapping v: pow(ECLSy) —
Map(pow(G,), {true, false}) as follows: For any Cs C ECLSy and any G C G, v(Cs)(G) =
true iff there exists o € S, such that for any C' € Cs and any 6 € Sy, if Cof o (fev) €
GCL, then Cof o (fev) is true with respect to G. For completion of defining v, the
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truth value of a ground clause in GCL with respect to a subset G of G, is defined as
follows: Letting a,aq,...,a, € G, and by, by, ..., b, € G, the clause (ay,as,...,a, <
b1, by, ..., by) is true with respect to G iff a; € Goray € Gor ... ora, € G or by € G or
bo g Gor...orb, ¢G.

L = (pow(ECLSy), pow(G,), V) is a canonical logical structure, i.e., (1) £ is a logical
structure, and (2) £ has pow(G,) as the interpretation domain.

7. Term Rewriting Rules. We introduce a class of term rewriting rules based on equa-
tional clauses in a given clause set.

7.1. Term contexts, atom contexts, and clause contexts. Assume that [J is a
special symbol with arity 0 that does not belong to FUVUFCUTFV. A term context is a
term that contains only one occurrence of [J at a subterm position. A subterm is a part
of a term, and a subterm is extended by a term context into a term. Let ¢ be a term and
tc a term context. ¢ > tc is the term tc{(]/t}. An atom contezt is an atom that contains
only one occurrence of [J at a term position (an argument position). A term is a part of
an atom, and a term is extended by an atom context into an atom. Let ¢ be a term and
ac an atom context. t>ac is the atom ac{{J/t}. A clause contezt is a clause that contains
only one occurrence of [] at an atom position. An atom is a part of a clause, and an atom
is extended by a clause context into a clause. Let a be an atom and con a clause context.
a > con is the clause con{d/a}. For example, ((x > f(O)) > ¢(0)) > (p(5) + O,r(A)) =
(f(2)>q(0) > (p(5) = O,r(A) = q(f(2))> (p(5) = 0, 7(A)) = (p(5) < q(f(x)), r(A)).
The sets of all term contexts, all atom contexts, and all clause contexts are denoted,
respectively, by Cony, Cony, and Conc.

7.2. Term rewriting rules. We define equational clauses and term rewriting rules. An
equational clause produces term rewriting rules.

7.2.1. Fquational clauses. An equational clause is a clause in ECLSy of the form
eq(ty,ty) < conds,

where ¢; and ty are terms in T(F,V,FC,FV), and conds is a conjunction of atoms in A,.

7.2.2. Term rewriting rules. A term rewriting rule, TRR for short, is a formula of the
form

(t1 — to: conds),
where ¢; and t are terms in T'(F, V,FC,FV), and conds is a conjunction of atoms in A,
(conds is denoted by set notation). A term rewriting rule r of the form (t; — to: conds)
is often represented by r: (t; — to: conds).

7.2.3. From an equational clause to TRRs. An equational clause C' = (eq(t1,ta) < conds)
determines a set of two term rewriting rules, which is denoted by trs(C'), given by

trs(C) = {(t; — ta: conds), (to — t1: conds)}.

7.3. Example: Term rewriting rules for the sample problem. From the equational
clause

C = (eq(3f(x, 8e), 7) = g(2)),
we have two rewriting rules, ie., r: (3f(z,8¢) — z: {g(z)}) and 7": (z — $f(x,Se):
{g(x)}). Consider the clauses given in Section 6.3. Since each equational clause produces
two term rewriting rules, we obtain the following twelve term rewriting rules from the

clause set {Cy, Cs, Cs, C7, Cs, Cy }:
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ri: (= $f(z,8¢): {g(2)}) ror (8f(x,8e) — a: {g(z)})

r3: (z = $f(Se,z): {g(x)}) rat (8f (e, x) — a: {g(2)})

rs: ($e = $f(x,%i(x)): {g(x)})  re: ($f(x,$i(x)) — $e: {g(x)})
rro ($e = $f(8i(x),x): {g(x)}) rs: (3£ ($i(x),x) — Se: {g(x)})
ro: (Se = $f(z,2): {g(2)}) rio: ($f(z,x) = Se: {g(z)})
ru: (3f(3f(z,9),2) = 8f(2,8f(y,2)): {9(x),9(y),9(2)})

rio: ($7(2,8(y,2) = $F(87(2,9),2): {9(x), 9(y). 9(=)})

7.4. Term rewriting procedure.

7.4.1. Assumptions and basic definitions. Consider Cs = {C1,Cs, ..., C12} in Section 6.3.
C's consists of the equational clauses Cy, Cs, Cg, Cr, Cs, Cy, the definite clauses Cy, Cs, Cs,
C1o, C11, and the query clause C1o. Let P; and P, be sets of predicates. Let clause(Py, Ps)
be the set of all clauses such that the predicates on their left-hand sides are in P; and the
predicates on their right-hand sides are in P,. Let negativeClause(P;) be the set of all
negative clauses such that the predicates on their right-hand sides are in Ps.

Let P be a set of user-defined predicates in Pred. We assume in this paper that we are
given a target clause set Cs such that Cs = Cs.,,UDUQ, where Cs,, is a set of equational
clauses in clause({eq}, P), D is a set of definite clauses in clause(P, P), and @ is a set
of query clauses in negativeClause({eq}). We also assume that all terms occurring in Cs
are in T(F,V,(,FV).

Assume that a term $f($f($b, $a), $e) in an atom eq($f($f($b,$a),Se), $f($b, $a))
given. We take the rewriting rule ro: ($f(z,$%e¢) — x: {g(x)}). By matching $f(z, $e)
with $f($/($b, $a), $e), we have a substitution {z/$($b, $a)}. We check whether g($ f($b,
$a)) is true. The term $($/($b,$a), $e) in the atom eq($f($f($0, $a), $e),$f($b, $a)) is
then replaced with $f($b, $a) to have a new atom eq($f($b, $a), $1($b, $a)) since g($f($b,
$a)) is true.

When we check whether g($f($b, $a)) is true, all function variables in this atom are re-
garded as constants. We know that g($f($b,$a)) follows from D = {C}, Cs, Cs, Cho, Ci1 },
which is denoted by D =y g($f($b,$a)). Since |y does not consider instantiation of
function variables, =y is different from the usual logical consequence relation |=. For
checking the relation =y, SLD resolution can be used by instantiation of only variables
in V as follows:

< g(3/(8b,%a))  (by Cy: g(8f(x,y)) < g(x),9(y))

< g(8b),9(3a)  (by Cii: g(3b) )

— g($a) (by Cl()i g($a) <—)

%
Since function variables are dealt with as if they were constants here, this computation
shows that the atom g($f($b, $a)) follows from the definite clauses in D for any instanti-

ation of function variables $f, $b, and $a. Hence, we can conclude that Models (C’s) =

Models <C~’s U {(eq($f($f (3D, $a),Se),$f(3b,$a)) <—)}>, which gives a basis for replacing

$f($f($b,%a),%e) with $f($b, $a). More generally, an equational clause C' = (eq(t1,t2) <
conds) is specialized into C0 = (eq(t10,t20) < condsf) by a matcher . If checking
(D =y condsh) is successtul, we know that Models(Cs) = Models(CsU{(eq(t10,t20) <)}).

7.4.2. Procedure for transformation by term rewriting rules. A term rewriting rule can
produce correct transformation if it has a corresponding equational clause in a given
clause set Cs.
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Definition 7.1. Let Cs be a set of clauses. Let r = (t; — to: conds) be a term rewriting
rule. The rule v is admissible to Cs iff Cs contains the equational clause C' = (eq(t1,ts) <
conds).

We propose a procedure for transformation by term rewriting rules, i.e., given a clause
set Cs, a clause C] and a term rewriting rule r = (t; — t3: conds), r is applied to Cs and
(' to producing a new clause Cs as follows.

Procedure TRR(r, Cs, C1)

1) Check whether the term rewriting rule r = (t; — to: conds) is admissible to Cs.

2) Find a subterm 7} in C) to determine a term context tc, an atom context ac, and a
clause context con such that C; = (((T} > tc) > ac) > con).

Match t; with 77 to determine a substitution 6 such that t,0 = T}.

Check whether D =y condsf.

Determine 15 = ¢50.

3
4
)
6) Make Cy = (((Ty > tc) > ac) > con) by replacement of T with 75 in C4.

)
)
)
)

Definition 7.2. We write C, ﬁ Cs to denote that a clause Cy is transformed into a

clause Cy by a term rewriting rule r in the existence of a set Cs of clauses according to
the procedure TRR.

8. Correctness of Term Rewriting Rules. Assuming that Cs = Cs,, U D UQ is a
given set of clauses according to Section 7.4, we give correctness theorems for term rewrit-
ing.

8.1. Term rewriting based on equality of terms. Refer to Cs = {C1,Cy, ..., Cra}
in Section 6.3. Consider the clause Cs:

Cs: eq(3f(z,3e), ) < g(z).
Assume that a target clause contains a term $f($b,$e). By matching $f(z, $e) with
$f($b, $e) without specializing function variables, we have a substitution § = {z/$b}.
Then C50 = (eq($/(3b, $e), $b) < ¢g($b)). Since g($b) is true by Ci1, we have an equa-
tional unit clause:

EQ1: eq($f($b, 3e), $b)
E(), means that the results of application of some function-variable specialization and
(fev) on both sides are the same, i.e., $f(3b,$e)o o (fev) = $bo o (fev) for some function-
variable specialization o. Based on the equality, we can replace the term $f($b, $e) with

the term $b. This replacement is the result of an application of the rewriting rule ry:
(3f(z,8e) = x: {g(x)}) to the target clause.

8.2. Definitions and propositions. Before proving in Section 8.3 that term rewriting
rules proposed in this paper preserve models, we introduce some concepts and propositions
to be used for the proof.

A clause set Cs determines an equivalently-rewriting relation on ECLSy, denoted by
rel(Cs), as follows.

Definition 8.1. Let Sy be the set of all substitutions on'V. Let Cs be a set of clauses. Let
t1 and ty be terms in T(F, V,FC,FV). Let 0 be a substitution in Sp. Define rel(Cs, t1,ts,0)
and rel(Cs) as follows:
o rel(Cs, ty,12,0) = {(C1,Cs) | (tc € Cong)& (ac € Cona)& (con € Cone)
& (Models(Cs) = Models(Cs U {(eq(t10,t20) <)}))
& (Cr = ((((t10) > te) > ac) > con))
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& (Cy = ((((t20) > te) > ac) > con)) }.
o rel(Cs) = |J{rel (Cs, t},t,,0) | (t) € T(F,V,FC,FV))
& (ty € T(F,V,FC,FV))
& (0 eSy)}.

A clause in ECLSy may contain variables in V and ones in FV. Let C be a clause and
Vs a subset of VUFV. Let vars(C, Vs) be defined as the set of all variables that belong
to Vg and appear in C. A clause C'is ground with respect to V if it contains no variable in
V, i.e., vars(C,V) = ). A clause that is ground with respect to V may contain variables
in FV.

Since variables in V are quantified universally, a clause can be changed into the set of
all of its ground clauses preserving models. Let Cs be a clause set, and C; and C5 be
clauses. Let S} be the set of all substitutions p € Sy such that C'p is ground with respect
to V, i.e., vars(Cip,V) = 0. Then Models(Cs U {C1}) = Models(Cs U{Cip | p € S1}).
Let S5 be the set of all substitutions p € Sy such that Cyp is ground with respect to V,
i.e., vars(Cop, V) = (). Then Models(Cs U {C2}) = Models(Cs U{Cqp | p € S2}). Let Sio
be the set of all substitutions p € Sy such that C'p and Cyp are ground with respect to V,
i.e., vars(Cyp, V) = 0 and vars(Cep, V) = 0. Sy can be changed into Sj2 keeping models.
Similarly, Sy can be changed into S5 keeping models. Then the next proposition holds
using Sis.

Proposition 8.1. Let Cs be a set of clauses. Let Cy and Cy be clauses. Let S5 be the
set of all substitutions p € Sy such that vars(Cip,V) = 0 and vars(Cep,V) = (). Then
Models(Cs U{C1}) = Models(Cs U{Cp | p € S12}) and Models(Cs U{C>}) = Models(Cs U

{Cap | p € Si2}).

Proof: Models(Cs U {C1}) = Models(Cs U{Cyp | p € Si1}) = Models(Cs U{Cip | p €
Si2}). Models(Cs U{C3}) = Models(Cs U{Csp | p € Sa}) = Models(Cs U{Cap | p € S12}).
0

When we have a unit equational clause FQ = (eq(t10,t20) <) such that ¢,6 and t,0 are
syntactically different, we may replace t16 with ¢56 in C; to produce Cs. The correctness
of this rewriting is justified by the accumulation of ground-level equality t10pc = t20p0,
where p € S5 and o is a specialization for function variables.

Proposition 8.2. Let Cs be a set of clauses. Let t; and ty be terms in T(F,V,FC,FV)
and 0 € Sy. Let Cy and Cy be clauses such that Cy = ((((t16) > tc) > ac) > con) and
Cy = ((((t20) >tc)>ac) > con) for some tc € Cong, ac € Conyg and con € Cong. Let EQ) =
(eq(t10,t20) <—). Let Sia be the set of all substitutions p € Sy such that vars(Cyp,V) = ()
and vars(Cyp, V) = 0. Then Models(Cs U{EQ}U{C1p | p € S12}) = Models(Cs U{EQ}U
{Cop | p € Sia}).

Proof: Assume that p is a substitution in Sij5. Then Cip and Csp are ground with
respect to V, and there are contexts tc¢, ac’ and con’ such that Cip = ((((t,10p) > td) >
ac’) > con') and Cap = ((((t20p) > tc') > ac’) > con’). 1t follows that ¢16p and t20p contain
no variable in V. Let ¢ be a specialization for function variables corresponding to the top-
level existential quantification. Then Cypoo(fev) is obtained from Cypoo(fev) by replacing
t10po o (fev) with tefpo o (fev). From EQ, it follows that t10pc o (fev) = t20po o (fev).
Hence, Models(Cs U{EQ} U{Cip | p € Sia}) = Models(Cs U{EQ} U{Cap | p € Sia}).
0]

8.3. Main theorems. We prove that rel(Cs) is a set of equivalent rewriting in the next
theorem.
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Theorem 8.1. Let Cs be a set of clauses. If (Cy, Cy) € rel(Cs), then Models(CsU{C1}) =
Models(Cs U {Cs}).

Proof: Assume that (Cy,Cs) € rel(Cs). Then there are terms t; and t9, and a substi-
tution 0 in Sy such that (C,Cy) € rel(Cs, tq,t2,0). Let EQ = (eq(t10,t20) <). Let Sio
be the set of all substitutions p € Sy such that vars(Cip, V) = 0 and vars(Cep, V) = 0.

Models(Cs U {C4}) = (since Models(Cs) = Models(Cs U{EQ}))
= Models(Cs U{EQ,C1})
= (by Proposition 8.1)
= Models(Cs U{EQ}U{Cip | p € Si2})
= (by Proposition 8.2)
= Models(Cs U{EQ} U{Csp | p € Si2})
= (by Proposition 8.1)
= Models(Cs U{EQ, Cs})
= (since Models(Cs) = Models(Cs U{EQ}))
= Models(Cs U {Cs}).
0

We prove that a term rewriting rule that is admissible to a set of clauses is an equivalent
transformation rule as follows.

Theorem 8.2. Let Cs be a set of clauses. Let r be a term rewriting rule that is admissible

to Cs. Let Cy and Cy be clauses. If Cy ne Cy, then Models(Cs U {C1}) = Models(Cs U

{Ca}).

Proof: Assume that Cs = Cs., U D U @ according to Section 7.4. Since C4 n% Cs,
there is an equational clause C' = (eq(t1,t2) < conds) in Cs and there are terms ¢; and
to, a substitution #, a term context tc, an atom context ac, and a clause context con such
that D |=y condsf, Cy = (((t10>tc)>ac)t> con) and Cy = (((t20>tc)>ac) > con). Hence,
Models(Cs) = Models(CsU{(eq(t10,t20) <)}). Then (Cy,Cy) € rel(Cs). By Theorem 8.1,
Models(Cs U {C1}) = Models(Cs U {C5}). O

9. Model-Preserving Term Rewriting on LPSF. Term rewriting rules make trans-
formation sequences that preserve models. They solve logical problems correctly on KR-
Logic according to the LPSF theory.

9.1. Model-preserving transformation of clauses. Referring to Cs = {C1,Cs, ...,
Ch2} in Section 6.3, let Cs = {C1,Cy,...,C11} and C; = Cra = (+ eq($f($a, $b), $1 (30,
$a))). We can formalize the given problem by Models ({C,;} U Cs) = 0. The computation
starts with an initial state Sty = {C,}UCs. After 3 steps, we reach a state Stz = {C'}UCs,
where

C" = (+ eq($f(8f(3,8a), £ (S (3, 8a),8f(3a, $b))), £ (30, $a))).
Consider the rule r1;. Since g(8b), g($a), and g($f($a,$b)) are true, ri; can be applied
to Stz with 0 = {x/$b,y/%a, z/$f($a,$b)}. The next state is Sty = {C”} U Cs, where

C" = (< eq($f($1(3b,8a), $f (b, $f(Sa, $f($a,$b)))), $f($b, $a))).
All steps of the computation are shown below.

Sto = {(+ eq($f(3a,$b),$f($b,%a)))} U Cs
(r3 is applied with x = $f($a, $b) (since g($f($a,$b)) is true))
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Sty = {(+ eq($f($e,$f(3a,$)), $£($b,%a)))} U Cs
(rg is applied with z = $f($a, $b) (since g($f(Sa, $b)) is true))
Sty = { (<= eq(SS(5f(5/ (30, $a),$f( b,$a)), 8 (Sa,$b)), $f(8b,8a)))} U Cs
(r11 is applied with z =y = z = $f(3a, $b) (since g(3f(Sa, $b)) is true))
Sty = {(«+ eq($f(Sf(30,%a),3f(Sf ( b,%a),$f(3a,$b))),$f($b,%a)))} U Cs
(r11 is applied with = $b, y = $a, and z = $f($a, $b)) (see the above explana-
tion)
Sty = {(+ eq(8f($£($b,8a), $f(3b,$f ($a,$f(Sa,$D)))), $ (8D, $a)))} U Cs
(r12 is applied with x = y = $a and z = $b (since g($a) and g($b) are true))
Sts = {(+ eq($£($(3b,%a),$f($b,$1($f(Sa,$a),$b))),$f($b,$a)))} U Cs
(r10 is applied with 2 = $a (since g($a) is true))
Stg = {(+ eq($£(Sf($b,%a),$ (80, $f($e, $b))), $f($b,$a)))} U Cs
(r4 is applied with 2 = $b (since ¢(3b) is true))
Stz = {(+ eq($£($f(3b,%a),$£($b, %)), $£(8b,%a)))} U Cs
(r10 is applied with x = $b (since g($b) is true))
Stg = {(« eq($f($f($b,8a), $e), $£(3b,%a)))} U Cs
(r9 is applied with x = $£($b, $a) (since g($f($b,%a)) is true))
Sty = {(+ eq($£($b,%a),$f($b,%a)))} U Cs
(the eq(x,x) atom is removed since it is true.)

Stlo = {(<—)} U C_’S

According to Theorem 8.2 in Section 8.3, the first nine steps are equivalent transfor-
mation. In the last step of transformation, a constraint solving rule for equality is used.
This rule is not a term rewriting rule. However, it obviously preserves models, i.e., it is
an ET rule. Since the computation reaches {(+-)} U Cs, we know that Models(St19) = 0.

9.2. Formalization as an MI problem and its solution. According to the LPSF
theory, the proof problem under consideration is formalized as an MI problem <{Cq} U Cs,
©o), where  is an extraction mapping defined by for any G C G, ¢o(G) = yes if G = G,
and ¢o(G) = no otherwise. For any clause set Cs, the answer to an MI problem (Cs, )
is defined to be ¢o([) Models(Cs)), and

©o <ﬂ Models( C’s)) = yes <— ﬂ Models(Cs) = G, <= Models(Cs) = 0.
Hence, the MI problem <{C’q} U Cs, g00> is equivalent to the proof problem to prove
Models(Stg) = 0. The sequence Stg, Sty, ..., Stig is model-preserving, i.e.,

Models(Stg) = Models(Sty) = --- = Models(Sty),

and, at the same time, is an equivalent transformation sequence for solving the MI prob-
lem, i.e.,

©o <ﬂ Models(St0)> = ¥y (ﬂ Models(5t1)> ==y <ﬂ Models(5t10)> )

Since the computation reaches St;p = {(+-)} U Cs, the answer mapping ans € A (see
Section 3) gives the final result yes, which means that the answer to the MI prob-
lem <{Cq} U Cs, gpo> is yes. Hence, the proof problem under consideration is successfully
solved. The answer yes is correct since ¢ (| Models(St1g)) = po(Gu) = yes.
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In this paper, term rewriting rules were proposed and proved to be model-preserving
in KR-Logic. The representation space KRL. and the computation space ECLSy were
used to solve the MI problem <{Cq} U Cs, g00> on KR-Logic. In LPSF-based computation,
logical inference and term rewriting are used together under the principle of equivalent
transformation.

10. Conclusions. First-order logic fails to formally prove theorems in group theory by
term rewriting. KR-Logic overcomes the limitations of first-order logic. To formalize a
proof by term rewriting for group theory, we developed the representation space KRL,
and the computation space ECLSy on KR-Logic. Let Cs and Cs' be sets of clauses in
ECLSy. Assume that a proof problem is formalized as (| Models(CsU Cs') = G, and there
is an equational clause C' = (eq(t1,t2) < conds) in Cs. Then we have a term rewriting
rule r: (t; — ty: conds) that is applicable to a clause in Cs and preserves models of
CsU (9. This is similar to other ET rules such as resolution, unfolding, and constraint
solving. Specialized unfolding rules can be used since they are model-intersection preserv-
ing. Inference rules such as the resolution and factoring rules preserve models. Constraint
solving rules for equality and other built-in constraint atoms preserve models. All of these
are ET rules working in the general logical framework LPSF. For proving problems on
ECLSy, we can use many kinds of transformation, such as logical inference, constraint
solving, and functional rewriting. They can be integrated under a broader concept of
equivalent transformation.
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