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Abstract. The UAV (unmanned aerial vehicle) has to bypass flight due to the com-
plex distribution of obstacles in the urban environment. This paper proposes the TPA
(tangent point algorithm) used in optimal path planning which can enable UAV to effec-
tively avoid obstacles and achieve optimal flight metrics. Firstly, the environment model
is established and the obstacles are reconstructed as two-dimensional circles. And the
finite path is traversed and the optimal path is selected. Secondly, the UAV kinematic
model is established to optimize the UAV flight mode and determine the flight strategy
according to the adjacent obstacle circle. Thirdly, the UAV energy consumption model is
established based on the energy transfer process and multi-stage optimal path. Finally,
the simulation method is used to compare the optimal paths of TPA, A* (A-Star), PRM
(probabilistic road map), and RRT (rapidly-exploring random tree). TPA has the short-
est calculation time and the collision-free optimal path. And the optimal power is chosen
to ensure the bi-objective optimization of the flight time and energy consumption. The
structural parameters of the UAV and the obstacle information are integrated to deter-
mine the optimal flight strategy of the UAV on the optimal path.
Keywords: Bi-objective optimization, Circular common tangent, Flight strategy, Ob-
stacle avoidance, Path planning, UAV

1. Introduction. Since the 1990s, UAV has come into the public view from the military
field and is widely used in various fields [1,2], such as vegetation protection [3], emergency
rescue [4], target reconnaissance [5], and cargo delivery [6], where path planning is the
essential factor to achieve autonomous control of UAV. At present, how to achieve the
optimal path for UAV in complex environments with intensive obstacles is still a hot
research topic, which includes the collision-free optimal path and optimal flight strategy.

In recent years, researchers have proposed numerous collision-free path generation meth-
ods in path planning, which are mainly divided into the graph-based algorithm, sampling-
based algorithm, and intelligent optimization algorithm.

The graph-based algorithms are mainly composed of the A*, visual graph [7], and
tangent methods [8]. The A* algorithm plans the path by constructing a cost function,
which is a typical depth-first pathfinding algorithm. Frantǐsek et al. introduced the Basic
Theta*, Phi*, RSR (rectangular symmetry reduction), and JPS (jump point search) which
are the improved A* algorithm based on the path planning requirements of mobile robots
and compared the characteristics of these four algorithms in different environments [9].
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The JPS is suitable for the computational speed-first scenario and the Basic Theta*
algorithm performs well for the path length-first scenario. In terms of the convergence
time of traditional A* algorithm being too long to meet the demand, Saeid et al. proposed
an innovative algorithm that mixes A* search engine and visibility diagram planning. And
this algorithm is used to find the shortest non-holonomic path in a continuous-discrete
environment [10].
The visual diagram and tangent algorithms based on obstacle information are more

efficient and have shorter computational time for pathfinding [11-13]. The visual diagram
algorithm was first proposed by Tomás and Michael [14]. The algorithm finds an obstacle
by continuously scanning the map and determines whether the UAV is collided with
obstacle. Doyle and Jones early proposed the tangent algorithm [15], which simplifies the
pathfinding problem to one of connecting the starting and ending points to a road network
to obtain the best path, where the road network consists of a common tangent among
each of obstacles.
An autonomous path planning algorithm based on tangent intersection and target guid-

ance strategy was proposed by Liu et al. [16]. The algorithm generates two sub-paths by
elliptic tangent method, which is selected according to four heuristic rules. Then the path
point is obtained through connecting the sub-paths with the tangent intersection, and the
algorithm uses a three times B spline curve to smooth the path points to generate the opti-
mal path. However, the authors did not consider the inner tangent of the obstacle ellipse,
and the UAV paths selected are easy to fall into local optimum. A tangent-based colli-
sion prediction and avoidance algorithm was discussed by Ossyra et al. [17]. Meanwhile,
the authors considered a velocity-dependent ellipsoidal geometry to avoid high-density
ADS-B traffic areas. However, the algorithm did not refer to the smooth path and UAV
turning radius when generating waypoints.
The PRM and RRT are the typical sampling-based algorithms. The PRM forms a road

network by randomly picking points to get the optimal path [18,19]. In the navigation
field, Li et al. proposed an improved PRM to solve the path planning problem in the area
without road network [20]. Instead of random sampling, it uses non-uniform sampling
based on a greedy algorithm. Also, it can obviously improve the computational efficiency
and the quality of the generated paths. Huppi et al. proposed a real-time algorithm for
Temporal-PRM [21], which considers the temporal availability of nodes. It can meet the
dynamic characteristics of UAV pathfinding requirements due to the certain dynamic
obstacle avoidance roles. Uzun et al. proposed a hybrid algorithm combining the A* and
PRM [22].
The RRT is applied in path planning through random spanning trees [23-27]. Wang

et al. proposed a Neural-RRT* to improve the sampling process using the non-uniform
sampling method [28]. First, the algorithm uses the A* to obtain a training set of opti-
mal paths, which is used to train the sampling process of the CNN network and performs
sampling based the trained sampling model and effectively improves the quality and com-
putational efficiency of the generated paths. Qi et al. proposed an improved algorithm
of MOD-RRT* based on prior knowledge for robot navigation in unknown dynamic envi-
ronments [29]. The algorithm uses the RRT to generate the state tree as prior knowledge
used to optimize the generated paths. In particular, the algorithm can quickly adjust and
generate a high-quality path using the prior knowledge when pop-up obstacles appear in
the path.
Intelligent optimization algorithms are divided into artificial intelligence and bionic in-

telligence algorithms [30-32]. Intelligent optimization algorithm includes the Q-learning al-
gorithm [33], machine learning (ML) algorithm [34], etc. The bionic intelligence algorithm
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mainly consists of particle swarm optimization (PSO) [35], genetic algorithm (GA) [36],
ant colony optimization (ACO) [37], and gray wolf optimization (GWO) [38].

2. Summary. From the above literature, it can be found that 1) The graph-based meth-
ods are more time-consuming when traversing all sub-paths, and the contrast is more
obvious in complex environments; 2) The sampling-based algorithm achieves the balance
between time efficiency and path quality, but still fails to meet the requirements of op-
timal paths, and meanwhile, the computing time performs steadily while the quality of
paths generated varies each time; 3) The intelligent algorithm can generate satisfactory
optimal paths of the condition that the computing time requirement is not high, and the
cost that the computing efficiency of the intelligent algorithm is far from satisfactory even
after optimization.

In order to efficiently plan collision-free paths in the static environment, this paper
proposes an optimal path-planning method based on the viewable tangent point algo-
rithm (TPA). Guided by the ending point, the path begins from the starting point and
bypasses the obstacles based on the circle’s tangent map. The sub-paths consist of com-
mon tangents connecting adjacent obstacle circles. The TPA can generate the shortest
collision-free path by means of combining the arcs between tangent points of the same
obstacle circle and comparing the lengths of different paths from the starting point to the
ending point. The flight strategy is determined according to the UAV kinematic model.
Synthetically, the optimal power and flight strategy are determined by integrating the
multi-segment optimal path and the location information of the UAV and obstacle to
ensure the optimal flight time and energy consumption of the UAV based on the optimal
path.

The main contributions of this paper are as follows.
1) A new viewable path planning algorithm TPA is proposed. The building is recon-

structed into a circle in a static environment, and the starting and ending points are
fictitiously constructed as circles with radius of 0. There is a scope to select the obstacle
circle near the start-end line. And the straight-line segment between the tangent points of
two circles and the circular arc between the tangent points on the same circle are combined
with different paths. The shortest path is selected as the optimal one by calculating the
comparative path length. It is worth noting that the architectural reconstruction consid-
ers the safety distance between the UAV and the obstacle, that is, the UAV is able to fly
along the round edge of the circular obstacle. The UAV also can avoid the smooth curve
function construction of the path turning point because of the arc between the tangent
points on the same circle as the UAV turning path.

2) The optimal path is combined with multiple straight-lines and arc segments. The
speed and power of the UAV in the arc segment are only related to the radius of the
obstacle circle. Therefore, the flight time of the UAV in the arc segment is independent of
the flight strategy. In the linear segment, the different UAV flight strategies are proposed
to guarantee the shortest flight time according to the length of the linear segment and
the distribution of the different obstacle circles, which provides the theoretical principle
for the bi-objective optimization of UAV flight time and energy consumption.

3) The TPA not only generates the shortest collision-free optimal path but also con-
sumes the least computing time compared to the four algorithms in different complexity
environments. Numerical simulation of the acceleration process and deceleration process
of UAV kinematics proves the existence of an optimal solution for the time-energy con-
sumption of the UAV acceleration and deceleration process by the weight method. And
the optimal power is determined by selecting the appropriate weight parameters. The
optimal path, flight strategy, and optimal power of the UAV are integrated to determine
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the optimal flight strategy of the UAV and ensure the bi-objective optimization of the
UAV flight time and energy consumption.
The other chapters of this paper are organized as follows. In Section 3, the interesting

problem is stated and the system model is presented. In Section 4, the proposed path
planning algorithm and flight strategy are analyzed. Section 5 provides computer simu-
lation experiments to validate the proposed approach. Finally, conclusions are drawn in
Section 6.
The definitions and descriptions of the variables used in this paper are shown in Table

1.

Table 1. Symbols and meanings

Symbol Meaning
S The position of start-point
E The position of end-point
Pi Circles of obstacle
Ssu Acceleration distance of UAV
Ssd Deceleration distance of UAV
tsu Acceleration time of UAV
tsd Deceleration time of UAV

Ob
A set of two-dimensional arrays is used to
store the parameters of all obstacle circles

PC
A set of two-dimensional arrays is used to

store the parameters of the shortest path circles

TP
A set of three-dimensional arrays is used to store
the information about all common tangent points

Nm
A set of two-dimensional arrays is used to

store the serial numbers of all paths

RN
A set of one-dimensional arrays is used to store
the number of paths between two obstacle circles

BR
A set of two-dimensional arrays is used to store the information

about the tangent points of the shortest path
UAV Unmanned aerial vehicle
TPA Tangent point algorithm
PRM Probabilistic road map
RRT Rapidly-exploring random tree

3. Problem Statement. There are lots of tall buildings crisscrossing in the urban en-
vironment, and the UAV needs to fly normally and perform tasks in this complex en-
vironment. The three-dimensional scenario of the UAV performing the mission is shown
in Figure 1. The UAV needs to reach E from S. Since there may be many buildings as
obstacles during the flight, the UAV not only needs to avoid these obstacles with the
optimal path to reach the designated location for standing by but also needs to consider
the flight strategy to ensure the optimal flight time and energy consumption. In this pa-
per, the path planning algorithm only considers the scenario where the obstacle height is
higher than the normal flight height of the UAV. The UAV adopts the obstacle avoidance
method of maintaining the flight height and bypassing around the obstacle horizontally in
order to reduce the optimal path computational time and narrow the path search space.
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Figure 1. Three-dimensional scenario of UAV performing tasks

In fact, in addition to the horizontal bypassing obstacle avoidance method, the UAV
can also adopt the spanning obstacle avoidance method and the combined bypassing and
spanning obstacle avoidance method in three-dimensional space. The latter two obsta-
cles avoidance methods need to consider the relationship between UAV flight height and
obstacle height. Then the different obstacle avoidance methods are determined based on
the measurement of the UAV flight time and energy consumption in different situations.
This paper focuses on the obstacle avoidance method in the urban environment where the
obstacle is higher than the UAV flight height and takes a bypass flight.

Therefore, the three-dimensional scenario is projected onto the ground to form a two-
dimensional scenario in the case of facilitating the subsequent operation of path planning,
as shown in Figure 2. It is reasonable that we focus on two-dimensional scenarios from the
planning level while three-dimensional scenarios would be considered from the operational
level.

Figure 2. Two-dimensional scenario of UAV performing tasks
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The visual graph method transforms the UAV path planning problem into searching
for the shortest line segment set between the starting point and the target point. It is
easy to collide with obstacles and the generated path is not smooth enough and since
the shortest path searched is a line segment connecting the vertices of obstacles. The
path searched takes longer when the amounts of environmental obstacles and feature
information are large. Tangent maps are constructed with tangent lines from the source to
the visible vertices on polygonal obstacles, and this process requires complex mathematical
calculations and takes more time.
Buildings in the urban environment are mainly polygons, such as squares, rectangles,

and triangles. Polygons are not uniform in shape, and direct planning of UAV flight
path will lead to the above problems. Therefore, a uniform reconstruction of buildings is
required in UAV path planning. In order to overcome the abovementioned shortcomings,
obstacles are uniformly modeled as ellipses, which can describe various obstacles and
facilitate subsequent path planning operations [14]. For simplicity, [11] assumes that each
polygonal shape obstacle is surrounded by a virtual circle with all its vertices inside this
circle. This process is done by using the randomized incremental algorithm. This algorithm
determines the smallest enclosing circle surrounding the vertices of a given polygon.
There will always be blank areas in the reconstructed graphics whether the buildings

are reconstructed into ellipses or circles, such as rectangles reconstructed into circles or
squares reconstructed into ellipses. However, for better model building, path planning, al-
gorithm implementation, saving more flight time and flight energy consumption of UAVs,
and avoiding collisions between UAVs and obstacles, such reconstructed operations are
acceptable and understandable. At the same time, the reconstructed circle is able to
avoid trap obstacles. And the UAV considering the safety distance is able to fly along the
round edge of the circular obstacles, which not only avoids the construction of smooth
curve functions at the UAV path turning points but also can avoid the maze environment
composed of circular obstacles.
As shown in Figure 3, four shapes of obstacles are shown, and the dashed circles con-

structed are the outer circles of the polygons. The solid line circle constructed is the shape
of the polygonal obstacles after reconstruction because of the safe distance between the
UAV and the obstacles. Then the UAV can keep a safe distance from the obstacles while
ensuring flight on the round side. And the solid line circle can describe various obstacles
to facilitate subsequent path planning operations. The obstacles for the UAV to perform
its task are shown in Figure 4 after architectural reconstruction.

Figure 3. Architectural reconstruction
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Figure 4. Two-dimensional scenario of architectural reconstruction

3.1. Environmental model. The safe distance rsafe that the UAV needs to maintain
from the obstacle during obstacle reconstruction consists of two parts, where lstop is the
braking distance from the maximum speed to the horizontal standstill when the UAV
encounters an emergency, and luav/2 is half of the longest distance of the UAV itself, i.e.,
the safety distance should satisfy the following equation.

rsafe = lstop +
luav
2

(1)

In two dimensions, it is supposed that the coordinate of the circle center of the obstacle
circle Oi is (xi, yi) and the radius is ri which includes rsafe to conveniently denote. At the
same time, the coordinate of the circle center of the obstacle circle Oj (j ̸= i) is (xj, yj)
and the radius is rj. The equation of the common tangent of two circles is y = kctx+ bct,
and then the slope and b values of the four common tangents should satisfy the following
equations.

kct1,2 =
(xi − xj)(yi − yj)± |ri − rj|

√
(xi − xj)2 + (yi − yj)2 − (ri − rj)2

(xi − xj)2 − (ri − rj)2

bct1,2 =
(xirj − xjri)kct1,2 + (yjri − yirj)

ri − rj

(2)


kct3,4 =

(xi − xj)(yi − yj)± (ri + rj)
√
(xi − xj)2 + (yi − yj)2 − (ri + rj)2

(xi − xj)2 − (ri + rj)2

bct3,4 =
−(xirj + xjri)kct3,4 + (yjri + yirj)

ri + rj

(3)

The coordinates of the tangent points of the four common tangents at the two circles
are A (xi-ctp, yi-ctp) and B (xj-ctp, yj-ctp), satisfying the following equations.

A
(
xi-ctp, yi-ctp

)
=

(
xi − kct (bct − yi)

k2
ct + 1

,
(kctxi + bct − yi)

2 −
(
k2
ct + 1

)
r2i

k2
ct + 1

)
(4)

B
(
xj-ctp, yj-ctp

)
=

(
xj − kct (bct − yj)

k2
ct + 1

,
(kctxj + bct − yj)

2 −
(
k2
ct + 1

)
r2j

k2
ct + 1

)
(5)

Especially, it is assumed that the coordinate of the circle center of the starting point is
(xs, ys) and the radius is 0. Also, the coordinate of the circle center of the ending point
is (xE, yE) and the radius is 0. There are equations of the tangent line and coordinates
of the tangent point between the start-end points of the UAV and the adjacent circle
according to Equations (2)-(5).
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3.2. Kinematic model. The UAV in urban environment arrives at the destination E
from the departure place S. The process of UAV performing the mission mainly consists
of accelerated flight process, uniform flight process and decelerated flight process, and the
following is the kinematic modeling of the three motion processes.
1) UAV acceleration model

Theorem 3.1. It is assumed that the UAV accelerates from 0 to the maximum speed
vmax with constant acceleration power Psu and the UAV is subjected to the air resistance
f = kv2 in this process, then the UAV acceleration distance Ssu and acceleration time tsu
satisfy the following equations.

Ssu =
m

3k
ln

(
Psu

Psu − kv3max

)
(6)

tsu =
1

3
P

− 1
3

su k− 2
3m

[
1

2
ln

(
1 +

3y

(y − 1)2

)
−
√
3 arctan

( √
3y

y + 2

)]
(7)

where y = 3

√
k

Psu
vmax.

Firstly, it is necessary to analyze the force of the UAV acceleration process. Accord-
ing to the Newton’s second law, the force equation is obtained. The equation needs to
be decomposed and transformed to obtain a new equation. The equation is indefinitely
integrated to obtain a new equation again. According to the changing rules of the accel-
eration process speed, the acceleration time formula (7) is obtained. At the same time,
the indirect method combined with integration is used to solve the accelerated distance
formula because the distance formula cannot be solved directly by integration. Through a
series of formula derivation and substitution of related formulas, the acceleration distance
formula (6) is finally obtained.
2) UAV deceleration model

Theorem 3.2. It is assumed that the UAV decelerates from the maximum speed vmax

to 0 with constant deceleration power Psd and the UAV is subjected to the air resistance
f = kv2 in this process, then the UAV deceleration distance Ssd and deceleration time tsd
satisfy the following equations.

Ssd =
m

3k
ln

(
kv3max

Psd

+ 1

)
(8)

tsd =
1

3
P

− 1
3

sd k− 2
3m

[
1

2
ln

(
1− 3x

(x+ 1)2

)
+
√
3 arctan

( √
3x

2− x

)]
(9)

where x = 3

√
k

Psd
vmax.

The formula derivation principle of UAV deceleration process is the same as that of
acceleration process, which is no longer described.
3) UAV homogeneous model
It is supposed that there are any two points C(x1, y1) and D(x2, y2) on the circle of the

obstacle circle Oi. Then the arc lengths of the two points on the circle satisfy the following
equation. ÷CD = πri

arcsin |CD|
2ri

90◦
(10)

where |CD | =
√

(x1 − x2)2 + (y1 − y2)2.
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The UAV flight process involves coordinate systems and angles, and the coordinate
systems are the ground coordinate system and airframe coordinate system, respectively.
The angles are the pitch angle of the UAV moving up and down, the yaw angle between
the actual UAV heading and the planned heading, and the roll angle of the UAV moving
left and right, respectively. In this paper, the UAV needs to maintain the uniform speed
in the circular arc which involves the UAV steering problem, i.e., the roll angle of the
UAV, as shown in Figure 5.

Figure 5. Diagram of rolling angle

Theorem 3.3. It is supposed that the uniform speed through the arc is different because
of the different roll angle φ of the UAV on the same circle, then the UAV needs to pass
through the arc part with the maximum speed in the shortest time, and therefore, the
maximum tumble angle φmax of the UAV is needed. The force analysis of the UAV shows
that when the maximum roll angle φmax of the UAV is certain, the maximum speed vci
through different obstacle circles Oi satisfies the following equation.

vci =
√
gri tanφmax (11)

The horizontal thrust and drag balance when the UAV is flying at a uniform speed in
the circular arc, and then the following equation is satisfied.

Pci = k (gri tanφmax)
3
2 (12)

where g is the acceleration of gravity. By Equations (11) and (12), it can be seen that
the maximum speed vci and acceleration power Pci of the UAV when passing through the
arc of the obstacle circle are only related to the radius.

3.3. Energy consumption model. The battery of the UAV provides stable electrical
energy for the system, which is amplified and controlled by ESC (electronic speed con-
trol) and transmitted to the motor, which converts the electrical energy into rotating
mechanical energy and transmits it to the propeller, which generates tension and torque
to provide lift and attitude control for the whole aircraft, as shown in Figure 6.

The optimal path generated by TPA consists of the straight line and part of the circu-
lar arc. The UAV flight path consists of multi-segment displacement, and each segment
displacement process needs to determine the optimal acceleration and deceleration power
and flight time for each segment displacement according to the actual flight of the UAV.
Then the UAV energy consumption mode satisfies the following equation.

Eres = Esum −
n∑

i=1

[(
Pi

ηsum
+ Pcecp

)
∆ti

]
(13)



1032 Y. YUE, D. ZHANG, L. NIU AND X. ZUO

where Eres is the remaining battery energy of the UAV after the flight, Esum is the total
battery energy of the UAV before the mission, Pi is the moving power of the UAV flight,
ηsum is the efficiency of the propeller to utilize the electrical energy from the battery, Pcecp

is the fixed energy power of the UAV, and ∆ti is the time of each displacement of the
UAV.

Figure 6. Flow chart of UAV energy transmission

The electrical power of the UAV flight is Pele , the efficiency of the ESC using the
electrical energy of the battery is η1, the efficiency of the motor using the electrical energy
of the ESC is η2, the efficiency of the propeller using the mechanical energy of the motor is
η3, and then Pele =

Pi

ηsum
= Pi

η1η2η3
. Fixed energy power Pcecp of the UAV includes but is not

limited to the UAV hovering energy loss, on-board computing energy loss, sensor energy
loss, data transmission energy loss, and other energy loss due to necessary operations.
In particular, the UAV needs to calculate the energy consumption before performing the
mission to ensure that the UAV has enough battery energy left to complete the mission
to return to the flight, and the return path is the same as the path of the mission, i.e.,
the original path.

4. Algorithms and Strategies.

4.1. Optimal path algorithm – TPA. The traditional graph-based path planning me-
thod mainly has two steps. The first step is to build a suitable map, and the second step
is to find a high-quality collision-free path based on the starting and ending points on this
map. It is usually necessary to generate many candidate paths to generate high-quality
collision-free paths in the second step. However, if the scale of the map is relatively
large and complex, it will not only increase the storage but also significantly reduce the
computing efficiency because of the more candidate paths. Different from the traditional
visualization-based path planning method, TPA does not traverse all common tangents
between all obstacle circles. It finds the obstacle circles near the connection line between
the starting point and ending point through the preliminary screening. The obstacle circles
passing through the shortest path again are filtered out by some special rules, and then
the common tangents are arranged between these obstacles and arcs in these obstacles.
Finally, the shortest path is found by comparing the length of the paths.
Firstly, TPA needs to store the information of the starting and ending points and all

obstacle circles on the map. The information includes the coordinates of the center of the
circle and the radius. Then, the obstacle circles passing through the line connecting the
starting and ending points are filtered, and these circles are recorded that the shortest
path may pass through. It is also necessary to sort according to the distance between
the center of the obstacle circle and the starting point since the position of the circle is
disordered.
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The shortest path does not necessarily pass through all the circles obtained in the initial
screening, so further screening is required. It should be filtered from the starting point
based on the distance from the ending point to the farthest obstacle, which can directly
reach the ending point, and all other circles are removed between the two circles from the
path. Then, the newly found circle is used as the starting point to find the farthest circle
it can reach, and the cycle is repeated until the ending point is found. It is worth noting
that even a circle closest to the starting point may not be directly reachable. In this case,
it is necessary to find the tangent that passes through the circles at least among the four
common tangents. Add these circles that this tangent passes through to the circles that
the shortest path might go through and reorder.

After completing the above steps, all the circles passed by the shortest path can be
obtained. Since these circles are sorted by distance, the shortest paths also pass through
the circles in order. That is, the total path can be divided into segments, each of which
is the common tangent to an adjacent circle and the corresponding arc. These common
tangents are arranged and combined, and the tangent points corresponding to the common
tangent points are combined to determine the arc on the same circle, and all paths from
the starting point to the ending point can be obtained. This shortest path is the optimal
path by comparing the lengths of all paths.

There is an example to understand the whole process of the TPA more clearly, as shown
in Figure 7. Firstly, all the information of each obstacle circle including the starting point
S and ending points E is stored in the figure. By judging the positional relationship
between all circles and the line segment SE in the figure, the obstacle circles P0, P1,
and P2 can be classified as circles that the shortest path may pass through. After the
first screening, the S is taken as the starting point to determine whether the common
tangents of S-E, S-P2, S-P1, and S-P0 have directly reached tangents. S-E and S-P2

have successively judged that no tangent can be directly reached, while S-P1 has tangents
SA1 and SA2 that can be directly reached by the common tangent. The starting point S
can directly reach the circle P1. The P0 is deleted from the circles that might be passed,
only the circles P1 and P2 are left, and then use the circle P1 as the starting point to judge
whether the common tangents of P1-E and P1-P2 have direct reaching tangents. P1-E

Figure 7. An example of the TPA generating a path in a known environment
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has no tangent that can reach directly, while P1-P2 has tangents B1E1, C1D2, and C2D1

that the common tangent can reach directly, that is, the circle P1 can directly reach the
circle P2. Finally, the circle P2 is taken as the starting point to determine whether the
common tangent of P2-E has a direct tangent. P2-E has tangents F1E and F2E that the
common tangent can reach directly, that is, the circle P2 can directly reach the ending
point E, and the order of the circles passed by the shortest path is S-P1-P2-E.
The circle passed by the shortest path divides the shortest path into three segments

named S-P1, P1-P2, and P2-E, respectively. S-P1 segment has two sub-paths SA1, SA2,
P1-P2 segment has three sub-paths B1E1, C1D2, C2D1 (the sub-path B2E2 is deleted
because the tangent B2E2 passes through circle P3), P2-E segment has two sub-paths
F1E, F2E, and after permutation and combination, there are 12 total paths. The length
of the sub-path between different obstacle circles and the arc length on the same obstacle
circle can be determined through the tangent points of each tangent. A path with the
shortest total path length is selected as the optimal path, named SA1-B1E1-F1E.
The pseudocode of the TPA is shown in Figure 8 and the main procedure of the TPA

is as follows.
Step 0 (Obstacle circle modeling): Randomly generate obstacle circles on the specified

map, denoted as Pi, as shown in Figure 7.
Step 1 (Initialization): Add the information of all obstacle circles to the array Ob.

The array TP is initialized as an empty array to store the tangent points information of
obstacle circles that the shortest path may path through.
Step 2 (Preliminary screening): Add the circles that intersect the line between the

starting and ending points to the array PC and reorder them and arrange them from the
smallest to the largest according to the distance from the start point.
Step 3: Take the starting point as the first circle and the ending point as the second

circle.
Step 4 (Make the common tangent): Make the common tangent of the two circles. It

is worth noting that when the slope k of the common tangent tends to infinity, or the
radiuses of the two circles are the same, the results of calculating the values of k and b
respectively are not credible. Therefore, for the case where the common tangent is vertical,
the square difference formula method can be used to simplify; when the radiuses of the
two circles are equal, use the plane geometric translation trigonometric function method
to find the relationship between the b value and the radius of the center coordinate.
Step 5 (Second screening): If two circles have at least one common tangent that does

not pass through other circles, delete all circles between these circles in the array PC.
Determine whether the second circle is the ending point: if so, skip to Step 7; otherwise,
use the second circle as the first circle and skip to Step 4.
Step 6: If all the common tangents of the two circles pass through other circles, deter-

mine whether the two circles are adjacent.
Step 7 (Adding path tangent points): The two adjacent circles in the array PC make

common tangents in turn, and add the tangent point information of the non-collision tan-
gent points to the array TP in order, then add the number of tangents to the corresponding
array Nm in the corresponding location. Common tangents between different circles are
stored separately in the form of three-dimensional arrays to ensure logical calling.
Step 8 (Path encoding): The number of common tangents between the circles can be

obtained from the set RN, so the number of total paths is the product of the number of
common tangents. Divide each element of the array RN from 0 to n, and add a series of
numbers to the set Nm row by row, which is the code of each total path. Divide 0∼24 and
{2, 4, 3} in turn to get {0, 0, 0}∼{1, 3, 2}, which are added to the array Nm in turn. After
the encoding is completed, the tangent information can be called using the encoding and
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Figure 8. The pseudocode of the TPA

the array TP. The second index of the array TP is the size of the element in the array
Nm, and the first index of the array TP is the column where the element is located. In
this way, the required tangent information can be effectively searched.

Step 9 (Output the optimal path): Combining the tangent information in the set TP
with the encoding of the set Nm, the shortest path is selected as the optimal path by
calculating, and the tangent information of the optimal path is added to the Collection
BR to output and end the program.
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4.2. Flight strategy. The TPA algorithm can generate a satisfactory path. The UAV
needs to determine the flight strategy on the shortest path to ensure the shortest time
for the UAV to perform the mission after determining the flight path. According to the
kinematics of the UAV, the physical model is determined. The UAV is accelerated and
decelerated with constant power, and the air resistance is considered to ensure that the
flight strategy is practical. At the same time, according to the number and information
of obstacles between the starting and ending points, different flight modes of the UAV
are determined, and the optimal flight mode of the UAV is selected according to the
distance between obstacles, which lays a foundation for the optimal path combined with
the optimal flight mode to determine the optimal flight strategy in the simulation stage.
1) Start-End line without obstacles
There is no obstacle on the start-end line of the mission performed by the UAV, and

then the UAV flies directly from the starting point to the ending point along the line of
the two points. It is assumed that the length of the straight line between the starting
point and the ending point is lSE, the maximum speed that the UAV can achieve is vmax,
the constant acceleration power of the UAV is Psu, the constant deceleration power is Psd,
and the air resistance of the UAV during flight is f = kv2, as shown in Figure 9.

Figure 9. v-t diagram of the three flight modes without obstacles on the
S-E line of the UAV

There are three flight modes of the UAV in the 0-0 straight-line segment. (a) The UAV’s
power changes abruptly from 0 to Psu at the point S and the UAV accelerates to vmax with
maximum acceleration power Psu and then decelerates to 0 with maximum deceleration
power Psd to reach the point E at a distance of S1. The power changes abruptly from
Psd to 0 at the point E. (b) When 0 < lSE < S1, the UAV at the point S accelerates
to vamax with maximum acceleration power Psu and then decelerates to 0 with maximum
deceleration power Psd to reach the point E. (c) When lSE > S1, the UAV at the point
S accelerates to vmax with maximum acceleration power Psu , flies evenly with maximum
speed vmax for time tep and then decelerates to 0 with maximum deceleration power Psd

to reach the point E, where tep = Sep

vmax
= lSE−S1

vmax
. According to Equations (6) and (8), the

actual maximum speed vamax is obtained to satisfy the following equation.

lSE = Sasu + Sasd =
m

3k
ln

[
Psu

Psd

(
1 +

Psu + Psd

Psu − kv3amax

)]
(14)

2) Start-End line with two or more obstacles
There are two obstacles on the start-end line of the mission performed by the UAV, as

shown in Figure 10. It is assumed that the acceleration power of the UAV passing in the
arc of the first obstacle circle P1 is Pc1 and the uniform velocity is vc1 . The acceleration
power of the UAV passing in the arc of the last obstacle circle P2 is Pc2 and the uniform
velocity is vc2 . Only the minimum time is considered in the flight strategy in this process.
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Figure 10. Two obstacles between the start-end line of the UAV

1) In terms of the arc of the UAV on the same obstacle circle, takingúA1A2 as an
example, the speed of the UAV at the point A1 is vc1 , and the power is acceleration power
Pc1 . At this time, thrust and resistance of the UAV are the same, the UAV starts to do
a uniform speed circular motion to the point A2 with the maximum rolling angle φmax,
the speed size of the UAV at the point A2 is still vc1 , and the power is still acceleration

power Pc1 . Among them, the UAV flight time is tc1 =
üA1A2

vc1
.

2) All the flight modes of the UAV in the acceleration straight section between the
starting point and the obstacle and the deceleration straight section between the obstacle
and the ending point are shown in Figure 11. There are five ways in the 0-vc1 acceleration
straight section of the UAV, the power is Pc1 and the speed is vc1 at the first obstacle
circle regardless of the flight mode. lSA1 is taken as an example, the UAV’s power changes
abruptly from 0 to Psu at the point S and it accelerates to vc1 with maximum acceleration
power Psu to reach the point A1 at a distance of S0, the power changes abruptly from
Psu to Pc1 at the point A1; the UAV at the point S accelerates to vmax with maximum
acceleration power Psu and decelerates to vc1 with maximum deceleration power Psd to
reach the point A1 at a distance of S1, the power changes abruptly from Psd to Pc1 at
the point A1; when S0 < lSA1 < S1, the UAV at the point S accelerates to vamax with
maximum acceleration power Psu and decelerates to vc1 with maximum deceleration power
Psd to reach the point A1; when lSA1 > S1, the UAV at the point S accelerates to vmax

with maximum acceleration power Psu , flies evenly with maximum speed vmax for time tep
and then decelerates to vc1 with maximum deceleration power Psd to reach the point A1,

where tep = Sep

vmax
=

lSA1
−S1

vmax
; specifically, Psu = Pc1 when vc1 = vmax, the UAV at the point

S accelerates to vmax with maximum acceleration power Psu , flies evenly with maximum
speed vmax for time tep to reach the point A1, where the power is constant at the point A1

and tep = Sep

vmax
=

lSA1
−S1

vmax
. The length lSA1 of the acceleration straight section of the UAV

between the starting point and the obstacle is constrained to lSA1 ≥ S0.
There are five ways in the vc2-0 deceleration straight section of the UAV, the power is

Pc2 and the speed is vc2 at the last obstacle circle regardless of the flight mode. lD2E is

Figure 11. v-t diagram of the flight modes of the UAV between the start-
end points and the obstacle, respectively
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taken as an example, the UAV’s power changes abruptly from Pc2 to Psd at the point D2

and it decelerates from vc2 to 0 with maximum deceleration power Psd to reach the point
E at a distance of S0, the power changes abruptly from Psd to 0 at the point E; the UAV’s
power changes abruptly from Pc2 to Psu at the point D2, then the UAV accelerates to vmax

with maximum acceleration power Psu and decelerates to 0 with maximum deceleration
power Psd to reach the point E at a distance of S1; when S0 < lD2E < S1, the UAV at the
point D2 accelerates to vamax with maximum acceleration power Psu and decelerates to 0
with maximum deceleration power Psd to reach the point E; when lD2E > S1, the UAV at
the point D2 accelerates to vmax with maximum acceleration power Psu, flies evenly with
maximum speed vmax for time tep and then decelerates to 0 with maximum deceleration

power Psd to reach the point E, where tep = Sep

vmax
=

lD2E
−S1

vmax
; specifically, Psu = Pc2 when

vc2 = vmax, the UAV at the point D2 flies evenly with maximum speed vmax for time tep
and then decelerates to 0 with maximum deceleration power Psd to reach the point E,

where the power is constant at the point D2 and tep = Sep

vmax
=

lD2E
−S0

vmax
. The length lD2E of

the deceleration straight section of the UAV between the obstacle and the ending point
is constrained to lD2E ≥ S0.
3) All flight patterns of the drone in the acceleration straight section, deceleration

straight section and straight section between two obstacles are shown in Figure 12. When
vc1 < vc2 , there are five ways in the vc1-vc2 acceleration straight section of the UAV,
regardless of the flight mode, the power is Pc1 and the speed is vc1 at the first obstacle
circle; the power is Pc2 and the speed is vc2 at the second obstacle circle. lA2D1 is taken
as an example, the UAV’s power changes abruptly from Pc1 to Psu at the point A2 and
the UAV accelerates to vc2 with maximum acceleration power Psu to reach the point D1

at a distance of S0, the power changes abruptly from Psu to Pc2 at the point D1; the
UAV at the point A2 accelerates from vc1 to vmax with maximum acceleration power Psu

and decelerates to vc2 with maximum deceleration power Psd to reach the point D1 at
a distance of S1, the power changes abruptly from Psd to Pc2 at the point A1; when
S0 < lA2D1 < S1, the UAV at the point A2 accelerates from vc1 to vamax with maximum
acceleration power Psu and decelerates to vc2 with maximum deceleration power Psd to
reach the point D1; when lA2D1 > S1, the UAV at the point A2 accelerates from vc1 to
vmax with maximum acceleration power Psu, flies evenly with maximum speed vmax for
time tep and then decelerates to vc2 with maximum deceleration power Psd to reach the

point D1, where tep = Sep

vmax
=

lA2D1
−S1

vmax
; specifically, Psu = Pc2 when vc2 = vmax, the UAV

at the point A2 accelerates to vmax with maximum acceleration power Psu, flies evenly
with maximum speed vmax for time tep to reach the point D1, where the power is constant

at the point D1 and tep = Sep

vmax
=

lA2D1
−S0

vmax
. The length lA2D1 of the acceleration straight

section of the UAV between two obstacles is constrained to lA2D1 ≥ S0.

Figure 12. v-t diagram of the flight modes between two obstacles of the UAV
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When vc1 > vc2 , there are five ways in the vc1-vc2 deceleration straight section of the
UAV, regardless of the flight mode, the power is Pc1 and the speed is vc1 at the first
obstacle circle; the power is Pc2 and the speed is vc2 at the second obstacle circle. lA2D1 is
taken as an example, the UAV’s power changes abruptly from Pc1 to Psd at the point A2

and it decelerates to vc2 with maximum deceleration power Psd to reach the point D1 at
a distance of S0, the power changes abruptly from Psd to Pc2 at the point D1; the UAV’s
power changes abruptly from Pc1 to Psu at the point A2, then the UAV accelerates from
vc1 to vmax with maximum acceleration power Psu and decelerates to vc2 with maximum
deceleration power Psd to reach the point D1 at a distance of S1; when S0 < lA2D1 < S1,
the UAV at the point A2 accelerates from vc1 to vamax with maximum acceleration power
Psu and decelerates to vc2 with maximum deceleration power Psd to reach the point D1;
when lA2D1 > S1, the UAV at the point A2 accelerates from vc1 to vmax with maximum
acceleration power Psu, flies evenly with maximum speed vmax for time tep and then
decelerates to vc2 with maximum deceleration power Psd to reach the point D1, where

tep = Sep

vmax
=

lA2D1
−S1

vmax
; specifically, Psu = Pc1 when vc1 = vmax, the UAV at the point

A2 flies evenly with maximum speed vmax for time tep and then decelerates to vc2 with
maximum deceleration power Psd to reach the point D1, where the power is constant at

the point A2 and tep = Sep

vmax
=

lA2D1
−S0

vmax
. The length lA2D1 of the deceleration straight

section of the UAV between two obstacles is constrained to lA2D1 ≥ S0.
When vc1 = vc2 , there are four ways in the vc1-vc2 straight section of the UAV, regardless

of the flight mode, the power is Pc1 and the speed is vc1 at the first obstacle circle; the power
is Pc2 and the speed is vc2 at the second obstacle circle. lA2D1 is taken as an example, the
UAV’s power changes abruptly from Pc1 to Psu at the point A2, then the UAV accelerates
from vc1 to vmax with maximum acceleration power and decelerates to vc2 with maximum
deceleration power Psd to reach the point D1 at a distance of S1, the power changes
abruptly from Psu to Pc2 at the point D1; when 0 < lA2D1 < S1, the UAV at the point
A2 accelerates from vc1 to vamax with maximum acceleration power Psu and decelerates
to vc2 with maximum deceleration power Psd to reach the point D1; when lA2D1 > S1,
the UAV at the point A2 accelerates from vc1 to vmax with maximum acceleration power
Psu, flies evenly with maximum speed vmax for time tep and then decelerates to vc2 with

maximum deceleration power Psd to reach the point D1, where tep = Sep

vmax
=

lA2D1
−S1

vmax
;

specifically, Psu = Pc1 = Pc2 when vc1 = vc2 = vmax, the UAV at the point A2 flies
evenly with maximum speed vmax for time tep and then decelerates to vc2 with maximum
deceleration power Psd to reach the point D1, where the power is constant at the point

A2 and tep =
lA2D1

vmax
.

In summary, the two adjacent obstacle circles (including the start-end points) on the
optimal path of the UAV are successively represented by Pi and Pi+1. Then the flight
strategy is divided into three categories, of which the three common modes of motion are
as follows: the UAV accelerates from vi to vamax and then decelerates to vi+1; the UAV
accelerates from vi to vmax and then decelerates to vi+1; the UAV accelerates from vi to
vmax and maintains vmax for times and then decelerates to vi+1. In particular, in the first
category, when 0 ≤ vi < vi+1, there are such two modes that the UAV accelerates from
vi to vi+1, and accelerates from vi to vi+1 and starts at a constant speed. In the second
category, when vi = vi+1 ̸= 0, there is the mode that the UAV makes uniform motion
from vi to vi+1. In the third category, when vi > vi+1 ≥ 0, there are such two modes
that the UAV decelerates from vi to vi+1, and the UAV makes uniform motion by vi and
decelerates to vi+1.
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5. Simulation Results. The TPA and three comparison algorithms A*, PRM and RRT
proposed in this paper are simulated in the map with different environmental complexity,
and the path length and computational time of the four algorithms are compared to
prove the superiority of TPA by calling the cv2 packet in Python. At the same time, the
UAV motion process is encoded and simulated in MATLAB, and the bi-objective optimal
solution is obtained, which is combined with the optimal path of TPA to obtain the
optimal flight strategy of each sub-path. The above algorithm program runs on the PC
with a core i7-10750H 2.60GHz CPU, 16G memory, and the Windows operating system.
The time complexity of the TPA is extremely low, and the path generated is relative-

ly smooth. Thus, high-performance MCU and high-power motors are not required, and
micro-UAVs can meet the hardware conditions required for TPA. Therefore, when simu-
lating the motion process, the technical parameters which refer to the DJI Air 2S UAV are
adjusted to simplify the calculation process. The parameters and values of the computer
simulation of the UAV motion process are shown in Table 2. Among them, the UAV drag
coefficient is k = 1

2
CρA = 0.0125.

Table 2. Parameters used in simulations

Parameter Meaning Value
C Coefficient of air drag 0.1
ρ Air density 1.29 kg/m3

A Blocked area of UAV 0.1938 m2

m UAV mass 1 kg
vmax Maximum horizontal linear speed 0-20 m/s
Psu UAV acceleration power 0-100 w
Psd UAV deceleration power 0-100 w
φmax The maximum roll angle of a UAV 30◦

5.1. Optimal path simulation. Considering the practical application and scene of the
UAV, the maximum speed of the UAV does not exceed 20 m/s. According to Equation
(11), it can be known that the radius of the obstacle circle does not exceed 70 m. This
article stipulates that the radiuses of the randomly generated obstacle circle are 15 m-40 m,
and the map is determined to be a square area of 500 m * 500 m. The starting point of the
UAV is taken as the origin, the horizontal right is the x-axis, and the horizontal downward
is the y-axis to establish a plane rectangular coordinate system. The coordinate of the
ending point of the drone is (500, 500), and the straight-line distance between the starting
and ending points is 707.11 m.
To obtain the comparison reliability of the path planning performance of TPA and

the other three algorithms, the obstacle circles in the map of the simulation experiment
should be considered in the different layout structures. Therefore, as shown in Figure
13, a total of six types of environments in two categories have been designed, each has
unique spatial characteristics, and the six environments are labeled E1-E6, where (a)
E1, a simple environment with single obstacle circles; (b) E2, a simple environment for
tangent obstacle circles; (c) E3, a simple environment for a combination of single and
tangent obstacle circles; (d) E4, a complex environment with single obstacle circles; (e)
E5, complex environment of tangent obstacle circles; (f) E6, complex environment with
a combination of single and tangent obstacle circles. Simple environments E1-E3 are
environments with 10 individual obstacle circles, 5 pairs of tangent obstacle circles, 4
individual obstacle circles, and 4 pairs of tangent obstacle circles combined. The complex
environments E4-E6 are environments with 30 individual obstacle circles, 15 pairs of
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(a) (b) (c)

(d) (e) (f)

Figure 13. Six different environments E1-E6

tangent obstacle circles, 14 individual obstacle circles and 8 pairs of tangent obstacle
circles, respectively. There are two reasons for designing the environment of the tangent
obstacle circle: 1) The distance between buildings is very short in the real environment,
and the intersection of obstacle circles need not be considered because the building group
can be directly reconstructed into obstacle circles with a larger radius; 2) When the
number of intersecting obstacle circles is large, it is easy to simulate a simple trap-like
environment, which proves the ability of the TPA to escape traps.

This section compares the path length and computing time generated by the TPA, A*,
PRM, and RRT under six instances of different environments E1-E6, which are shown in
Table 3 and Figure 14. The four algorithms can control the single variable by the type
of environment or the number and type of obstacles, and compare the path length and
computational time of the experimental results horizontally and vertically. It can be seen
from the data in Table 3 that, in the instance under the same environment, compared with
the other three algorithms, the path length and computing time of the paths generated
by the TPA are the shortest. The A* algorithm has the longest computational time, but
its path length is just better than RRT. The RRT has the longest path length, but its
computational time is second only to TPA. The PRM has a relatively balanced path
length and computational time, but the quality is not as good as TPA. Compared with

Table 3. Experimental results of the four algorithms in six different environments

Env Type
Path length (m) Computing time (sec)

TPA A* PRM RRT TPA A* PRM RRT
E1 10+0 714.00 736.40 711.53 849.70 0.078 1.286 0.891 0.532
E2 0+5*2 736.00 768.11 748.65 895.78 0.078 1.343 0.938 0.485
E3 4+4*2 717.00 772.25 807.81 753.19 0.078 1.312 0.844 0.562
E4 16+0 729.00 791.54 753.61 871.09 0.109 1.094 0.562 0.594
E5 0+8*2 746.00 784.79 775.43 871.52 0.094 1.560 0.641 0.500
E6 8+4*2 716.00 819.76 787.33 801.98 0.109 1.250 0.578 0.516
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Figure 14. Paths generated by four algorithms in six different environments
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the simple environment, in the complex environment example, the path length of the TPA
does not fluctuate much, while the path length of the other three algorithms shows a large
upward trend as a whole. The computational time of the algorithm shows a small upward
trend, but the computational time of TPA is still much smaller than the other three
algorithms. The path length and computing time of the TPA in the simple environment
E1-E3 and the complex environment E4-E6 instances respectively have little fluctuation,
while the other three algorithms fluctuate greatly.

Table 4. Experimental results of the four algorithms for 36 instances in
six different environments

Instance Env Type
Path length (m) Computing time (sec)

TPA A* PRM RRT TPA A* PRM RRT
N1 E1 10+0 719.00 758.11 748.10 751.45 0.078 1.438 0.922 0.469
N2 E1 10+0 706.00 744.68 716.50 739.18 0.094 1.453 0.890 0.437
N3 E1 12+0 710.00 750.54 736.22 738.67 0.094 1.281 0.875 0.469
N4 E1 12+0 735.00 763.97 732.88 738.02 0.109 1.250 0.797 0.500
N5 E1 14+0 718.00 779.83 763.77 759.18 0.094 1.328 0.828 0.500
N6 E1 14+0 708.00 768.11 757.43 776.45 0.094 1.468 0.814 0.687
N7 E2 0+5*2 713.00 766.40 752.46 773.82 0.094 1.495 0.907 0.453
N8 E2 0+5*2 719.00 812.51 759.18 783.37 0.094 2.265 0.855 0.469
N9 E2 0+6*2 709.00 730.54 713.79 728.65 0.094 1.373 0.890 0.453
N10 E2 0+6*2 714.00 885.94 794.21 843.90 0.094 2.891 0.814 0.531
N11 E2 0+7*2 710.00 746.40 719.85 747.12 0.094 1.273 0.905 0.500
N12 E2 0+7*2 728.00 820.47 774.87 828.98 0.094 1.844 0.828 0.547
N13 E3 4+3*2 706.00 724.68 714.81 714.31 0.094 1.265 0.859 0.453
N14 E3 4+3*2 709.00 805.18 752.87 773.56 0.078 1.750 0.781 0.532
N15 E3 6+3*2 720.00 742.25 711.74 775.49 0.078 1.265 0.875 0.672
N16 E3 6+3*2 709.00 817.40 764.68 776.05 0.094 1.343 0.859 0.453
N17 E3 6+4*2 711.00 746.40 751.53 757.65 0.078 1.328 0.765 0.500
N18 E3 6+4*2 708.00 756.40 720.59 736.41 0.078 1.290 0.829 0.500
N19 E4 26+0 715.00 781.86 758.07 775.38 0.094 1.297 0.719 0.484
N20 E4 26+0 735.00 781.54 760.34 779.74 0.203 1.172 0.666 0.594
N21 E4 28+0 754.00 793.26 777.98 797.48 0.094 1.203 0.656 0.547
N22 E4 28+0 735.00 736.40 748.94 768.83 0.078 1.109 0.641 0.515
N23 E4 30+0 713.00 777.40 745.00 793.21 0.094 1.187 0.656 0.594
N24 E4 30+0 755.00 787.40 774.46 825.45 0.109 1.093 0.640 0.672
N25 E5 0+13*2 724.00 774.79 745.10 769.72 0.094 1.187 0.766 0.517
N26 E5 0+13*2 710.00 762.25 728.34 748.98 0.094 1.359 0.765 0.485
N27 E5 0+14*2 718.00 833.97 783.75 852.09 0.094 1.703 0.719 0.547
N28 E5 0+14*2 729.00 758.11 727.77 757.56 0.078 1.187 0.719 0.479
N29 E5 0+15*2 729.00 856.69 753.26 859.02 0.094 1.390 0.719 0.547
N30 E5 0+15*2 737.00 809.12 790.05 868.16 0.094 1.281 0.703 0.605
N31 E6 12+7*2 719.00 773.58 787.56 768.65 0.094 1.156 0.609 0.490
N32 E6 12+7*2 746.00 797.40 759.83 846.16 0.094 1.141 0.672 0.685
N33 E6 14+7*2 749.00 794.47 765.28 814.00 0.094 1.187 0.641 0.526
N34 E6 14+7*2 733.00 802.76 777.50 785.77 0.094 1.343 0.714 0.512
N35 E6 14+8*2 711.00 729.65 708.13 738.34 0.078 1.219 0.656 0.500
N36 E6 14+8*2 724.00 835.30 779.32 846.24 0.094 1.375 0.734 0.527



1044 Y. YUE, D. ZHANG, L. NIU AND X. ZUO

To obtain reliable results about the performance of TPA planning paths, the experi-
mental results of the four algorithms in multiple simulations in different environments are
shown in Table 4, with a total of 36 instances. Instances N1-N6, N7-N12, N13-N18, N19-
N24, N25-N30, and N31-N36 are simulated in different environments E1-E6, while the
instances Ni-Ni+1 (i = 1, 3, 5, . . . , 33, 35) have the same number and type of obstacle cir-
cles, but the specific obstacle locations are different. As shown in Figure 15 and Figure 16,
the path length and computational time of the four algorithms in different environments
are compared and analyzed through the experimental results of 36 instances.

Figure 15. Comparison diagram of the path length of four algorithms in
36 examples

Figure 16. Comparison diagram of computing time of four algorithms in
36 examples

It can be seen from Figure 15 that the shortest path is generated through the TPA in
each instance, and its path length is closest to the SE straight-line distance between the
starting and ending points, which shows that the TPA has ability to generate the shortest
path in both simple and complex environments. The TPA traverses the common tangent
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between the starting point and the ending point and the adjacent obstacle circles. And
the shortest path is selected by combining the sub-paths, comparing the total length. The
grid-based deterministic algorithm A* can always assemble a path to the ending point in
the vicinity of the obstacle circle, but the worst path is obtained in simple environmental
instances. The classical RRT based on the characteristics of random sampling can ensure
the generation of paths and has the ability to avoid simple traps. Nevertheless, the path
length does not perform well in complex environment instances, and it is easy to generate
some useless detour paths. In contrast, the PRM based on randomly scattered points
performs well in all instances but still cannot guarantee the optimality of the path.

It can be seen from Figure 16, TPA can always generate the shortest collision-free
path for each instance with the shortest computing time among the four algorithms.
The A* has the longest computing time. The TPA has the shortest computational time,
because it mainly generates the tangent points on each obstacle circle through the relevant
computational formulas of the environment model and the motion model. And it finds
the shortest path through the combination of sub-paths between the tangent points.
Paths generated by TPA can avoid unnecessary detours. The RRT randomly samples
from the starting point to the ending point, and the computational time of RRT is short.
Oppositely, the PRM takes a long time to find the path by randomly picking points and
connecting them in the obstacle-free area, so the A* algorithm takes the longest time to
find the path by gridding the map. Table 4 also shows that the more obvious advantages
of TPA in terms of computing time in the more complex environments.

All in all, compared with the other three algorithms, the TPA exhibits superior path
planning performance in terms of path length and computing time in both simple and
complex environments.

5.2. Kinematic simulation and bi-objective optimization. In the UAV kinematic
model, the process of UAV performing the mission mainly consists of the acceleration
flight process, the uniform speed flight process and the deceleration flight process. From
Equations (11) and (12), it can be seen that the maximum speed vci and acceleration
power Pci of the UAV in uniform flight are fixed and only related to the radius ri of the
obstacle circle Oi, and then the flight time and energy consumption of the UAV flight
process are related to the UAV acceleration and deceleration process. The flight strategy
and optimal power are selected based on the information of the obstacle circle that the
optimal path passes through to ensure the shorter UAV flight time and flight energy
consumption.

1) Acceleration process
The UAV accelerates from 0 to the maximum speed vmax with a constant acceleration

power Psu during the acceleration process, and the UAV acceleration time is tmax. From
Equation (7), it can be seen that the time t is related to the power P and speed v, that is,
the power P determines the maximum speed v that the UAV can reach, while the power
P and speed v determine the time t for the UAV to reach the maximum speed; thus, the
different energy consumption can be produced. The greater the power, the smaller the time
for the UAV to reach the maximum speed and the greater the energy consumption, which
can be further clarified according to the functional equation simulation. Then, selecting
the right power is a key step to ensure that the time to reach the maximum speed is short,
the maximum speed meets the actual demand, and the energy consumption is low.

To investigate the relationship between the maximum speed, variables, time, energy
consumption and power of the UAV, the acceleration power P was traversed from 1 to
100 w in steps of 1. The v-P , y-P , abs(y-1)-P , t-P , and w-P plots were simulated as
shown in Figures 17(a)-17(e), where (a) v-P , maximum velocity versus power; (b) y-P ,



1046 Y. YUE, D. ZHANG, L. NIU AND X. ZUO

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 17. Relationship between motion parameters and bi-objective eva-
luation function versus power for the acceleration process of the UAV (a)-
(h)
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relationship between variable y and power; (c) abs(y-1)-P , the relationship between the
variable abs(y-1) and power; (d) t-P , time of acceleration to maximum velocity versus
power; (e) w-P , the energy consumption of the acceleration process versus power. In the
v-P plot, the maximum speed of the UAV increases as the power increases; in the y-P
plot, y-P is an oscillation curve with the variable y oscillating around 1, and the UAV
reaches its maximum speed when y tends to 1; in the abs(y-1)-P plot, it is again verified
that abs(y-1) oscillates around 0, resulting in an oscillation curve in the t-P plot, but the
overall curve tends to fall; the w-P plot is also an oscillation curve because of w = Pt,
but the overall curve tends to rise, following the law of motion.

When the weighting method is used to find the optimal solution for the bi-objective
of UAV flight time and energy consumption, it is necessary to compare the bi-objective
evaluation values of different weighting coefficients to determine the flight time weighting
coefficient A and the flight energy consumption weighting coefficient B. Firstly, three sets
of weighting coefficients are selected, as can be seen from the t-P and w-P images of the
UAV acceleration process in Figures 17(d) and 17(e), the t-range is 16 and the w-range is
800, then the B coefficient is taken as 16/800 and the A factor is 784/800; the maximum
value in the t minima is 10.718 and the maximum value in the w minima is 425.85, then
the B factor is taken as 10.718/425.85 and the A factor is taken as 415.132/425.85; the
maximum value of t is 15.255 and the maximum value of w is 792.754, then the B factor
is taken as 15.255/792.754 and the A factor is taken as 777.499/792.754.

The simulation results are shown in Figures 17(f)-17(h), where (f) z1-P , the relationship
between the bi-objective evaluation function of the first set of weighting coefficients and
power; (g) z1-P , bi-objective evaluation function of the second set of weighting coefficients
versus power; (h) z1-P , the bi-objective evaluation function of the third group of weighting
coefficients versus power.

When the B coefficient is 16/800 and the A coefficient is 784/800, the bi-target evalua-
tion z1 is 8.776; when the B coefficient is 10.718/425.85 and the A coefficient is 415.132/
425.85, the bi-target evaluation z1 is 9.377; when the B coefficient is 15.255/792.754 and A
coefficient is 777.499/792.754, the bi-target evaluation z1 is 8.689. By comparing the size
of the bi-target evaluation z1, the weighting coefficient of the UAV acceleration process
A coefficient is 777.499/792.754 and B coefficient is 15.25/792.754, and the optimal UAV
acceleration power is 19 w. The v-P image shows that the speed is 11 m/s when the
power is 19 w from Figure 17(a). Meanwhile, the optimal acceleration power of the UAV
accelerated to different maximum speeds can be determined by combining Figures 17(a)
and 17(h) as shown in Table 5.

Table 5. Optimal acceleration power for different maximum speeds of UAV

vmax (m/s) ≤ 11 12 13 14 15 16 17 18 19 20
Psu (w) 19 24 25 31 46 47 57 67 80 93

2) Deceleration process
The UAV decelerates from the maximum speed vmax to 0 with a constant deceleration

power Psd during the deceleration process, and the UAV deceleration time is tmax. In
order to facilitate the expression and calculation, the UAV deceleration physical model
into the acceleration physical model, that is, the UAV accelerates from 0 to the maximum
speed vmax with a constant acceleration power Psu during the acceleration process, and the
movement time does not change. From Equation (9), it can be seen that the relationship
between time t, power P and speed v is the same as the acceleration process, that is, the
power P determines the maximum speed v that the UAV can reach, while the power P
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and speed v determine the time t for the UAV to reach the maximum speed, resulting in
different energy consumption.
To investigate the relationship between the maximum speed, variables, time, energy

consumption and power of the UAV, the deceleration power P was traversed from 1
to 100 w in steps of 1. The v-P , x-P , (2-x)-P , t-P and w-P plots were simulated as
shown in Figures 18(a)-18(e), where (a) v-P , maximum velocity versus power; (b) x-P ,
the relationship between variable x and power; (c) (2-x)-P , the relationship between the
variable (2-x) and power; (d) t-P , the time of deceleration to maximum velocity versus
power; (e) w-P , the energy consumption of the deceleration process versus power.
In the v-P plot, the maximum speed of the UAV increases as the power increases; in

the x-P plot, x-P is an oscillation curve but the variables x are all below 2, and the UAV
reaches its maximum speed when x tends to 2; in the (2-x)-P plot, it is again verified
that (2-x) is above 0, the oscillation curve of (2-x)-P does not lead to an oscillation curve
of the t-P plot, and the overall t-P curve tends to decrease; in the w-P plot, the overall
curve tends to rise because of w = Pt, following the law of motion.
According to Equation (9), it is known that when the variable x tends to 2, t tends

to be the time when the UAV decelerates from the maximum speed to 0. Then, the
weight method is able to prove that the UAV deceleration process has a time t-energy
consumption w bi-objective optimal solution.
When using the weighting method to find the optimal solution for the bi-objective

of UAV flight time and energy consumption, it is necessary to compare the bi-objective
evaluation values of different weighting coefficients to determine the flight time weighting
coefficient A and the flight energy consumption weighting coefficient B. Firstly, three sets
of weighting coefficients are selected, as can be seen from the t-P and w-P images of the
UAV deceleration process in Figures 18(d) and 18(e), the t-range is 14 and the w-range is
300, then the B coefficient is taken as 14/300 and the A factor is 286/300; the maximum
value of t is 12.81 and the maximum value of w is 284.98, then the B factor is taken as
12.81/284.98 and the A factor is taken as 272.19/284.98; since there is no oscillation curve
in the deceleration process of the UAV, i.e., there is no minimum value point, the average
value of the first two coefficients is taken, then the B factor is taken as 13.405/292.49 and
the A factor is taken as 279.085/292.49.
The simulation results are shown in Figures 18(f)-18(h), where (f) z2-P , the relationship

between the bi-objective evaluation function of the first set of weighting coefficients and
power; (g) z2-P , bi-objective evaluation function of the second set of weighting coefficients
versus power; (h) z2-P , the bi-objective evaluation function of the third group of weighting
coefficients versus power.
When the B factor is 14/300 and the A factor is 286/300, the bi-target evaluation z2 is

8.578; when the B factor is 13.405/292.49 and the A factor is 279.085/292.49, the bi-target
evaluation z2 is 8.588; when the B factor is 12.81/284.98 and A factor is 272.19/284.98,
the bi-target evaluation z2 is 8.493. By comparing the size of the bi-target evaluation
z2, the A factor is 272.19/284.98 and B factor is 12.81/284.98 of the UAV deceleration
process, and the optimal deceleration power of the UAV is 9 w. From the v-P image in
Figure 18(a), it is known that the speed is 9 w when the power is 17 m/s. Meanwhile,
the optimal deceleration power of the UAV to decelerate from different maximum speeds
to 0 can be determined by combining Figures 18(a) and 18(h) as shown in Table 6.

5.3. Flight integration simulation. Combining the optimal path and flight strategy
obtained by the TPA, the optimal flight strategy of the UAV on the generated optimal path
can be determined based on the selection of different optimal acceleration and deceleration
power. This power ensures the bi-objective optimization of the UAV’s flight time and flight
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 18. Relationship between motion parameters and bi-objective eva-
luation function versus power for the deceleration process of the UAV (a)-
(h)
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Table 6. Optimal deceleration power for different maximum speeds of UAV

vmax (m/s) ≤ 17 18 19 20
Psd (w) 9 10 12 14

energy consumption. It determines the optimal flight strategy based on the information of
the obstacle circles that the optimal path passes through, i.e., the two adjacent obstacle
circles (including the starting and ending points) on the optimal path of the UAV are
successively represented by Pi and Pi+1, and then the optimal flight strategy is divided
into three categories.
In the first category, when 0 ≤ vi < vi+1, the radius of the obstacle circle Pi+1 determines

the speed and power, and the optimal acceleration power of the obstacle circle Pi is selected
according to Table 5. The power of Pi and Pi+1 is compared, and the optimal flight mode
is decided according to the distance between the two circles. When vi+1 < 11 m/s, the
optimal acceleration power of Pi is chosen to be 19 w, and the UAV has four optimal
movements; when vi+1 ≥ 11 m/s, the speed of Pi+1 corresponds to the power of Pi, that
is, the power of Pi and Pi+1 is the same at this time, and the UAV has two optimal
movements.
In the second category, when vi = vi+1, respectively, the radius of the obstacle circle

Pi and Pi+1 determines the speed and power, and the optimal acceleration/deceleration
power of the obstacle circles Pi and Pi+1 are selected according to Table 5 and Table 6.
The power of Pi and Pi+1 is compared, and the optimal flight mode is decided according
to the distance between the two circles. When vi = vi+1 < 11 m/s, the UAV has three
optimal movements, with a default optimal acceleration power of 19 w and a default
optimal deceleration power of 9 w; when vi = vi+1 ≥ 11 m/s, the speed of Pi and Pi+1

corresponds to the power, and the UAV has one optimal movement, i.e., uniform motion.
In the third category, when vi > vi+1 ≥ 0, the radius of the obstacle circle Pi determines

the speed and power, and the optimal deceleration power of the obstacle circle Pi is
selected according to Table 6. The power of Pi and Pi+1 is compared, and the optimal
flight mode is decided according to the distance between the two circles. When vi < 17
m/s, the optimal deceleration power of Pi is chosen to be 9 w, and the UAV has four
optimal movements; when vi ≥ 17 m/s, the speed of Pi corresponds to the power, and
the UAV has two optimal movements.
The paths can be generated by the TPA in six different environments. For example,

the optimal flight strategy of the UAV on the optimal paths of the E6 environment is
shown in Table 7.
As can be seen from Table 7, the total length of the optimal path of the UAV in

the E6 environment is 725.00 m, the total flight time is 52.263 s, and the total energy
consumption is 1549.92 J.
At the starting point, the UAV accelerates from 0 m/s to 14 m/s with acceleration

power 31 w for 5.881 s at the distance of 59.74 m and the energy consumption of 182.31
J, and flies at a uniform speed 14 m/s with acceleration power 31 w to reach the first
obstacle circle for 6.090 s at the distance of 85.26 m and the energy consumption of 188.79
J. At the first obstacle circle, the UAV flies through the circular arc at a uniform speed
14 m/s with acceleration power 34 w for 1.443 s at the distance of 16.00 m and the energy
consumption of 38.86 J and begins to leave the first obstacle circle. Then the UAV flies
at a uniform speed 14 m/s with acceleration power 31 w for 24.982 s at the distance of
349.74 m and the energy consumption of 774.44 J, and decelerates from 14 m/s to 12 m/s
with deceleration power 9 w to reach the second obstacle circle for 0.468 s at the distance
of 9.26 m and the energy consumption of 4.21 J.
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Table 7. Optimal flight strategy for optimal path of E6 environment

Straight/Arc line l1 l2 l3 l4 l5 l6 l7

Speed-up segment

P/w 31 / / / 25 / /
t/s 5.881 / / / 0.842 / /
S/m 59.74 / / / 8.60 / /
w/J 182.31 / / / 21.05 / /

Uniform segment

P/w 31 34 31 22 25 27 25
t/s 6.090 1.143 24.982 0.667 4.569 1.462 5.591
S/m 85.26 16.00 349.74 8.00 59.40 19.00 72.69
w/J 188.79 38.86 774.44 14.67 114.23 39.47 139.78
v/m/s 14 14 14 12 13 13 13

Slow-down segment

P/w / / 9 / / / 9
t/s / / 0.468 / / / 3.568
S/m / / 9.26 / / / 37.31
w/J / / 4.21 / / / 32.11

At the second obstacle circle, the UAV flies through the circular arc at a uniform
speed 12 m/s with acceleration power 22 w for 0.667 s at the distance of 8.00 m and
the energy consumption of 14.67 J and begins to leave the second obstacle circle. Then
the UAV accelerates from 12 m/s to 13 m/s with acceleration power 25 w for 0.842 s
at the distance of 8.60 m and the energy consumption of 21.05 J, and flies at a uniform
speed 13 m/s with acceleration power 25 w to reach the third obstacle circle for 4.569 s
at the distance of 59.40 m and the energy consumption of 114.23 J. At the third obstacle
circle, the UAV flies through the circular arc at a uniform speed 13 m/s with acceleration
power 27 w for 1.462 s at the distance of 19.00 m and the energy consumption of 39.47 J
and begins to leave the third obstacle circle. Then the UAV flies at a uniform speed 13
m/s with acceleration power 25 w for 5.591 s at the distance of 72.69 m and the energy
consumption of 139.78 J, and decelerates from 13 m/s to 0 m/s with deceleration power
9 w to reach the ending point for 3.568 s at the distance of 37.31 m and the energy
consumption of 32.11 J.

From Table 7, it can be obtained that the UAV has shorter flight time and less ener-
gy consumption to complete the mission on the optimal path generated in six different
environments. Also, the UAV’s needs can be met for multiple missions even the normal
lightweight quadrotor UAV battery only stores 270 kJ of energy. The optimal path and
flight strategy generated based on TPA can determine the optimal flight strategy of the
UAV. The optimal acceleration and deceleration power can be determined according to
the flight speed and flight time decided by the length of each sub-path. The UAV com-
pletes the mission on the optimal path with the shortest time and the most energy-efficient
optimal flight strategy. Therefore, the UAV can effectively avoid obstacles and have the
optimal flight index perform the mission and return.

6. Conclusions. In order to effectively plan collision-free paths in a static environment,
this paper proposes an optimal path planning algorithm TPA based on the viewable tan-
gent point method. Buildings as obstacles are reconstructed into two-dimensional circles
on the map. The straight-line segments between the tangent points of the two circles
near the start-end line are used as sub-paths, and the arcs between the tangent points
on the same obstacle circle are used as smooth curves to connect different straight-line
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segments. Then the total path length of different sub-path combinations is traversed and
compared to obtain the satisfactory collision-free optimal path. The optimal power and
flight strategy on the selected path are determined by the UAV kinematic model, so as
to ensure the bi-objective optimization of flight time and flight energy consumption. The
effectiveness of TPA is verified through a large number of computing experiments, and
the following conclusions are drawn.
Firstly, the TPA can generate satisfactory collision-free paths with the shortest com-

puting time in six static environments. Especially, the TPA just consumes 0.1 seconds
under different instances with dense obstacles, which is far less than the time consump-
tion of other compared algorithms. Secondly, the acceleration process and deceleration
process of UAV kinematics are simulated to determine the optimal acceleration and de-
celeration power of the UAV. Finally, the optimal path, flight strategy and optimal power
are integrated, and the optimal flight strategy is determined by numerical simulation in
six environments to ensure the bi-objective optimization of flying time and energy con-
sumption.
However, the limitations of the TPA are mainly reflected in the following aspects. It is a

deterministic algorithm that generates a collision-free path based on a specific mathemat-
ical formulation. Dynamic obstacles encountered are not currently considered in static
environments. TPA does not consider optimal path planning in unknown environment.
Therefore, the application of the TPA to a quadrotor UAV will be considered to further

verify the simulation results in this paper in the future. Future research will focus on UAV
automatic obstacle avoidance and path planning methods in unknown environments.
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