
International Journal of Innovative
Computing, Information and Control ICIC International c©2023 ISSN 1349-4198
Volume 19, Number 4, August 2023 pp. 991–1006

A STUDY ON BI-INTERIOR HYPERIDEALS

IN HYPERSEMIGROUPS

Jirayus Tangtragoon1, Young Bae Jun2, Nareupanat Lekkoksung3

and Kittisak Saengsura1,∗

1Algebra and Applications Research Unit
Mahasarakham University

Khamriang Sub-District, Kantarawichai District, Maha Sarakham 44150, Thailand
busher.dux@gmail.com; ∗Corresponding author: kittisak.s@msu.ac.th

2Department of Mathematics Education
Gyeongsang National University

501, Jinju-daero, Jinju-si, Gyeongsangnam-do 52828, Korea
skywine@gmail.com

3Division of Mathematics
Faculty of Engineering

Rajamangala University of Technology Isan, Khon Kaen Campus
150 Srichan Road, Muang District, Khon Kaen 40000, Thailand

nareupanat.le@rmuti.ac.th

Received November 2022; revised February 2023

Abstract. The concept of hypersemigroups is a generalization of semigroups with sev-
eral real-world applications. The notions of hyperideals play an important role in studying
hypersemigroups. This paper introduces the concept of bi-interior hyperideals, a combi-
nation of bi-hyperideals and interior hyperideals in hypersemigroups. We examine that
bi-interior hyperideals generalize other hyperideals, especially bi-hyperideals and interior
hyperideals. The intersection and union of bi-interior hyperideals are discussed. Further-
more, we provide the generating sets of bi-interior hyperideals. Finally, we apply the
notion of bi-interior hyperideals to classifying regular and intra-regular hypersemigroups.
Keywords: Hypersemigroup, Regular hypersemigroup, Intra-regular hypersemigroup,
Bi-interior hyperideal

1. Introduction. The hyperstructure theory was first introduced by Marty [1] in 1934.
After his introduction, hyperstructures have been used to study several branches of sci-
ence, for example, biology, chemistry, and mathematics (see [2, 3, 4, 5, 6]). In classical
algebraic structures, the composition of two elements is an element. By his introduction
in 1934, Marty extended the composition of two elements in the classical algebraic struc-
ture to be a set. That is, the concept of hyperstructures can be seen as a generalization
of the classical algebraic structures, such as groups, rings and semigroups, in the sense
that the product of any two elements is assigned to be a singleton set. Therefore, many
investigations of algebraic structure can be shifted to consider hyperstructures.

Hypergroups, a generalized concept of groups, were firstly considered by Marty in
[1]. Recently, Tyr and Daher [7] used hypergroups to consider Jackson’s inequalities.
Leoreanu-Fotea et al. [8] discussed the center and centralizer elements of reversible reg-
ular hypergroups. Moreover, they also analyzed Rosenberg hypergroups. The proper left
invariant metrics of hypergroups were introduced in [9]. The authors illustrated that any
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two proper left invariant metrics are coarsely equivalent. The solvable problems for hy-
pergroups were classified in [10].
The concept of hyperrings was introduced by Krasner (see [11]). This concept is a

generalization of rings. Omidi et al. [12] started the notion of n-hyperideals for commuta-
tive hyperrings and gave some interesting results. Yazarli et al. [13] defined the notion of
generalized centroid to hyperrings and studied its properties. Furthermore, they provided
the connection between hyperfields and hyperrings. The grade absorption of hyperide-
als in hyperrings was introduced in [14]. The characterizations of grade absorption of
hyperideals were provided.
In this paper, we focus on the extended version of semigroups, the concept of hy-

persemigroups. The concept of hypersemigroup (semihypergroups, multisemigroups) was
developed by many aspects of hypergroups. Therefore, different perspectives on hyper-
semigroups were established (see [15, 16, 17, 18, 19, 20]). In various ways, many problems
in semigroups can be considered in terms of hypersemigroups. For the sake of the read-
ers, let us discuss a few interesting works of literature. In 1996, Gutan [21] characterized
hypersemigroups in which the relation β is transitive. This consideration addressed a prob-
lem given in [22]. Davvaz [23] discussed the concept of congruence in hypersemigroups
and investigated its properties. Jafarabadi et al. [24] introduced the concept of simple hy-
persemigroups. They considered the product and the quotient of simple hypersemigroups
if the resulting hypersemigroups are simple.
Hasankhani [25] introduced the notions of left (resp., right) hyperideals and exam-

ined their preliminary properties. In addition, the author studied Green’s relations of
hypersemigroups. It turns out that the notions of various kinds of hyperideals in hy-
persemigroups have been interesting to many researchers since hyperideals are essential
in investigating Green’s relations of hypersemigroups. Hila et al. [26] defined the no-
tion of quasi-hyperideals as a generalized notion of left (resp., right) hyperideals. They
considered the minimality of quasi-hyperideals and characterized them. The prime and
semiprime properties of hyperideals were independently studied by Corsini et al. and
Lekkoksung. Semisimple hyperideals were used to characterize a specific class of hy-
persemigroups known as semisimple hypersemigroups. Additionally, a specific case of
semisimple hypersemigroups was examined using prime hyperideals (see [27, 28, 29]).
The other hyperideals in hypersemigroups were defined in a more general setting of hy-

persemigroups. For example, bi-hyperideals in ordered hypersemigroups were introduced
by Changphas and Davvaz in [30]. They used bi-hyperideals to characterize intra-regular
ordered hypersemigroups (see also [31]). The notion of (fuzzy) interior hyperideals in
ordered semigroups was introduced independently in 2016. Tang et al. [32] considered
the normality of fuzzy interior hyperideals and gave several related characterizations.
Tipachot and Pibaljommee [33] applied fuzzy interior hyperideals to characterizing sim-
ple ordered hypersemigroups. Other tools for investigating ordered hypersemigroups are
interval-valued intuitionistic fuzzy hyperideals and soft hyperideals (see [34, 35, 36]).
The conceptions of bi-hyperideals and interior hyperideals defined in ordered hypersemi-

groups with the equality relation are the notions in hypersemigroups since every ordered
hypersemigroup with the equality relation can be regarded as a hypersemigroup. This
means that hypersemigroups’ notions of left (resp., right, quasi-, bi-, interior) hyperide-
als play important roles in exploring hypersemigroups. Recently, Lekkoksung et al. [37]
defined more generalized notions of bi-hyperideals and interior hyperideals in hypersemi-
groups. They introduced the concept of (m,n)-hyperideals and n-interior hyperideals in
hypersemigroups through the notion of ideal elements. Furthermore, these hyperideals
were used to characterize many classes of hypersemigroups. The study of hyperideals
and their extensions is not limited to just hypersemigroups and ordered hypersemigroups
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but also encompasses a wide range of hyperalgebraic structures. Research on hyperideals
has been applied to investigating other mathematical hyperstructures, such as ordered
Γ-hypersemigroups (see [38, 39]).

We can see the significance of hyperideals in hypersemigroups from the mentioned
above. These implications motivate us to define a new hyperideal, which is a generaliza-
tion of the earlier notions. Section 2 reminds us of some fundamental hypersemigroup
knowledge and some hyperideals. Moreover, we introduce a new concept of hyperideals
in hypersemigroups, so-called bi-interior hyperideals. In Section 3, the general properties
of bi-interior hyperideals are given. We illustrate that bi-interior hyperideals are general-
izations of bi-hyperideals and interior hyperideals. We give an example to show how we
differentiated this concept from the earlier concepts. The relationships between bi-interior
hyperideals and others are provided. We also provide certain conditions and classes of hy-
persemigroups to align the newly introduced concept of bi-interior hyperideals with other
concepts of hyperideals. Section 4 investigates the intersection and union of bi-interior
hyperideals in hypersemigroups. The minimality of bi-interior hyperideals is characterized
by the minimality of their corresponding left and right hyperideals. The generating form
of bi-interior hyperideals in hypersemigroups is also presented in this section. The charac-
terizations of particular classes of hypersemigroups are discussed by bi-interior hyperideals
in Section 5. Finally, conclusions are given in Section 6.

2. Preliminaries. The fundamental definitions of the theory of hypersemigroups, which
will be employed throughout the study, are recalled. Given the wide range of directions
for the concept of hypersemigroups (semihypergroups, multisemigroups), in the current
work, we use the one discussed by Kehayopulu (see [19, 40, 41, 42, 43]).

A hyperoperation ◦ on a nonempty set H is a function ◦ : H × H → P∗(H), where
P∗(H) is the set of all nonempty subsets of H . A structure (H ; ◦) comprising a nonempty
set H and a hyperoperation defined on H is called a hypergroupoid. A hyperoperation ◦
defined on the set H induces a binary operation ∗ defined on P∗(H) which is assigned by

A ∗B :=
⋃

(a,b)∈A×B

(a ◦ b)

for all A,B ∈ P∗(H).

Definition 2.1. [19, 43] A hypergroupoid (H ; ◦) is said to be a hypersemigroup if one of
the following statements holds:

(1) {a} ∗ (b ◦ c) = (a ◦ b) ∗ {c} for all a, b, c ∈ H;
(2) {a} ∗ ({b} ∗ {c}) = ({a} ∗ {b}) ∗ {c} for all a, b, c ∈ H.

For simplicity, we denote a (hypergroupoid) hypersemigroup (H ; ◦) by its carrier set as a
boldface H.

Some significant results of hypersemigroups were provided in [19, 43] as follows.

Lemma 2.1. [19, 43] Let H be a hypersemigroup. The following statements hold.

(1) A ∗ (B ∗ C) = (A ∗B) ∗ C for all A,B,C ∈ P∗(H).
(2) If Ai, B ∈ P∗(H) for all i ∈ I, then

(

⋃

i∈I

Ai

)

∗B =
⋃

i∈I

(Ai ∗B) and B ∗

(

⋃

i∈I

Ai

)

=
⋃

i∈I

(B ∗ Ai).

(3) If Ai, B ∈ P∗(H) for all i ∈ I, then
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(

⋂

i∈I

Ai

)

∗B ⊆
⋂

i∈I

(Ai ∗B) and B ∗

(

⋂

i∈I

Ai

)

=
⋂

i∈I

(B ∗ Ai).

Let H be a hypersemigroup. For any natural number n and any nonempty subset A

of H , we denote the n-product A ∗ A ∗ · · · ∗ A of A by An. For more information on
hypersemigroups, we can find in [19, 43].
Let H be a hypersemigroup. A nonempty subset A of H is called a subhypersemigroup

of H if A ∗ A ⊆ A. Many researchers have studied the concept of hypersemigroups by
focusing on certain subhypersemigroups. Here are some subhypersemigroups that play an
important part in studying hypersemigroups.

Definition 2.2. Let H be a hypersemigroup. A nonempty subset A of H is said to be

(1) a left hyperideal [25] of H if H ∗ A ⊆ A;
(2) a right hyperideal [25] of H if A ∗H ⊆ A;
(3) a (two-sided) hyperideal [25] of H if H ∗ A ⊆ A and A ∗H ⊆ A;
(4) a quasi-hyperideal [26] of H if (A ∗H) ∩ (H ∗ A) ⊆ A;
(5) a bi-hyperideal [30] of H if it is a subhypersemigroup and A ∗H ∗ A ⊆ A;
(6) an interior hyperideal [33] of H if it is a subhypersemigroup and H ∗ A ∗H ⊆ A.

We can see that ordered hypersemigroups were the context in which the concepts of bi-
hyperideals and interior hyperideals were developed. These concepts, however, are equally
valid for hypersemigroups in the appropriate context.
Let H be a hypersemigroup. We denote by:

L(H) the set of all left hyperideals of H;
R(H) the set of all right hyperideals of H;
J(H) the set of all two-sided hyperideals of H;
Q(H) the set of all quasi-hyperideals of H;
B(H) the set of all bi-hyperideals of H;
I(H) the set of all interior hyperideals of H.

The relationships among hyperideals defined in Definition 2.2 are presented in Figure 1.

J(H)

R(H) L(H)

Q(H)

B(H)

I(H)

Figure 1. Relationships among hyperideals in Definition 2.2

Let H be a hypersemigroup and A a nonempty subset of H . We denote by

(A)l the smallest left hyperideal of H containing A;
(A)r the smallest right hyperideal of H containing A;
(A)j the smallest two-sided hyperideal of H containing A;
(A)q the smallest quasi-hyperideal of H containing A;
(A)b the smallest bi-hyperideal of H containing A;
(A)i the smallest interior hyperideal of H containing A.

They were illustrated in [19, 26, 40] that

(1) (A)l = A ∪H ∗ A;
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(2) (A)r = A ∪ A ∗H ;
(3) (A)j = A ∪ (H ∗ A) ∪ (A ∗H) ∪ (H ∗ A ∗H);
(4) (A)q = A ∪ [(A ∗H) ∩ (H ∗ A)];
(5) (A)b = A ∪A2 ∪ (A ∗H ∗ A);
(6) (A)i = A ∪ A2 ∪ (H ∗ A ∗H).

We now introduce a new class of hyperideals that plays a crucial role in this paper.

Definition 2.3. Let H be a hypersemigroup. A nonempty subset A of H is said to be a
bi-interior hyperideal of H if A is a subhypersemigroup of H and (H ∗A∗H)∩ (A∗H ∗A)
⊆ A. We denote the set of all bi-interior hyperideals of H by BI(H).

An example of bi-interior hyperideals is presented in Example 3.1 to demonstrate the
concept.

The basic properties of bi-interior hyperideals in hypersemigroups are described in
the following section. Bi-interior hyperideals and other varieties of hyperideals are also
discussed in connection to one another.

3. Relationships of Bi-Hyperideals and Other Hyperideals. As outlined in the
Introduction, various types of hyperideals in hypersemigroups are instrumental in con-
ducting detailed analyses of hypersemigroups. Additionally, they are used to classify hy-
persemigroups, providing a valuable framework for organizing and understanding the
structural properties of these systems. Therefore, this section aims to explore the rela-
tionships between various types of hyperideals in hypersemigroups, including left (resp.,
right, two-sided, bi-, interior) hyperideals and bi-interior hyperideals, to gain a deeper un-
derstanding of hypersemigroups. We illustrate how the concept of bi-interior hyperideals
is distinct from other notions presented in Definition 2.2. After examining the differences
between bi-interior hyperideals and other types, we examine some of their fundamen-
tal characteristics. The smallest bi-interior hyperideal generated by a nonempty set is
determined.

First, we present a connection between left (resp., right, two-sided) hyperideals and
bi-interior hyperideals in hypersemigroups.

Proposition 3.1. Let H be a hypersemigroup. Then, the following statements hold.

(1) Every left hyperideal of H is a bi-interior hyperideal of H.
(2) Every right hyperideal of H is a bi-interior hyperideal of H.
(3) Every two-sided hyperideal of H is a bi-interior hyperideal of H.

Proof: We prove only (1). For (2) and (3), we can prove similarly. Let A be a left
hyperideal of H. Then A ∗ A ⊆ H ∗ A ⊆ A. Moreover,

(H ∗ A ∗H) ∩ (A ∗H ∗ A) ⊆ (A ∗H) ∩ (A ∗ A) ⊆ H ∩A = A.

Therefore, A is a bi-interior hyperideal of H. �

Lemma 3.1. The intersection of a left and a right hyperideal of H, if it is nonempty, is
a bi-interior hyperideal of H.

Proof: Let L and R be a left and a right hyperideal of H, respectively. Suppose that
R ∩ L 6= ∅. Consider (R ∩ L) ∗ (R ∩ L) ⊆ R ∗ S ⊆ R and (R ∩ L) ∗ (R ∩ L) ⊆ S ∗ L ⊆ L.
Thus, we have (R ∩ L) ∗ (R ∩ L) ⊆ R ∩ L. Now, we consider

[(R ∩ L) ∗H ∗ (R ∩ L)] ∩ [H ∗ (R ∩ L) ∗H ] ⊆ (R ∩ L) ∗H ∗ (R ∩ L) ⊆ R ∗H ∗H ⊆ R

and

[(R ∩ L) ∗H ∗ (R ∩ L)] ∩ [H ∗ (R ∩ L) ∗H ] ⊆ (R ∩ L) ∗H ∗ (R ∩ L) ⊆ H ∗H ∗ L ⊆ L.



996 J. TANGTRAGOON, Y. B. JUN, N. LEKKOKSUNG AND K. SAENGSURA

Thus, we have [(R∩L) ∗H ∗ (R∩L)] ∩ [H ∗ (R∩L) ∗H ] ⊆ R∩L. Therefore, R ∩L is a
bi-interior hyperideal of H. �

The reverse of Proposition 3.1 does not generally hold, as we will see in Example
3.1. Thus, we can ask under which condition the converse of Proposition 3.1 is valid. A
hypersemigroup H is said to be left (resp., right) simple if for every left (resp., right)
hyperideal A of H, we have A = H . A hypersemigroup H is called simple if H is both a
left and a right simple hypersemigroup (see [42]).

Proposition 3.2. Let H be a hypersemigroup. Then the following statements hold.

(1) If H is left simple, then every bi-interior hyperideal of H is a right hyperideal of H.
(2) If H is right simple, then every bi-interior hyperideal of H is a left hyperideal of H.
(3) If H is simple, then every bi-interior hyperideal of H is a two-sided hyperideal of H.

Proof: We prove only (1). For (2) and (3), we can prove similarly. Let A be a bi-
interior hyperideal of a left simple hypersemigroup H. It is not difficult to obtain that
H ∗ A is a left hyperideal of H. By hypothesis, we have that H ∗ A = H and then
A ∗H = A ∗ (H ∗ A) = A ∗H ∗ A. Then, we have

A ∗H = A ∗ (H ∗ A) = A ∗ (H ∗ A) ∗ A ⊆ H ∗ A ∗H.

Thus, we obtain that A ∗ H ⊆ (A ∗H ∗ A) ∩ (H ∗ A ∗H) ⊆ A. This shows that A is a
right hyperideal of H. �

The following result illustrates that the concept of bi-interior hyperideals is a general-
ization of quasi-hyperideals.

Proposition 3.3. Let H be a hypersemigroup. Then, every quasi-hyperideal of H is a
bi-interior hyperideal of H.

Proof: Let A be a quasi-hyperideal of H. Then, A ∗ A ⊆ A ∗H and A ∗ A ⊆ H ∗ A.
This implies that A ∗ A ⊆ (A ∗H) ∩ (H ∗ A) ⊆ A. Since

(H ∗ A ∗H) ∩ (A ∗H ∗ A) ⊆ A ∗H ∗ A ⊆ A ∗H

and

(H ∗ A ∗H) ∩ (A ∗H ∗ A) ⊆ A ∗H ∗ A ⊆ H ∗ A,

we obtain

(H ∗ A ∗H) ∩ (A ∗H ∗A) ⊆ (A ∗H) ∩ (H ∗ A) ⊆ A.

Therefore, A is a bi-interior hyperideal of H. �

Example 3.1 shows that the opposite of the previous result is generally invalid. We
propose a condition in which the concepts of quasi-hyperideals and bi-interior hyperideals
are equivalent.
Let H be a hypersemigroup. An element e of H is called the identity [41] of H if

{a} ∗ {e} = {a} = {e} ∗ {a} for all a ∈ H . The following lemma is not difficult to obtain
by the definition of the identity of hypersemigroup. Thus, the proof is omitted.

Lemma 3.2. Let H be a hypersemigroup with the identity e. Then,

A ∗ {e} = A = {e} ∗ A

for all nonempty subset A of H.

Applying Lemma 3.2, we obtain the converse of Proposition 3.3 as follows.

Proposition 3.4. Let H be a hypersemigroup with the identity e. Suppose that H =
H ∗ {a} for all a ∈ H. Then, every bi-interior hyperideal of H is a quasi-hyperideal of H.
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Proof: Let B be a bi-interior hyperideal of H. By our hypothesis, we have that H =
H ∗ A for any nonempty subset A of H . This implies that H = H ∗ B. By Lemma 3.2,
we have H ∗ B = H ∗ B ∗ {e} ⊆ H ∗ B ∗H . Then, (H ∗ B) ∩ (B ∗H) ⊆ (H ∗ B ∗H)∩
(B ∗H ∗B) ⊆ B. Therefore, B is a quasi-hyperideal of H. �

Let us continue by determining how bi-hyperideals and bi-interior hyperideals relate to
one another. Proposition 3.5 illustrates that any bi-hyperideal is a bi-interior hyperideal.
That is, the concept of bi-interior hyperideals is a generalization of bi-hyperideals.

Proposition 3.5. Let H be a hypersemigroup. Then, every bi-hyperideal of H is a bi-
interior hyperideal of H.

Proof: Let A be a bi-hyperideal of H. By hypothesis, we have that A ∗ H ∗ A ⊆ A.
Then, (H ∗A ∗H)∩ (A ∗H ∗A) ⊆ A ∗H ∗A ⊆ A. Therefore, A is a bi-interior hyperideal
of H. �

The converse of Proposition 3.5, in general, is not true, as shown by Example 3.1. How-
ever, under certain conditions, the concepts of bi-hyperideals and bi-interior hyperideals
coincide.

Proposition 3.6. Let H be a simple hypersemigroup. Then, every bi-interior hyperideal
of H is a bi-hyperideal of H.

Proof: Let A be a bi-interior hyperideal of H. It is not difficult to illustrate that
H ∗ A ∗H is a hyperideal of H. Since H is a simple hypersemigroup, we have H = H ∗
A ∗H . Then, A ∗H ∗A = H ∩ (A ∗H ∗A) = (H ∗A ∗H)∩ (A ∗H ∗A) ⊆ A. Therefore,
A is a bi-hyperideal of H. �

Proposition 3.6 establishes that in simple hypersemigroups, bi-interior hyperideals and
bi-hyperideals are equivalent. Finally, a relationship between interior hyperideals and bi-
interior hyperideals is established. The result demonstrates that bi-interior hyperideals
encompass a broader range of possibilities than interior hyperideals and can be considered
a generalization of the latter.

Proposition 3.7. Let H be an hypersemigroup. Then, every interior hyperideal of H is
a bi-interior hyperideal of H.

Proof: Let A be an interior hyperideal of H. Then, (H ∗A∗H)∩ (A∗H ∗A) ⊆ H ∗A ∗
H ⊆ A. Therefore, A is a bi-interior hyperideal of H. �

The above result illustrates that the notion of bi-interior hyperideals is an extension of
interior hyperideals. The converse of Proposition 3.7, in general, is not true as presented
in Example 3.1.

Now, we give the condition that the concepts of bi-interior hyperideals and interior
hyperideals coincide.

Proposition 3.8. Let H be a hypersemigroup with the identity e. Then, every bi-interior
hyperideal of H is an interior hyperideal of H.

Proof: Let A be a bi-interior hyperideal of H. By Lemma 3.2, we have that A =
{e} ∗ A ∗ {e} ⊆ H ∗ A ∗H . Then, A ∗H ∗ A ⊆ (H ∗ A ∗H) ∗H ∗ A ⊆ H ∗ A ∗H . Thus,
A ∗H ∗A = (A ∗H ∗A) ∩ (A ∗H ∗A) ⊆ (H ∗A ∗H)∩ (A ∗H ∗A) ⊆ A. Therefore, A is
an interior hyperideal of H. �

The following theorem can summarize all the above propositions.

Theorem 3.1. Let H be a hypersemigroup. Then, we obtain the following statements.

(1) If H is left simple, then BI(H) = R(H).
(2) If H is right simple, then BI(H) = L(H).
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(3) If H is simple, then BI(H) = J(H) = R(H) = L(H) = Q(H) = B(H).
(4) If H has the identity e with H = H ∗ {a} for all a ∈ H, then BI(H) = Q(H) = I(H).
(5) If H has the identity e, then BI(H) = I(H).

The distinction between bi-interior hyperideals and other concepts is explored in the
following example. This helps us achieve one of our goals in developing a new hyperideal
that is more general than the others.

Example 3.1. Let H = {1, 2, 3, 4, 5, 6, 7}. Define a hyperoperation ◦ on H by the follow-
ing table.

◦ 1 2 3 4 5 6 7
1 {1} {1} {1} {1} {1} {1} {1}
2 {1} {1} {1} {1} {1} {1} {1}
3 {1} {1} {1} {1} {1} {1} {1}
4 {1} {1} {1} {1} {1} {1} {1, 2}
5 {1} {1} {1} {1} {1} {1, 3} {1}
6 {1} {1} {1} {1, 3} {1} {1} {5}
7 {1} {1} {1} {1} {1, 2} {1, 3, 4} {1}

We can carefully calculate that H := (H ; ◦) is a hypersemigroup. Let A = {1, 7}. Then

(1) A ∗ A = {1};
(2) A ∗H ∗ A = {1, 2};
(3) H ∗ A ∗H = {1, 3};
(4) (A ∗H ∗ A) ∩ (H ∗ A ∗H) = {1}.

This means that A is a bi-interior hyperideal of H. We can also see that A is neither
a bi-hyperideal nor an interior hyperideal of H. Moreover, A is not a left (resp., right,
two-sided, quasi-) hyperideal of H. In this case, we conclude that B(H) ⊂ BI(H) and
I(H) ⊂ BI(H).

We summarize all relationships in Figure 2.

J(H)

R(H) L(H)

Q(H)

B(H)

I(H)

BI(H)

Figure 2. Relationships among hyperideals

This section comes to a close with a description of bi-interior hyperideals. In a particular
class of hypersemigroups, the concept of bi-interior hyperideals can be characterized by
the notions of left hyperideals and right hyperideals, as shown by the following theorem.
A hypersemigroup H is said to be regular if for every nonempty subset A of H , we have

A ⊆ A ∗H ∗ A (see [42]).

Lemma 3.3. Let H be a regular hypersemigroup. Then A ⊆ (H ∗ A ∗H) ∩ (A ∗H ∗ A)
for any subset A of H.
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Proof: Let A be a subset of H . The proof is clear if A is an empty set. Suppose that
A is nonempty. By the regularity of H, we obtain A ⊆ A ∗H ∗ A, and A ⊆ A ∗H ∗ A ⊆
A ∗H ∗ (A ∗H ∗ A) ⊆ H ∗ A ∗H . Thus, A ⊆ (H ∗ A ∗H) ∩ (A ∗H ∗ A). Therefore, we
complete the proof. �

The following gives a characterization of bi-interior hyperideals in regular hypersemi-
groups.

Theorem 3.2. Let H be a regular hypersemigroup. Then the following statements are
equivalent.

(1) A is a bi-interior hyperideal of H.
(2) A = R ∗ L for some right hyperideal R and left hyperideal L of H.

Proof: (1) ⇒ (2). By the proof of Lemma 3.3, it is not difficult to see that A ∗H ∗
H ∗ A ⊆ (H ∗ A ∗H) ∩ (A ∗H ∗ A). We consider

A ⊆ A ∗H ∗ A

⊆ (A ∗H) ∗ (A ∗H ∗ A) (since H is regular)

⊆ A ∗H ∗H ∗ A

⊆ (H ∗ A ∗H) ∩ (A ∗H ∗ A)

⊆ A.

This means that A = (A ∗H) ∗ (H ∗A). Since A ∗H and H ∗A is a right hyperideal and
a left hyperideal of H, we obtain (2).

(2) ⇒ (1). We consider A ∗ A = (R ∗ L) ∗ (R ∗ L) ⊆ R ∗ L = A and

(A ∗H ∗ A) ∩ (H ∗ A ∗H) = [(R ∗ L) ∗H ∗ (R ∗ L)] ∩ [H ∗ (R ∗ L) ∗H ]

⊆ (R ∗ L) ∗H ∗ (R ∗ L)

= R ∗ (L ∗H ∗R ∗ L)

⊆ R ∗ L (since L is a left hyperideal of H)

= A.

This shows that A is a bi-interior hyperideal of H. �

In the following section, we examine the minimality of bi-interior hyperideals and the
generating system of bi-interior hyperideals in hypersemigroups.

4. The Minimality and the Generating Systems of Bi-Interior Hyperideals.

The minimality of bi-interior hyperideals in hypersemigroups is discussed in this section.
We apply the minimalities of left and right hyperideals to describing the minimal bi-
interior hyperideals. In our last contribution, we provide a generating form for bi-interior
hyperideals.

Let H be a hypersemigroup. A left (resp., right, bi-interior) hyperideal A of H is said
to be minimal if there is no other left (resp., right, bi-interior) hyperideal B of H such
that B ⊂ A. Equivalently, if B is a left (resp., right, bi-interior) hyperideal of H such
that B ⊆ A, then A = B. More result about the minimality of left (resp., right, bi-)
hyperideals in hypersemigroups can be found in [44].

The following theorem illustrates that the product of any minimal left and right hyper-
ideals is a minimal bi-interior hyperideal.

Theorem 4.1. Let H be a hypersemigroup. Suppose that R and L are a minimal right and
a minimal left hyperideal of H, respectively. We have that R ∗ L is a minimal bi-interior
hyperideal of H.
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Proof: By the definition of the operation ∗ defined on P∗(H), it is clear that R∗L 6= ∅.
We let A := R ∗ L. Consider A ∗ A = (R ∗ L) ∗ (R ∗ L) ⊆ R ∗ L = A and

A ∗H ∗ A = (R ∗ L) ∗H ∗ (R ∗ L) ⊆ R ∗H ∗ L ⊆ R ∗ L = A.

Thus, A is a bi-hyperideal of H. By Proposition 3.5, A is a bi-interior hyperideal of H.
Now, we let Z be a bi-interior hyperideal of H such that Z ⊆ A. It is not difficult to
illustrate thatH∗Z and Z∗H is a left hyperideal and a right hyperideal ofH, respectively.
Since R and L are minimal, we obtain H ∗ Z = L and Z ∗H = R. Then,

A = R ∗ L = (Z ∗H) ∗ (H ∗ Z) ⊆ Z ∗H ∗ Z

and

A = R ∗ L = R ∗ (L ∗H) = (Z ∗H) ∗ (H ∗ Z) ∗H ⊆ H ∗ Z ∗H.

Thus, A ⊆ (H ∗ Z ∗H) ∩ (Z ∗H ∗ Z) ⊆ Z. This implies that Z = A. Therefore, A is a
minimal bi-interior hyperideal of H. �

The following result examines that the intersection of any bi-interior hyperideals in
hypersemigroups is also a bi-interior hyperideal.

Proposition 4.1. Let H be a hypersemigroup, and A := {Ai : i ∈ I} is a nonempty
collection of bi-interior hyperideals of H. If

⋂

A 6= ∅, then
⋂

A is a bi-interior hyperideal
of H.

Proof: Since
⋂

A ⊆ Ai for all i ∈ I, we have
(

⋂

A
)

∗
(

⋂

A
)

⊆ Ai ∗ Ai ⊆ Ai

and
((

⋂

A
)

∗H ∗
(

⋂

A
))

∩
(

H ∗
(

⋂

A
)

∗H
)

⊆ (Ai ∗H ∗ Ai) ∩ (H ∗ Ai ∗H) ⊆ Ai

for all i ∈ I. Therefore,
⋂

A is a bi-interior hyperideal of H. �

The above proposition does not hold for the union, as illustrated by the following
example.

Example 4.1. By Example 3.1, we can illustrate that B = {1, 6} is also a bi-interior
hyperideal of H. However, C := A ∪ B = {1, 6, 7} is not a bi-interior hyperideal of H
since C ∗ C = {1, 3, 4, 5} 6⊆ C.

Let H be a hypersemigroup. For any given nonempty subset A of H , we know by
Proposition 4.1 that any intersection of bi-interior hyperideals of H containing A is also
a bi-interior hyperideal of H containing A. Hence, we denote the intersection of all bi-
interior hyperideals of H containing A by (A)bn. The set (A)bn is called the bi-interior
hyperideal of H generated by A. Now, we can ask for the construction of (A)bn.

Theorem 4.2. Let A be a nonempty subset of a hypersemigroup H. Then,

(A)bn = A ∪ A2 ∪ [(A ∗H ∗ A) ∩ (H ∗ A ∗H)].

Proof: Let B = A∪A2 ∪ [(A ∗H ∗A) ∩ (H ∗A ∗H)]. We show that B is the smallest
bi-interior hyperideal of H containing A. Consider

B ∗B ⊆ A2 ∪ A3 ∪A4 ∪ (A ∗H ∗ A)

⊆ A2 ∪ (A ∗H ∗ A) ∪ (A ∗H ∗ A) ∪ (A ∗H ∗ A)

= A2 ∪ (A ∗H ∗ A)
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and

B ∗B ⊆ A2 ∪ A3 ∪A4 ∪ (H ∗ A ∗H)

⊆ A2 ∪ (H ∗ A ∗H) ∪ (H ∗ A ∗H) ∪ (H ∗ A ∗H)

= A2 ∪ (H ∗ A ∗H).

Thus, we have

B ∗B ⊆
[

A2 ∪ (A ∗H ∗ A)
]

∩
[

A2 ∪ (H ∗ A ∗H)
]

= A2 ∪ [(A ∗H ∗ A) ∩ (H ∗ A ∗H)]

⊆ B.

This shows that B is a subhypersemigroup of H. Consider

B ∗H ∗B ⊆
(

A ∪ A2 ∪ (A ∗H ∗ A)
)

∗H ∗
(

A ∪ A2 ∪ (A ∗H ∗ A)
)

⊆ A ∗H ∗ A

and

B ∗H ∗B ⊆
(

A ∪ A2 ∪ (H ∗ A ∗H)
)

∗H ∗
(

A ∪A2 ∪ (H ∗ A ∗H)
)

⊆ H ∗ A ∗H.

Thus, we have B ∗H ∗B ⊆ (A ∗H ∗A) ∩ (H ∗ A ∗H) ⊆ B. These illustrate that B is a
bi-interior hyperideal of H.

Now, let C be a bi-interior hyperideal of H such that A ⊆ C. Then,

B = A ∪ A2 ∪ [(A ∗H ∗ A) ∩ (H ∗ A ∗H)]

⊆ C ∪ C2 ∪ [(C ∗H ∗ C) ∩ (H ∗ C ∗H)]

⊆ C ∪ C ∪ C

= C.

This means that B is the smallest bi-interior hyperideal of H.
By the definition of (A)bn and the smallest property of B, we obtain (A)bn ⊆ B ⊆ (A)bn.

Therefore, we have (A)bn = A ∪ A2 ∪ [(A ∗H ∗ A) ∩ (H ∗ A ∗H)]. �

5. An Application of Bi-Interior Hyperideals. In the final section, we combine
bi-interior hyperideals with other hyperideals to characterize particular classes of hyper-
semigroups. Using bi-interior hyperideals, left hyperideals, and right hyperideals, we first
discuss regular hypersemigroups.

We recall that a hypersemigroup H is regular if for every nonempty subset A of H ,
we have A ⊆ A ∗H ∗ A. The following lemma is a helpful tool for characterizing regular
hypersemigroups.

Lemma 5.1. [42, Theorem 2.1] Let H be a hypersemigroup. Then, the following condi-
tions are equivalent.

(1) H is regular.
(2) R ∩ L ⊆ R ∗ L for every right hyperideal R and every left hyperideal L of H.

A characterization of regular hypersemigroups by bi-interior hyperideals and other hy-
perideals is provided as follows.

Theorem 5.1. Let H be hypersemigroup. Then, the following conditions are equivalent.

(1) H is regular.
(2) A = (A ∗H ∗ A) ∩ (H ∗ A ∗H) for every bi-interior hyperideal A of H.
(3) A ∩ L ⊆ A ∗ L for every bi-interior hyperideal A and every left hyperideal L of H.
(4) R∩A ⊆ R ∗A for every right hyperideal R and every bi-interior hyperideal A of H.
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Proof: (1) ⇒ (2). Let A be a bi-interior hyperideal of H. By Lemma 3.3, we have

A ⊆ (A ∗H ∗ A) ∩ (H ∗ A ∗H) ⊆ A.

This implies that A = (A ∗H ∗ A) ∩ (H ∗A ∗H).
(2) ⇒ (1). We prove this direction by using Lemma 5.1. Let R and L be a right

hyperideal and left hyperideal of H, respectively. If R ∩ L = ∅, then, by Lemma 5.1,
we complete the proof. Suppose that R ∩ L 6= ∅. By Lemma 3.1, R ∩ L is a bi-interior
hyperideal of H. This implies that

R ∩ L = [(R ∩ L) ∗H ∗ (R ∩ L)] ∩ [H ∗ (R ∩ L) ∗H ] (by our presumption)

⊆ (R ∩ L) ∗H ∗ (R ∩ L)

⊆ R ∗H ∗ L

⊆ R ∗ L.

By Lemma 5.1, H is regular.
(1) ⇒ (3). Let A and L be a bi-interior hyperideal and a left hyperideal of H, respec-

tively. Since H is regular, we obtain

B ∩ L ⊆ (B ∩ L) ∗H ∗ (B ∩ L) ⊆ B ∗H ∗ L ⊆ B ∗ L.

(3) ⇒ (1). Let A be a nonempty subset of H . Then,

A ⊆ (A)bn ∩ (A)l

⊆ (A)bn ∗ (A)l (by our presumption)

=
(

A ∪A2 ∪ [(A ∗H ∗ A) ∩ (H ∗ A ∗H)]
)

∗ [A ∪ (H ∗ A)]

⊆
(

A ∪ A2 ∪ (A ∗H ∗ A)
)

∗ [A ∪ (H ∗ A)]

⊆ A2 ∪ A ∗H ∗ A.

The proof is done if A ⊆ A∗H ∗A. Suppose that A ⊆ A2. Then, A ⊆ A∗A ⊆ A∗ (A∗A)
⊆ A ∗H ∗ A. Therefore, H is regular.
(1) ⇔ (4). The proof of this equivalence can be done similarly to (1) ⇔ (3). �

A hypersemigroup H is said to be intra-regular [42, 43] if for every nonempty subset
A of H , we have A ⊆ H ∗A2 ∗H . We apply bi-interior hyperideals, left hyperideals, and
right hyperideals to describing intra-regular hypersemigroups as a result of the following
theorem.

Theorem 5.2. Let H be a hypersemigroup. Then the following conditions are equivalent.

(1) H is intra-regular.
(2) A ∩ L ⊆ L ∗ A ∗H for every bi-interior hyperideal A and every left hyperideal L of

H.
(3) R ∩ A ⊆ H ∗ A ∗ R for every right hyperideal R and every bi-interior hyperideal A

of H.
(4) A∩Q ⊆ H ∗A ∗Q ∗H for every bi-interior hyperideal A and every quasi-hyperideal

Q of H.
(5) Q∩A ⊆ H ∗A ∗Q ∗H for every quasi-hyperideal Q and every bi-interior hyperideal

A of H.

Proof: (1) ⇒ (2). Let A and L be a bi-interior hyperideal and a left hyperideal of H,
respectively. Then, we have

A ∩ L ⊆ H ∗ (A ∩ L)2 ∗H = H ∗ (A ∩ L) ∗ (A ∩ L) ∗H ⊆ H ∗ L ∗ A ∗H ⊆ L ∗ A ∗H.
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(2) ⇒ (1). Let A ⊆ H such that A 6= ∅. Then,

A ⊆ (A)bn ∩ (A)l

⊆ (A)l ∗ (A)bn ∗H (by our presumption)

= [A ∪ (H ∗ A)] ∗
[

A ∪ A2 ∪ [(H ∗ A ∗H) ∩ (A ∗H ∗ A)]
]

∗H

⊆ [A ∪ (H ∗ A)] ∗
[

A ∪A2 ∗ (A ∗H ∗ A)
]

∗H

⊆
(

A2 ∗H
)

∪
(

H ∗ A2 ∗H
)

.

The proof is done if A ⊆ H ∗ A2 ∗H . Suppose that A ⊆ A2 ∗H . Then,

A ⊆ A2 ∗H ⊆ A ∗
(

A2 ∗H
)

∗H ⊆ H ∗ A2 ∗H.

Therefore, H is intra-regular.
(1) ⇔ (3). The proof of this equivalence can be done similarly to (1) ⇔ (2).
(1) ⇒ (4). Let A and Q be a bi-interior hyperideal and a quasi-hyperideal of H,

respectively. Then, we have

A ∩Q ⊆ H ∗ (A ∩Q)2 ∗H = H ∗ (A ∩Q) ∗ (A ∩Q) ∗H ⊆ H ∗ A ∗Q ∗H.

(4) ⇒ (1). Let A be a nonempty subset of H . Then,

A ⊆ (A)bn ∩ (A)q

⊆ H ∗ (A)bn ∗ (A)q ∗H (by our presumption)

= H ∗
[

A ∪A2 ∪ [(A ∗H ∗ A) ∩ (H ∗ A ∗H)]
]

∗ [A ∪ [(A ∗H) ∩ (H ∗ A)]] ∗H

⊆ H ∗
[

A ∪ A2 ∪ (A ∗H ∗ A)
]

∗ [A ∪ (A ∗H)] ∗H

=
(

H ∗A2 ∗H
)

∪
(

H ∗ A2 ∗H2
)

∪
(

H ∗ A3 ∗H
)

∪
(

H ∗ A3 ∗H2
)

∪
(

H ∗ A ∗H ∗ A2 ∗H
)

∪
(

H ∗ A ∗H ∗ A2 ∗H2
)

⊆ H ∗ A2 ∗H.

Therefore, H is intra-regular.
(1) ⇔ (5). The proof of this equivalence can be done similarly to (1) ⇔ (4). �

To demonstrate the utility of Theorem 5.1, let us consider the following example.

Example 5.1. Let H = {1, 2, 3, 4, 5, 6, 7}. Define a hyperoperation ◦ on H by the follow-
ing table.

◦ 1 2 3 4 5 6 7
1 {1} {1} {1} {4} {5} {5} {4}
2 {1} {1, 2} {1} {4} {5} {5} {4, 7}
3 {1} {1} {1, 3} {4} {5} {5, 6} {4}
4 {4} {4} {4} {5} {1} {1} {5}
5 {5} {5} {5} {1} {4} {4} {1}
6 {5} {5, 6} {5} {1} {4} {4} {1, 3}
7 {4} {4} {4, 7} {5} {1} {1, 2} {5}

We can carefully calculate that H := (H ; ◦) is a hypersemigroup. Then,

BI(H) = {{0, 3, 4}, {0, 1, 3, 4}, {0, 2, 3, 4}, {0, 3, 4, 5}, {0, 3, 4, 6}, {0, 1, 3, 4, 5},

{0, 1, 3, 4, 6}, {0, 2, 3, 4, 5}, {0, 2, 3, 4, 6}, H}

It is not difficult to obtain that A = (A ∗ H ∗ A) ∩ (H ∗ A ∗H) for any A ∈ BI(H). By
Theorem 5.1, we have that H is regular.
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6. Conclusion. In this study, the concept of bi-interior hyperideals in hypersemigroups
is introduced. An example from the paper demonstrates how the idea of bi-interior hy-
perideals differs from other hyperideals. This example is the special feature of this paper.
We uncover several relationships between bi-interior hyperideals and other hyperideals,
providing insight into the generality of various types of hyperideals. This understand-
ing aids in classifying regular and intra-regular hypersemigroups, shedding light on their
structural properties, as shown by Theorems 5.1 and 5.2. In these theorems, bi-interior hy-
perideals serve as a key tool in characterizing regular and intra-regular hypersemigroups.
The generating systems of bi-interior hyperideals, as constructed in Theorem 4.2, are
used in each characterization, highlighting their importance in analyzing these classes
of hypersemigroups. In addition, the fundamental attributes of bi-interior hyperideals,
their intersection and union are examined. In our future study, we can investigate if other
classes of hypersemigroups or other hyperalgebraic systems can be described by bi-interior
hyperideals.
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