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ABSTRACT. This paper investigates the stability problem for nominal and uncertain
Lur’e systems with time-varying delays. By applying the Lyapunov theory, the paper
proposes an improved absolute stability criterion and a robustly absolute stability crite-
rion, respectively. For one thing, an augmented Lyapunov-Krasovskii functional (LKF)
with delay-dependent matrices and four single integral items is constructed. It can make
full use of the system state variables and time delay information. For the other, to over-
come the problem of nonlinear inequalities caused by the augmented LKF, the stability
criteria can be expressed as a convex linear matriz inequality (LMI) via the new negative
definite inequalities equivalence transformation lemma application. Finally, some case
studies based on the uncertain Lur’e systems and Chua’s circuit showed the effectiveness
of the presented criteria.

Keywords: Robust stability, Uncertain Lur’e system, Time-varying delays, Lyapunov
method, LMI

1. Introduction. It isimportant that time delays can lead to system performance degra-
dation and even instability, especially in networked control systems. At present, the sta-
bility and performance analysis of time-delayed systems have been extensively researched.
The stability criteria of the time-delayed systems, as well as the controller design methods,
can be derived by applying the Lyapunov stability theory. There are two main types of
stability criteria: delay-dependent criteria [1, 2, 3] and delay-independent ones [4, 5]. Tt is
obvious that time-varying delays are more general than time-invariant delays. Similarly,
the delay-dependent stability criteria are less conservative than the delay-independent
ones. Therefore, delay-dependent stability has become a popular research area and re-
ceived fully adequate attention. The lower the conservativeness, the larger the upper
bound of the delays. For real systems, a larger upper bound of time delays means a larger
range of system stability. However, the stability criteria derived from the Lyapunov sta-
bility theory are a sufficient condition and are inevitably conservative. At present, there
are three main concerns to reducing the conservativeness of stability criteria: construct
Lyapunov-Krasovskii functional (LKF) to combine the information of state variables and
time delays as much as possible; try to reduce the upper bound of the LKF derivative
term; try to improve the degree of freedom of solving linear matrix inequality (LMI). In
order to address the three aspects, many methods and techniques have been proposed.
One is the construction of LKF's, such as augmented LKF's [6, 7], multiple-integral-based
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LKFs [8, 9], and delay-decomposing LKFs [10, 11]. Another is to estimate the upper
bound on the derivative of LKF, for example, Bessel-Legendre inequality [12], Jensen in-
equality [13], and relaxed integral inequality techniques [14]. And the third is to add some
zero equations based on the Newton-Leibniz formula to increase the degrees of freedom
of the LMI. It is worth noting that these three methods must be consistent; otherwise the
final result is nonlinear matrix inequalities, which is difficult to solve. For example, in
[15], LKF with double integral terms is constructed, and its time derivative contains an
integral term, resulting in nonlinear matrix inequality. To deal with this nonlinear matrix
inequality, three inequivalent LMIs are obtained via the improved integral inequality in
the form of infinite series. Therefore, the stability criterion obtained is less conservative.
Recently, to address the problem of nonlinear matrix inequalities in stability criteria,
[16] proposed a new negative definite inequality equivalent transformation lemma. This
lemma can equivalently convert the nonlinear matrix inequality in [15] into LMI without
increasing conservativeness.

It is worth noting that most real systems are nonlinear. Lur’e systems are nonlinear
systems consisting of feedback connections of linear dynamical systems, where the nonlin-
earities satisfy bounded constraints in certain sectors. Lur’e proposed the absolute stability
of Lur’e systems [17]. Hereafter, more and more researchers have paid attention to the
absolute stability of the time-delayed Lur’e systems [18, 19, 20, 21, 22|. [18, 19] considered
the relationship between time delay and the upper bound difference of time delay, leaving
out some information on time-varying delays, which can make the conclusion inevitably
conservative to a certain extent. To address this shortcoming, [20, 21, 22] made use of
free weight matrix theory and second-order Bessel-Legendre inequality to compensate for
some neglected information about time-varying delays in previous literature. In practice,
uncertainty exists in almost all systems due to inevitable approximations, data errors, sys-
tem aging, or slow parameter changes. The study of robust stability of uncertain systems
is significant due to the presence of uncertainty or time-varying parameters in the model.
Therefore, the stability problem has received increasing attention, and the stability cri-
teria for uncertain Lur’e systems with time-varying delays have been investigated. The
basic idea is still based on the Lyapunov stability method. For the stability conditions of
the Lur’e systems, the method of time-delay decomposition is adopted in [23, 24, 25|, the
method based on free matrix integral inequality is adopted in [26], and the new inequality
technique is applied in [27, 28, 29|, etc. Therefore, with the continuous update of LKF
construction methods and inequality techniques, the conservativeness of stability criteria
for uncertain Lur’e systems with time-varying delays can be further reduced. According
to the above discussion, the new negative definite inequality equivalent transformation
lemma proposed in [16] can further improve the construction of LKF to reduce the con-
servativeness of stability criteria for uncertain Lur’e systems with time-varying delays.

The principal purpose of this paper is to investigate robust stability for uncertain Lur’e
systems with time-varying delays. By constructing an augmented LKF, an improved ab-
solute stability criterion and a robustly absolute stability criterion are proposed, respec-
tively. The primary achievements of this paper lie in the following three aspects.

e When constructing the LKFs, the delay-dependent Lyapunov matrices are intro-
duced to the non-integral terms, which can describe the relationship between the
time-varying delays and some state variables. Obviously, LKFs can contain more
delay-related information than in some literature [22, 24, 27, 28, 29, 30|, which may
further reduce the conservativeness of the stability criteria.

e In addition, four additional integral components, [’ x(a)da, f:ld z(a)da, f;d z(a)da
and f;lx(a)da, under two different subintervals [0, h;] and [h:, h] are augmented
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to the single integral terms n3(s) and n4(s). It can better describe the coupling
information between time-varying delays and state variables. Thus, this is another
improvement that can obtain a larger stability margin than those in some literature
[18, 19, 21, 22, 26, 31, 32, 33, 34].

e Using the novel negative definite inequality equivalent transformation lemma pro-
posed in [16], the nonlinear matrix inequality containing h? is equivalently trans-
formed into the corresponding LMI, which can avoid the conservativeness introduced
in the transformation.

Notation: Throughout this paper, R™ (respectively, R"*™) refers to the n-dimensional

Euclidean space (respectively, the set of n x m real matrices). The symmetric and sym-

metric positive definite matrices are denoted as S™ and S}, respectively. For P € R™*"
p + Y

P~ and PT stand for the inverse and transpose of the matrix P, respectively. P > 0
means that P € S7. diag{...} stands for the block-diagonal matrix. col{-} denotes a
column vector. Sym{=} ==+ =7. A, = [ Onx(i—tn L Opxi—in ]

2. Problem Statements. Consider a class of time-delayed Lur’e systems with paramet-
ric uncertainties described in the following state-space model

(t) = (AB(t) + B)x(t) + (AB4(t) + By) x(ha) + (AD(t) + D) Z(t),
W(t) = Mz(t) + Nz(hy),
Z(t) = =, W),
z(s) = w(s), s € [—h,0].
Here, z(t) € R" is the state; let t — h(t) = hg; 2(hq) denotes delayed state variables with
unknown time-varying delays, and the time-varying delay h(t) is assumed to be bounded
satisfying 0 < h(t) = hy < h, ‘h(t) = ht’ < u < 1,Vt >0, where h and p are known

(1)

constant values. Z(t) € R™ is the control input vector; W(t) € R™ is the system output
vector. @(s) is an initial condition of z(t) belonging to [—h,0]. B, By, D, M, and N are
real known constant matrices with suitable dimensions.

In terms of structural uncertainties, the following form can be applied:

[AB(t) AB4(t) AD(t)] = AF(t) [Kn K K], (2)

where matrices A, Ky, Ky, and Ky are known, and unknown time-varying matrix JF(t)
satisfies F7(¢)F(t) < I.

Y(E, W(t)) = col{r1(t, Wi (t)), v2(t, Wa(t)), . .., Y (t, Win(t))} is a memoryless, possibly
time-varying nonlinear functional, piecewise continuous in ¢, globally Lipschitz in W(t).
v(t,0) = 0 and nonlinear intervals satisfy the following conditions:

V(W) (8 W) — EW(E)] <0, (3)

or

(& W) = EWD)] [1(EW(1) = EW(H)] < 0. (4)

Remark 2.1. Let £ =& — &5. & and E in R™*™ are constant real matrices. In other
words, if it satisfies (3), the nonlinear constraint interval denotes [0,E] as shown in (a)
of Figure 1. If v(t, W(t)) salisfies (4), the nonlinear constraint interval denotes [Ey,Es]
as shown in (b) of Figure 1.

Definition 2.1. [32] (Robustly absolute stability) If the system is asymptotically stable
for v(t, W(t)) satisfying (3) (or (4)) and all admissible uncertainties, the system (1) is
said to be robustly absolutely stable in the sector [0,&] (or [E1,Es]).
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7t W) y(t, W)
w w
(a) A nonlinear function with constraint (3) (b) A nonlinear function with constraint (4)

F1GURE 1. A nonlinear function with different sector constraints

This paper focuses on the robustly absolute stability of system (1) satisfying conditions
(2)-(4) via Lyapunov stability theory. The following lemmas are necessary for deriving
our main results.

Lemma 2.1. [12] For any Q € S%, and g : [m,n] — R, the following integral inequality
holds

/ T (0)Qq(0)d0 > —— 4",

m n—m
where @ = diag {Q,3Q,5Q}, 0 = col{o1, 03, 03} with o1 = g(n) — g(m), 02 = g(n) +
g(m) — 2 [ 9(0)do, 05 = 01 — 2o [ 9(0)d0 + 2255 [ (n — 0)g(0)do.

Lemma 2.2. [29] For given scalar (0,1], Ay, Ay € ST and ¥1,9, € R™. If there exist
G, S € S™ and Tl,Tz € Rmxm, then

/11—§1 T1 /12—§2 T2
|: * /1]_:| Z 07 |: k A2 = 0

the following inequality holds

éﬁ{/hm + ﬁﬁg/wg
> 207 [aTh + (1 — a)V3] V2 + 97 [A1 + (1 — @)si] 91 + 95 (Ag + agy) D
Lemma 2.3. [16] Let Py, P, Py € S? and ( € RP. Then the inequality
" (hiPs+ hPL+ Py) ¢ <0

holds for all hy € [0, h], if and only if there exist matrices C = [ (h/2)I 0], J =1[(h/2)]
—I], M €S% and skew-symmetric matriz N € R¥* then

AR A
*
x P
Lemma 2.4. [30] Given matrices M, N and E = ET, the following inequality
E+MI(o)N+ NI (o)M* <0

holds for any II(c) satisfying II* (o)II(c) < I, if and only if there exist a scalar € > 0
such that E+ e *TMM?T +eNTN < 0.



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.19, NO.4, 2023 1301

In the next section, we present our main results. A new LKF with delayed dependence
matrices and four single integral terms is introduced. With the application of lemmas
in this section, an absolute stability criterion of the system (5) and a robustly absolute
stability criterion of system (1) are obtained.

3. Main Results. In the section, the time-delayed Lur’e system will derive some absolute
and robustly absolute stability criteria. For brevity, we define the following notations.

hig=1—hy, hg=1t—hy, hy =t —h, no = col{x(t), z(ha), z(hy)},

mt—col{ (), 2(ha), /tx(s)ds}, mt:col{x(hd),x(hl),/:dx(s)ds},
_ 01{:17 nOt,/:x(a)da, /h:x(a)da, /:dx(a)da},
_ {x nOt,/Shdx(a)da, /h:w(a)da, /}:w(a)da},

G = col{x(t), z(ha),x(h1), p1t, p2t, P3t, Pat, T(t), T(ha), T(h1), Z(t)},
M (s) " (hg — s)a(s) " a(s)
- d ) - —d ) - d )
Pt /h h— S, Pat /h1 (h—ht)2 S, pP3t /hd I, S

1

Lt —s)x(s
Pat :/ —( hg ( )ds.
hg t

3.1. Absolute stability criterion. In this subsection, Loop-Transformation [12] is first
applied to obtaining that the nominal form of system (1) in the sector [&;,&] without
parametric uncertainty is identical to the following system (5) in the sector [0, &].

i(t) = Ba(t) + Bax(hg) + DZ(1),

W(t) = Mz(t) + Nx(hg),

Z(t) = =, (1)),

z(s) = w(s), s € [—h,0].

Here, B = B — D&M and B, = B; — DEN.

Theorem 3.1. Let p and h be given scalars. The system (5) satisfying conditions (2) and
(3) is absolutely stable, if there exist matrices Sy € S*", Sy € S¥, X; € §*", Y; € R¥3n,
Q; € S8, U; € R™", Uy € R™" and diagonal matrices P; € S, (i =1,2; j = 1,2,3),
such that the following matrixz inequalities hold for hy € {—=p, 1u} and Yhy € [0, h].

hS11 + S12 > 0, hSo1 + S > 0, (6)
Pr—X W Po— Xy Vs

[ * 751} >0 [ * 752} 20, (7)

h2w, (ht) + b, (ht) U, (ht) <0, ®)

where
U, (ht) = Sym {DlTSlgcn} + ht6{1511011 + C§1Q1031 - htcleSZlcﬂ
+ Sym { D] (hSa1 4 Sa2)ca1 + c19Q1 D3 + c4y@Q2Da }

— higch, Qican + hiact Qacst — ¢ty Qacer + B> AL Py Ag
+ R higAg (Pr — Pa)Ag —TTPiL — T3 (Pa+ X)) Ty
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— Sym {I{ Wiy + AL OA + AT OEMA; + N As] — J[UP},

vy <ht> = Sym {Dipsncn + D Sipc12 + htC{QSMCM + D (hSa1 4 S22¢22)

- DQTS21021 + C§1Q1032 - h1d011Q1C42 - htCQTlSQ1022 + C$1Q1D3
+ h1nglQ2052 - Cng2062 - c§1Q2D4} - hldhAg(ﬂ - 7)2)A9
1

1 1
— EFlTX1F1 + EFgXQFQ + Sym {Err{Oﬁ - yz)r2} ;

Uy <ht> = Sym {D1T511012 - D;FSQICB + DgTQlCn + D;{QQC&} + CgTlecsz

with

Proof:

with

;oo T ;o T T
+ hicipS11c12 — h1aCyaQ1Ca2 — hiC39.521C00 — CgoQ2C62 + h1aC50Q2C52

c11 = col {Ay, Ay, Ag}, c19 = col {Ag, Ao, As},

co1 = col{Ay, Az, hA,}, cog = col{Ay, Ay, —A4},

c31 = col {Ag, Ay, Ay, Ay, As, Ay, Ag, hAL}

c32 = col {4y, Ay, Ay, Ay, Ay, Ao, Ag, —Ay},

cq1 = col {Ag, Ay, Ay, Ay, As, Ay, Ag, hAL},

cy2 = col{ Ay, Ag, Ay, Ao, Ay, Ag, Ag, — Ay},

cs1 = col {Ag, Ay, Ay, Ay, Ag, Ay, Ay, hALT

cs2 = col { Ay, Ay, Ag, Ag, Ag, Ag, Ag, — Ay},

ce1 = col { Ay, Az, Ay, Ao, Az, hAy, Ao, Ao}

ce2 = col {Ag, Ay, Ay, Ao, Ao, —Ay, Ag, Ap},

cro = col { Ay — Ay, Ay, Ay, Ay, Ao, Ao, Ao, Ao}

e = col {4y, Ag, Ay, Ay, Ag, Ay, Ag, hA4}

cra = col{Ay, Ay, Ag, Ao, Ay, As — A7, Az, — Ay},

cgo = col { Ay — Ag, hAy, RAL h Ay, hAg, b2 (Ay — Ag), Ag, h®As )
cg1 = col{Ag, Ay, Ay, Ay, Az, 2R (Ay — As) , —hAg, 2h A5},
cga = col { Ay, Ay, Ag, Ag, Ao, Ay — A5, —Ag, A5},

[y = col{Ay — A3, Ay + Ay — 244, Ay — Ay — 644 + 1245},
Ty = col {A; — Ag, Ay + Ay — 2Ag, Ay — Ay — 6Ag + 1245},
D, = col {A& hi1aQg, Ay — hldA2}>

Dy = col {hldA9> Aqg, higAy — Az},

D3 = col {Am Ao, Ag, h1gAg, Avg, Ay, —h14As, higAs — A3} )
Dy = col {Am Ao, Ag, h1aAg, Avg, h1aAa, Ay — higAs, _AB} .

The Lyapunov functional of the system (5) is constructed as below:

V(t) =3 Vilt) (9)

Vi(t) = 771";511&77175 + 772T,552t772t,

t hq
Va(t) = / 7 (5)Qus(s)ds + / 7T (5)Qama(s)ds,

hd h1



INT. J. INNOV. COMPUT. INF. CONTROL, VOL.19, NO.4, 2023 1303

t

ha
Vs(t) = h/ (h —t + s)&T (s)Pri(s)ds + h/ (h —t + 5)&T (5)Poi(s)ds.

h1 hd

Sit, (Z = 1, 2) are affine functions in ht € [0, h], Slt = ht511+512, Sgt = (h—ht>521 +522.
By applying Sis > 0, hS;1+S;2 > 0, guarantee the LKF V' (¢) positive definite. Now, taking
the time-derivative of V'(¢) along the solution of system (5) yields that

V1(t) = 291, Sumu + 771Tt51t771t + 2072, Soimas + 77%;552::77215, (10)
t
) 0
Va(t) = n3 ()Qns(t) — ni (h1)Qana(h1) — haans (ha)Qins(ha) + 2/ Ug(s)dé’@lana(s)
ha

ha
i () Qum(ha) +2 [ (5)dsQu ), (1)

Vy(t) = B2 (8)Pai(t) — h / " AT ()P (s)ds — h / i (5)Pai(s)ds

1 ha
+ hig (B* = hyh) @7 (ha) (P1 — Pa) @(ha), (12)
where

77%; = tTDi 77;5 = tTDga 773@) = (031 + htC32) Gt

t
0
/ Ug(S)dSQlaU:a(S) = CtT (070 + hien + hfcm) Q1 D3,

h
e

/ 774T(3)d3Q2§774(3) = ¢ (cso — hucs1 + hicss) Q2D
h1

n3(ha) = (ca1 + hicaz) Gty Ma(ha) = (cs1 + hecs2) Gy ma(ha) = (o1 + hicez) G-
Let o = h_hht, T aio, oy = ﬁ According to P; > 0 and Py > 0, we have the
following integral inequalities from Lemmas 2.1 and 2.2

h ( / T () Pui(s)ds + / t a‘cT(s)ng'(s)ds>

h1 hd

> an(f TTPIT1G + ool TG Palagy
> T [P+ (1= ao) X T+ 2T (o + (1 — ag) Vo] T
+ FQT [732 + OzOXQ} Fg} G (13)
From (3), adding the positive definite diagonal matrix O € R™*™ we can get
—2ZT()OZ(t) — 2ZT (1) O [Mx(t) + Nz(hg)] > 0. (14)
For an appropriate matrix U = col {Uy, Us, Us, Uy}, it is true that
x(t) 1"
z(ha) | — .
(1) U [Bx(t) + Baz(hqg) + DZ(t) — &(t)] = 0. (15)
Z(t)

Finally, from the above derivation (10)-(15), it can be summarized and simplified as
follows

V() <¢ [h?‘% (ht) + hy Wy <ht) + ¥y (htﬂ Gt (16)

where ¥, <ht>, vy (ht) and U, (ht> are given in Theorem 3.1, respectively.
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Hereafter, if Inequalities (6)-(8) are satisfied, V/(t) < 0. Thus, the system (5) is abso-
lutely stable for (¢, W(t)) satistying (3) from Lyapunov stability theory. It can be known
from Definition 2.1 that system (5) is absolutely stable in the sector [0, £]. This completes
the proof. O

Remark 3.1. Recently, an improved stability criterion was proposed in [16], where the
LKF was augmented by introducing some delay-dependent matrices and single integral
terms. Inspired by this, when constructing the LKF, four additional integral components,
J, (@)da, f:ld r(a)da, f}zl z(a)da and [, x(a)da, under two different subintervals [0, hy]
and [h¢, h] are augmented to single integral terms, ns(s) and ny(s). There is more coupling
information that includes delayed state variables than [16]. It may further reduce the con-
servativeness of the stability criterion.

Remark 3.2. Obviously, the main Inequality (8) in Theorem 3.1 is the nonlinear matrix
inequality, since Inequality (8) contains the product term of h?. At present, the common
treatment method translates (8) into three sufficient restrictive constraints [15]. Moreover,
such a solution method increases the constraint conditions of the inequality, resulting in
the reduction of the degree of freedom of solving LMI. The novel negative definite inequal-
ity equivalent transformation lemma proposed in [16] is used to equivalently transform
the nonlinear matriz inequality containing h? into the corresponding LMI, avoiding the
conservativeness introduced in the transformation. Lemma 2.3 is used to convert Inequal-
ity (16) into LMI (8), which can be easily solved with the MATLAB LMI toolbox. Thus,
Theorem 3.1 can be translated into the following form according to Lemma 2.5.

Corollary 3.1. Let p and h be given scalars. The system (5) is absolutely stable if there
exist matrices Siy € S, Sip € 3, X, € $*, Y, € R Q, € S¥, P; € ST, D; € Si',
U; € R Uy € R™" and skew-symmetric matrices G; € R (G =12: 7 =1,2,3),
such that LMIs (6) and (7) and the following conditions hold for hy & ji; € {—p, pu} and
Vhy € [0, h].

e | %\m 9T 6] <0 o

where C' = [%Ip Op} and J = [%]p —]p}.
Proof: According to Lemma 2.3, the result is obviously true. 0J

3.2. Robustly absolute stability criterion. In this section, the results gained before
will be generalized to the problem of time-delayed Lur’e systems with parameter uncer-
tainties. Moreover, the resulting robustly absolute stability criterion satisfies (4).

Theorem 3.2. Let p and h be given scalars. The system (1) satisfying conditions (2)
and (4) is robustly absolute stable, if there exist matrices Sy € S, Sip € $3, X; € §*,
Y, e R Qe S8, P eSt, D; € S, U; € R, Uy € R™", and skew-symmetric
matrices Gy € RUW U™ for i =1,2; 7 =1,2,3, and a scalar € > 0, such that the LMIs
(6) and (7) and the following conditions hold for hy £ p; € {—p, p} and Yhy € [0, h).

HO Hl 6H2
« —el 0 | <0, (18)
* 0 —el

where Iy can be found in Corollary 3.1, and I, = [ 0 ], 1 = [
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Proof: We substitute B + AF(t)Ky1, By + AF(t)Kpe, and D + AF(t)Ky for B, Ba,
and D of ¥ (ht> in Inequality (17), respectively. Inequality (17) can be rewritten as the

following;:

\110<ht> %%(ht) 11" [-p G [c s JTUD o[ P71 g
o (i) {J} { . DiHJ} { 0 }()[0] ’

Where P = ’CblAl + ’CdAQ + ]CbQAH, Jl = col {Al, AQ, Ag, AH}.
Because of F1(t)F(t) < I, it follows from Lemma 2.4 that

%(ht) %q’l (ht> (e [-b G [C], a[HUD][HUD]
R R IR RN KoKt

H{]gngd' (19)

Therefore, the LMI (18) holds, according to the Schur complement lemma, it is equiva-
lent to (18). Thus, the system (1) is robustly absolute stable for v(¢,W(t)) satisfying (4)
from Lyapunov stability theory. It can be known from Definition 2.1 that system (1) is
robustly absolute stable in the sector [£1,&]. The proof is completed here. O]

Remark 3.3. Inequality (3) is the nonlinear constraint of the Lur’e system. When Z = 0,
the system (1) without nonlinear terms can degenerate to a linear system. That is, our
stability criteria are clearly true for linear systems as long as Inequality (14) obtained
from the nonlinear constraint (3) is not considered in the derivation.

4. Numerical Examples. This section provides two examples to demonstrate the ad-
vantages of the delay-dependent stability criteria obtained in the previous section. By
solving the LMIs in Corollary 3.1 and Theorem 3.2 via the MATLAB LMI toolbox ap-
plication, the maximum admissible delay upper bounds (MADUBs) for different u are
obtained. Numerical comparisons between our results and the recent ones in the liter-
ature are also provided. In addition, the complexity of the criteria is expressed as the
number of variables (NoVs) to be determined to get the MADUBEs.

Example 4.1. We give the coefficients of the robust stability of an uncertain system (1)
as follows:

-2 0 -1 0
B:{O _0'9},8(1:[_1 _1},/\4:[0.3 0.1 ],

N=][01 0.2],A:[0(')1 O(_’l},pz{:gé],

£ =02, & =05, Ky =Kq= H (1’] Ky = 0.

For various p, Table 1 lists MADUBs A in Theorem 3.2. From Table 1, for the same
method, MADUBSs h increase with the increase of p. By using our results and methods in
[18, 19, 20, 21, 22], the system (1) is compared with various p of MADUBs h. It can be
seen from Table 1 that the MADUBs in Theorem 3.2 are larger than [18, 19, 20, 21, 22].
To verify the result (h; = 4.7528), the simulation result is displayed in Figure 2, which
demonstrates the state response of the system (1). According to the simulation result,
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TABLE 1. MADUBs h for various p (Example 4.1)

W [18] [19] [20] [21] [22]  Theorem 3.2
0 3.3057 3.3057 4.3332 4.3956 4.7527 4.7528
0.3 2.0787 2.2262 2.6873 2.9358 3.0951 3.1031
0.6 1.4195 1.7409 2.2021 2.4721 2.5775 2.5883
0.9 0.9228 1.4682 1.9897 2.2356 2.4081 2.4102
NoVs 10 24 105 539 495 1562

0.25 T T T T T

— — =X
02

0.15
0.1

0.05 Fa

-0.05

-0.1 Q

-0.15

-0.2

-0.25 L L L L L
0 50 100 150 200 250 300

Time (Sec.)
F1GURE 2. The state responses of the system (1)

the system (1) obtained by (¢, W(t)) = 0.3 tanh(W(t)) is robustly absolute stable. This
shows the validity of the stability criterion obtained in Theorem 3.2.

Example 4.2. In this example, we consider the following Chua’s circuit
‘)_( - ¢l(u - Q(X))a
U=X-U+2Z, (20)
Z = —plU.

Here, matrices ¢; and ¢ are known and determined by the internal components of the
system (20). G(X) = w161 + 0.5(wg — @1) (|X + @3] — |X — ¢3]) is a nonlinear charac-
teristic. It can describe the electronic response of the nonlinear resistance and its shape
is dependent on the specific configuration of its elements wy = —%, w, = %, o1 =9,
¢2 = 14.28 and ¢3 =1.

In [28], for uncertain Lur’e systems, a master-slave synchronization scheme is designed
using time-varying delayed feedback control on Chua’s circuit (20) with the equation.

Master: { (1) = B () + ag(BoX (1)),
)= B (),

Ut
Slave: 4 YO = BIUE) + Bag(BU (1) + V().
‘ U(t) = BalU(t),
Controller: Y(t) = —G5(X(t) —U(t)) + Bs(U(hg) — U(hyg)), (21)
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where g(k) = 05(|x + 1| — |k = 1]) € [0,1], Bs=Bs=[1 0 0] and

—prm 91 0 —¢1(wo — @1)
b1 = 1 -1 1|, B = 0
0 —py 0 0
Defining the £ = X — U, we can get the following synchronization error system:
E(t) = (B + B)E(t) — BoBa€ (ha) + By (BE(1)). (22)
Assuming that the synchronous controller gains are designed by [31]
-1 0 0 6.0029
Bs=10 =1 0], Bsg= 1.3367
0o 0 -1 —2.1264

The MADUBSs h obtained by Corollary 3.1 are listed in Table 2. From Table 2, for the
same method, MADUBs h increase with the increase of u. Comparing the MADUBs in
Table 2, Corollary 3.1 leads to less conservative MADUBs than [22, 23, 26, 28, 29, 34],
however, higher computational complexity. Moreover, for h, = 0.2699, Figure 3 describes
the error state response of the error system (22) with synchronous controller control. It
shows that the master-slave system is synchronous and that the error system is absolutely
stable when the time-varying delay h; is smaller than 0.2699.

TABLE 2. MADUBs h for various p (Example 4.2)

i [28] 23] [34] 26] [29] [22]  Corollary 3.1
0 0.1622 0.1745 0.1747 0.1771 0.1894 0.2638 0.2659
0.3 0.1591 0.1638 0.1710 0.1721 0.1894 0.2578 0.2699
0.6 0.1566 0.1698 0.1703 0.1715 0.1894 0.2540 0.2544
0.9 0.1527 0.1698 0.1703 0.1715 0.1893 0.2510 0.2517
NoVs 18 371 140 194 699 1563 3132

The error state e(t)

-0.6

08F N/

1 1
0 10 20 30 40 50 60 70
Time (Sec.)

FIGURE 3. The error state responses of the error system (22)
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5. Conclusion. A novel LKF with more delay-related information than some literature
is constructed. For Lur’e systems with time-varying delays and sector-bounded nonlinear-
ities, some robustly stability criteria are derived by the modified LKF. A novel negative
definite inequality equivalent transformation lemma can equivalently convert the nonlinear
matrix inequalities containing h? into the corresponding LMIs, which avoids the conserva-
tiveness introduced in the transformation. The advantages of the presented results have
been demonstrated through two numerical examples provided finally. The stability cri-
teria presented in this paper can be extended to the stability analysis of other systems.
Therefore, developing the stability analysis of various systems with time-varying delays
will be one of our future research works.
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